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Resumo

A primeira parte deste trabalho consiste em obter uma nova construcao da
familia de complexos de Buchsbaum-Eisenbud (que contém como membros os
complexos de Eagon-Northcott e de Buchsbaum-Rim) a partir de um estudo de
sequéncias espectrais do tipo Koszul-Cech.

A segunda parte consiste em aplicar os resultados obtidos sobre as sequéncias
espectrais de Koszul-Cech aos complexos de aproximacio residuais para obter a
estrutura das intersecoes residuais disfarcadas e atacamos uma conjectura que
as relaciona com a intersegao residual original . Como consequéncia, obtém-se
resultados estruturais de intersecoes residuais no caso em que a mesma coincide

com a sua intersecao residual disfargada.
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Abstract

The first part of this thesis consists of obtaining a new construction of the
Buchsbaum-Eisenbud family of complexes (which contain as members the Eagon-
Northcott and the Buchsbaum-Rim complexes) from the study of spectral se-
quences of Koszul-Cech type.

The second part consists in applying the obtained results on Koszul-Cech spec-
tral sequences to the residual approximation complexes to obtain the structure of
the disguised residual intersections and to prove a conjecture relating them with the
original residual intersection. As a consequence, several structural results about
residual intersections are obtained in the case when it coincides with its disguised

residual intersection.
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Introduction

The theory of residual intersections, or residual schemes, has its roots in inter-
section theory, on the definition of the refined intersection products, which defines
the refined intersection products (see [Fu, Corollary 9.2.3]). In the commutative
algebra point of view the theory of residual intersections has its roots in the theory
of Linkage. The very first aim is to classify varieties in the projective space, by
saying that two subvarieties X,Y C P” are in the same linkage class if there is
a sequence of subvarieties X = Xy,...,X,, =Y C P" such that X; U X;,; is a

complete intersection for each 7. Algebraically we have:
Definition 0.0.1. Let (R, m) be a local ring. We say that

1. Two ideals I,J are directly linked if there is a reqular sequence o C I N J
such that I = (a) : J and J = («) : 1.

2. Two ideals I, J are linked if there is a sequence of ideals [ = Ir,..., 1, = J
such that I and I, are directly linked. In this case I,J are said to be in

the same linkage class.

The theory of linkage is very fruitful for the classification of curves in P? (see
[Eis, ]). As Linkage is an equivalence relation, it is natural to ask what properties
“pass through” a linkage. An example of such property is obtained by Peskine-
Szpiro in [PS]:



Theorem 0.0.2. If (R,m) is a Gorenstein ring and I,J are in the same linkage

class, then R/I is Cohen-Macaulay if and only if R/J is.

In the same paper the authors shows by an example that the theorem above
is not true if we suppose that R is a Cohen-Macaulay ring. Huneke shows in
[Hu| that if we suppose that not only R/I is Cohen-Macaulay but all of the
Koszul homologies of a set of generators of I are Cohen-Macaulay. (we say that
I is Strongly Cohen-Macaulay, or SCM, in this case), then for every ideal J in
the same linkage class of I, R/.J is Cohen-Macaulay. The notion of a residual
intersection is a generalization of linkage by weakening the assumption that « is a

regular sequemnce.

Definition 0.0.3. Let R be a commutative ring, I C R an ideal of height g and
s > g. We say that an ideal J is an algebraic s-residual intersection if J = (a: 1)
with a = (a1, ...,as) C I and ht(J)> s. Moreover, we say that

1. J is an arithmetic s-residual intersection if ,uRp(i—’;) <1 for all prime ideals

p with htp = s.
2. J is a geometric s-residual intersection if ht(I + J) > s+ 1

An important question in the theory of residual intersections is the following:

Question 0.0.4. Let R be a Cohen-Macaulay Noetherian local ring. What condi-
tions one must impose to an ideal I so that for every s-residual intersection of J

of I, R/J is Cohen-Macaulay.

In their seminal paper [AN] Artin and Nagata introduce the following condi-

tion, in a attempt to ask the above question.

Definition 0.0.5. An ideal I satisfies the G4 condition if for every prime ideal p
containing I with htp < s —1 we have pg,(I,) < htp. We say that I satisfies G

if I satisfies G for every s.

x1



In the same paper, the authors prove incorrectly that if R/I is Cohen-Macaulay
ans satisfy G then R/J is Cohen-Macaulay for every s-residual intersection of 1.
Again in [Hu] Huneke proves that if I is SCM then for every geometric s-residual
intersection J of I, R/J is Cohen-Macaulay. In [HVV] Herzog, Vasconcelos and
Villarreal improves the result of Huneke for ideals satisfying the Sliding Depth

condition, which we define below.

Definition 0.0.6. Let I = (f1,..., fr) = (f) be an ideal and k an integer. We say
that

1. I satisfies the sliding depth Condition SDy, if
depth(H;(f; R)) > min{d — g,d —r +i+ k}
for all © > 0; also SD stands for SDy.

2. I satisfies the sliding depth condition on cycles SDCy, at level t if depth(Z;(f;, R)) >
min{d —r+i+k,d—g+2,d} forallr —g—t<i<r—g.

It can be shown that these conditions do not depend on the choice of generators

forI.

In another important work, [HU] Huneke and Ulrich proposed the following

question.

Question 0.0.7. Let R be a Cohen-Macaulay ring and I an ideal satisfying SD.

Is every s-residual intersection of I Cohen-Macaulay?

Affirmative answers to this question are obtained in a series of works. In [Ha]
Hassanzadeh gives a positive answer for arithmetic residual intersections of ideals
satisfying SD, and in |[CNT| Chardin, Naéliton and Tran for algebraic residual

intersections of ideals satisfying SD;. Their techniques are based on what the

xii



authors call the residual approximation complexes. Roughly speaking, the residual
approximation complexes of a pair of ideals a C I are a family of complexes {,Z}}

of the same length such that
1. Hy( 02t) = R/K, where K C R is an ideal.
2. Ho( 123F) = Sym*(I/a).

The ideal K above is an ideal that can be viewed as an approximation of the
colon ideal J = a : I, and is called the disguised residual intersection in [HN]. It

has the following properties:
o K CJ.
o K =Joff V(I).
e VK =+1J.

In [Ha] Hassanzadeh shows that if R is Cohen-Macaulay, I satisfies SD and J
is an s-residual intersection, then the complex ¢Z is acyclic and, moreover, R/ K
is a Cohen-Macaulay ring of dimension d — s. Furthermore, if J is an arithmetic
residual intersection, then K = J and hence R/J is Cohen-Macaulay. In [HNJ the

authors then propound the following conjecture.

Conjecture 0.0.8. [HN, Conjecture 5.9] If R is a local Cohen-Macaulay ring
and I an ideal satisfying SD and depth(R/I) > d — s. Then for any algebraic

s-intersection J = a : I we have K = J.

In [CNT] the authors prove, by intricate use of dualities that K = J when
ht I = 2 and [ satisfies SD; and, by reduction to the height 2 case, that R/J is
Cohen-Macaulay. This reduction does not show that K = J for heights bigger
than 2.

xiil



The ideal K has a quite esoteric nature, as it comes from a comparison map of a
spectral sequence, and a description of the structure of this ideal is the main focus
of this thesis. This is accomplished by showing that the residual approximation
complex ¢ Z; is a subcomplex of a Eagon-Northcott complex. With this analysis
a new ideal comes into play, the Koszul-Fitting ideal of the pair a C I, denoted
by Kitt(a, I), defined as follows.

Let R be a commutative ring, a = (ay,...,as) C I = (f1,..., fr) two finitely
generated ideals and ® = [¢;;] a matrix such that (ay,...,as) = (f1,..., fr) - ®.
Let Ko = R < e1,...,6,;0(e;) = f; > be the Koszul complex on the generators
of I with it’s Differential Graded Algebra structure and consider two sub-algebras
Iy, Zo, where I', is the sub-algebra generated by v; = i cijei, 1 < j <sand Z,
is the sub-algebra of Koszul cycles. We then define -

Kitt(a,I) =<Te- Zy >.C K, ~ R
Our main results about the Kitt ideals are the following properties.

Theorem 0.0.9. 1. Kitt(a, ) depends only on the ideals a and I and not on

the generators or th representative matriz. (Propositions and
4.2.10)).

2. Kitt(a,I) and the disquised residual intersection introduced above. (Theo-

rems |4.2.5 and |4.2.4).)

3. Fitto(I/a) C Kitt(a,I) =a+ < T - H, >, where H, is the sub-algebra of K,
generated by the representatives of Koszul homologies. (Proposition
and Theorem .

4. If R is a CM Noetherian ring, J = a :g I is an s-residual intersection

and I satisfies SDy then Kitt(a,I) = J and hence R/J is Cohen-Macaulay.
(Theorem .

Xiv



This ideal has a close relation with the DG-Algebra structure of the Koszul
complex of I, as the previous results shows. Therefore the introduction of Kitt(a, I)
is not only important as a tool to understand the Cohen-Macaulayness of residual
intersections. Our applications of the Kitt ideals ranges from the existence of a
generic s-residual intersection (Theorem to nontrivial structural results in
the case when Kitt(a,/) = a: I (Theorems 4.3.1}|4.3.5 [4.3.6| and [4.3.7)).

The thesis is organized as follows. In Chapter 1 we just set some notation
and recall some basic constructions of commutative algebra as the symmetric and
exterior algebras, the Koszul complexes, approximation complexes and the Cech
complex.

Chapter 2 is devoted to spectral sequences and furnishes the language and the
necessary tools for the understanding of the disguised residual intersection.

In Chapter 3 we have the first important result of this thesis. We recall the
construction of the Buchsbaum-Eisenbud family of complexes and introduce a
new family of complexes, called the Koszul-Cech family of complexes, constructed
from the spectral sequences arising from tensoring a Koszul complex with a Cech
complex. The main theorem of this section shows that these two families are
isomorphic.

Chapter 4 applies all the machinery of the previous chapters on the theory of
residual intersections. We give a brief review of the construction of the residual
approximation complexes. Then we introduce the Kitt ideals and prove several of
properties, and derive some applications to the theory of residual intersections.

Lastly, in Chapter 5 we make some remarks and state some open questions.

XV



Chapter 1

Preliminaries

In this thesis R will always denote a commutative ring with 1 with no further
hypothesis.
The aim of this chapter is to set up notations and recall some basic construc-

tions from commutative algebra.

1.1 Sign functions and Matrices

In this section we define the sign function, state some lemmas that will be used in

the sequel of the thesis and set notations about matrices and submatrices.

Definition 1.1.1. Let I = {1,...,n} be an ordered finite set, and let J C I with
|J| = j. We define
sgn(J C I)

as the sign of the permutation that puts the elements of J in the first j positions.

Example 1.1.2. Consider I = {1,2,3,4,5}. Then sgn({2,4} C I) = —1, because
we need two transpositions to get {2,4,1,3,5}.



We give some lemmas about the sign functions that we will use in some proofs
in the next chapters. We advice the reader to skip them and come back when they

are needed.

Lemma 1.1.3. Let I be a finite ordered set and v,j € I two elements. Then the

ETPTessions
sgn({i} C I).sgn({j} € I'\{i})
and

sgn({j} € I).sen({i} € I'\ {j})

have opposite signs.

Proof. Without loss of generality, we may suppose that I = {1,...,n} and, by
applying a fixed permutation, that ¢ = 1 and 5 = 2. The proof is now obvious. [J

Lemma 1.1.4. Let I be a finite ordered set, J = {j1,...,jp} C 1. If J; = J\ {4i},
then
sen(J; € J)sgn({ji} € J\ Ji) = (=1)*"sgn(J C I).

Proof. To put J; on the first positions, we multiply by sgn(.J; C J). Next, to put
Ji right after J; we multiply by sgn({j;} € J\ J;). Finally we put j; in its right
position in J multiplying by (—1)?~*. This proves the lemma. O

Lemma 1.1.5. Let I be a finite ordered set and J C I. Then the expression

(sen({j} € J)sgn(J\{j} € I)sgn({j} € I\ (J\{j}))
s the same for all j € J.

Proof. Let 71 # jo € J. Without loss of generality, we may suppose that I =
{1,...,n} and, applying a fixed permutation, that J = {1,...,k},j; = 1 and
72 = 2. We have that

sgn({1} C J) =1,

2



sgn(J\ {1} ¢ I) = (-1)*"

sgn({1} C I\ (J\{1})) =1

and
sgn({2} € J) = -1,
sgn(J\ {2} € I) = (=),
sgn({2} C I\ (J\{2})) =1
and both products are equal to (—1)* O

Lastly, we define some notations about matrices.
Definition 1.1.6. We denote by id, ., the r X r identity matriz.
Definition 1.1.7. Let ® = [¢;;] be a g x f matriz.
1. Let I C{1,...,g9},J C{1,..., f} be two ordered subsets. Define
1

to be the submatriz with rows indexed by I and columns indexed by J. If

I =A{1,..., g} we suppress the subscript and write
P
We use an analogous notation if J = {1,..., f}.
2. Let I C{1,...,9},J1,Jo C{1,...,f} be three ordered subsets. Define

J1,J2
®I

to be the submatriz with rows indexed by I, the first columns indexed by J;

and the last columns indezxed by Js.



We again make the definition above more concrete by the means of an example.

Example 1.1.8. Let ® = [a;;] be a 3 x 4 matriz. Let I = {1,3},J; = {1,4}, Jo =
{3}, J3s = {3,4}. Then

a13 13 AaAil Q4 @13 a4 Q13
Q11 Aiq
Ji Jo Jo,J1 J3,Jo __
CI)I - , P72 = 23 , P — |Q23 Q21 Q24 , @ — [G23 Q24 Q23
a31 Aa3q
a33 33 az1 ass 33 d34 (33

Definition 1.1.9. Let ® be a g X [ matriz and ¥ a g X f' matriz. We denote by
[®|W] the g x (f + [') matriz whose first f columns are given by the columns of ®

and the last ' columns are given by the columns of V.

1.2 Exterior and Symmetric Algebras

In this section we recall the construction of some algebras from R-modules. We
start by recalling the notion of the tensor algebra of a module. Let R be a ring

and M be an R-module. The tensor algebra of M is the graded R-module

o0

@ -

=0

endowed with the product
(1‘1®---®xn)®(y1®--~®yl)=$1®---®In®y1®-~®yz-

The first important algebra that we will deal with is the exterior algebra, used
to construct the Koszul complex. Let J be the two-sided ideal generated by the
elements of the form z ® x. This ideal is homogeneous, and the exterior algebra

/\ M is the quotient

/\M:@M/s.:@/\M.

The projection of an element 1 ® --- ® x,, is denoted by z1 A --- A z,, and the

product of two elements x, y is denoted by x A y. This algebra is alternating:

4



Ay = (—1)de@des)y A 2 for 2,y homogeneous elements

zAz=0forany z € AM

The second algebra is the symmetric algebra of the module M. Let 2 be the
two-sided ideal generated by the elements of the form x ® y — y ® x. This ideal is

again homogeneous, and the symmetric algebra of M is the graded R-algebra
Sym(M) = ) M/2A = @5 Sym*(M).
i=0

The projection of an element ry ® - - - ® x,, is denoted by x; - - - x,, and the product
of two elements z,y is denoted by z - y. This algebra is commutative.
The constructions of A M and Sym(M) are functorial: if ¢ : M — N is an

homomorphism of modules, then there are homomorphisms of algebras

Av:ANM - = AN
myA- A, = Bmg) A Ad(my)
and
Sym(¢) : Sym M — Sym N
mycm, = P(ma) - d(my)

Denote by F(—) either of the functors A(—) or Sym(—). For any exact sequence
MENSP 0

we have an exact sequence

1QF(¢) F(y)

F(N)® M F(N) F(P) =0

This exact sequence allow us to describe the exterior and symmetric algebras

for finitely generated R-modules.



1.2.1 Exterior Algebras

The exterior algebra of free modules are easy to explain. If F'is a free R module

with basis eq, ..., e,, we have:
i
Proposition 1.2.1. For each i, \ F is a free R module with basis
eI:ekl/\"‘/\ek“

where I runs through all ordered subsets {k1 < --- < k;} C {1,...,n}. In particu-
lar, N F has rank (7).

The exterior algebra has a tight relation with determinants. Using the notation

of we have the following.

n 1
Proposition 1.2.2. Let v; = Y a;je; € N F for1 < j <k. If ® = [a;;], then
i=1
VAN AN = Z det@;el

The last property of exterior algebras of free modules are self-dual.

Proposition 1.2.3. Let F' be a free module with basis ey,...,e,. The natural

multiplication map

s a perfect pairing and hence
/\ F ~Hom(/\ F, R).

1.2.2  Symmetric Algebras

We begin by explaining the symmetric algebra of a free module.



Proposition 1.2.4. Let F be a free R-module with basis eq,...,e,. Then the
symmetric algebra Sym F' is isomorphic to a polynomial ring R[Ty,...,T,], with

each variable T; corresponding to the basis element e;.

Now let M be a finitely generated module with a presentation
Re 22 gy a0,
Then Sym(M) has a presentation
R[T,...,T,) ® R? — R[T,...,T,] = Sym(M) — 0.

If f1,---, fgis the basis of R?, the image of the element 1® f; through the left-hand

P
map of the above exact sequence is Y a;;T;. Therefore we have teh following.
i=1

Proposition 1.2.5. If M is the cokernel of a linear map R? M R1, then

Sym(M) ~ R[Tl, ey TP]/(fla cees fq),

P
where f; = > a;;T;.
i=1

1.3 Koszul Complex

One of the most important constructions in commutative algebra is the Koszul
Complex. In this section we recall the construction and set notation for it.

Let R be a ring, (x1,...,2,) a sequence of elements and let F' be a free R
module with basis ey, ..., e,. Following the notation of Proposition |1.2.1], we can
define an homomorphism

d: N\F - \F
such that for each ordered subset I C {1,...,n},

d(er) = ngn({i} C Izien iy

i€l



It is easy to check, by Lemma |1.1.3, that d*> = 0. Therefore we have a complex
n n—1 1 0
0> ANFSNANFS - SANFSANF=R—0

Definition 1.3.1. The above complex is called the Koszul complex on the sequence
x = (x1, - ,x,) with coefficients in R, and is denoted by K.(x; R). Moreover, if
M s an R-module, then the Koszul complex on the sequence x with coefficients in
M is the complex Ko(z, M) = Ko(z, R)@r M, and we denote by dys the differential

of this second complex.

The following proposition shows that the Koszul complex has the structure of
a differential graded algebra (DG-algebra) that comes from the algebra structure
of AN F:

Theorem 1.3.2. [BH, Proposition 1.6.2] Let € = (x1,...,x,) be a sequence of

elements in R and M be an R-module. We have:

1. The Koszul complex K¢(x, R) has a natural algebra structure coming from

the algebra structure of )\ F.
2. Ko(x, M) is a K.(x, R)-graded module in a natural way.

3. If v € Ko(z,R) and y € Ko(x, M), then
dy(2.y) = d(@).y + (=1)* 2.du (y)

For any sequence x = (21, ...,2,) in R and any R-module M set

Zo(x; R) = Kerd, Z,(x; M) = Kerdy
BJ(x;R) =Imd, Be(x; M) = Imdy,

Then it is not hard to see, using Theorem [1.3.2] (3) that



Zo(X;R) - Zo(x; M) C Zo(x; M),
Be(x; R) - Zo(x; M) C Zo(x; M) and
Be(x; R) - Be(x; M) C Bo(x; M).

Therefore, we have

Theorem 1.3.3. [BH, Proposition 1.6.4] For any sequence € = (z1,...,T,) in R

and any R-module M, we have:

1. Zs(x; R) is a subalgebra of K4(x; R), called the algebra of Koszul cycles of x,

and Ze(x, M) is a Ze(x; R)-module in a natural way.
2. BJ(x; R) is an ideal of Z4(x; R), called the ideal of Koszul boundaries of x.

3. The homology He(x; R) = Zs(x; R)/Be(x; R) has an algebra structure in-
duced by the one on Z4(x; R), and He(x; M) has a natural structure of
H,.(z; R)-module.

Because of the above theorem we say that the Koszul complex K,(x; R) is a

differential graded algebra or, more compactly, a DG-algebra.

1.4 Generalized Koszul Complex and Approximation Com-
plexes

An important construction that is used in this thesis are the approximation com-
plexes introduced by Herzog, Simis and Vasconcelos in [HSV], constructed from
the generalized Koszul Complex that we explain below. In what follows, we de-
note by S(G) the symmetric algebra of a module G and by Su(G) its degree d

component.



Let o : F = R/ — G = RY be a linear map between two free R-modules, and

let eq,...,es be a basis for F'. For each s € N define a complex
Ks(p) =0 = A°F = AP @S(G) = - — S(G) = 0
whose differential is given by
ON F®RpS_s(G) = NT'F®p S_e1(G)

de; @w) = ngn({i} C Iep; ® (e;) - w,

icl
where the last multiplication is the multiplication in S(G), where ¢(e;) is consid-

ered as an element of degree one on that algebra.

Definition 1.4.1. The complex K(p) = @ K,(¢) is called the generalized Koszul
5=0

complex of the linear map .

It is easy to describe this complex when we represent the map ¢ by matrices.
Let ® = [a;;] be a matrix representing the map ¢. Then the complex K(¢)
is just the ordinary Koszul complex on the linear forms v; = i a;T; € S(G) ~
R[Ty,---,T,]. With this description in mind we have the followizrjgl; theorem, whose

proof is straightforward.

Proposition 1.4.2. Let ¢ : R — RY and v : R* — RY two linear maps. Then

K(p @) = K(p) @ K(1)).

The generalized Koszul complex is the basic ingredient of the approximation
complexes. Let x = (z1,...,x,) be a sequence of elements in R, G = R" and K
the generalized Koszul complex of the identity mapping of G. We can make this

complex a double complex introducing the differentials

8:/\G®&(G)—>7\G®&(G)
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given by the Koszul complex on the sequence x with coefficients in S(G) and the

differential
r—1

7 NG®S(G)—» N\ G S(F)
given by the original differential of the generalized Koszul complex. It is not hard

to show that these two differential skew-commute, that is,
20" +09'0 = 0.

We write £(0) and £(0") for the complex obtained by using one of the differentials.
Let Z(x; R) be the cycles, B(x; R) the boundaries and H(x, R) the homology of
L(0). As S(G) is faithfully flat it is easy to see that

Z(x;R) =Z(x; R) ® S(G)
B(x; R) = B(x; R) ® S(G).
H(x,R) = H(x; R) ® S(G)

By the skew-commutativity of differentials, 0’ restricts to differential on Z(x; R),

B(x; R) and H(x, R).

Definition 1.4.3. Let R be a commutative ring and x = (x1,--+ ,x,) a sequence

of elements.

1. (Z(x; R),0") is called the Z-complex of the sequence x.

2. (H(x; R), ') is called the M-complex of the sequence .
These complexes are candidates for a resolution of the modules
Ho(Z(x; R)) = Sym(I)
Hy(M(x; R)) = Sym(I/1?)

and hence the name “approximation complexes”. We shall use the Z-complex in

the sequel, and we usually write it as a graded S-complex, where S = S(G):
0= Z.(x; R)®S[—r] = Z,_1(x; R)@S[—r+1] = -+ = Z1(x; R)®@S[-1] - S = 0

11



1.5 The Cech complex and the Local Cohomology Modules

Another important complex that we will use in the sequel of this thesis is the Cech
complexes, whose homologies give the Local Cohomology modules.
Let R be aring and x = (21, ,x,) be a sequence of elements in R. For every

ordered subset I C {1,--- ,n}, define
CY(R) = R,,,

where x7 = [[ x; and R, means the localization on the multiplicative set {1, z, 2% - - }.
i€l
For each 1 <7 <n put

C'(R) = P (R),

I|=i
and define a map
d:C(R) — CY(R)
m/(z)"  — Y sen({i} C TU{i})ai.m/(zuay)"

igl
It is easy to see that d**! o d® = 0. Therefore we have a complex

0 C%R) % cYR) L .- T5 0"(R) = 0

Definition 1.5.1. The complex defined above is called the Cech complex of the
sequence x and is denoted by C2(R). More generally, if M is an R-module, then
the Cech complex of T with coefficients in M is the module CS(M) = C2(R) @z M.

It can be shown that the homologies of this complex depends only on the ideal

generated by the sequence x. Therefore the following definition makes sense.

Definition 1.5.2. Let x be a sequence of elements of R and I the ideal they
generate. The i-th cohomology module of C*(M) is called the i-th local cohomology
module of the module M with support on I, and is denoted by

Hi(M).

12



We now state some important theorems on local cohomology modules.

Theorem 1.5.3. [Grothendieck’s Vanishing Theorem, [BS, Theorem 6.1.2]]
Let R be a Noetherian ring. If M is an R-module of dimension d then

Hj(M) =0
for all ideals I C R and i > d.

Theorem 1.5.4. [Grothendieck’s non-vanishing theorem, [BS, Theorem 6.1.4]]
Let R be a local noetherian ring with mazimal ideal m, and M a finitely generated

R-module of dimension d. Then
Hyy (M) # 0

Theorem 1.5.5. [BS, Theorem 6.2.7] If I C R is an ideal and M is a finitely

generated R-module, then
grade(I, M) = min{i | Hy(M) # 0}.

The last goal of this section is to describe the local cohomologies of a polynomial
ring S = R[Ty,---,T,] with respect to the ideal t = (77,--- ,T,). By Theorems
1.5.3] [1.5.4] and [I.5.5] there is no cohomology besides the top local cohomology

H{(S), and this module is easy to calculate: it is the cokernel of the map
D Sr T Sn,
[]=n—1

Let m/(T7)™ be a typical element of the source of d"~!. If i is the unique index
that is not in 7, then we have d"~*(m) = 2?.m /(T - - - T,,)*. Therefore the image
of the map d"~! consists of elements of the form m /(T ---T,)* such that m is a
polynomial of the form x¥.m’ for some polynomial m’. Moreover, it is easy to see
that every element that satisfies this condition is in the image of the map d"!.

Therefore, we have:

13



Theorem 1.5.6. Let S = R[Ty---T,) and t = (T4, -+ ,T,,). We have:
1. H(S)=0for0<i<n

2. H(S) has an inverse polynomial structure: it is isomorphic to the S-module
generated by monomials in Ty, --- T, with strictly negative exponents with

the following S-module structure:

Tor T T if oy < —1

n

O, ZfOél =—-1

T, (T T2 Ton) =

14



Chapter 2

Spectral Sequences

The results that we develop in this thesis rely on constructions that involves the
use of spectral sequences and maps involved in them, and this fact motivated the
exposition of this topic in this chapter. Besides being present in almost every
book on homological algebra, we give here a rather complete exposition giving
special emphasis on the modules and maps that appear on each page of a spectral
sequence. The chapter is organized as follows.

The first section is devoted to set the definitions of double and filtered com-
plexes that we use in the sequel. In Section we define the basic objects for
the construction of spectral sequences: the exact and the derived couples. In this
section we do not provide any proofs, as they are very messy, but give references
on where these proofs can be found. We end the section defining what is a spectral
sequence for a filtered complex.

Section deals with the construction of the vertical and horizontal spectral
sequences coming from the respective filtrations on the total complex. We describe
completely the modules involved on each page of the respective spectral sequence,
and fully describe the differentials appearing on such pages. The principal results

in this section are Theorems [2.3.7] [2.3.8] and [2.3.9]
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Finally, in Section we discuss the key theorem on spectral sequences about
convergence (see Theorem [2.4.1)): if our double complex has finite diagonals, then
the homology of the total complex can be , in some sense, recovered from the limit

of the spectral sequence.

2.1 Setting the Stage

We begin the section with the definition of a bi-graded module and the first key

definition: what is a double complex and a first quadrant double complex.

Definition 2.1.1. A bi-graded module over a (ungraded) ring R is a module M

with a direct sum decomposition M = @ MP1. A homomorphism f: M — N
(p.q)€Z?
is called a homogeneous homomorphism of bi-degree (a,b) if f(MP4) C NPtaa+b

for all (p,q) € Z*.

Definition 2.1.2. A double complex is a triple (M, d,d’), where M is a bi-graded

module and d and d' are homogeneous homomorphisms of a given bi-degree satis-

fying
1. &*>=d?=0.
2. dod +d od=0, that is, they skew-commute.

A first quadrant bi-complex is a double complex E = @ EP? such that EP? =0 if
p <0 or g <0 with differentials d, of bi-degree (0,1) and dy,, of bi-degree (1,0).

Next we define the totalization of a double complex. The main goal of the the-
ory of spectral sequences is to be able to calculate (or have a good approximation

of) the homology of such complexes.
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Definition 2.1.3. Let (E,d,,dy) be a first quadrant double complex. The total

complex of this bi-complex is the graded module

Tot(E**) =P P E™

keN p+q=k

with a degree one differential d given by
d(m) = (dy(m),dn(m)) € EP*H9 @ EPIT Y om e EPI

Finally we define filtered complexes, one of the main ingredients of the con-

struction of spectral sequences.

Definition 2.1.4. Let C* be a complex. A filtration {FIC*} of C* is a family of

complexes FVC® such that
1. FiTiCct c Fict C C for alli,j € 7.
2. The differential of F7C® is the restriction to FIC® of the differential of C*.

A filtered complex is a complex with a given filtration.

2.2 Filtered Complexes and Exact Couples

Let C* be a complex with a given filtration {F/C*}. Then we can construct exact
sequences

0 — FPHics & Fres I pPO® JFPHIC — 0.

Summing over p we have the exact sequence
0— @ Freict 5 P Fret 5 P Fret /Freiet — o,
p p p

where 7 is induced by the inclusions FP*1Ce < FPC® and 7 is induced by the canon-

ical projections FPC® — FPC®/FPTIC®. Set F = @ FPC*® and E = @ FPC*/FPTIC".
p p
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Taking homology yields a long exact sequence, which can be pictured as a triangle

The above structure appears repeatedly in the construction of spectral se-

quences that we want. We therefore give a general definition.

Definition 2.2.1. An ezact couple (or exact triangle) is a quintuple (M, N, «, B,7),

where
1. M and N are R-modules.
2.a0:M—M,:M— N,~v: N — M are homomorphisms.

3. The triangle is exact in the following sense: Im(a) = Ker(f5), Im(5) =
Ker(y) and Im(y) = Ker(a).

We write an exact couple in the form of a triangle

M = M

N

Let (M, N,«, 3,7v) be an exact couple. It’s immediate to see that d = v o
satisfies d> = 0. The following proposition shows that we can, given an exact

couple, construct a new one.
Proposition 2.2.2. Let (M, N,«a, 3,7) be an exact couple. Then
d=pfoy:N—=N
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satisfies d> = 0. Moreover, the quintuple (MM, NV oM a1 1)) js an ezact
couple, and is is called the first derived exact couple of the exact couple (M, N, o, B,7),

where
1. MY = a(M).
2. N = H(N), the homology of (N,d).
3. a s the restriction of o to M.
4. BY(2) is the class of B(a™'(2)) in NV, where a='(2) is an element a with
ala) = z.
5. vW) s the restriction of v to Ker(d).

Proof. See [Rot, Proposition 10.9]. O

The process of taking derived couples of an exact couple can be iterated:

Definition 2.2.3. Let (M, N,«a,3,v) be an exact couple. The associated r-th
derived couple, denoted by (M N o B0~ s the first derived couple
of the (r-1)-th derived couple (MT=D NT=D =1 3= =Dy " Moreover, the

maps o, BT~ qcts as follows:
1. ") s just the restriction of a to o) (M)
2. B7)(2) is the class of B(a™"(2)) in N™), where a™"(2) is an element a with
a’(a) =z
3. Y\ s the restriction of v to Ker(d"=V).

In each iteration of taking derived couples, we get a new module N™ and a
differential d,, : N — N Moreover we have that N = H(N®™=1). This is

exactly the content of a spectral sequence, that we define generally below.

Definition 2.2.4. A spectral sequence is a sequence (E™,d,), where the E™ are

modules, d,, : E" — E" satisfies d2 =0 and E™ = H(E™™).
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2.3 The Spectral Sequences of a double complex

Let E** be a first quadrant double complex and Tot(E**) its totalization, as in
Definition [2.1.3] There are two simple filtrations of the complex Tot(E**), the

vertical and the horizontal one, that we define below.

Definition 2.3.1. Let E** be a first quadrant double complex. We define the p-th
vertical filtration of Tot(E®**®) as
ver TOt(E**)P = @@E’f :
i>p
Similarly, we can define the p-th horizontal filtration as

hor TOt(E**)? @@Ek

i>p

Both of these filtrations are filtrations of complexes as in Definition and we
denote by (Tot(E**)P)k the k-th level of the complex (Tot(E®**)P).

In the remaining of this chapter we will work out the spectral sequence of a first
quadrant double complex E** arising from the vertical filtration of the totalization
Tot(E**) and to clarify the notation, we omit the subscript ver from the filtration.
As a first step, let

F = @P(Tot(E**)")

and

(Tot(E**)P)
O =
D iy

These modules are bi-graded, with gradlng given by bi-degrees (p, ¢) such that

and

Tot(E**)P)r+a
0ppa — ( ~ [P
EP = @ (Tot(E0,0)p+1)p+q ~ b
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The differential d of the total complex induces differentials on £ and F' of bi-
degree (0,1). Moreover it is not hard to see that for any fixed p the differential
induced in °EP*® is just the vertical differential d,. As in the previous section, we

have the exact sequence

0~ D Tot(E=*)* = P Tot(E*)” % €D Tot(B**)r/ Tot(E**)"*! — 0,

p p p
where the inclusion i is a map of bi-degree (—1,1) and the projection map 7
has bi-degree (0,0). As in the previous section, we can construct an exact couple
(H(F),H(E),1*,7*,0). Both H(F') and H(FE) are again bi-graded by (p,¢). Let
k = p + q be the total degree. We have

1. H(F)P4 = H*(Tot(E**)).
2. H(E)9 = HY(EP*).

3. The map * takes the cohomology class (a1, . ..,a;) € H*(Tot(E**)P™!) to
the cohomology class (0,apy1,...,a;) € H*(Tot(E**)?) and has bi-degree

(—1,1).

4. The map 7* takes a cohomology class (a,, api1, - . -, ar) € H*(Tot(E**)P) to
the cohomology class of a, € HI(EP*). It has bi-degree (0,0).

5. The map 0 resembles the connecting map of the snake lemma: takes an
element m € H(EP*®) to the element (dj,(m),0,...,0) € H*(Tot(E**)P)
and has bi-degree (0, 1).

Therefore we can use the recipe in Proposition to construct the first
derived couple: put FY) = H(F), 'E = H(FE) and d;, = 7o § and iterate this
process to get exact couples (F™), "E, i 7 §0) and differentials d, = 70§

on"F.

21



Definition 2.3.2. The spectral sequence ("E, d,.) constructed above is the spectral

sequence associated to the vertical filtration.

Remark 2.3.3. The horizontal filtration gives another spectral sequence. There-
fore, is common to refer to the vertical spectral sequence as "FE,,.,; and, similarly,
we use " Ey,, for the horizontal one. As we have fixed the vertical filtration for the
calculations, we do not use the subscript “vert” for the spectral sequences. All the
results of this section can be translated easily to the case of horizontal spectral

sequemnce.

For any bi-degree (p, q), define °ZP? = Ker(dy)?? and ° BP? = Tm(dy)P?. There-
fore, 'EP4 ~ 97Pa/ OBP4. Now every submodule of ' EP? is of the form M/ °BP4
for some submodule M O °BP4. So there are submodules ' ZP4, 1 BP% such that

tzpa) 0BPa ~ Ker(d,) and ' BP9/ °BP? ~ Im(d;). So we have a chain
opra — tppa - lypa — 0ypa

such that 1ZP4/ 1BPe¢ ~ 2FP4. Continuing this way, we reach at a chain of
modules

0 Bgp.g C 1 gpa C 2 Bgra C---C 274 C A C 0 7p.q
such that "ZP4/ "BP9 ~ TTLEPA,

Definition 2.3.4. The limit term of the vertical spectral sequence with bi-degree

(p,q) is the module ©EPY = 7P/ BP4_yhere *ZP4 = (| "EP? and ©° BP9 =
r=1

fj rBPa.

r=1

We are now ready to head towards the main goals of the section: describe
completely the modules " ZP% and " BP? and describe completely the differentials d,.

on each step of the iteration process. The following notion is key to this description.
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Definition 2.3.5. Let m € EP4. We say that m is an r-liftable element, for some

integer v, if d,(m) = 0 and there is a sequence of elements (m,aq,--- ,a,) such

that
1. dp(m) = dy(ay)
2. dp(a;) = dy(as1) for every 0 <i <r—1.

The element a, is called an r-th lift of m and the sequence (m,ay,--- ,a,) is called

an r-lift sequence of m.

We remark that it is natural to consider this type of elements, since they
are closely related to the cohomology classes of Tot(E**), as we indicate on the

following remark.

Remark 2.3.6. Let m € EP9 k =p+ q and (m,aq,...,a,) be an r-lift sequence
with dp,(a,) = 0. Then the element (0, m, —ay, as, ..., (—1)"a,, 0) gives a homology
class in H*(Tot(M**)). Conversely, if (0,m,a;, and ..., a,,0) gives a homology
class in H*(Tot(M**)), then

dp(m) = 0,dy(a1) = —dp(m), dy(ai+1) = —dp(a;).
Therefore (m, —ay, as, ..., (—1)"a,) is an r-lift sequence for m.

We present now our first main theorem of this section. It shows that r-liftable

elements belongs to "Z and tell us how to calculate d"*! on such elements.

Theorem 2.3.7. Let m € EP? be an r-liftable element, and (m,ay,as,...,a,) an
r-lift sequence. Then m € ‘ZP4 for all 0 < i < r and d"*(m) is the class of

dh(ar) n r-l—lEp-i-r—&-l,q—r‘

Proof. We need to follow the rules of definition of the spectral sequence by the
exact couples. We've already seen that d° is given by d, and that d' is induced by

dp, in the vertical homologies.
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To clarify the methods of the proof, we start with the case r = 1. Suppose
that m is 1-liftable and let (m,a) be a 1-lift sequence. Considering the map § of

the derived couple (see the previous section)
§(m) = (dp(m),0,...,0) € H*(Tot(E**)). (2.1)

As (m, a) is a 1-lift sequence, we have d(m) = —d,(a). Moreover (—d,(a),0,...,0)
and (0, dy(a), . ..,0) are cohomologous in H***(Tot(E**)). To calculate d*(m), we
have to project (0,dy(a),...,0) onto the first coordinate. Therefore m € kerd'.
To calculate d?(m) we must calculate 7V (0, d(a),- - - ,0). By definition, we must

take first the preimage by ¢* once and then project onto the first coordinate. As

()71 ((0,dn(a), -+, 0)) = (dn(a), -~ ,0), (2.2)

d*(m) is the class of dj,(a) in ! EPT2471,
Suppose now that r is arbitrary and m is r-liftable. Let (m,ay,...,a,) be an
r-lift sequence. Again, applying § to m, we have the same equation as in ([2.1)).

Hence

(dn(m),0,...,0) ~ (=dy(a),0,...,0) ~ (0,dn(ar),0,...,0) ~ (0, —dy(as),0,. ..,0) ~

——
(0,0, dn(a2),0,...,0) ~ -~ (0,0, dn(ar),0,. .., 0), (2.3)

where ~ means cohomologous. To apply d’, we must take (i—1) times the preimage
by #* and then project onto the first coordinate. Thus, if i < r, then m € ker d'.

To calculate d"™!(m), we must take r times the preimage of m by i*. As

@) (0,-..,0,dn(a,),0,...,0)) = (dp(ar), 0, ...,0). (2.4)

projecting on the first coordinate yields the result. O
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The following theorem shows that the converse of the above theorem also holds.

Therefore we have described completely the modules " 277 and the differentials d".
Theorem 2.3.8. Let m € EP4. [f m € "ZP1, then m is r-liftable.

Proof. For r = 1 the proof is easy: d'(m) = d,(m) =0 € 'EPTL4 = HI(MPTLe)
implies dj,(m) = d,(a) for some a € EPT147L,

To illustrate the method of the proof, we do the case r = 2. Let m € 22P4.
In particular, m € 'ZP? which implies that m is 1-liftable. Let (m,a) be a 1 -lift
sequence. As d*(m) € 'BPt2471 there is ¢’ with d,(a’) = 0 such that dy(a) =
dp(a’) in 'E. By the case r = 1, there is a” € EP™4972 with d,(a”) = dy(a — d').
Now, (m,a — da’,a") is a 2-1ift sequence for m.

For the general case, let m € 7"ZP% Then, by induction, m is (r — 1)-
liftable. Let (m,aq,---,a,—1) be an (r — 1)-lift sequence. Then by Proposition
m, dp(ar,—1) = d"(m) = 0 in "E. Therefore, there is a\”; € ™12 such that
dp(a,—1) = d’"*l(agl)) in ""'E. Again by induction agl) is (r — 2)- liftable. Take an
(r — 2)-lift sequence

(07 ag”? a’gl)a T 70’(1) ) (25)
such that dp(a,—1 — ag,ljl) =01in ""'E. Tt is immediate to see that
(m,a; — agl), as — agl), e —alY) (2.6)

is an (r — 1)—lift sequence. Now we may construct inductively, for each 1 < i <
r—1, (r — 1 —1)-lift sequences

0,...,0,a?, ... a!") (2.7)
such that dp(a,—; — al) — .. — a,(fll) =0in "E. If i = r — 1, we have that
dp(ar_y — 307, agl) =0 in 'E, that is, there is a, such that

dh(av"—l - . ag*ifl) = dv(ar)' (28)



It follows that
2 ' r—1 '
(m, a1 —al",ay — Z a, . apy — Z al”, . a,) (2.9)
i—1 i=1

is an r-lift sequence. O

The same method used in the proof of Theorem [2.3.7] gives us the characteri-

zation of the modules " BP4.

Theorem 2.3.9. Letm € MP?. Thenm € "BP4 if and only if there is an r—1-lift

sequence (aq, ...,a,—1) and an element a, such that m = dp(a,_1) + dy(a,).

Proof. As m € 7"BP? there is an (r — 1)-lift sequence (by,...,b,_1) such that
m = dp(b,_1) in ""'E. The proof now goes by the same lines as in the previous

theorem. u

2.4 Convergence

Recall that our main purpose on developing the machinery of spectral sequences is
to calculate the homology of the total complex Tot(FE**), and this is attained by
the convergence theorem. Consider the total complex Tot(FE**) of a first quadrant

double complex with the vertical filtration as in Definition [2.3.1} The inclusions
i: Tot(E**)P — Tot(E**) (2.10)
induce maps on homology
i« H*(Tot(E**)P) — H"*(Tot(E**)) (2.11)

and these maps induce a filtration

H*(Tot(E**)) D i*(H"(Tot(E**)")) D - D i*(H*(Tot(E**)?)) D ---  (2.12)
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of the homology of the totalization. The convergence theorem asserts that

quotients of this filtration in fact the limit terms of the spectral sequence.

Theorem 2.4.1. Let E*® be a first quadrant double complexr with the vertical
filtration. Then the map
Ppqg 1 1 (HH(Tot(M**)?)) /i (H*((Tot(M**)P*) ) — < EPa

Y

(m, Gpi1s ..., ag) - m

where ¢ = k — p is well defined and is an isomorphism.

Proof. Remark says that any cohomology class (0,m, ay, ..., ax, 0) induces a
lift sequence for m of any length that we want, and therefore m € <ZP4, As
EP4 is a first quadrant bi-complex, for any lift sequence (m,a, -+ ,a,,---) we
have a; = 0 for ¢ > 0. On the other hand, Theorem [2.3.8| says that any element
in 7P is r-liftable for every r € N. As any sufficiently large lift sequence of m
must become zero, m € *EP? induces a cohomology class in i*(Tot(M**)?). So
if we prove that ¢, , is well defined, then it is certainly surjective. Consider first

the map
B, it (HF(Tot(M**))) — <[P
(m,ay,...,ax) = om
To show that ®,, is well defined, let (m, a1, ...,ax) = 0 € *(H*(Tot(M**)P)).
This means that there is (by,...,bx—1) € Tot(M**)*~! such that d(bo,...,bx_1) =

(m, aps1, ..., ag). We have
1. dy(bo) = 0.
2. dp(b;) = —dy(bis1).

3. m = dy(by_y) + du(by).
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Now, b,_1 is, up to a sign, a (p—1)-lift of by and by Theoremm € *°BPq
This shows that ®,, is well defined. It now remains to show that Ker® =
i*(H*(Tot(M**)PT1)).

Suppose that (m,ay,...,ax) € i*(H*(Tot(M**)?)) with m = 0 in ®EP4. By
Theorem there is an element by and a lift sequence (bo, by, ..., b,—1) with m =

dp(by—1) + dy(a) for some a. Consider the element
L= ((—=1)"by, (=1)" " by, by, q). (2.13)

The cohomology class of d(I') = (0, ..., m, dy(a)) is trivial. Therefore (m, apiq, ..., ax)
is cohomologous to (0, ayy1 —dp(a), ..., ax) € «*(H*(Tot(M**)P*™1)). The reverse in-

clusion is obvious, and the theorem is proved O

2.5 Comments and References

Our approach to spectral sequences follows closely the notation of [Eis, Appendix
A 3.13] and in fact the work of this chapter is motivated by the phrase "and so
on” of his explanation of the differentials d".

The degrees of the horizontal and vertical differentials of the double complex
in definition [2.1.3| were chosen for the sake of simplicity. One needs only to adapt
the notion of total complex and the statements of the results of Section In
this new setting they are still valid.

For the convergence theorem, the requirement of E**® being a first quadrant
double complex were again chosen for the sake of simplicity, as the proof of the
convergence theorem only requires that, for each fixed total degree k, E**® has
finitely many nonzero components (we say that E** has finite diagonals in this
case). Even if it is not the case, the spectral sequence can still provide some
information about the quotients of the filtrations, as a careful analysis of the proof

shows that the map ®, , is always injective.
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Other expositions and applications of spectral sequences can be found in the

books [Rotl], [W] and [Md].
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Chapter 3

Buchsbaum-Eisenbud complexes and the

Koszul-Cech spectral sequence

In this chapter we present our first result in this thesis: we prove that the the
Buchsbaum-Eisenbud family complexes defined in [Eis, A2.6] can be constructed
via the spectral sequences of a Koszul-Cech double complex. The chapter is orga-
nized as follows.

In Section [3.1 we recall the construction of the Buchsbaum-Eisenbud family of
complexes of a linear map ® : R/ — RY. The material of this section is essentially
taken from [Eis].

Section is about the Koszul-Cech spectral sequences. We use these spectral
sequences to construct another family of complexes, that we call Koszul-Cech
complexes associated to a linear map of free modules as in Section [3.1]

Finally, the work of the previous chapter in the maps appearing in the pages
of spectral sequences rewards us with the proof that this new family of complexes

is isomorphic to the Buchsbaum-Eisenbud family in Section [3.3]
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3.1 The Buchsbaum-Eisenbud Family of Complexes

We begin this section with a notation.

Notation 3.1.1. Let R be a ring and M an R-module. We denote by M* the dual
Hompg (M, R).

Proposition 3.1.2. Let G ~ RY be a free module. Then G* acts on \ G in the
following way: if p € G* and I C {1,...,g}
p-(er) = sen({j} C Delej)engy-
jel
This action satisfies ¥ - (p - (eg)) = —p - (¥ - (er)), and therefore it extends to an
action of A\ G* on \ G given by

(1 A= Apn)-er =1 pn-er.

Proof. For any I C {1,...,¢g}, we have
Vopeer= > sen({5} € Dsen({l} € I\ {7He(e)p(e;)enin
JEI 1el\{j}
Keeping the notation, we have
p-t-er=> > sen({l} C Dsen({j} € I\ {})e(e)p(e;)engn-
1€l jel\{i}
The signs on the expression are opposite by Lemma |1.1.3] and the proposition

is proved. O

We now prepare the terrain for the construction of the Buchsbaum-Eisenbud
complexes. Let ¢ : F = R/ — G = RY, f > g, be a linear map presented by a
matrix ® = [a;;]. Let K = (A F ®g S,0), where S = Sym(G), be the generalized
Koszul complex of the map ¢ (see Definition . Recall that this complex is
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T
just the Koszul complex on the linear forms v; = ) a;;7;. As this complex is
i=1

S-graded one can look at the degree d strand

f
K(p) =0 \F @r Su—p) = -+ = F @p Sia—1) = S(a) = 0. (3.1)

The action of the Koszul differential can be reinterpreted in terms of the action
described in Proposition [3.1.2; the module A G* acts on A F' via pullback by
defining

n-v=¢M)-v=(Moy)-wv, ifne/\G*andve/\F. (3.2)

Moreover, the module G acts naturally on S = Sym(G) via the multiplication of

S. Therefore the module G* ®r G acts on \ F'®@p S, and the action is given by
mMRu)  (vOw)=n -vQuw. (3.3)

forn e G*,u e G,ve A\Fand w € S. Let now Tj,...,T; be a basis of G* that
is dual to the basis Ti,...,T, and consider the element ¢ = Zg: T'RT, € G"®G.
This element does not depend on the choice of a particular ll;tlsis of G, as c is the
pullback of 1 by the evaluation map G®rG* — R. This element acts on \ FF'®r S
as explained in (3.3]), and the next proposition shows that ¢ acts like the Koszul

differential.

Proposition 3.1.3. The Koszul differential 0 in \ F ®g S is given by the multi-

g
plication by ¢ = > T} @ T;, via the action described in .
i=1

g9
Proof. The element ¢ € G* ®p G pulls back to the element ¢ = Y T/ 0 p @ T;.
i=1
Proposition [3.1.2 gives us

g g

c-(er@f) =) (Tloplen®T,f) =Y (T (sen({j} € Deles)enyy) ©T.f) =

i=1 =1 jel
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g g 9

D (T (sen{s} € D eTeeny)®Tif) = Y (D (sen({j} € Deyengy)®Tif) =

i=1 jel k=1 i=1 jel

> (engy @sen({} € )Y ey Tif) = Y (engy ©@sen({j} C D)y f) = d(er @ f).

jerI i=1 jer

]

Definition 3.1.4. Let S = R[T, ..., T;] = @ S(q). Then the dual S* = Hompg(S, R) =

d>0

D (Sw)* is a graded S-module. We write (T{...T3*)" to be the basis element of
d>0

(S@))* that is dual to (.. T7).

The S-module structure of S* can be easily described in terms of the dual basis.

Recall that or f € S, ¢ € S*, we have that

for all x € S. Under this module structure, it is not hard to see that
T, - (T ..Tgag)’ = (T - .Tiaz‘—l .. -Tg‘”‘g)’

Consider now the dualization K4)(¢)* = Hom(Kq)(¢), R) :

i—1 i f
0—= (S@)" = — /\F*®R(5(d4+1))* — /\F*®R(S(d—i))* o /\F*®R(S(d*f))* — 0.

(3.4)
Using the duality property of the exterior powers (see Proposition , this
complex is isomorphic to the complex
f f-1
0— /\F ®r (S@))" — /\ F &g (Sw@-1)" == (Sa—p) —0 (3.5)
and it’s easy to see that under this isomorphism, the complex is a strand
of the Koszul complex on the sequence (73,...,7,) with coefficients in S* and

we have the following proposition, whose proof goes on the same lines as that of

Proposition [3.1.3
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Proposition 3.1.5. The S-module structure of S* defines an action of G* ®r G

on \ F ®g S*, analogous to the action defined in , and the differential of the
g

complex is given by the multiplication by ¢ = > T @ T;.

=1

After all this work we are ready to define the Buchsbaum-Eisenbud family of

f—d
complexes. Let d < f—g. Then the complex (K(¢)(q)* ends at A\ F®g(S))* ~
f—d f—g—d f—g—d
A F', and the complex K(¢);_g_q starts at A F®rSy~ A F. The goal

now is to construct a connecting map
f—g—d

f—d
erga: NF— N\ F

such that
f f—d . f—g—d
0> ANFer(Sw) = \NF25 N F>-- 2584520  (36)

becomes a complex too.
g 9
To do this, recall that the pullback ¢* : G* — F* induces a map A p* : A G* —
g g
A F*. The element o = \@*(T7 A --- AT}) € \ F* acts on /\ F' by Proposition

B.1.2 Define

f g

A F (3.7)

v

f—d
Ed /\ F —
v —
The following proposition follows directly from Proposition and the prop-

erties of exterior product given in Proposition [1.2.2] Recall the matrix notation in

Definition [L1.7

f—d f—d—g
Proposition 3.1.6. The map ej_y—q : N F — )\ F takes the element ey,

I C{1,...,f}, to the element
Z det®”.sgn(J C I)ep .
JCL|J|=g
The following theorem can be proven directly (see [Eis, Theorem A2.10(a)]),
but we give a different proof in Section [3.3]
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Theorem 3.1.7. The map € given in Proposition turns (@ into a complex.

Definition 3.1.8. We denote by C*(®) the complex obtained by joining (K () (f—g-a))*
and K(p)q via the map 4. This family of complexes is called the Buchsbaum-
BEisenbud family of complexes. The complex CO(®) is called the Eagon-Northcott

complex, and the complex C'(®) is the Buchsbaum-Rim complex.

3.2 The Koszul-Cech spectral sequence

Recall the notation of the previous section: ¢ : F' = R/ — RY is a linear map pre-
sented by a matrix ® and such that f > g. Let S = R[Ty,--- , T, t = (T4, - -- , 1),

7 be the sequence (71, -+ ,7s), where
g
Vi = Z aij T;.
i=1
We consider the double complex K, ®¢C*®, where K, = K, (7; S) is the generalized
Koszul complex of ® (see Definition [1.4.1)) and C* = C¢(S) is the Cech complex.

We display this double complex as a third quadrant double complex as follows:
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OHKJ”@)ROP(S)*)'”*)KI ®RC’?<S)*>K0®ROP(S)*>O

0 Ky ®r S(S)*)"‘HKH@R {I(S)HK()@R

0—=K;®p C{(S) — - —= K1 ®r C{(S) — Ko ®r C{(S) —=0

0 e 0 0
With the usual grading of S the differentials of this complex have degree zero.
Therefore each strand of a given degree d defines a double complex over R. We start
the construction of our new family of complexes by analyzing the vertical spectral
sequences coming from each of these strands. By Theorem H{(S) = 0 unless

i = g. Therefore the first page of the vertical spectral sequence ' EP:4 reads as

0 0 0 0 0 (3.8)

As K; = S(?)(—z’) and HY(S)) = 0 for d > —g we have for a fixed degree d a
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e

complex (1Eve7"t)( ) given by:

0 = HY(K) @ — H{(Ko1)@ — - = H(Kyrar)@ —2% H(Kyra)@ — 0
(3.9)
Notice that CEL ) @ = (CEL )@ ~ Coker(i)g).

To construct the other part of the complex we analyze the horizontal spectral

sequence. The first page ' E'? reads as

CY(Hy(K.)) CO(H\(K.)) CO(Hy(Ky)) (3.10)
CH(H(KS)) CHH(KL)) CH(Ho(KL))
Ci(Hy(K.)) - Cr(Hy(K.)) Cr(Ho(K.))

For the second page ?E}? we have

HY(Hy(KL)) HY(H:(K.,)) HY(Ho(K.)) (3.11)
H{ (Hy(KL)) H{(H\(K.)) H{(Ho(K,))
H{(Hf(K.)) H{(H\(K,)) H{(Ho(K.))

Again as K; = S@)(—i), we have that
0— (Kd)(d) ﬁd—> e — (KQ)(d) — 0; (3.12)

and therefore (2B

hor

complexes and By the convergence theorem (see Theorem [2.4.1]) we have

Y ~ HY(Ker(ug)) C Ker(ug). We now join together the
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for the vertical spectral sequence that

(B ™)@ = H(Ds) a)- (3.13)

ver

Moreover, the horizontal spectral sequence gives us a filtration
HY D) gy = Fao 2 Fa1 2+
such that

Fai
Fait1

00 pr—d—i,—i
~ (B0 ")

hor

We then have a natural surjection H¥(D,)a) — (CEf) ). We can define a map

74+ HY (Katg)a) — (K4)(a) as the composition

Coker(1)4)

HY (Kitg)a) HYD.) ) (3.14)

(2B, = ("Epp”)a) = Ker(j1a) — (Ka)w)

hor hor

We then define the complex ICy4(®) to joining
0= HI(K )@ = - 2% HY(Kapg)@ — (Kg) 2% -+ — (Ko)@ — 0. (3.15)

Definition 3.2.1. For each d, let Ky(®) be the complex (3.15). We call this
complex the Koszul-Cech degree d of degree d of the matriz ®.

3.3 The First Main Theorem.

This section is devoted to prove the following theorem.

Theorem 3.3.1. Let & = (a;;) be a g x f matriz representing a linear map
po: F =R — G = RI, with f > g. Then the complexes C¢ and K4(®) are

isomorphic for d < f — g.
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The theorem is proved in a series of propositions. The complexes C? and
KCa(®) are isomorphic on the right side of the maps 7, and £4: they are both the
Koszul complex on the forms Zg: a;;T;. Our first step is to show that, at least
componentwise, the left part ofT}lie complexes are isomorphic.

Proposition 3.3.2. There is a perfect pairing Sq@p H{ (S)(—d—g) = H{(S)(—g)
R such that the isomorphism (Si))* =~ H{(S)(—a—g) takes the element (T7" ... Ty*)

ag+l .

to the element al++
Tt Ty

Proof. Recall the inverse polynomial structure of H{(S) (see Theorem [1.5.6).
g
H{(S)q) is a free R-module generated by the monomials W with >- a; =

i=1
r,a; > 1 and we can define the pairing

Stay ®@r H(S)(—a—g) = H{(S)—4

given by the natural multiplication. It’s easy to see that this is a perfect pairing

and that 77" ... T,” is dual to W O

Tt Ty

Therefore we have the isomorphisms

Ka(®))avi = H (Kgtdri-1)@) =

dtg+i—1
HI( N\ ForS(—g—d—i+1))a =~
g+dti—1
N\ FerH{(S(—g—d—i+1))q ~
gtdti—1 gtdti—1

/\ F®RH$(S)(_9_Z'+1) >~ /\ F®R(S(z—l))* = (Cd)d_H' (by PI‘OpOSitiOl’l 332

Therefore the left side of the complexes are isomorphic componentwise, and we
need to see what happens to the differentials. The above isomorphism can be used

to induce differentials in the left part of the complex C%(®) using the differentials
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of the complex ICy(®P). These differentials are not difficult to calculate: consider a
g+i—1
typical basis element for Kg(®)); = A F ®r H{(S)(@—i—g+1) of the form

ejl/\.../\ejk®TWr1 o Zal—z— -1, o, >0, (3.16)

The differential of Iy(®) is induced by the Koszul differential. Applying it to

the basis element, we get

k
I . a
SUDles A Ae A Aes ® Z Talj’l”’“ ag+1]
=1 h
k g a .
. 5 - . .. . mjk
lz_; Yej Ao A A Aej, ® ;::1 T o ”Tagﬂ] (3.17)

Applying the duality of Proposition |3.3.2] we have the differential

Alej, A= Ney, @ (T .. Ty9)) =

k g
DDl ej Ao Ne Ao Aejy @Yy, (TF T T )] (3.18)
=1 m=1

defined in the left part of Cq(®).

Proposition 3.3.3. Denote by & the differential of the left part of C4(®) and let
A be the differential defined in . Then 6 = A.

g
Proof. Proposition [3.1.5/says that § is given by the multiplication by ¢ = > T} ®
i=1

) g+i—1
T" € G* @r G. Take a typical basis element of A F ®g S, ;. We have:

O((ej A-ee Nejy @ (TP TF0)) = e (e A Ay, @ (T1TG0)) =

k
(D_(=D)'Th(elei)es A Néj Aver Neg) @ Tn(T{T00) ] (3.19)

m=1 [=1
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Therefore,

6<€j1 FANKIIIVAN €y & (T{ll...T;{g)l> =

k g
DDl ej Ao Ne Ao Aejy @Yy, (TF . Tam = T (3.20)
=1 m=1
which matches with B.18] O

It remains to study the connection maps 7, of the previous section and the
maps &4 of Proposition|3.1.6l The results of Chapter |2 allows us to give an explicit
explanation of the map 7.

Let z € Kypqg ® CY9 representing an element of HY(K,14)@) ~ /\HdF Qr
H{(S)_,. By Theorem this element is liftable through the double complex to
an element 2’ in (A F ® C°(S D@ =~ (Kg)@)- Then by the Convergence Theorem
(see Theorem 74(2) = 2. The following theorem proves that the map 7, is

equal to €4 up to a sign. Before stating the theorem, we introduce some notation.

Notation 3.3.4. Let T,...,T, be variables and L C {1,...,g}. We define T* =
171

J¢L

We are now ready to state our main theorem for this section.
Theorem 3.3.5. Let R be a commutative Noetherian ring, ® = (a;;) be a g X f
matriz in R with f > g. Let S = R[Ty,---,T,| a polynomial extension. For
1 < j < f setry; = > a;T;.. Consider the double compler K, @ C* =
Ko(y1, ... ,7s) ®s C2(S) and its horizontal and vertical spectral sequences. Then,
for each 0 <d< f—gand I C{l,---,f} with r+ d elements, the element

1 )
—e®——— € Kpiq® Y
M= @ T € R @
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1s g—liftable. Moreover, the i-th lift of this element is given by

1
Z ens @sgn(L C {1,...,g})sgn(J C I) det(@i)ﬁ.

LC{L,g}, JCL|L|=|J|=i

In particular,
Ta(my) = Z sgn(J C I)det(®”)ep ;.
JCI,|J|=g

So that 74 = €4 up to a sign.

Proof. In the course of the proof we do all the liftings without concerning about
the signs, for the sake of clarity. Finally, we stress that the signs involved depends
only on g.

In ("E,2979)4, the differential d° = d, is zero. As end(H{(S)) = —g

(1EI9t79) g = 0 and (" E, L9797 ) = 0 for all > 2. Therefore all

ver ver

differentials d" are zero in ( "E;37979) ) and ( C E,27979) 4 = ((©Z;37979) ).

Then by Theorem my is g-liftable.
We prove the theorem by induction. Applying the Koszul differential on my,

we get
sgn({/} € I)vs
Z engy ® T .7 (3.21)
jel ! 9

For any j € I, the corresponding summand is

sen({j} € I) z aT]

3.22
Ty T, (3.:22)

From ([3.22)) it’s immediate to see that (3.21)) is a Cech boundary, and the 1-lift
is given by

) S|
e ® Y sgn({z}c{1,---,g})sgn({]}cf)demg}}m. (3.23)
le{1,-,g9},5€l

Now, we proceed by induction. Let L = {l; < --- < [,} C {1,...,g} and
J={j <---<jp} CI. We want to calculate the coefficient of the p-th lift of m;
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with respect to the basis element ey ; ® T—lL We first notice that the components
that lifts to ep y ® TLL are the components of the form ep ;, ® = L where L' C L and
J; = J\{Ji}. As this element is 1-liftable, we just need to analyze the components
with a fixed L'. Choose L’ = {l; < --- < l,_;}. Looking only at these components,
our induction hypothesis says that the (p — 1)-lift of m; is given by

p

) 1
> (ens, @sgn(L' C {1,...,g})sgn(J; C I)det @ =) (3.24)

i=1

Applying the Koszul differential to (3.24)), we get

p
ens ® Y sgn(L' C {L,....g})sen(Js € I\ J)sen({ji} C J)®5 s (3.25)
1=1

By Lemma [1.1.4}) sgn(J; C J)sgn({j;} € I\ J;) = (—1)’"“sgn(J C I), we may
rewrite (3.25)) as

- Pt det CIDi,%l
eng @sgn(L' C {1,...,9})sgn(J C I) Z T (3.26)
i=1
—ide J; y
and the coefficient of 7j, in the sum )7, S ;L,t LA given by
—1)P=i det ®7iay,;, T
( ) € L alp]z lp (327)

Y
On the other hand, Laplace’s rule for the expansion of a determinant gives us

p
det ®f = det @7,y = > (—1)""a,,;, det &7 (3.28)

i=1

So we may rewrite (3.25)) as

T,
eng @sgn(L' C{1,...,9})sgn(J C I) Zdet (IDLTL, (3.29)
i=1
Therefore |D is liftable by the Cech map, and the lifting is given by
, , det <I>J
eng @sgn({lp} C {1, -+, g}\ L) sgn({L" C {1,---,g})sgn(J C I (3.30)
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Assgn(L’ C{1,...,g9})sgn({l,} Cc {1,--- ,g}\ L) =sgn(L C {1,...,g}), the

coefficient of ey ; ® % in the p-th lift of m; is given by
sen(L C {1,...,g})sgn(J C I)det &%, (3.31)

as required.
To see that 7; = €4, we analyze the construction of 7; given in (3.14). As

d+g d+g

HI(\(S(=d—=9)) = \ F & H!(S)y,

any element of Coker(¢py) can be represented as a linear combination of some m;’s,
and we calculate the image of this elements.

By theorem m the isomorphism Coker(¢q) ~ H%(D,)(s sends m; to the
cohomology class (my, —ai, ..., (—1)%,) € H*(D,)(4), where (my,ai, -+ ,a,) is a
g-lift sequence for m;.

Again by Theorem the map HY(D,)gy — < E~ 40 sends the cohomology
class (mr, —ay, ..., (—1)%a,) to the element (—1)%a,. As a, is just the g-lift of m;
calculated above. Comparing with Definition [3.1.6| we see that 7, = €4 up to a

sign. O

The proof of Theorem [3.3.1| now follows from Proposition [3.3.3] and Theo-
rem m Therefore the Koszul-Cech complexes Ky4(®) are isomorphic to the

Buchsbaum-Eisenbud complexes CZ(®).
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Chapter 4

Applications to Residual Intersections

In this chapter we apply the results of the previous chapters to the theory of
residual intersections defined in the introduction.

In section we recall the construction of the residual approximation com-
plexes and give a more details of the methods of [Hal,[HN] and [CNT]. This
construction leads us to the notion of disguised residual intersection of a pair of
finitely generated ideals a C I.

Section is devoted to the study of the structure of the disguised residual
intersections, and is divided in two parts. First we show that the disguised residua
intersection is in fact a invariant of the pair a C I. After it, we relate the struc-
ture of this ideal to the DG-Algebra structure of the Koszul complex of a set of
generators of I. This leads to a proof of Conjecture when I satisfies SD; (see

Definition .

4.1 Residual Approximation Complexes

Let R be a commutative ring and let a C I two finitely generated ideals of R. We

recall here the construction of the residual approximation complexes following the
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constructions in [Ha], [HN] and [CNT].
As the first step, consider the Z-approximation complex Z(f; R) (see Definition
1.4.3) on a set (f) = (f1,..., f.) of generators of I:

0= Z.( R)@S[—r] = Z,_1(f;, R)@S[-r+1] = -+ = Z1(; R)@S[-1] = S — 0,

where S = R[Ty,---,T,].

Let now (a) = (ay,--- ,as) a generating set for a and ® = [a;;| a representation
matrix, that is, a matrix such that a = f- ®. Define v; = Zr: aijTi, let K(v;5) be
the generalized Koszul complex of the matrix ® (see Deﬁnitzigil and construct

the a new complex

D, = Tot(Z2(f; R) ®s K(7,5)).

Let t = (T1,...,T,). We can apply the very same procedure of the construction of

the Koszul-Cech complexes to the double complex
D, @ Ce(S)

we get new complexes ¢Z; whose components are given by

a2 = @ Ki(v; S)wy ®@r Z;(£ R) if i <d

=i

2= P (Kur:S) @s H{(S))w ®r Z;(ER) it i>d.
jH=d+rti—1

Definition 4.1.1. The complex 2 constructed above is called the k-th residual
approzimation complex with respect to the generating sets f and a of I and a and

the matrixz ©.

The methods involved in the mentioned papers are obtained by the analysis of
the involved spectral sequences that does not lie on the choice of generators of I

and a, neither on the choice of the matrix ®.
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The main advantage to have such approximation complexes is that they can
give a lot of information about the module they resolve, if they are acyclic. A
very useful criterion for acyclicity is the Lemme d’Aciclicité of Péskine and Szpiro,

which we state below.
Lemma 4.1.2. Let (R, m) be a local ring and
0—-C.—-Cry = ---Cy > Cyp—0
be a complex of finitely generated R-modules. Suppose that
1. depth H;(C,) =0 fori > 1.
2. depth C; > i for alli.
Then the complex Cy is acyclic. Moreover, if

3. depthC; > d + i for all 1,

then
depth Hy(C,) > d.

Therefore if the modules of Koszul cycles Z,(f; R) has enough depth, then we
can use the Lemma, and this is where the sliding depth conditions comes into play

(see Definition [0.0.6). We state an acyclicity criterion given in [HN].

Theorem 4.1.3. [HN, Theorem 2.6] Let R be a Cohen-Macaulay Noetherian local
ring of dimension d, and let I = (fi,..., f,) = () be an ideal with ht [ = g > 1.
Let s > g and fir 0 < k < max{s,s — g + 2}. Suppose that one of the hypothesis
below holds:

1. r+k < s and I satisfies SD

2. r+k>s+1 and I satisfies SDC at level s— g—k and depth Z; > d—s+k
for0<i<k
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S k<s—r+2andl is SD
4. depth Hy(f) > min{d—s+k+2,s—g} for0<i<k—1 and I is SD.
5. 1 is SCM.

Then for any s-residual intersection J = a : I the complex 2% is acyclic and

Hy(xZ7) is a Cohen-Macaulay module of dimension d — s.

Consider the complex ¢Z;. The last map of this complex is given by
H{(,Dr>0 — (Do)o ~ R

and Hy(02)) = R/K. The following result, adapted from [H, Theorem 2.11] shows

some properties of this ideal, as mentioned in the introduction.

Theorem 4.1.4. Let I C R be a finitely generated ideal. Then, if J = a : I for

any a C I, either J = R or we have:
1. KCJand V(K)=V(J)

2. J=K off V(I).
Moreover if the ring R is Cohen-Macaulay, I has height > 1 and satisfies
SD and J is an s-residual intersection of I, then

3. K is a Cohen-Macaulay ideal of height s.

4. If J is an arithmetic residual intersection, then K = J.

This new ideal K is equal to the original residual intersection a : [ in many
cases. Hassanzadeh and Naéliton named K as the disquised residual intersection
in [HN] and made the following conjecture.

The results above shows that the understanding of the disguised residual inter-

section is key to understand the Cohen-Macaulayness of the residual intersections.
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As mentioned in the introduction, Chardin, Naéliton and Tran were able to prove

in [CNT] the following result.

Theorem 4.1.5. Let R be a Cohen-Macaulay ring and I is an ideal of height 2

satisfying SD1. Then for every s-residual intersection J = a: I, we have K = J.

The theorem above gives us that if I is a height 2 ideal satisfying SD; then
every s-residual intersection of I is Cohen-Macaulay. The general case follows from
this. If ht I < 2, we can just add variables to the ideal I to increase the height.
Suppose that ht I = g > 2.

Notice first that hta = ht 7, as ht(a : I) > s > g. Let ay,...,as be a gener-
ating set of a. As R is Cohen-Macaulay, grade(a, R) = ¢g and we can find a new
generating set aj,--- ,a such that () = (a},--- ,a;_,) is an R-regular sequence
(see [BH, Exercise 1.2.21]). The ideal I/(«) has height 2 in the ring R/(a) and
still satisfies SD; (see [CNT), Proposition 4.1]). Therefore the ideal

J/(a) = a/(a) - I/(e)

is an s — g + 2-residual intersection and therefore equal to the disguised residual

intersection of a/(«) : I/(«) and hence is Cohen-Macaulay. As

R/()
BIT> Gy

we conclude that J is a Cohen-Macaulay ideal.

We could use a similar method as above to answer Conjecture for ideals
satisfying SD; of arbitrary height, but a more careful analysis of the spectral
sequences comes into play. For instance, even the inclusion a C I is not clear from
the definition of K (this is obvious for the ideal a : I). Moreover, we don’t know
what happens to K if we change the set of generators of a nor it’s behavior under
taking quotients. We deal with this issue in the next section, where we take out

the disguise of the disguised residual intersection.
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4.2 The structure of the Disguised Residual Intersections

As mentioned in the previous section to get more information about the disguised
residual intersection we need a more careful approach to the construction of resid-
ual approximation complexes. We start the section with a more strict definition

of the disguised residual intersection.

Definition 4.2.1. Let R be a commutative ring, I = (f1,---,f = (f), a =
(ay,--- ,a5) = (@) two finitely generated ideals with a C I, ® a matriz such that

a=f-® and o2 the zeroth residual approximation complexes with respect to f, a

and ® (see Definition . We denote by
K(a, f,®)
the ideal given by the image of the map
027 = 02 =R

In order to get the structure of such ideals, we give a reinterpretation of the
residual approximation complexes in terms of the Koszul-Cech complexes defined
B.2.11

Recall from the last section that the residual approximation complexes where

constructed from the spectral sequences that arises from the double complex
Do ® C’t(S),

where D, = Tot(K,(7; S) ®s Z.(f; R)).

The complex Z,(f; R) is just the restriction to the Koszul cycles of I of the
generalized Koszul complex K(id,..). Hence the complex D, is just the restriction
to the Koszul cycles of the generalized Koszul complex of the matrix

M = [®lid, ]
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and the complex (Z; is a restriction of the Koszul-Cech complex of degree zero
Ka(M) and this complex is nothing more than the Eagon-Northcott complex of
the matrix M. Therefore is important to study the map ey given in Proposition
[3.1.6 in this situation.

For convenience, we recall and introduce some notation: S = R[Ty,...,T,],
v = Zr: ¢;;T;, where ® = [¢;;]. We write the generalized Koszul complex of M as
the DZ(Z}I—Algebra

Ke=8S<eél,....eer,....e;0(e;) =7,0(e;) =T; > .

)89

Lemma 4.2.2. Let Ly C{1,...,s}, Ly C{1,...,r} subsets of L such that |Li|+
|La| = 7. Then the image of the basis element e}, ® er, via the connecting map in

the Fagon-Northcott complex associated to the matriz M, defined above, is

sgn((L\ Ly) C L) det D71, .

(The notation <I>RL2 is already defined in Definition |1.1.7).

Proof. By Proposition W, the image of the element e} ® er, is given by the

Lo

determinant of the matrix [®*|id2 .]. Rearranging the rows, this determinant is

(rxr)
equal to
Ly
oL, 0 _ Ly
sgn(L \ Ly € L)det =sgn(L\ Ly C L)det @3, (4.1)
£ Ad| Ly Ly

]

Therefore we can describe the generators of the ideal K(a,f, ®) by restricting
the above map to the Koszul cycles of I. This is the content of the following

theorem.

Proposition 4.2.3. Let R be a commutative ring, I = (fi,...,f) € R and

a = (ay,...,as) C I two finitely generated ideals, & = [c;;] @ matriz such that
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a=f-®, g the connecting map in the Eagon-Northcott complexr, L ={1,...,r}.
Then the disquised residual intersection K = K(a, f, ®) is generated by

{eolel, ®z); r—s<j<r Ly C{l,....s} || =r—j, and z € Z;(fiR)}.

More explicitly, for a cycle z; = Z‘LQ‘:j ar,er,, the element e}, ® z; produces
the generator

> ap,.sgn(L\ Ly C L) det @7}

L\L>"
|L2|=j
Proof. By Definition 4.2.1, K (a, f, ®) is the image of the map
70 H'(D))o — R

of the respective residual approximation complex.

Since
D, = P Ki(,8) ®r Z,—i(£ R) C Ki(v, S) ®r K,_i(f; R) (4.2)
1=0

the map 79 is the restriction to D, of the same named map in Theorem which
is equal to the connecting map in the Eagon-Northcott complex ¢y up to a sign.

The result then follows from Lemma [4.2.2] O

The above Theorem can be explained by means of the DG-Algebra structure

of the Koszul Complex of f.

Theorem 4.2.4. Let R be a commutative ring, I = (f1,...,f.) € R and a =
(a1,...,as) C I two finitely generated ideals and ® = [c;j] a matriz such that
(@)= ()@

Consider the differential graded algebra Ko.(f,R) = Rleq,...,e.;0(e;) = fi).
Let ¢; =) cijei, 1 <i<s,Te=R(C, () the sub-algebra generated by the
(’s, and Zy = Z4(f: R) the sub-algebra of Koszul cycles. Then

K(a, f,®)=<Ty - Z4 >, .
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Proof. Let Ly C{1,...,s} and Ly C {1,...,r} such that |L;| + |Ls| = r. Then

(o, A e, = det[®L]id"?

(rxr)

ley A---Ae, =sgn(L\ Ly C L) det &%

L\L261/\---/\6r

as calculated in the proof of Lemma [£.2.2l One can now follow the argument in

Proposition [£.2.3
We also notice that < T'y - Z4 >,C K,(f;R) = \" R" ~ R. Hence < Ty - Z, >,

is isomorphic to an ideal of R. [

Given the above theorem we have two ways to follow: one is to study the
dependence of K(a,f, ®)) on the choice of a,f and ®, and the other is to derive
structural results about this ideal. We organize these two ways in the next two

subsections.

4.2.1 The independence of the generating sets.

The independence of K (a,f, ®) on the generating set is obtained in a series of

propositions. The first one concerns the independence on the choice of the matrix

b.

Proposition 4.2.5. Let R be a commutative ring, I = (fi,...,f,) and a =
(ay,...,as) C I two finitely generated ideals and ® = [c;;] and ® = [ci;] be two
matrices such that a=f-® = f- ®. Then

K(a,f®) = K(a,f o).

PTOOf' Set CJ = 2221 Cijei7 5; = Z;:l E\i;ei; FO = R<Clv e 7g8>7 f’ = R<§i7 T 7é—;>7
and Z, the algebra of Koszul cycles of the sequence f. By Theorem [4.2.4]

K(a,f,®)=<T,-Zs >, (4.3)
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and

K(a,f,,®) =<T, Zy >, (4.4)

Asf- (P — CT)) —a—a = 0 the columns of the matrix ® — ® are syzygies of the

sequence f. Therefore for all j we have that (; = @ + z; for some z; € Z;, hence
D CTi+ Ty Zy+- 4Ty - Ziy + Zs. (4.5)
and, for 1 <1 < s,
fi ey S Zo i+ Ui Zpyn +-+ 1 - Zo oy + 2, (4.6)
This proves the inclusion
K(a,f,®) D K(a,f,®)
The opposite inclusion follows similarly. O

With the independence on the choice of the matrix ® we are able to prove the

independence of the choice of generators for a.

Proposition 4.2.6. Let R be a commutative ring, I = (f1,...,f;) CRanda C I
two finitely generated ideals. Then the disquised residual intersection K(a, I, ®)

does not depend on the choice of generators of a.

Proof. Let (ay,...,as), (a},...,a.) be two generating sets of the ideal a. There

exists an s X s’ matrix M, and an s’ x s matrix M’ such that

a-M=a (4.7)

a-M =a (4.8)
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Choosing ® such that a =f- ®. We have
a=f-o- M. (4.9)

Let (5,1 < j < s be the (’s associated to the matrix ® and ¢}, 1 < j < s' be the (’s
associated to the matrix ® - M. By elementary properties of the wedge product,
any wedge product of the (j’s is a linear combination of wedge products of the (;’s

whose coefficients are some minors of the matrix M. Hence, by Theorem [4.2.4],
K@, f,®-M)C K(a,f ®) (4.10)

On the other hand, ® - M - M’ is a matrix such that a = f- ® - M - M’. By the

same argument as above, we have
K(a,f,®-M-M') C K(a,f,®- M') C K(a,f,®) (4.11)
The result now follows from the independence from Proposition 4.2.5 m

The last step is the dependency from the choice of generators of I. For that
we need to study what happens to the Koszul cycles when we add a new element

to the sequence f. We need two lemmas.

Lemma 4.2.7. Let R be a commutative ring, I = (f1,...,fr) an ideal, 1 <1 <
r+1, fo € AanH, (fi R) and K.(fo,f;R) = Rleg,e1,...,e.;0(e;) = f;) the
Koszul DG-Algebra. Then any cycle z € Z;(fo, f; R) can be uniquely written in the
form

z=ey ANw+w
where w € Z;_1(f; R), w' € Ki(fo,f,R) and 0(w') = — fow. Conversely, for any
w € Zi_1(f; R) there exists w' € K;(fo, f; R) such that eg Nw +w' € Z;(fo, f; R).

Proof. Every element z € K;(fo,f; R) can be uniquely written in the form z =
eo AN w + w' where w € K;_1(f; R) and w' € K;(fo,f; R). If z is a cycle, then

0=0(z) = fow—eg ANO(w) + d(w). (4.12)
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Hence d(w) = 0 and d(w') = — fow.

For the converse, suppose that w € Z; ;(f;R). Since fy € Ann H; ((f; R),
— fow is a boundary, that is, there is w’ € K;(f; R) with d(w') = — fyw. Taking
z=eg ANw—+w' € K;(fo,f; R), we have

9(z) = d(eg Nw+w') = fow + ey A d(w) + d(w') =0 (4.13)
which proves the lemma. O]

Lemma 4.2.8. Let R be a commutative ring, [ = (f1,..., f.) anda = (ay,...,as) C
I two finitely generated ideals, fo € Mi_ai0.—s) Ann H;(f, R) and K.(fo,f, R) =

Rleg,e1,...,e.;0(e;) = fi) the Koszul DG-Algebra. Let ® = [c;;] be a matriz such
that a = f- ®, then

satisfies a = (fo,f) - M, and

K(a, f,®) = K(a,(fo,f), M).

Proof. The assertion about the matrix is obvious. Let
G = 0.0+ Z Cijei (4.14)
i=1

the (’s corresponding to the representation matrix M. These elements can be
viewed as the (’s corresponding to the matrix ®. By Theorem |4.2.4] we have
K(a, (fo.f), M) =< T'e-Zs >,11. Hence, to construct a generator of K (a, (fo, f), M),
we take z € Z;(fo,f;R), r+1—s < j<r+1land Ly C{l,...,s} with |[L;| =
r+1—j. By Lemma z=ey ANw~+w', where w € Z;_1(f; R),w € K,(f; R).
Therefore

CLl/\ZZCLl/\GO/\w—i—CLl/\w, (415)
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Since (, A w' is the wedge product of 7 4+ 1 elements containing only e, ..., e,,
(o, ANw' = 0. (4.16)

The product (g, A w is the product of a cycle of degree j — 1 with (r+1— j) (’s.

Hence it gives an element in K(a, f, ®). Therefore
K(a, (fo,f),M) C K(a,f, ). (4.17)

For the converse, let w € Z;(f; R). By Lemma there exists v’ € K;11(f; R)
such that

eo N w + w' € Zj+1(a, (fo, f)7 R) (418)
Let L; C{1,...,s} with |L;| = r—j. We have that egA(z, Aw = (1, A(eg Aw+w').

This shows that (;, Aw € K(a, (fo,f), M) O

Remark 4.2.9. The hypothesis fy € Ann H; (f; R) in Lemma is used only
to prove the “conversely” part of the theorem. Therefore the inclusion in (4.17))

always holds.
We are now ready to prove the promised independence.

Proposition 4.2.10. Let R be a commutative ring, I C R and a C I two finitely
generated ideals. Then the disquised residual intersection does not depend on the

choice of generators of 1.

Proof. Let (f1,...,f.), (fi,..., f{) be two sets of generators of I, (as,...,as) = (a)
a generating set for a and ®, ® matrices such that a = f-® and a = f - ®'. By

using repeatedly Lemma [4.2.8] we have that

0
M = (4.19)
o
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Satisfies a = (f',f) - M, and K(a,f,®) = K(a, (f,f), M). By Proposition 4.2.5|
K(a,(f,f),M) = K(a, (f,f), M), where

! Q)/
M = . (4.20)
0

Again, repeated applications of Lemma givesus K (a, (f',f), M') = K(a,f, ).
]

Now that we know the disguised residual intersection does not depend on any
choice of generators for a and I nor on the choice of a relating matrix ®, we

introduce the following notation.

Definition 4.2.11. Let R be a commutative Noetherian ring and a C I be two ide-
als. We denote the disquised residual intersection, K (a, f, ®), defined in Definition

by Kitt(a, I).

Lemmas |4.2.7] and 4.2.8| provides some unexpected results about the codimen-

sion of the colon ideals and at the same time on the structure of the common

annihilators of Koszul homologies. Both of these topics were mentioned as desir-

able in the works [CHKV] and [U1].

Corollary 4.2.12. Let R be a commutative ring, I = (f1,..., f.) anda = (ay,...,as) C
I two finitely generated ideals. Then Kitt(a, I) = Kitt(a, I') for any ideal I' satis-
fying )

Icrc ()| AmH(£R).

max{0,r—s}

In particular, if a : I is an s-residual intersection then so is a: I'.

Proof. Let (f1,..., f]) be a generating set for I’. The proof of Proposition 4.2.10)is
applicable as it relies on of Lemma [4.2.8, Therefore Kitt(a, I) = Kitt(a, I’). The
second part of the statement follows from Theorem |4.1.4] stating that of these

ideals have the same radical. O
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4.2.2 The Structure of Kitt ideals

Another consequence of Theorem is that DG-Algebra structure of the Koszul
cycles of f determines the structure of Kitt(a, I). Our first proposition deals with

the sub-algebra generated by the cycles of degree one < Z;(f; R) >.

Proposition 4.2.13. Let R be a commutative ring and keeping the same notation

as in Theorem [{.2.4], we have

(Ty - (Z1(f, R))), = Fitto(I/a).
In particular, if the algebra of Koszul cycles Zo(f: R) is generated by cycles of
degree one, then Kitt(a, I) = Fitto(//a).

Proof. Let ® be an r x s matrix for which a = f- ® and U = [b;;] be a syzygy
matrix for the sequence f which has r rows. Then Z; = Z;(f; R) is generated by
the elements z; = > _._, b;je;. Therefore, (I's - (Z1(f; R))), is obtained by taking all
the products of the form

CL1 A 2Ly, |L1‘ + |L2| =T (421)

By elementary properties of the wedge product, a product as in (4.21]) is an r x r
minor of the matrix [®|W]. This matrix is the representation matrix of I/a as it

is obtained by taking the mapping-cone of the following diagram

R Y= Rr R R/I 0 (4.22)

| ]

R R——>R/a——=0.

Thus (T - (Zy(£; R))), = L ([®[¥]) = Fitto(I/a).
O

We can also understand what happens if we turn to our attention to the ideal of

Koszul boundaries. By doing this, we can conclude that the structure of Kitt(a, I)
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beyond a is in fact encrypted on the structure of the Koszul homology algebra of

1.

Lemma 4.2.14. Let R be a commutative ring and keep the same notation as in

Theorem |4.2.4. Let Bo(f; R) be the ideal of Koszul boundaries. Then
(T'y - Be)r = a

Proof. In the Koszul complex K,(f; R), the module of boundaries of degree k is
generated by elements of the form J(er,) where |Lo| = k + 1. For any L; C
{1,---,s} with |L;| = r — k we have
CA(er,) = C A sen({5} € Lo) fiern) = Y (sen({5} € Lo) fiCriAerni)-
JEL> JEL2
(4.23)
According to Proposition the above equation (4.23)) can be written as

Z(Sgﬂ({J} C Ly)sgn(Ly \ {j} € L) det O, 1\ i fi- (4.24)

JEL2
If we rearrange every determinant in a way such that the j-th row becomes the

first one (|4.24) becomes

Z(Sgn({j} C Ly)sgn(Lo\ {j} € L)sgn({j} S L\ (L2 \ {j}) det O 1\, fi.

(4.25)
By Lemma [T the expression (sen({j} C L»)sen(Lo \ {j} € L)san({j} C
L\ (Ly\ {j})) does not depend on j € Ly. Thus we can ignore this product and

consider

(o AD(er,) =Y det ) f (4.26)

JEL2

If j ¢ Ly then det ® {]1} N = = (, since @fle I\Ls has a repeated row. Therefore
(4.26) is equal to

Z det &4 11 f; (4.27)
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Now, we expand every determinant in this sum over the first row of each matrix.
Each summand has the form
. Li\{i
det QD{LJ.ILL\LQ fi= Z sgn({i} C Ly)det CIDLQ{Q }.cjl-fj. (4.28)
i€l
Summing over all j, we get
Coo NOer,) = > sgn({i} C Ly) det @71, (4.29)
ielq
This shows that < I'y - Bs >, C a.

As to the other inclusion, we consider the last boundary given by

ey N---Nep) = Z(—l)”lj}el A€o Nep =1 2 (4.30)

i=1

Then, for any 1 < j <'s, we have
Cj Nz = Zcijfi = a;. (431)
i=1

]

As a corollary of the above lemma, we have the following structural theorem

for Kitt(a, I)

Theorem 4.2.15. Let R be a commutative ring and keep the same notation as in
Theorem let H, is the sub-algebra of K.(f;R) generated by the representa-

tives of Koszul homologies. Then

Kitt(a,I) =a+ (I's - He)y.

Proof. According to Theorem Kitt(a, 1) = (Ty - Z),. Since Z, = B, + H,,
we have Kitt(a,I) = (I Ba), + (I's - H,),. By Lemmal4.2.14, (I, - B,), = a which
yields the result. O]
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Corollary 4.2.16. Let R be a commutative ring and I = (f1,--- , f) be a finitely
generated ideal such that the Koszul homology algebra Ho(f; R) is generated by
elements of degree one. Then, for any a = (ay,--- ,a5) C I, one has Kitt(a, ) =
Fitto(I/a)+a. In particular, this is the case when (fi,--- , f.) is an almost regular
sequence (grade of I isT —1).

If (f1,-- -, fr) is a reqular sequence then Kitt(a,I) = I.(P) + a where ® is an

r X s matriz satisfying a = f- ®.

Proof. Just notice that in the case of complete intersection H, in Theorem [4.2.15

in concentrated in degree zero that is ﬁ. = R; so that
Ty - H,), = Ty R), = I(D)
O

We can also prove Theorem [4.1.4] (1) and (2) using the structural theorem for
Kitt(a, I), instead of doing the analysis of the involved spectral sequences as in

[Hal.
Proposition 4.2.17. If a C I are finitely generated ideals, then Kitt(a,I) Ca: I

Proof. Let b € Kitt(a, I) a generator obtained by 7, Az € (I'- Z), and « € I. One
then have

r-bey N Ne,=z-yNz=vANx- 2.
As z - z is a Koszul boundary x - b € a by Lemma [4.2.14] m

Proposition 4.2.18. Let R be a commutative ring and a a finitely generated ideal.

Then Kitt(a,a) = R.

Proof. Suppose that a = (ay,...,as). Then we can use ® = id,y, as our required

matrix. In this case, 7, = ¢;. As 1 € Zy(a; R),
fyl/\.../\fyszel/\.../\es
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and 1 € Kitt(a, a). O

Corollary 4.2.19. Let R be a commutative ring. If a C I are two finitely generated
ideals, then Kitt(a,I) and J = a: I have the same radical.

Proof. Both Kitt ideals and colon ideals localizes by the flatness of the localization.
Therefore, if p 2 J then a, = I, and Kitt(;a,, [,) = Ry. As Kitt(a,I) C J the

corollary is proved. O

Proposition 4.2.20. Let R be a commutative ring. If a is a finitely generated
ideal then Kitt(a, (1)) = a.

Proof. The Koszul complex K,((1); R) is exact. Therefore Z,((1); R) = B.((1); R)

and the Proposition follows from Lemma [4.2.14] O

Corollary 4.2.21. Let R be a commutative ring. If a C I are two finitely generated
ideals and J = a : I then Kitt(a,I) = J off V(I).

Proof. Let p be a prime ideal such that p A I. Then
Jy=ay,: [, =a,: Ry =a,.
On the other hand,
Kitt(a, I), = Kitt(a,, ,) = Kitt(a,, R,) = a,
and the corollary is proved. O]

We can also use the above structural theorems to give affirmative answer to
the Conjecture |0.0.8} as it may give nontrivial structural results on residual inter-
sections. We first show using the Kitt ideals that a stronger version of Conjecture
if I = (a,b) for some b € R. This result was shown in [HN, Theorem 4.4] by

a quite complicated analysis of the spectral sequence defining (Z;".
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Proposition 4.2.22. Let R be a commutative ring, For any finitely generated

ideal a C R and b € R we have
Kitt(a, (a,0)) =a: (a,b) = (a:b)

Proof. We need only to prove that Kitt(a, (a,b)) D (a:b). Take a generating set

a=(ay,---,a,). The matrix

satisfies a = (a,b) - M.
Let K, be the DG-Algebra R < ey, ...,e5;0(e;) = a;,0(eg) = b >. By [HN]

Lemma 5.2] we have exact sequences

0— Zl(a, R) — Zl(b, a; R) — (Bi,l(a; R) ‘Zi_1(a;R) b) —0 (432)

Where the first map is just the inclusion and the second map is the map egAw+v —
w.

Let x € (a:b) = (Bo(a; R) :zya;r) b). By the above exact sequence there is a
cycle w € Z(a; R) such that a - ey +v € Z1((b,a); R). We have

(x-eg+v)-egAN--res=x-eg N+ Neg,

and by Theorem x € Kitt(a, (a,I)). O

Recall that one of the obstructions for this is the independence on the gen-
erators of the ideal a and this is addressed in Proposition |4.2.6f The second
obstruction is the specialization. More precisely, we must prove that the construc-
tion of Kitt commutes with taking quotients by regular sequences, that is, if («)

is a regular sequence in the ideal a, then
Kitt(a, I)/(a) = Kitt(a/(«), I/(a)).
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Of course, as almost any proof involving regular sequences, the proof is inductive.

We first recall a key lemma on Koszul homologies.

Lemma 4.2.23. Let R be a commutative ring and I = (f1,---, f.) a finitely
generated ideal. Let fo € I be a R-reqular element and consider the Koszul complex

Ko = Rleg, - ,e.:0(e;) = f;). Then there is an isomorphism

Hi(fo, £, R) — Hi(f, R/ fo)

giwen by the map

eo Nw +w' —

where w € Z;_1(f, R), w' € Ki(fo, f: R) and 0(w') = — fow

Proof. The proof is essentially the one of Lemma see also [BH, Proposition
1.6.12(c)]. O

We are now ready to state and prove the main theorem of this section, proving

the specialization by regular sequences.

Theorem 4.2.24. Let R be a commutative ring, a C I two finitely generated ideals
and fy € a an R-regular element. Then Kitt(a, I)/(fo) = Kitt(a/(fo), 1/(fo))

Proof. First, we notice that fy € Kitt(a, I) by Theorem4.2.15| Also for an element
r € R, put 7 to denote the image of r via the projection homomorphism R —
R/(fo)-

Fix generators (fi,..., f.) for I, (a1,. .., as) for a, a matrix ® = [¢;;] such that
a="f-® andlet ¢; = S0 cije; € Ki(fi,..., [ R). It's clear that I = (f),
a = (a and @ satisfies a = f- ®. Setting ; = >, ¢;je; and 'y = (f—fz)[gl, G C
K.(f;R/(fo)), we have, by Theorem m,

Kitt(fi fi) —<Tu-ZJER/(fo)) > . (4.33)



Let z € Z;(f; R/(fo)), 0 <j <r,and L; C{1,...,s} such that |L,| =r —j. We
need to prove that Z 1, N\ z is the specialization of some elements in Kitt(a, I). By

Lemma [4.2.23) there is a cycle ¢ = eg Aw +w' € Z;(fo, f; R) such that z = v’ in

H; (£ R/ (fo))-
According to Theorem |4.2.15] it suffices to prove that (;, Aw’ is an element in
Kitt(a, I). Since fy € a there exist a; € R such that

fo= Z Q. (4-34)
i=1
Hence eg — Y7, ;¢ € Z1(fo, f; R). Therefore, Theorem implies that

(o Aleo = Y i) Ac € Kitt(a, ).

i=1

On the other hand,
Cr, N (eg— Z a;G)Ne = AN(—w' Neg— Z ;G ANw N eg— Z ;¢ Aw') (4.35)
i=1 i=1 i=1
On the summands on the right side, we have

o (1, AY ., a;(; Aw' which is zero, since it’s a wedge product of r+ 1 elements

involving only eq,...,e,.
e (1, \> ., a;¢; Aw which gives us a generator of Kitt(a, I) by Theorem 4.2.4]

It then follows that (z, A w’ is an element in Kitt(a, ) as desired. O

The ultimate consequence of this theorem is the proof of Conjecture for

ideals satisfying SDj.

Theorem 4.2.25. Let R be a Cohen-Macaulay ring and I be an ideal of height
g > 2 which satisfies SDy condition. Then any algebraic s-residual intersection

J =a: I coincides with the disquised residual intersection Kitt(a, I).
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Proof. According to Theorem [4.1.4(i), K C J. So that to prove the equality we
may assume without loss of generality that R is a complete Cohen-Macaulay local
ring and hence possesses a canonical module.

By [BH, Exercise 1.2.21] and Proposition we may suppose that a =
(aq, - ,04-9,...,as), where o« = @y, -+, 042 is a regular sequence. [/a still
satisfies the SD; condition, e.g [CNT) Proposition 4.1]. So that [CNT, Theorem
4.5]( Theorenfd.1.4[(4)) implies that

a1 a [ J
K @ =G a T
as (& é) is a s — g + 2-residual intersection of the height 2 ideal é Now by
Theorem [£.2.24] we have
Kitt(g’ é) _ Kitt(ia, I
which proves the theorem. O

4.3 Applications

The content of Theorem is striking. Every structural result about Kitt(a, I)
is in fact a structural result about the concrete residual intersection, as long as
R is Cohen-Macaulay and I satisfies SD;. For example, in [HN|] Hassanzadeh
and Naéliton studies the behavior of the Hilbert Function of the disguised residual

intersections. Therefore their result is valid for residual intersections of S D; ideals:

Theorem 4.3.1. Let R be a CM standard graded ring over an Artinian local ring
Ry. Suppose that I satisfies SDy condition. Then for any s-residual intersection
J = (a : I), the Hilbert function of R/J depends only on the degrees of the

generators of a and the Koszul homologies of I.

67



Proof. The fact has been already proved for disguised residual intersections in [HN],
Proposition 3.1]. Due to Theorem [4.2.25 the disguised residual intersection is the

same as the algebraic residual intersection for ideals with SD;. O]

A second application is the existence of the generic s-residual intersection. We

recall a definition from [HU].

Definition 4.3.2. Let R be a commutative ring and I = (f1,---, f-) a finitely
generated ideal. Let X = [X;j] be an r x s matriz of variables, S = R[X;;] and

a=f-X. The generic s-residual intersection of I is the ideal
Ri(s;I)=(a): -5

In [HU, Theorem 3.3] the authors prove that if R is a local Noetherian Cohen-
Macaulay ring and [ satisfies G4y; then the generic s-residual intersection is a
geometric s-residual intersection of the extension [ - S.

The G411 condition is equivalent to the existence of i-residual intersections of
I for ht I < ¢ < s. Our aim is to show that only a s-residual intersection is needed.

We first begin with a lemma.

Theorem 4.3.3. Let R be a commutative ring and I = (f1,---, f.) a finitely
generated ideal. Let X = [X;j] be an r x s matriz of variables, S = R[X;;] and
a =f-X. Let & = [¢;;] be a matriz with entries in R and a = f- ®. Then the

image of Kitt((a'), I - S) under the natural map
S—=S/(Xij—cij; 1 <i<r,1<j <)

is Kitt((a), I).

Proof. We have that

Kitt((a), I) =< T4 - Zs >,
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where Z, = Z,(f; R) and I'y =< > ¢jje;; 1 < j < s>, and
i=1
Kitt((a)',I-S) =<1, - Z, >,,

where Z, = Z,(f;5) and I', =< ) Xjje; > . Hence
i=1

F/./C . F/. =< Zcijei >=1,

i=1
and

Zijc- Zi = Zi(f, R)[Xy]/c - Z;(£, R)[Xyj] = Zi(£, R)
and these equalities proves the lemma. O

Theorem 4.3.4. Let (R,m) be a Cohen-Macaulay Noetherian local ring of dimen-
sion d and I C R an ideal that admits an s-residual intersection. Then the generic

residual intersection RI(s; I) is an s-residual intersection of the extension I - S.

Proof. Let (f1,..., fr) be a set of generators, (ay,...,as) : I an s-residual inter-
section and let ® = [¢;;] be a matrix such that a = f- .

Let M = [X;;] be a rx s matrix of indeterminates over R, S = R[X;;],a’ = f-M.
and ¢ = (X;; —¢;;1 <i<r,1<j<s). By Lemmawe have

R[X]
(Kitt((a)’, 1-8)+ e

As R[X,j] is Cohen-Macaulay,

~ R/Kitt((a), ).

RX]
Kitt((a)’, I - S)

dim(( Jmie) = d +rs —ht Kitt((a)’, I - )

and therefore

dim(Kitt((a)’, I-S)+¢)mec) > d+r.s—ht Kitt((a)', I-S)—r.s = d—ht Kitt((a)’, I-5).
Hence

d — ht Kitt((a), I) = dim(R/ Kitt((a), I)) < d — ht Kitt((a)’, I - S),

69



which implies

ht Kitt((a)’, I - S) > ht Kitt((a), I).

By Theorem ht Kitt((a),/) = ht((a) : I) and the latter ideal is an s-

residual intersection, we conclude that
ht Kitt((a'),I-S) > s
and again Theorem [4.1.4] gives us that ht RI(s; I) > s. O

Our third consequence of Theorem [4.2.25| is that, under it’s hypothesis, we
now know a set of generators of a residual intersection. Prior to this work, a set

of generators is known in a few number of particular cases, for example:

1. If R is Gorenstein, I is perfect and s = g, [PS];

2. If R is a Gorenstein domain and [ is complete intersection, [HU, Theorem

5.9(1)];

3. If R is Cohen-Macaulay, I is a complete intersection and J is a geometric

residual intersection.

4. If R is Cohen-Macaulay and [ is perfect ideal of height 2, [Hul,[KU] and
[CEUL Theorem 1.1];

5. If R is Gorenstein and I is perfect Gorenstein ideal of height 3, [KUl, Section
10].

6. If R is Gorenstein, I is Gorenstein licci, generically a complete intersection

ideal and s = g + 1, [KMU, Corollary 2.18];

The cases 2 and 3 can be generalized for ideals satisfying SD; and R Cohen-
Macaulay.
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Theorem 4.3.5. Let R be a Cohen-Macaulay ring and I be a complete intersection
1deal generated by f= f1,---, f.. Suppose that J = a : I is an algebraic s-residual
intersection of I. Then J = I.(®) 4+ a where ® is an r X s matriz satisfying

a=Ff-O.

Proof. Complete intersections are SD; obviously so that we have J = Kitt(a, I)

by Theorem [4.2.25] The result now follows from Corollary |4.2.16] O

Prior to this work a description of the structure of residual intersections of
almost complete intersections were not known. Using |4.2.16| we can give one for

Cohen-Macaulay almost complete intersections.

Theorem 4.3.6. Let R be a Cohen-Macaulay ring and I be an almost complete
intersection ideal which is Cohen-Macaulay. Let J = a : I be an algebraic s-

residual intersection of I. Then J = Fitto(I/a) + a.

Proof. Since almost complete intersection CM ideals are SDy, this is another con-

sequence of Theorem [4.2.25/ and Corollary [4.2.16] O

The DG-Algebra structure involved can give us non-trivial information as well.

For example, we can give another proof of item 4 on the above list.

Theorem 4.3.7. Let R be a Cohen-Macaulay ring and I be a perfect ideal of height
2. Let J = a: I be an algebraic s-residual intersection of I. Then J = Fitto(I/a).

Proof. A result of Avramov-Herzog [AH, Proof of Theorem 2.1(e)] shows that for
perfect ideals of height 2 the algebra of cycles of Koszul is generated in degree 1.
So that the result follows from Theorem and Proposition [4.2.13] O

We can also give a bound on the number of generators of the residual intersec-

tions.
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Theorem 4.3.8. Let R be a Cohen-Macaulay Noetherian local ring, I C R an ideal
of height g satisfying SDy and J = a : I an s-residual intersection. If (f1,..., fr)

s a set of generators of I then
r—g s
unsse (0 Jutinn),

Proof. By [HN| Corollary 2.8a] a is minimally generated by s elements.
The theorem then follows directly from Theorems [£.2.15] and [4.2.25] ]

We present a family of examples such that the above bound is sharp.

Example 4.3.9. Let I = (f1,..., f1) a Cohen-Macaulay almost complete inter-
section, and suppose that J = a : I is a 4-residual intersection. By Theorem|].5.§

we have

) < 4 ()i ) + ()l (£ ) = 5 + A 1. )

We can construct lots of ideals such that the above bound is sharp using the com-

puter algebra system [Macaulay2] using the following commands:

e loadPackage ”Randomldeals”

R = ZZ 3[x_1..x_6] (creates the ring R = Zs|xy, ..., xg)).

o [ = randomldeal({2,2,2}, vars R) (create a random ideal generated by three

quadratic forms).

e a = randomldeal({3,3,3}, gens I) (creates an ideal generated by 3 forms of
degree 3 in 1)

o L=qa:1
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Almost every time L is a 3-residual intersection of I. Then L is a Cohen-
Macaulay ideal of height 3 and has four generators, that is, is an almost

complete intersection.
e b=randomldeal({4,4,4,4}, gens L)

e J=0b:L.

Almost every time J is a geometric 4-residual intersection of L, and the
above bound holds. As L is linked to I one has p(Hi(f; R)) = u(l/a) = 3.
Hence

u(J) <17,

where (f) are the generators of L.

Another Macaulay2 computation shows that u(J) = 17 and this gives the

sharpness of the bound.
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Chapter 5

Questions and Remarks

In this chapter we make some remarks and propound further questions for future
research.

With the description of the disguised residual intersection in hand, we were
able to test in Macaulay2 if the Conjecture [0.0.8 was true or not. We tried to
find counterexamples by testing cases were I does not satisfy any sliding depth
condition, but the conjecture did hold in the tested cases. Therefore it is natural

to state a more general conjecture.

Conjecture 5.0.1. Let R be a Cohen-Macaulay ring. Then for any algebraic

s-residual intersection J = a : I we have
J = Kitt(a, I).

A proof of this conjecture is desirable as it gives us a explicit set of generators
for a residual intersection.

The methods of the previous chapter shows us that if we are able to prove that,
for a class of ideals, the conjecture is true for some height, then it is valid for all
ideals on that class. The following example shows that the condition of being a

residual intersection cannot be dropped.
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Example 5.0.2. Let R = Zs|x,y, 2,t], I = (22,92, 2y, 2t—yz) and a = (2, y*, 22y?).
Then J = a : I has height 2 so that it is not a 3-residual intersection. One
can check that the Koszul homology algebra of I is generated in degree 1; so that
Kitt(a,I) = a + Fitto(I/a) by Corollary[{.2.16 A Macaulay2 verification shows
that Kitt(a, I) # J.

The verification of the validity of the above conjecture has some unexpected
consequences. Omne of them is the following, about the common annihilator of

Koszul homologies.

Proposition 5.0.3. Let [ = (fy,---, f.) anda = (a1, -+ ,a,) C I. IfKitt(a,I) =
a: [ then
a:l=a: ﬂ Ann H;(f; R)

i=r—s

Proof. We have by Corollary |4.2.12 that Kitt(a, /) = Kitt(a, (| Ann H;(f; R)).

i=r—s

Therefore we have

Kitt(a, 1) = Kitt(a, () AmnH(ER) C (a: () AmH(ER) C (a:1) O

i=r—s 1=r—=;
The above proposition may give us a way to disprove Conjecture [5.0.1; find
two ideals a C [ such that a: I is an residual intersection and the equality on the
above proposition is false.

The ideal Kitt(a, /) Shares some properties with the colon ideals a : I.

Proposition 5.0.4. If a C I} C I are finitely generated ideals then Kitt(a, I5) C
Kltt(a, ]1)

Proof. Remark shows that the assertion holds if Iy = (I;,b)., and the general

case follows by induction.
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Corollary 5.0.5. For any two ideals Iy, Iy containing a, we have Kitt(a, I +I3) C
Kltt(a, ]1) N Kltt(a, Ig)

It would be nice to know conditions for the reverse inequality on the previous

proposition is true. In fact, one always have

T

(@, (fio- o f)) = (@ a fi) = [ Kitt(a, a, f;) D Kitt(a, I),

i=1 i=1

and the reverse inequality proves Conjecture Of course Example shows
that this is not true in general, so that the residual intersection hypothesis is key

here.
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