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Resumo: Damos um teorema de comparacao isopemétrico para pequenos volumes
em uma variedade Riemanniana n-dimensional (M",g) com C3-geometria limitada em
certo sentido envolvendo a curvatura escalar. Com C3-geometria limitada, se o supremo
da curvatura escalar satisfaz S, < n(n — 1)k para certo ky € R, entdo para pequenos
volumes o perfil isoperimétrico de (M™, g) é menor ou igual que o perfil isoperimétrico
do espaco forma completo simplesmente conexo de curvatura seccional constante k.
Neste trabalho generalizamos o Teorema 2 de [Dru02c] no qual o mesmo resultado é
provado no caso quando (M", g) é uma variedade compacta. Como consequéncia de nosso
trabalho, damos uma expansao assintética em series de Puiseux até o segundo termo
nao trivial do perfil isoperimétrico para pequenos volumes, generalizando a expansao de
[Narl4b]. Finalmente, como coroldrio do nosso resultado isoperimétrico de comparagao,
provamos para pequenos volumes que a Conjetura de Aubin-Cartan-Hadamard é valida
para qualquer dimensao n no caso especial de variedades com C3-geometria limitada e
Sy < n(n —1)ko. Damos também duas provas do fato que uma regido isoperimétrica de
pequeno volume é de pequeno diametro. A primeira é feita com a hipdtese de geometria
limitada suave, isto é, raio de injetividade positivo e curvatura de Ricci limitada por
baixo. A segunda é feita assumindo a existéncia de um limite por cima da curvatura

seccional, raio de injetividade positivo e limite por baixo da curvatura de Ricci.

Palavras chaves: ~ Comparacao isoperimétrica, desigualdades isoperimétricas, pe-
quenos volumes, geometria limitada, Conjetura de Aubin-Cartan-Hadamard, conjuntos
de perimetro finito, geometria métrica, céalculo das variacoes, teoria geométrica da
medida, desigualdades de Sobolev em variedades, curvatura escalar, equacoes diferenciais

parciais em variedades, férmula de monotonocidade, varifolds.
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Abstract: We provide an isoperimetric comparison theorem for small volumes in a
n-dimensional Riemannian manifold (M™, g) with C3 bounded geometry in a suitable
sense involving the scalar curvature function. Under C® bounds of the geometry, if the
supremum of scalar curvature function S; < n(n — 1)k, for some kg € R, then for small
volumes the isoperimetric profile of (M™,g) is less then or equal to the isoperimetric
profile of the complete simply connected space form of constant sectional curvature
ko. This work generalizes Theorem 2 of [Dru02c] in which the same result was proved
in the case where (M™,g) is assumed to be compact. As a consequence of our result
we give an asymptotic expansion in Puiseux series up to the second nontrivial term of
the isoperimetric profile function for small volumes, generalizing our earlier asymptotic
expansion [Narl4b]. Finally, as a corollary of our isoperimetric comparison result,
it is shown that for small volumes the Aubin-Cartan-Hadamard’s Conjecture is true
in any dimension n in the special case of manifolds with C® bounded geometry, and
Sy < n(n — 1)ky. Two different intrinsic proofs of the fact that an isoperimetric region
of small volume is of small diameter. The first under the assumption of mild bounded
geometry, i.e., positive injectivity radius and Ricci curvature bounded below. The second
assuming the existence of an upper bound of the sectional curvature, positive injectivity

radius, and a lower bound of the Ricci curvature.

Key Words: Isoperimetric comparison, isoperimetric inequalities, small volumes,
bounded geometry, Aubin-Cartan-Hadamard’s conjecture, finite perimeter sets, metric
geometry, calculus of variations, geometric measure theory, Sobolev’s inequalities on
manifolds, scalar curvature, partial differential equations on manifolds, monotonicity

formula, varifolds.
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Introduction

A Cartan-Hadamard manifold is a complete, simply connected Riemannian manifold of
nonpositive sectional curvature, the name of this type of manifolds comes from the Cartan-
Hadamard Theorem (see A.1.2) which asserts that all Cartan-Hadamard manifolds are
diffeomorphic to a Euclidean space via the exponential map at any point. In comparison

geometry arises the natural question.

Question 1. Any Cartan-Hadamard manifold satisfies an Euclidean isoperimetric in-

equality?

Conjecture 0.0.1 (Aubin-Cartan-Hadamard conjecture). Let (M™,g) be a complete,
simply connected, n-dimensional manifold, whose sectional curvatures satisfy inequality
Secyr < kg <0, for some constant kg < 0. Then the sharp isoperimetric inequality holds

true

Areay(0S2) > Areay, (0B),

Where B is a geodesic ball on the complete and simply connected space My, whose sectional
curvatures are equal to ko, and Vol,(Q2) = VolgkO(B). If equality holds in (1), then € is

isometric to the geodesic ball of volume Vol,(£2) in My, .

Observe that in the case ky = 0 this is equivalent to say that the isoperimetric profile
Iyy of M is bounded from below by the isoperimetric profile Iy, of the complete and
simply connected space form M = R™ whose sectional curvatures are equal to 0, then for

all Q C M with smooth boundary with volume Vol ,(2) satisfies

1

Area,(0Q) > Iy, (Vol,(Q)) = K(n, 1)" Vol (Q) ", (1)

1/n
Where K(n,1) := 1 (w:_1> =c L.
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Furthermore by the work of Federer and Fleming [HF60], the inequality (1) is equiv-

alent to the sharp inequality

n—1

(Aﬁm%mon gKmU[JWM%, 2)

for every u € WH(M). (For this assertion see Appendix G.1).

The history of the conjecture starts in the case n = 2 and ky = 0, with the work
made in 1926 by Weil [Wei26], this proof uses conformal representation and the theory of
harmonic functions, thus answering a question of Paul Lévy addressed during a Hadamard
seminar at the College de France. Independently this result was obtained by Beckenbach
and Radé [BR33], using a relation between subharmonic functions and surfaces of negative
curvature. Both articles capitalizing a result of Carleman [Car21] of 1921, who proved
the inequality L? > 47 A for every simply-connected rectifiable piece of a minimal surface.
Later Bol [Bol41] established the case when n = 2 and k¢ # 0, improving a technic of
interior parallels, for his proof in english can be consulted Theorem 1 and 2 of [Ban83].
The Conjecture 0.0.1 has been proved by C. Croke [Cro84] in 1984 for the case n = 4 with
ko = 0, using the Santalo’s formula, in his proof he found the inequalities Area,(0€2) >

é(n)’%Volg(Q)%, the value of the constant for n > 3 is

(Awa%ammn%wﬁ> | (3)

C(n) is optimal being the sharp constant only when n = 4, that is C(4)7 = K(4,1).

C(n) = 2=
Wy —

2
2
1
1

Recently Kloeckner and Kuperberg in [BK13] extend to the case n = 4 with ky > 0, in

addition they make a very interesting and natural question.

Question 2 (Question 4.1 of [BK13]). If M is a Cartan-Hadamard manifold and )
minimizes Areay(092) for some fized value of Vol,(S2), then is it convex? Is it a topological

ball?.

The answer to his question is given by J. Hass [Has16], where he assert that the answer
to both parts of the question is no in dimensions two and three. Furthermore, he gives
examples of Cartan-Hadamard manifolds in which the isoperimetric region need not even

be connected.
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Later in 1992, Kleiner [K1e92] proved Conjecture 0.0.1 in dimension n = 3 with kg < 0,
where he uses only the fact that the dimension is three in an application of Gauss-Bonnet
formula over the two-dimensional boundary of an isoperimetric domain to prove that
maxgg Hoq > Hy,(Area(0R2)), where € is a compact set, 9Q is CY! and Hy, is the mean
curvature in the model space M of a geodesic ball B with Area(0Q)) = Area(0B). In
2005 Ritoré [Rit05] gives a different proof of the result of Kleiner, and another proof is
made by Schulze [Sch08] using the mean curvature flow.

A different approach begins with Morgan and Johnson [M.J00] in 2000, they prove a
compact version of the conjecture with an additional assumption on the Gauss-Bonnet-
Chern integrand in even dimensions (of course when M is compact we do not have nec-
essarily that the manifold is simply connected and with nonpositive curvature), and they
restrict to the case of small volume. The Bol-Fiala inequality says that for a smooth
Riemannian surface of Gauss curvature Sec, < k¢ the perimeter P and area A of a disc
satisfy

P? > 41 A — k A%

In the Proposition 5.2 and Theorem 5.3 of [MJ00] they prove a generalization to arbitrary
regions of sufficiently small volume that coincides with the Bol-Fiala inequality when
considering disks. For example if we consider Figure 1 the surface given by two units
spheres connected by a thin cylinder, we can easily see that small discs can have perimeter
P satisfying P? = 41 A — koA?%, while sections of the cylinder can have perimeter 2Ly,

where L is the lengths of a simple suitable closed geodesic in the cylinder.

Figure 1: Bol-Fiala inequality from discs to arbitrary regions, P? > min{(2L¢)? 47 A —
koA?}.

Another reason for considering to take small volumes, is because in this Theorem 2.2 of
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[MJ00], they prove that in a smooth, compact Riemannian manifold, the least perimeter
enclosure of small volume is a (nearly round) sphere.

In dimension n > 5 the Aubin-Cartan-Hadamard conjecture is still open. At our
knowledge the only previous partial results in any dimension n with the sharp constant,
but restricted to the small volume regime, are Theorem 4.4 of [MJ00] which require ad-
ditional assumptions on the Gauss-Bonnet-Chern integrand in even dimension, Theorem
2 of [Dru02¢| in case of compact manifolds and Corollary 2 of [MEFN15] in case of non-
compact manifolds with C*-locally asymptotically bounded geometry at infinity (compare
Definition 1.0.8) that is the noncompact version of Theorem 4.4 of [MJ00], but this re-
quires a sectional curvature comparison rather than a scalar curvature one. Our Corollary
1 extends these partial results in any dimension to domains 2 of small volume inside a
Cartan-Hadamard manifold (M, g) having C3-locally asymptotically strong bounded ge-
ometry smooth at infinity. The difference between our result and Theorem 2 of [Dru02c]
is that we relax the assumption on the manifold M of being compact and replace it by
just requiring that M have C3-locally asymptotically strong bounded geometry smooth at
infinity. For a more exhaustive treatment about the state of the art of the Aubin-Cartan-
Hadamard’s conjecture we suggest the reading of the very good surveys of Olivier Druet
[Drul0] available online, Section 3.2 of Manuel Ritoré in [RS10], and the very recent and

interesting paper [BK13]. Let us state here Theorem 1 of [Dru02c].

Theorem 0.0.2 (Theorem 1 of [Dru02c|). Let (M™, g) be a complete Riemannian mani-
fold, withn > 2, x € M such that there exists ky € R satisfying Scy(x) < n(n—1)ko. Then
there exists r, > 0 such that for every finite perimeter set ) contained in the geodesic ball

of center x and radius r,,
Py(Q2) > Py, (B), (4)
where B is a ball enclosing a volume v = V() in the model simply connected space form

(ML, gry) of constant sectional curvature k.

It should be seen from the proof of the preceding result and Theorems 1-3 of this
paper that a lower bound of the optimal 7, is continuous with respect to Sc,(x) and
C3 convergence of metrics, so if M is compact there exists r := inf{r, : © € M} >0

such that the conclusion of the Theorem 0.0.2 holds for any €2 contained in a ball of
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radius r. Unfortunately the radius r, could go to zero when x tends to infinity in an
arbitrary noncompact complete Riemannan manifold. Hence some extra assumptions on
the geometry at infinity of M are needed to allow us to find such a positive uniform lower
bound 7. Actually using the last equation at page 2353 of [Dru02c] and reasoning by
contradiction it appears evident from the proof that to have C3-locally asymptotically
strong bounded geometry smooth at infinity, gives such a lower bound. A necessary
condition to have r > 0 is that the volume of balls of a fixed radius for example /2 does not
vanish when the centers go to infinity. This is a non-collapsing condition that for example
follows assuming Ric, > (n — 1)kg for some k € R and positivity of the injectivity radius.
Thus it seems natural to make these assumptions in our Theorem 1. Actually, in other
parts of the proof we will need to strengthen a little more our assumptions on the geometry
of M and we are lead to assume that M have strong bounded geometry in the sense of our
Definition 1.0.3. To obtain our main result about small volumes, namely Theorem 3, in
first we prove a global isoperimetric comparison for small diameters in Theorem 1 when M
has C3-locally asymptotically bounded geometry at infinity (see Definition 1.0.3). Given
granted the proof of Theorem 1 we then generalize it proving Theorem 3 by geometric
measure theory and Gromov-Hausdorff convergence of manifolds. The proof of Theorem
1 goes along the same lines of Theorem 1 of [Dru02c]. So the main ingredients used in
its proof are results about local optimal Sobolev inequalities in W? via PDE techniques
when p > 1 which are easier to obtain than when p = 1. After the limit problem when
p — 17 is studied. These local optimal Sobolev inequalities in W* are combined with
an asymptotic analysis of solutions of quasi-elliptic equations involving the p-Laplacian
when the parameter p — 17. The importance of the scalar curvature when studying
sharp Sobolev inequalities on Riemannian manifolds was first observed by Olivier Druet
in [Dru9g], later by Hebey in [Heb02] and appears evident when deducing Theorem 1
[Dru02¢] from Proposition 1 of [Dru02¢]. The modifications required to pass from the
proof of the results contained in [Dru02c] and ours are highly nontrivials, so to make the
paper self-contained we wrote the entire proof of our Theorem 1 in Section 2.1. Theorem
3 is a consequence of Theorem 1 using techniques of geometric measure theory, say the

theory of sets of finite perimeter, comparison geometry, metric geometry and Gromov-
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Hausdorff convergence of manifolds. The proof follows the scheme traced by the proof of
Theorem 2 of [Dru02c], however the required changes in the proof are highly nontrivial
and original. The two main difficulties that are encountered when one tries to apply the
proof of Theorem 2 of [Dru02c| (working only for compact manifolds) to our more general
context consist in the fact that existence of isoperimetric regions for every volume in a
noncompact Riemannian manifold is no longer guaranteed and that one needs to prove
that isoperimetric regions of small volumes are also of small diameter. For an account of
results on the by now classical problem of existence of isoperimetric regions (see Definition
1.0.9) in complete Riemannian manifolds the reader is referred to [Narl4a], [MN16] and the
references therein. Our approach to solve this difficulty is to use the theory of generalized
existence and generalized compactness developed by the first author in [Narl4a], [MN15],
and replace genuine isoperimetric regions in M by generalized isoperimetric regions lying
in some pointed limit manifold. This is possible because the hypotheses of Theorem 1 of
[MN15] are automatically fulfilled in the context of C3-locally asymptotic strong bounded
geometry smooth at infinity that we consider here. To finish the proof of Theorem 3 we
need to prove that in a limit manifold an isoperimetric region having small volumes have
also a small diameter. With this aim in mind we replace the proof of [M.J00] based on
Nash’s isometric embeddings by another intrinsic one. We carry out this task proving a
little more general result in Lemma 3.1.9, which asserts that if just the Ricci curvature
is bounded below and the injectivity radius is positive, isoperimetric regions of small
volumes are of small diameter. In this proof we don’t need to use any monotonicity
formula; this fact constitutes a novelty with respect to the existing literature and in
particular to the classical extrinsic proof of [MJ00]. Our proof is completely intrinsic and
uses a cut and paste argument inspired by Proposition 2.5 of [Narl4b] (which works only
for manifolds of strong bounded geometry) adapted to the case of weak bounded geometry
(see Definition 1.0.1) joint with others non trivial intrinsic arguments aimed to encompass
some technical difficulties of geometric measure theory, which arise when passing from the
Euclidean space R™ to an arbitrary Riemannian manifold (M",g) without using Nash’s
isometric embedding theorem. The arguments of the proof permit also to give an effective

estimate of the constants of Lemma 3.1.9 as functions of the bounds of the geometry of
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(M™, g), which is new in the literature. The main result of this paper is Theorem 3. As
corollaries of our main Theorem 3 we get immediately Corollary 1 that is a special case of
the Aubin-Cartan-Hadamard’s Conjecture and the expansion of the isoperimetric profile
in Puiseux series given by Corollary 2. We include also in Section 5.1.1 another purely
intrinsic proof that for small volumes isoperimetric regions are of small diameter based
on a monotonicity formula for varifolds of bounded generalized mean curvature which
allows us to use an argument inspired from the correspondent extrinsic proof of [M.J00]
and combining it with our cut and paste argument to give finally Lemma 5.1.2. The
monotonicity formula that we use here is an adaptation of Theorem 2.1 and Proposition
2.2 of [Lel12] to our intrinsic Riemannian context via Hessian comparison theorems for the
distance function. At our knowledge this is the first time that such an intrinsic approach
appears in the literature, although being a very natural one. The applications of this
methods are wide and opens the doors for extending in a rigorous way to a Riemannian
ambient manifold the geometric measure theory known in R", without using the Nash’s
isometric embedding theorem. As a final remark we have that all the constants involved
in our statements of Section 1 but the Druet radius are effectively computed in terms of

the minimal bounds on the geometry that we are assuming.



Chapter 1

Definitions and Results

In this chapter we fix the notations used all along the subsequent treatment, in addition
we give the preliminary results that we use. Furthermore we give in the appendix a survey
about comparison geometry Appendix A and convergence of manifolds Appendix B for
completeness’s sake.

In the sequel we always assume that all the Riemannian manifolds M"™ considered are
smooths with smooth Riemannian metric g. We denote by Vj the canonical Riemannian
measure induced on M by g, and by A, the (n — 1)-Hausdorff measure associated to the
canonical Riemannian length space metric d of M, that we also denote by H;fl. When
it is already clear from the context, explicit mention of the metric g will be suppressed.
We will denote by Ric, the Ricci tensor of (M, g), by Sec, the sectional curvature of
(M, g), Scy the scalar curvature function, S, := sup,c,; {S¢,(z)} and by M} the simply
connected space form endowed with the standard metric of constant sectional curvature
k € R that we denote by g, by injr,g) the injectivity radius of M, for any D C M,
diamy(D) the diameter of D in the metric space (M, g), dv, the Riemannian measure with
respect to the metric g, B,g)(p,7) is the open geodesic ball of M centered at p and of
radius r > 0. In what follows we will consider as a key object the set of all finite perimeter
sets (see Definition 2.1.2) of M that we will denote by 7. So a little technical discussion is
in order here. By classical results of geometric measure theory (see Proposition 12.19 and
Formula (15.3) of [Mag12]) we know that if E is a set of locally finite perimeter in M, then
spt(Vxg) ={x e M™: 0 < V,(EN B(z,7)) < wyr™,Vr > 0} C 0F, furthermore there



exists an equivalent Borel set F' (i.e., V,(EAF) = 0) such that spt(Vyr) = OF = 0*F,
where 0*F is the reduced boundary of F. It is not too hard to show that if £ has C!
boundary, then 0*FE = OFE, where OF is the topological boundary of E. De Giorgi’s
structure theorem (compare Theorem 15.9 of [Magl2]) guarantees that for every set E of
locally finite perimeter, Ay (0*E) = H;~'(0*E) = Py(E). Hence without loss of generality
we will adopt the assumption that all the locally finite perimeter sets considered in this
text satisfy 0*E = OF. It is worth to mention that the results in the book [Magl12] are
stated and proved in R™ but they are valid mutatis mutandis also in an arbitrary complete
Riemannian manifold, the required details could be easily provided using the work about

BV -functions on a Riemannian manifold accomplished in [MPPP07].

Definition 1.0.1. A complete Riemannian manifold (M,g), is said to have weak
bounded geometry, if there exists a constant k € R, such that Ricyy > k(n — 1) (i.e.,
Ricyr > k(n — 1)g in the sense of quadratic forms) and Vy(B,g)(p, 1)) > vo > 0, for
some positive constant vy, where B g)(p, 1) is the open geodesic ball of M centered at p

and of radius r > 0.

Remark 1.0.1. In this paper we differ from the nomenclature used by the first author in
his preceding works. What we call here weak bounded geometry is what is called, in all

previous articles of the first author, just bounded geometry.

Definition 1.0.2. A complete Riemannian manifold (M,g), is said to have mild
bounded geometry, if there exists a constant k € R, such that Ricyy > k(n — 1) (i.e.,
Ricyr > k(n — 1)g in the sense of quadratic forms) and injy > 0, where injy; is the

imjectivity radius of M.

Remark 1.0.2. [t is known that mild bounded geometry implies weak bounded geometry,
but the converse is not true. For more details about this point the reader is referred to

Remark 2.5 of [MN16] and to the references therein.

Definition 1.0.3. A complete Riemannian manifold (M,g), is said to have strong
bounded geometry, if there exists a positive constant K > 0, such that |Secy| < K

and injy > 19 > 0 for some positive constant iy. Sometimes we will use the condition



Ay < Secpyr < Ay, for some given constants Ay, Ay € R instead of |Secy| < K to express

that M have a two sided bound on the sectional curvature.

Remark 1.0.3. It turns out that it is easy to check that strong bounded geometry implies

mild bounded geometry, with the converse being not true in general.

Definition 1.0.4. For any m € N, o € [0,1], a sequence of pointed smooth complete
Riemannian manifolds is said to converge in the pointed C"™%, respectively C™
topology to a smooth manifold M (denoted by (M;, g;,p;) — (M, g,p)), if for every
R > 0 we can find a domain Qp with By(p, R) C Qr € M, a natural number vy € N, and
C™*1 embeddings F; g : Qr — M;, for large i > vg such that B,,(p;, R) C F; r(Qr) and

Fir(g:) = g on Qg in the C™, respectively C™ topology.

Definition 1.0.5 (Page 308 of [Pet06]). A subset A of a Riemannian n-manifold M has
bounded C™" norm on the scale of r, ||A||cme, < Q, if every point p of M lies in

an open set U with a chart 1 from the Fuclidean r-ball into U such that
(i): For allp € A there exists U such that B(p, ;ze %r) C U.
(ii): |Dy| < e? on B(0,7) and |Dy~t| < e@ on U.

(ii): 14| DIg||, < Q for all multi indices j with 0 < |j| < m, where g is the matriz of

functions of metric coefficients in the 1 coordinates regarded as a matriz on B(0,r).

We write that (M, g,p) € M™*(n,Q,r), if || M|

C'm,a’r S Q

Definition 1.0.6. For any m € N and o € [0,1], we say that a smooth Riemannian
manifold (M", g) has C"™*-locally asymptotically weak bounded geometry, if has
weak bounded geometry and if for every diverging sequence of points (p;), there exists a
subsequence (p;,) and a pointed smooth manifold (Ms, goo, Poo) With goe a smooth Rie-
mannian metric such that the C™* norm is finite and the sequence of pointed manifolds

(M, g,pj,) = (Moo, goos Po), in C™*~topology. When o = 0 we write C™ instead of C™.

Remark 1.0.4. The condition of being smooth at infinity is used just in the last equation
(4.1) of the proof of Theorem 3 when we apply Theorem 1 to a possibly limit manifold

(My, goo) that even in strong bounded geometry is a C*P differentiable manifold but with



a metric that is just CY* and no more reqular. There are examples of this phenomenon
as explained in Example 1.8 of [PetS87a]. Actually the limit metric is WP for any p > 1,
as showed in [Nik91]. This last reqularity result is not enough strong to allow the use of

the arguments of the proof of Theorem 1 in (My, goo)-
This last remark justifies the following definitions.

Definition 1.0.7. We say that a smooth Riemannian manifold (M", g) is smooth
at infinity, if for every diverging sequence of points (p;), there exists a subsequence
(pj,) and a pointed smooth manifold (M, goo;s Do) With g of class C*°, such that
(M™,9,pj,) = (Moo, goos Do) in the pointed Gromov-Hausdorff topology. We say that
a smooth Riemannian manifold (M™,g) has strong bounded geometry smooth at
infinity, if it is of strong bounded geometry and is smooth at infinity. We say that
(M™,g) has C™-locally asymptotically strong bounded geometry smooth at infinity, if
it is of strong bounded geometry, smooth at infinity, and has C"™%-locally asymptotic

bounded geometry.

Definition 1.0.8. We say that a smooth Riemannian manifold (M™,g) has C™*-locally
asymptotically strong bounded geometry smooth at infinity, if it has strong
bounded geometry, smooth at infinity, and has C™-locally asymptotically weak bounded

geometry.

Remark 1.0.5. Observe that by Theorems 76 and 72 of [Pet06] or Theorem 4.4 of
[Pet87a] it is easily seen that to have strong bounded geometry smooth at infinity implies

to have CYP-locally asymptotic weak bounded geometry, for any B.
We have now all the definitions needed to state our results.

Theorem 1 (Small diameters in C3-locally asymptotically strong bounded geometry
smooth at infinity). Let (M",g) be a complete Riemannian manifold with n > 2 and
with C3-locally asymptotically strong bounded geometry smooth at infinity. Let us assume
that there exists a real constant ky € R such that S; < n(n — 1)ky. Then there exists
d =d(n,k,ko,injn, Sy) > 0, which depends only on n, k, ko,inju, S, such that for every

Q C M™ finite perimeter set with diameter diamy(2) < d holds

PQ(Q) > ngo (B)v (11)



where B C My s a geodesic ball having Vy, (B) = V4(Q). Moreover we have
the following lower bound on the greatest d for which (1.1) holds, namely d =

d(n, k, ko, inga, Sy, m-(M, g)) could be chosen to be equal to

1

'y

min {C(n, k) {2 (nZKQ ()Z,Ol(zl o I = Dy = Sg]}

with ¢ = n(n — 1)kg — S, > 0 see equation (2.96) and Definition 2.1.4 for the exact

7TE<M79>71}7 (1'2)

meaning of the constants involved here.

Remark 1.0.6. Strict inequality is necessary in the assumptions of the preceding theorem
because as pointed out in [Dru02c| Theorem 1 is false if we have just Ric, < (n — 1)k
and not Sy, < n(n — 1)ko. The comparison result is false also on S? x S?, as noticed in

[M.J00), compare again [Dru02c] page 2352.

A first consequence of Theorem 1 is the following result whose proof is much more

simpler than that of our main Theorem 3.

Theorem 2 (Small volumes a la Bérard-Meyer). Let (M™,g) be a complete Riemannian
manifold, n > 2, and with C3-locally asymptotically strong bounded geometry smooth at
infinity. Let us assume that there exists a real constant kg € R such that Sy, < n(n—1)ko.
Then for every e > 0 there exists a positive constant 0y = Vo(M,e) > 0 such that for every

Q2 C M finite perimeter set with V,(2) < 0y holds
Py(€) > (1 =) Py, (B), (1.3)
where B C My, is a geodesic ball having Vy, (B) = V4(52).

Remark 1.0.7. This gives a refinement of the classical result of Bérard-Meyer in [BMS?2)],
provided that one assumes stronger assumptions on the bounds of the geometry of (M, g),
i.e., C3-locally asymptotically strong bounded geometry smooth at infinity. Of course

Theorem 2 follows immediately from the stronger Theorem 3.

In the next theorem we refine the results contained in Theorem 1, replacing the as-
sumption of small diameter with that of small volume. The price to pay to have this

stronger result is that the proof of Theorem 3 is much more involved.



Theorem 3 (Sharp small volumes in C3-locally asymptotically strong bounded geometry
smooth at infinity). Let (M™, g) be a complete Riemannian manifold, n > 2, with C3-
locally asymptotically strong bounded geometry smooth at infinity. Let us assume that
there exists a real constant kg € R such that Sy, < n(n—1)ky. Then there exists a positive
constant Oy = Uo(n, k, ko, injarg, Sg, d) > 0 such that for every Q C M finite perimeter set
with V,(2) < 0y it holds

Py(Q) > Py, (B). (1.4)

where B C M is a geodesic ball having Vg, (B) = V,4(2). Moreover Ty can be chosen as

d n
0 < 79 < min {v*, <E) } , (1.5)

where d is as in (1.2) and v*, u* are given by Lemma 3.1.9.

an arbitrary number

A particular case of the more general situation considered in Theorem 3 gives a positive
answer to a special case of the Aubin-Cartan-Hadamard’s Conjecture for small volumes

as stated in the following corollary.

Corollary 1 (Aubin’s Conjecture in C®3-locally asymptotically strong bounded geometry
smooth at infinity for small volumes). Let (M", g) be a Cartan-Hadamard manifold, n > 2
with C3-locally asymptotically strong bounded geometry smooth at infinity, and S, < 0.
Then there exists a positive constant 0y = Vo(n, k, ko, injr g, Sy, d) > 0 such that for every

Q C M finite perimeter set with V() < 0y it holds
PQ(Q) > ngo (B)u (16)
where B C M is a geodesic ball having Vg, (B) = V,4(2). Moreover Uy can be chosen as

0 < U9 < min {v*, (i*) } ) (1.7)
o

where d is as in (1.2) and v*, u* are given by Lemma 3.1.9.

an arbitrary number

As a last consequence of Theorem 3 we get Corollary 2 which gives an asymptotic
expansion of the isoperimetric profile in Puiseux series up to the second non trivial order
generalizing previous results of [Narl4b]. Before to state the corollary we recall here the

definition of the isoperimetric profile.



Definition 1.0.9. Let (M", g) be an arbitrary Riemannian manifold. For every v €
10, V,(M)[ we define In4(v) == inf{P,(Q)}, where the infimum is taken over the family
of finite perimeter subsets Q C M having fized volume V,(2) = v that will be denoted in
the sequel 7. If there exists a finite perimeter set Q0 satisfying V() = v, In4(V4(Q)) =
A (0Q) = Py(Q) such an Q will be called an isoperimetric region, and we say that

Inrg(v) is achieved.

Corollary 2 (Asymptotic expansion of the isoperimetric profile). If (M, g) have C*-locally

asymptotically strong bounded geometry smooth at infinity, then

Ing(v) = Cnv(n’zl) <1 - VnSgU%> +0 <U%> )

when v — 07, where Sy := sup,cy 19¢,(2)} and v, = —L— is a positive dimensional

2n(n+2)w
constant. Here w, is the volume of a geodesic ball of radius 1 in R™.
Remark 1.0.8. The preceding corollary roughly speaking means that up to the second
nontrivial term the asymptotic expansion of Insy coincides with Iyp g, , where n(n—1)k =

S,

Remark 1.0.9. If for some a > 0, (M, g) have C3-locally asymptotically strong bounded
geometry smooth at infinity and moreover have C** bounded geometry at some scale r as
in Definition 1.0.5, then (M, g) satisfies the assumptions of Theorems 1, 3 and Corollaries
1, 2. Furthermore in this special case the proof of Theorem 3 does not need the use of

Lemma 2.1.4 and Corollary 2.1.1 but only the use of the statement of Theorem 1.



Chapter 2

Sobolev inequalities and the proof of

Theorem 1

Many tools are necessary to the understanding of this chapter. So we collected all the
needed background material in the various appendix sections. In appendix C one can
find a very helpful little introduction to the Sobolev Spaces in Riemannian manifolds,
including the correspondents theorems about the Sobolev embeddings, without proof. In
addition in Appendix D is given the proof of the existence of solutions by the Generalized
Scalar Curvature equation, which is now a classical but not at all an easy result. Also we
write the Concentration-Compactness Lemma of Lions in Appendix E. Several relations
between the function w, and v, given all along this chapter can be found in Appendix
F. Finally in Appendix G.2 we wrote de computations leading to expansion in Puiseux
series of the area of geodesic balls in function of the enclosed volumes near zero, up to

the second nontrivial term.

2.1 Sharp Local Isoperimetric Inequalities using
Sobolev Inequalities

In this section we closely follow the proof of Theorem 1 of [Dru02c]. We just make the
needed changes to get the proof of our Theorem 1. First we set some notations and make

the definitions that will be required in the sequel. By £ we denote the standard Euclidean



metric of R". For every 1 < p < n, K(n,p) > 0 is the best constant in the Sobolev

inequalities on (R", ) defined as

B , Jan ]Vu]é’dvg
K(n,p)™? = inf — (2.1)
uZ0,ueC.(R™) (f]Rn |u|p d@g) F
where p* = n”—f;) is the critical Sobolev’s exponent. The explicit value of K(n,p) is

computed in [Aub76], [Tal76] namely

K(n,1) = % (wf_ly/n =,
Koup) = (ngzp——_pl))/ <F<n/p>r<2(ﬁi)n/p>wnJW'

However the only property of K (n,p) that we will use is that

lim K(n,p>:K(n,1):1< n )W.

p—1t n \Wp—1

We will use frequently the L? and the W1* norm on M defined by

1
p
lully = ( / ruwpdvg) ,

||UH1,p,g = Hqu,g + vaqu,gv

for any function u belonging respectively to LP(M, g) and W'P(M,g). When 1 < p <n
we will need to work inside Wg P(R™) that will denote the standard Sobolev space defined

as the completion of C°(R™) with respect to the norm

1
lullpe = ( / |vgu|§dvg) . (2.2)

Definition 2.1.1. Let (M, g) be a Riemannian manifold of dimensionn, U C M an open
subset, X.(U) the set of smooth vector fields with compact support on U. Given a function
u € LY(M, g), define the variation of u by

|Du|(M) := sup {/M udivg(X)dvg : X € X (M), || X||eo < 1} : (2.3)

where || X || = sup{|X,|, : p € M} and | X, |, is the norm of the vector X,, in the metric g
onT,M. We say that a functionu € L'(M, g), has bounded variation, if | Du|(M) < oo

and we define the set of all functions of bounded variations on M by BV (M, g) :={u €
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LY(M,g) : |Du|(M) < +o0}. A function u € L}, (M) has locally bounded variation

loc

in M, if for each open set U CC M,
|Du|(U) := sup {/ udivg(X)dvg : X € X.(U), | X |looyg < 1} < 00,
U

and we define the set of all functions of locally bounded variations on M by BVy.(M) :=
{ue L, (M) :|Du|(U) < +o0,U CC M}. So for any uw € BV (M, g), we can associate

loc

a vector Radon measure on M V9 with total variation |V9u|.

Definition 2.1.2. Let (M, g) be a Riemannian manifold of dimension n, U C M be an
open subset, X.(U) the set of smooth vector fields with compact support in U. Given

E C M measurable with respect to the Riemannian measure, the perimeter of E in U,

Py(E,U) € [0,400], is
P,(E,U) :=sup {/ Xedivg(X)dv, : X € X.(U), || X|| < 1} : (2.4)
U

where || X||oo :=sup {|Xpl, : p € M} and |X,|, is the norm of the vector X, in the metric
g on T,M. If P,(E,U) < 400 for every open set U CC M, we call E a locally finite
perimeter set. Let us set Py(E) := P,(E,M). Finally, if P,(E) < 400 we say that
E is a set of finite perimeter. We will use also the following notation Py(E, F) =
|VxEly(F) for every Borel set FF C M.

Before to prove Theorem 1 we prove Proposition 1 which is sufficient to prove Theorem
1. We postpone the proof of this last fact to the end of this section. In the proof of
Proposition 1 we make frequent use of de Moser’s iterative scheme, so we give an ad-hoc
version of it in the following lemma which is suitable for our applications. In fact we
borrowed the arguments of the proof from Proposition 8.15 of [GT01] and Théoreme 2.3

of [Dru02a] in which only the case p = 2 is treated.

Definition 2.1.3. Let us define the p-Laplacian of a C? function u defined on a Rieman-

nian manifold (M™, g) as the partial differential operator A, gu = —divy(|Vgul? >V 4u).

Lemma 2.1.1 (Ad-hoc De Giorgi-Nash-Moser). Let (M™,g) be a complete Riemannian

manifold, n > 2, 1 <p<n, and v € ng’p(M) NL>®(M,g) with 0 < v < 1, satisfying

A, v < Ao (2.5)
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in the sense of distributions, where A > 0 is independent of p. Then for any x in M, and

for any & > 0 it holds

1
*

p
||v||Loo<Bg<x,6/2>)so/ Pdvy| (2.6)
Bg(x,é)

where C' = C(x, M, g,n,6) > 0 does not depend on p.

Remark 2.1.1. Substituting the condition 0 < v < 1, by ||v||La(B(z,25)) < K for a suitable
value of K, and q > p*, get the same result, the proof is based on the Moser iterative

scheme applied to (2.5). See for example Lemmas 3.1 and 3.2 of [AL99].

Remark 2.1.2. The constant C in strong bounded geometry, the preceding lemma could

be chosen in such a way that C' = C(n, A1, Ao, injy).

Proof. Consider the inequality A, ;o < Av? =1 in M, and v < 1, for some positive constant
A independent of p. Consider a non-negative n € C°(B,(z,0)) such that for0 <r < s <§¢

satisfies
L0<n<1,
ii. n=1,in By(x, 1),
ili. n =0, in By(z,0) \ By(z, ),

iv. |Vynl, < %, where Cj depends only on the geometry of (M, g) or on the bounds

of the geometry in case M satisfy some condition of bounded geometry, for example

in strong bounded geometry Cy depends on n, Ay, As,injyy.

It is straightforward to check that (2.5) is true in a weak form when we multiply it by any
test function belonging to the functional space Wy*(B,(z,d)). Now multiply Equation
(2.5) by the valid test function nPv**1, for 0 < k < p* — p, and integrate it by parts over
By(x,s), this leads to

/B( |ng‘§_2<vgv,Vg(npvk+1)>gdvg S/ Avp*+k77pdvg- (2.7)

By(z,s)

p
Let w = U%, then |V, w[b = <%> vk Vgol?.



We observe that

/ V4022 (V g0, V(P 1)) gy
Bg(z,s)

=(k+ 1)/ Vg v|pv nPdv, +/ |V9U|§72vk+1<vgvavg(np»gdvg
Bg(xs Bg((ES

p

k+p _
0 (FE) [ e [ 9l 07y
Bg z,s) By(z,s)
k+p _
0 ()T s = [Tl g
p Bq z,s) By(z,s
k+p _ _
=(k+1) < > ]nvgw|§’dvg —p/ Vgulh Lyktlyp llvgn\gdvg
p Bg x,s) By(z,s)
k+p ktp 1
sy (A2 ) ity [ (9ol S (190
p BQ(CC7S)
+
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k(p—1)
P dvg

k+p p k+p o p—1
=k+1)( — ]nvgw\gdvg —-p|— (w|Vgnlg)(n|Vgwlg)’ ™ duvg,
By(,s) p By (z,s)

where we applied the Cauchy-Schwarz’s inequality. Later we have to use in the second

integral on the right the Young’s inequality in the following form

p

e O (= 1O

— )

p p

with 6 €]0, +o0[. Set a = w|V nl,, b= (n|V,w|,)P~t, and choose 6 > 0 such that

(@)“’ (p—1)871 = %(,H ) (w)p,

p p
we get

p— (k+1) /k+p\~P ;

/ \V9U|§ 2<ng, Vg(npvk+1))gdvg > ( ) / |anw\§dvg
Bg(z,s) 2 p By (z,s)
—1\pP—1 p

2P~ 1 (p ) / [wV gn|Pdvg.

k+1 Bg(z,s) g

Combining (2.7) and (2.9) leads to

/ |7]ng)|ZdUg SOI/ npvk+p*dvg+02/ |U)Vg7]|§dvg
By (z,s) By (z,s)

By(z,s)

e / (nw)Po”" Pdu, + C / W gn[Pdu,,
By(x,s)

By(z,s)

where Cy(p) = 2 (££2)" A, and Cy(p) = 2(p — 1.

k1 \ p

Independently we have the following computations

/ Vo (mo)lgdvy < > </ NV gwlydug +/ \wvgﬁ|§dvg> )
By(z,s) By(z,s) By(x,s)

(2.8)

(2.9)

(2.10)

(2.11)



and by the Sobolev embedding we get

(/ | 777~U|p*6h)g)p7 < C(n,p)/ |Vg(77w)|§dvga
Bg(1'7s) Bg(zvs)

(2.11)
< 03/ ]anw\gdvg+Cg/ [wV gnlbduv,
By(z,s)

By(x,s)

(2.10) X
< 04/ (nw)Pv? "Pdu, + 05/
By(z,s)

where C3 = 2°71C(n, p), C; = C1C3, and C5 = C,C5 + Cs.

But since v < 1, 0 < n < 1 over By(z,s), and [Vyn|, < £ we have that

p_
E3

* P CO p
/ Inw[P dvg < [C4+C5< ) ]/ |w|Pduv,.
By(x,s) §—r By(x,s)

On the other hand we have (%)p < (k+1)Pfor k>0and 1 < p < n, then C}
20k + 1)" A, Cy < 27(n — )™ Y, O3 < 271C(n), Cy < 2"k + 1) 'AC(n), Cs

2" 1(2"(n —1)" 1 (k+ 1)t +1)C(n). Then

Co

sS—7T

C4+Cs<

S—T
Thus setting

Co

S—7Tr

By = 2""'C(n) (Q(k: + )" A+ (2% (n - 1)+ 1) (

we get

P _1
* p*(k+p) 1 k+p
p"(k+p) =
/ lv| P du, < By*r / lv|"**dv, .
Bg((t,T) B9($7S)

Now we want to use the Moser’s iterative scheme. Let us call

1/t
F(t’ p) = </B ( )’Utdvg> )
g\Z;p

by the inequality (2.12) we get that

*

F ((k +p)?r) < BFPF((k+p),s).

S

Choose kg such that (kg + p) = p*, sp = ¢ and define for every i > 1

= (2 =00
ot o) = 0) = (2) (ot oo =3 + g

By(z,s)

)p <2"1C(n) (2(1<; F 1) A4 (20— 1) 4 1) ( Co )p) .

13

\wvgmgdvg,

(2.12)

(2.13)
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Make k = k;, s = s; and r = s;,1. Note that s, —s;11 = 21%, furthermore we get k; — 400
when ¢ — +00, because

p

> 0.

Now we apply this to (2.13), and we obtain

ki+p =
F( p : > = F((kisa +p); sip1) < B F((ki + p), i)

Then making the iteration yields

F((kisa +p).s01) < [T B F((ko +p).0) HBW (p*,6).

j=0

Taking i — oo we have s; — 2, k; — +00, and ||v[re — ||v||o thus the expression above

becomes
1
+00 px
V]| e (B, (2.6/2)) < HB'“ = / VP dv, : (2.14)
Z O Bg(x,é)
It remains to prove the convergence of 0 Bk = to a constant independent of p.

Since for p sufficiently close to 1 we can get that % = n%p < 2, we have

and making the choice 6 = min{1,4}, we get

B = 2'C(n) (2<ki + )" A+ (2(n - 1)) (&)p)

Si+1 — Si

. 2 i+2 C«p
< 2m9n10(n) <2(k:0 o)A+ (27 — 1)L 1)22”035”>

= 2C(n).

As it is easy to see from the definition of k; we have

1 1 1
. < < .

Let us define a; := 2i(/<;— if B; <1and q; : = 71 +1, if B; > 1, in any case we have

1
k. .
B """ < B,
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Then passing to the infinite products
KR %
H Bikfrp S H Bal (H ch) (H 21n)&i>
=0 =0
= (C’Ez‘:o ai) (2” Ei:o Zai) .

Notice that

400 400
E «o; and E 10y,
i=0 i=0

are convergent series. Then for values of p close to 1 we have

1

V]| 50 By (w/20) < C / vy | (2.15)
By(x,0)

where C' does not depend on p. O
The following proposition is proved in the original paper [Dru02c].

Proposition 2.1.1 (Proposition [Dru02c] page 2353). Let (M™,g) be a complete Rie-
mannian manifold of dimension n > 2. Let xo € M, and ¢ > 0, let us define
Qe = n ——Sc,(x0) + €. Then for any ¢ > 0, there exists r. > 0 such that for any u

n+2
in C2°(By(xo,r:)) we have that

ey < K(n, 1)* ([ Vullf, + acllull?,) - (2.16)
The preceding proposition justifies the following definition.

Definition 2.1.4. Let (M,g) be a Riemannian manifold. Let us define r:(M,g,z) €
[0, +00] as the supremum of all v > 0 such that (2.16) is satisfied. Of course we put by
definition rX(M, g,x) = 0, if there is no such positive r.. We call r:(M, g, x) the Druet
radius of (M,g) at x. Let us define r:(M,g) € [0,+00] as the infimum of r5(M, g, x)
taken over all x € M. We call rX(M, g) the Druet radius of (M,g).

Proposition 1. Let (M, g) be a complete Riemannian manifold of dimension n > 2 with
C3-locally asymptotically strong bounded geometry smooth at infinity. For any e > 0 there
exists 1. = r-(M, g) > 0 such that for any point xo € M, any function uw € CX(B,(zo,re)),
we have

lullZe, o < K(n,1)* ([[Vgulll g + acgllullty) . (2.17)

where a. g = 15 S¢,(x0) + €.
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Remark 2.1.3. We notice that the constant r. = r.(M, g) > 0 is obtained by contradiction

and that the proof does not give an explicit effective lower bound on it.

By Proposition 2.1.1, if (M", g) is complete then for any x € M we have r*(M, g, x) >
0. By Proposition 1 if (M™, g) has C3-locally asymptotic strong bounded geometry smooth
at infinity, then we have (M, g) > 0. We want to study now a little bit of stability

properties of Druet’s radius with respect to the convergence of manifolds.

Lemma 2.1.2. Suppose to have a sequence of pointed complete smooth Riemannian
manifolds (M;, gi,p;) — (Moo, Goos Poo) i C° topology with (Mu, oo, Poo) Smooth and
Scg,(pi) = Scg.. (Poo). Then

1——+00

Remark 2.1.4. The assumptions made in the preceding lemma are automatically fulfilled
if (M,g) has C*-asymptotically bounded geometry smooth at infinity and a fortiori also

under the assumptions of Theorems 1, 5.

Proof. In first, if liminf; , . r*(M;, g;,p;) = 0, then there is nothing to prove. Now,
suppose that liminf; o rX(M;, g;,pi) =1 > 0, fix 0 < r < [, then there exists ¢, € N such
that for all ¢ > 4, it holds r¥(M;, gi,pi) > r. Consider po, € My, u € CX(By, (Poo,T)),
B := B,_(ps,r+1). Notice that B, (ps,r) C B. Take the sequence of diffeomorphisms
¢; : B — M; of Definition 1.0.4. Then by C° convergence we have that for every u €
C*(By.. (P, 7)) it holds

C

19l = Jim [V (0 (6) I (2.19)
lullZa . = Jim [l (67|, (220
el = Jim luo (@)1, (221)
and by Sc,, (p;) = Sc,. (ps) We get
n , , n
Aeg,, = n——Mscg“ (Psc) + €= ZBJFmOO Qe g, = ZBerOO - 2chi(¢i(poo)) +e. (2.22)

Fix a 7’ satisfying r < r’ < [, our choice of r and the fact that ¢; is an almost isometry

imply that there exists an ¢ := %T/m € N such that for every i > 1, ¢i(By.. (Poo, 7)) <
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B, (pi, "), so uo (¢;)~t € C=(B,,(pi,r")), and it holds

o () HI2e, 4 < K(n,1)* ([[Vg,(wo () DI, + g lluo (@) 1,) . (2:23)

whenever u € CX(By,_ (poo,r)). Taking the limit in the preceding equation and using

(2.19), (2.20), (2.21), (2.22) we obtain for every u € C(B,_ (p,r)) it is true that
ule 5, < K(n, 1) (IVulli g, + ecllulli,.,) - (2.24)

From (2.31) readily follows that 75 (Mw, goos Pso) > 7, for every r < [ which implies that

(Moo, §oos Do) = | and this finish the proof. O
The following lemma is a straightforward consequence of the definitions.

Lemma 2.1.3. Suppose to have a sequence of pointed complete smooth Riemannian man-
ifolds (M, gi, pi) — (Mo, goo, Poo) in C° topology with (Muy, goo, Do), then for every point
zo € My there exists a sequence of points p; that depends on xo, such that dg,(p;,p;) is a

uniformly bounded sequence and (M;, gi, D) — (Muo, goo, To) in C° topology.
Combining these last two lemmas one easily prove the following.

Lemma 2.1.4. Suppose to have a sequence of pointed complete smooth Riemannian
manifolds (M;, gi,p;) — (Moo, Goos Poo) i C° topology with (Mu, oo, Pos) Smooth and
Scg, 0 ()™t = Sc,.. where (¢;); is one of the diffeomorphisms sequence of Definition
1.0.4 . Then

liminf 2 (M;, g;) < 72 (My, goo)- (2.25)

i—+o00

However we give here a proof of Lemma 2.1.4.

Proof. In first, if liminf; , . r5(M;, g;) = 0, then there is nothing to prove. Now, sup-
pose that liminf, , o 75(M;,g;) =1 > 0, fix 0 < r < [, then there exists i, € N such
that for all ¢ > i, it holds r*(M;,¢g;) > r. Consider xy € My, u € CX(B,, (xo,7)),
B := B, (P, dg.. (Ps; o) + 7+ 1). Notice that B, _(zo,7) C B. Take the sequence of
diffeomorphisms ¢; : B — M; of Definition 1.0.4. Then by C° convergence we have that

for every u € C°(B,,_ (zo,7)) it holds

IVl = Tim (V00 (6) IR, (2.26)
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lullZa,. = T [uo (6)7 s, (227
lull2,.. = tim_ [l (671, (229)
and by Scg, — Sc,,, we get
Qeg., = Lchw (x9) +e = lim a., = lim n Scg (0i(z0)) + €. (2.29)
n+ 2 i—+00 i—+oo 11 + 2

Fix an ' satisfying r < r’ < [, our choice of r and the fact that ¢; is an almost isometry
imply that there exists an 7 := 4, € N such that for every i > i, ¢i(By... (zo,7)) C
By, (¢i(0),7"), so wo (¢;)F € C®(By,(¢i(xo), 7)), and it holds

o (6:)H12e, 4, < K(n,1)* ([[Vg,(wo () I, + g lluo ()7 i,) . (2:30)

whenever v € C*(B,_(xg,r)). Taking the limit in the preceding equation and using

(2.28), (2.27), (2.26), (2.29) we obtain for every u € C°(B,_(x¢,r)) it is true that

P

_n_
n

—1 yJoo

< K(n, 1)* (IVulli 4, + 0cguollulliy,) - (2.31)

From (2.31) readily follows that 7 (M, goo, To) > 7, for every r < [ which implies that

(Moo, Goos o) > 1, for every xg € M, which in turn proves (2.25). n

£

We state here a Corollary of Lemma 2.1.4 that will be used into the proof of Theorem

1. The proof is immediate and is left to the reader.

Corollary 2.1.1. Let (M,g) be a complete Riemannian manifold of dimension n > 2
with C3-locally asymptotically strong bounded geometry smooth at infinity, p; — oo and
(M, g,p;) = (Moo, goos Pso)- Then for every e > 0 we have ri(My, goo) > ri(M, g) > 0.
Proof of Proposition 1. For any xq € M, for any r > 0, any p > 1 and any € > 0, set

2/p 2/p

+ ae (fB_q(l'()yr) \u\pdvg)
)2/17*

. (Jzg (zg.r) | VoI dvg)
inf
u€C? (Bg(zg,m))

Ap,ryg (20) = i, U conm 17"
where B, (zg,7) C M is the geodesic ball (M, g) centered at o € M and of radius r > 0.
We will argue the theorem by contradiction. With this aim in mind suppose that there
exists €9 > 0 such that for every r > 0 there exists a point x(, depending on r such that

it holds
Al,r,g(wo,r) < K(”a 1)_2'
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As it is easy to check from the very definition of A,,,(zo,), we have that
limsup, 1+ Aprg(Tor) < Arrg(2o,), which implies that for any r > 0, there exists
pr(x0,) > 1 such that

n — pr(zo,r)

App,r r K(n,1) % [ —————"
prorg(@0,r) < H( 1) <pr(zo,r><n—1>

) s Aprrg(@o,r) < K(n,pr(zo,r)) 2. (2.32)

We may assume that r N\, 0 and choose p,(z¢,) decreasing when r is decreasing. Then
inverting this sequence we get a sequence p > 1 going to 17 a sequence r, > 0 going to
0" as p goes to 1T, and a sequence of points x, := xo,, € M which verify (2.32). Notice
here that in general the sequence of points z, could go to infinity when p — 1*. This is
the main difficulty we encounter in adapting the original proof of Theorem 1 of [Dru02c]
in case of noncompact ambient manifolds. Set «,, := nLHch(xo,p) + ¢9. Now up to a

subsequence we can assume that

. n
pligl+ Oy = n——|—211 + €o, (233)

for some Iy € [Sinsg, Sy, where Sipr, :=inf{Sc,(z) : x € M} and S, := sup{Sc¢,(z) : x €
M?}. It is worth to note that S;,r4 and S, are finite real numbers, because Sc, is bounded
from below by n(n — 1)k and from above by n(n — 1)k. The second equation in (2.32)
can be written as A, (2o,) < K(n,p)”?, and by Theorems 1.1, 1.3, 1.5 of [Dru00], we

have the existence of a minimizer u, which satisfies

CpAp gup + %H%HZ?UZ_l = Apuﬁ*_I, in Bg(xO,zh Tp)a (2.34)

u, € CY"(By(z0p,7p)), for some n >0,

u, >0, in By(zop,1p), up, =0, indBy(zoy,1p),

/ ub dvy = 1, (2.35)
Bg(zo,prp)

A < K(n,p)™2, A, < K(n,1)72 (ﬁ) , (2.36)

2—-p

P
Cp, = / IV guy|bdu, , (2.37)
Bg(z0,p,p)
where A, := A, (%0p), Apgy is the p-Laplacian with respect to g, defined by A, ju :=
—divy(|V,uP~?V u), with V,u being the gradient of u with respect to the metric g. As

a consequence of (2.34) we have

1V gu,

12%9 + apluy Z,g = Apllupllpe - (2.38)
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The strategy that we will adopt to go head in this proof is concerned with the study of the
sequence (up,) as p — 17. With this aim in mind, let =, be a point in By(zo,,r,) where
u, achieves its maximum (xz, tends to infinity, iff =, tends to infinity) and we define

1_n
Up(Tp) = pip ©.

Observing that uy,(z,)?" = p,™ we get

| — / WP dvy < Vy(By(top, rp))iis" < Coln, k)i, (2.39)
Bg(z0,p,Tp)

where the last inequality is due to Bishop-Gromov. Since 7, goes to 0, from (2.39) we
conclude that g, goes to 0 as p goes to 17, moreover p, = O(r,) and the constant

Co = Cy(n, k) is uniform with respect to p, i.e., is uniform with respect to the location

of xg, inside M. Analogously, applying Holder’s inequalities, with ¢ = -~ > 1 and

n—p

Bishop-Gromov yields

1
. ! 1
lim updvy < lim / ub dvy o Vo(By(wop,7p))7 =0, (2.40)
po1t Bg(x0,p,rp) po1t Bg(z0,p,7p)
here ¢’ denotes the conjugate exponent of ¢, i.e., % + $ =1

Step 1 In this first step we want to show the validity of the two following equations

lim \, = K(n,1)7?, (2.41)

p—1t
and

lim IV gup[Pdvg = K (n,1)"". (2.42)

+
p—1 By (mO,Pv"‘P)

By Theorem 7.1 of [Heb99], it follows that for all ¢ > 0 there exists B. =

B.(n, k,p,injrmy) > 0 such that for any p > 1,
20 2
. n p(n—1)
(/ ub dvg> < (K(n,1)4¢€)? (/ \ <up nr > dvg>
Bg(z0,p:7p) By (z0,p:7p) g

p(n—1) 2
B: / up TP dug |,
Bg(ﬁfo,pv"’p)

which gives with (2.38), (2.35) and Hélder’s inequalities

A

Jr

pn—1)\*
L e (P 0= anlugl) + Bl

p(n— 1)\’
< WD+ (MUY 0y - aollwl) + Bl
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where ap 1= -25n(n — 1)k + &9 < ;. This combined with (2.40) give

1< (1+eK(n, 1)) liminf (A, K (n,1)?).

p—1t

Since this inequality is true for every € > 0, letting ¢ — 0 we obtain liminf, ,;+ A\, >
2
n—p

— |, We
p(n—1)

K(n,1)72. Using the fact that A\, < K(n,p)~2, and A\, < K(n,1)™2 (
conclude that

K(n,1)7% < liminf \, < liminf K (n,p) 2,
p—1+ p—1+

and thus (2.41) is proved.

Remark 2.1.5. Until this point we have just used the assumption of mild bounded geom-

etry, i.e., Ricci bounded below and positive injectivity radius.

Now, it easily seen that (2.42) is an obvious consequence of (2.34), (2.35), (2.40), and
(2.41).

Remark 2.1.6. To prove rigorously (2.42) we will use that the scalar curvature is bounded

from both sides and Ricci curvature is bounded below and the injectivity radius is positive.

To prove the equality (2.42), we use (2.38) and the fact that under the assumptions of
Proposition 1, we have n(n — 1)k < Sc, < n(n — 1)ko. It follows immediately that (a,) is

a bounded sequence, i.e., a, = O(1). Taking p — 17, in (2.38) and (2.35) we obtain that

Tim ([, + apllupl3, = lim Aol 27, = lim A,

then using the above result, we can conclude that

lim [|Vullpy = K(n, 1)_1'
p—1+

Step 2 Let Q, = pu,"exp, [ (By(rop,7p) C Tp,M = R, the metric g,(v) :=
exp;, g(ppx) for z € Qp, and the function given by v,(z) = ugilup(expxp(upx)) for
r € Q,, vy(x) =01in z € R™\ ,. It is worth mentioning that the definition of v, for p
close to 1 is well posed and does not give any problem, since we suppose that the injec-
tivity radius of M is strictly positive and r, — 0 as p — 1*. Then substituting in (2.34)

we obtain v, satisfies

Cpp g, vp + %M§||Up||§;§vfo’_l = /\Pvg*_l

,in €, (2.43)
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with v, = 0 in 09, and

/Q vl dvg = 1. (2.44)

P

Thus v, satisfies also

2
P.gp

P Ap. (2.45)

p* 791’ =

||vgpvp||;2o,gp + O‘pl‘fy””p” = Apllvp

Unfortunately the sequence (v,) is not bounded in W; H(R™) so we need to take an-
other auxiliary sequence (0,) related in some way to the previous one and is bounded in
Wg (R™). We do this because we are interested in a limit function vy that realizes the
minimum of the problem at infinity and so it is expected to be the characteristic function
of a ball. To realize this strategy we look for powers of the function v,. As we will see

later a suitable choice is the following

Up(x) = vp(x) 7 . (2.46)

It is useful to recall here that for every x € M the exponential map exp, is a bi-Lipschitz
map of an open geodesic ball centered at x having radius inj, over a ball of R™ having
the same radius, with Lipschitz constant L, that in general depend on x, however by the
Rauch’s comparison Theorem we know that L, can be bounded by a constant that depends
just on n, Ay, Ay, injy, which in turn permit to conclude that under our assumption
of strong bounded geometry the constants L, are uniformly bounded with respect to
x by a positive constant that depends only on the bounds on the geometry, namely
n, A1, Ag,injy. Hence using the Cartan’s expansion of the metric g, close to z, we can
show the existence of a positive constant C' = C(n, A1, Ag,injyr) > 0, such that for any
x € (),

(1= Cplx|*)dvy, < dve < (1+ Cpi2]x|?)dvy,. (2.47)

From this we conclude that there exists another constant again denoted by C' =

C(n, A1, Asg,ingy) > 1 such that

1
dvg, > (1 — 5“?’) dve, (2.48)

|Vevylgdve < (1 + Cu§)|vgpvp|§’pdvgp, (2.49)
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where £ is the Euclidean metric. Equations (2.47), (2.48), (2.49) with (2.42), (2.44) and

Holder’s inequalities leads to

. S [V epledue

n—1

e <fRn i d”&)

To show this observe that by (2.47), (2.48), (2.49) < Jon dvg) T f oy, = 1,

= K(n,1)". (2.50)

when p — 1%, To see what happens to the numerator of (2.50) just look at (2.51) below

N pn—1) ==
/]R |V€Up|§dvg = / —Up |V5Up’§d1}5

n n—p
p(n—1) / ST / z
< P P
>~ n—p { n?}p (%3 an |V§Up|§ Ve
p(n—1)
= n—p (1+C’u127)||vgpvp||pagp
p(n—1) B
- (L + CuplIVgup|lpg — K(n, 1)~ (2.51)

The last equality is a consequence of (2.42) and the following calculation

L 1Fat@lden, = [ (9,7 o5, (), (2
(

n— p)r ,
—u " ¥ tp(expy, (1)) v, (1)
Hp ~ €XDgy (Bg(wo,p,rp))

n—p

—n [ ¥,y 0D, (2))[, v, (17 ')
€XPxy, (Bg(20,p,7p))

n(r—p)

7 / Vs, tp(expy, ()] dug, (1)
€XPay, (Bg(z0,psTp))

n(r—p)

=y " / |V gup ()] vy,
Bg(z0,pp)

from which follows
n(r—p)

||vgpvp||7‘gp pp " ||VguPH:,g

Remember here that 7, — 0 as p — 1*. Notice that by (2.2), (7,) is bounded in Wg’l(R").

Thus there exists vy € BV,.(R™) such that

lim 0, = vy, strictly in BV,.(R"),

p—1+t

this means that 0, — v in Lj,.(R") and ||V3,|[1¢(K) — |Dv|(K), VK CC R". For a

proof of this fact see Thm. 3.23 of [AFP00]. If we apply the concentration-compactness
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principle of P.L. Lions ([Lio84], [Lio85], see also [Str08] for an exposition in book form) to
\Up|p* dvg , four situations may occur: compactness, concentration, dichotomy or vanishing.
Dichotomy is classically forbidden by (2.50). To be convinced of this fact the reader could
mimic the proof of Theorem 4.9 of [Str08]. Concentration without compactness cannot
happen since supq v, = v,(0) = 1. As for vanishing, since v, is bounded in L*, by
applying Moser’s iterative scheme (see for instance Theorem 1 [Ser64]) to (2.43), one gets
the existence of some C' = C(n, o, C; ' 12| |vp| 277, C P Ay, |lgllo) > 0 such that for any

p>1,

1
%

P
1= sup v,<C / v, | (2.52)
QpNBg, (0,1/2) QpN By, (0,1)

where ||g|lo, is the norm defined at page 308 of [Pet06] (see Definition 1.0.5). Since
a careful analysis of the proof of Theorem 1 of [Ser64] combined with (2.37), (2.40),
(2.41), (2.42), (which imply, by a change of variables in the integrals, that a,p|[v,|[>" =
aptb|[up|[*7P — 0, thanks to the fact that a, — 25l + o € R, hence a,, is uniformly
bounded), and the C° convergence of the metric tensor due to Theorems 72 and 76 of
[Pet06], when p — 17, shows that C' is uniformly bounded with respect to p. Thus
vanishing cannot happen. Another way to see that our problem have no vanishing is to
apply directly Lemma 2.1.1 with g = g, and v = v, this is justified because in equation
(2.43) we know that aypz|lv,||2 P — 0, and C;'A, — K(n,1)~". Then for p close to 1,

p,39p

we can consider that v, satisfies the following inequality in the sense of distributions

p*—1
Ay gUp < Avp ,

where A depends only on n. Compactness implies that |v,[?"dve — |vg|7-Tdve that
is [|Tpll 2 — [lvoll ».. To see this we observe that by the compactness case of the
concentration-compactness principle we have that for all € > 0 there exist R. > 0 and
pe > 0 such that

1_5g/ Wdve <1+z, p<ps,
BE(O,RE)

n

passing to the limit when p — 17 yields fan vy ™' =1, since

1—e< / vy tdue = lim vg*dvg <1+4-¢,
+
Be(0,Re) P=17J Be(0,R.)
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and

/ ¢ Tdve = lim v du. (2.53)

E_>0+ B{ (07R€)

It is clear that [|7,[| »_ is bounded by all p > 1, on the other hand, as is well known
L+-1(R") is a reflexive Banach space thus #, — vy weakly in L#-1(R"). A classical
result ensures that weak convergence and convergence of norms as in (2.53) gives 0, — vy
strongly in L1 (R").

Since we have that [g, [V,|dve = [g. |[Vvo|dve = K(n,1)~". Then v, is a minimizer

for the Wh! Euclidean Sobolev inequality which verifies

/ vg tdo = 1.

Thus there exists yop € R™, A\g > 0 and Ry > 0 such that

Vo = )‘OlBg(yO,Roﬁ (2'54)
where 1p,(y,,r,) denotes the characteristic function of the Euclidean ball Be(yo, Ro), and
moreover, since v, < 1 in ), we obtain by pointwise convergence a.e. dve that 0 < Ay < 1.
On the other hand v, < 1 and the strong convergence in Ln (R™) give that for all ¢ > =4,
U, — vp strongly in L?(R™). Therefore

: 1 n
NVe(Be(yo, Bo)) = Tim [ 55 dvg = 1, Vg > ——.

p—)l+ Rn

Taking the limit when ¢ — 400 we deduce that Ay cannot be strictly less than 1, thus we

get A\p = 1. So we have
Wn—1

Ve(Be(yo, Ro)) = ——Rg = 1. (2.55)

n
Up to changing z; into exp, (tpyo) in the definition of v,, 2, and g,, we may assume that

Yo = 0. In particular we have
lim 0, = 1p.(0,r,), strongly in La1(R"Y), (2.56)

p—1

and that for any p € C°(R"™),

lim/ Vo[ pdvg :/ pdoe, (2.57)
=1 Jgn 8B¢(0,Ro)
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where dog is the (n — 1)-dimensional Riemannian measure of 0B¢(0, Ry) induced by the

metric £ of R". Consider the extremal functions V, € W'(R") for K(n,p)™? defined

Vy(z) = (1 + (%) pgl) - , T ER", (2.58)

a simple application of the concentration-compactness principle, using (2.57), gives

below

lim ’V&(’INJP — V;,)|5dvg = 0. (259)

p—>1+ Rn
Applying again the Moser’s iterative scheme Lemma 2.1.1 to (2.43) with the help of (2.56),
we also get that for any R > R,
lim sup v,=0. (2.60)
P=1T 0\ By, (0.R)
The application of Moser’s iterative scheme is possible in strong bounded geometry be-

cause of the same arguments leading to (2.52).

Step 3 In this step we want to obtain from the L7+ -estimate (2.56) the pointwise
estimates (2.72), (2.73) which gives estimates on the decay rate to zero of v,(z) when
|z| = +oo. For more details one can see for instance [Dru02b] and [Dru99]. With this

aim in mind let us define

n_g

wy(@) = |z[» " vy(), (2.61)

and let z, € €, be a point where w,, attains its maximum, i.e.,

wp(2zp) = l[wpllo- (2.62)
Suppose by contradiction that
T iyl = T w5(2) = +o%. (2.63)
Now we set
v = (),
this implies by (2.63) that
lim | 2,|v,(2,) 77 = lim ol _ oo (2.64)
p—1 p=1 1
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Using the fact that v, <1 in Q, and (2.61), we conclude that
,ljl_rﬁ |2,| = +o0. (2.65)

Consider exp, . the exponential map associated to g, at z,, let Qp =v, ! exp;;zp (€2,),
the metric g,(x) = exp . gp(vpz) for x € Q,, and the function given by

op(z) = Vgilvp(expzp(ypx)) for z € Q,, ¢p(z) =0inz € Q;

Then for z € B¢(0,1), by (2.64), and (2.65), we can prove that ¢, is uniformly bounded
in B¢(0,1), and verifies (2.68).

In fact, for x € Be(0,1), and by the definition of the exp, . map we have

VP 2 dgp (ZPJ eXpr (VP$)>7

using the triangular inequality get

v

| exp,, (1) | |2p| = dg, (2p, exp,, (1)),
> [z — vy
A=
= |z| - <wp(zp)|zp| P>
_Db
= (1= wp(5)77) I3 (2.66)
Since w,(z,) — 400 when p — 1 and p_Ln < 0 for values of p very close to 1, and since

(2.62) and (2.63), are valid for x € B¢(0,1) we obtain

1
| exp,, () | = §|Zp|- (2.67)
Rewriting in terms of w, we get
n_q
Pp(z) = vy Up(expzp(ypgj))

n

= v wy(exp,, ()] exp,, ()| v.

Since 1 — % < 0 for values of p close to 1, we obtain

n_ 1 1-3
o) < of wfern., (4a)) (51al)

and since z, is the maximum of w,, we have wj(exp, (v,7)) < w,(zp), thus

@,(x) < 2%_1|Zp|1_%Vp5 wp(zp),
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and we know by definition that v,(z,) 'w,(z,) = |z,|» *, we are lead to
dplr) <27,

that is, ||é | (B (0,1)) < 2» ! Substituting in (2.43) a straightforward computation gives

that ¢, satisfies

CpAp,§p¢p + %MﬁVﬁH%Hi”(ﬁZ*l = )‘pﬁbz*ila in Qp7 (268)

and ¢, = 0 in 8Qp. Since ¢, is uniformly bounded we can apply Moser’s iterative scheme
Lemma 2.1.1 to the equation (2.68) to get the existence of some C' > 0 independent of p
such that
p
1=¢,00< sup ¢,<C / ¢b dvg, . (2.69)
QpNBe(0,1/2) g
For a subsequent use remember that

*

[ QSZ*CZ’ng = / vb dvy,. (2.70)
QpNBe(0,1) QpN By, (2p,vp)

Again an application of the Moser’s iterative scheme Lemma 2.1.1 is legitimate by the

same arguments leading to (2.52). Therefore by (2.69) we get immediately that

lim inf / w2 dvg, > 0. (2.71)
ng(ZP:Vp)mQP

p—1

By (2.69) and (2.70) given R > 0, we get By (0, R) N By, (2,,1,,) = 0 because |z,| — oo

when p — 1. Furthermore

_ D* — D" D"
1= / vy dug, = / v, dvug, + / vy, dvg,,
Q QpNBy,(0,R) 2\ By, (0,R)

P

on the other hand by (2.47), (2.48) we have

(1—Cu§)/ Ug*d’t)g < / vg*dvgp
Be(0,.2) NBy, (0, 7)

< (1+C',u12,)/< R)vz*dvg,

Bg O’T;z;
taking the limit when p — 1 in the last two equations, using (2.53), (2.56), (2.71) and

remembering that p, — 0 when p — 1% we get easily

0 < liminf vl dvg, < liminf vb dv, =0,
—1+ b ’ p—17t P v
p ng(Zp,Vp)ﬂQp QP\BQP(O,R)
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which is the desired contradiction. Since this contradition comes from taking for granted
(2.63), we are lead to negate (2.63) and to have the existence of some C' > 0 such that

for any p > 1, and for all z € €2,

n

wy(z) = |z|» v, (x) < C. (2.72)

In the same way, using (2.72), one proves thanks to (2.60) that for any R > R,
lim sup |z tu,(z) = 0. (2.73)
P\, (O.R)

To prove (2.73) we argue by contradiction so we suppose that there exist y, € €2, and

6 > 0 such that

lim |y,| = 400, and w,(y,) > 6.
p—1

1-2 ~ n 1-2
Define v,(y,) = vp 7, and Q, = v, exp, '(€,). Observe that w,(y,) = |7 vy 7 >0

For z € Q,, let ¢,(z) = Vg_lvp(expyp(vpx)) and ¢,(x) = 0in = € Qg, and g,(x) =
exp,, 9p(Vp).

Now for any = € B (0, %&%p), by the same arguments that above, we get that

|exp,, ()| > 2|yp|. Then using (2.72), we get that

n_ n_1 _n
Pp(z) = vy Up(eXpyp(me)) =1 wp(eXpyp(Vpx)N eXpyp(’/plN1 P
< O My |y <020t
That is ||¢,|| L2\ < C2» 7671, and by Moser’s iterative scheme Lemma 2.1.1
Leo| Be 0,5671—17))
we get that
1
p*
1=o0< s szl g,
QN Be (o,ian%p) N Be (0755"”’)
On the other hand, since
vy dvg,,

*
/~ oy O dvg, = / o
QpNBe (0,55"*1’) QpNByg, (yp,§5”*17 l/;,,)

using the same arguments as above we get that for R > 0 for p close to 1

1 »
By, (yp, Z—lén—z’ z/p) N By, (0,R) = 0.
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But for R > Ry, by (2.60) we have lim, ,; SUP\ B, (0.8) Up = 0 and

1 »
€, N By, (yzm 55"7” Vp) C O\ By, (0, R),

thus

1 < lim sup op =0,
p—1 _ D
QpNBg (0,%5n—p)

which is a contradiction.

Step 4 Unfortunately the pointwise estimates that we obtained in (2.72) is not enough
to prove our crucial (2.91). For this reasons we need to improve it. This is the goal to
achieve in this step 4, which culminate in the proof of (2.74) below. Consider the following
operator

Lyu = CpAp g,u + O‘p/‘pHUsz PPt )‘pvz*ipupil‘
Choose 0 < v <n — 1 and put

npu

Gy() = Oplz[ =

where 6, is some positive constant to be fixed later.
We will use the following relation for the p-Laplacian for radial functions that could

be found in Lemma 1.2 of [Bie03] for an arbitrary Riemannian metric h
—Dppu = —Apeu+ Or)|dul~0,u.

and we obtain

Gp(z) n—p-—v\’ " .-
E I” 1 2 O (| ———— = Criplz® + op|vp |57 | fP — Aplz|Pol P,

Gp() p—1

in €, \ {0}. Here C' denotes some constant independent of p. Thanks to (2.40), (2.41),

(2.42), (2.73) and the fact that r, — 0 as p — 1, one gets that for any R > Ry, L,G,(z) >
01in §, \ By, (0, R) for p close enough to 1. On the other hand,

Lyv, =0 on 2,
in the sense of distributions. At last, it is not too hard to check with (2.60) that

v, <G, on 0By (0, R),
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if we take 6, = R7T . Now we may apply the maximum principle as stated for instance

in Lemma 3.4 of [AL99] to get,

n—p—v

0p(y) < <R> T\ B, (0, R),

[
for p close enough to 1. This inequality obviously holds on By (0,R) and so we have

finally obtained for any n —1 > v > 0 and any R > Ry, a constant C(R, ) > 0 such that

for any p > 1 and any y € ,,

n—p—
p—1

(%) wy(y) < C(R,v). (2.74)

Step 5 We give in this Step the final arguments to conclude the proof of our Proposition

1. We apply the W; (R") Euclidean Sobolev inequality to Uy

n—1

( / fiﬁﬁldvg) < K(n,1) / Ve, |cdve. (2.75)
Q, Q

P

Recalling the Cartan expansion of g, around 0, we have

1 o
dve = (1 " EuiRicg(xp)ijxlx] + O(Mf"x’Q)) Wep (2:76)

where Ric, denotes the Ricci curvature of ¢ in the exp, -map.

Remark 2.1.7. Notice that the reminder in the preceding equation a priori depends on
the metric tensor up to the third derivatives at x, for this reason we need in this proof to
have C® bounds on the geometry of (M",g) if we want that in the sequel the third term

and its integrals go to zero when p — 17.
Formula (2.76) is true because Ricy,(0) = 2 Ricy(exp, (0)) = ppRicg(x,). Thus, by
(2.44) we obtain

_n_ 1 L .
/Q Uy tdue =1+ éugRicg(xp)ij/Q z'rlvy dvg, + o (”127/9 ||*vP dvgp> .
P P

P

To estimate the last term on the right hand side of the preceding equality we need to

prove (2.77) and (2.78) below

o &t §ii - [Ho
/ r'rldve = — |22 dve = —/ / r*dogdr
Be(0,Ro) T J B¢ (0,Ro) nJo dBe(0,r)

5i Ro

r"ldr / dog
n Jo 0B¢(0,1)

5
- W, R 2.77
n(n+2)w 170 ( )



Let 3, = ”;f;” and R > max{1, Ry}, by (2.74) we obtain that

/ \xl%g*dvgp < CRP*BP/ |2 [>7P"Pr g
2p\B¢(0,R) Qp\Bg(0,R)

< C(1+Cl2)RV™ / 27 P g

< C(1+ Cui)wn_lRP*Bp/ p2—p*,3ppn—1dp
R

<

Ol Oty g [P N
1+ B (L)
( Mp)w 1 (n+2—p*5p> R

= C(1+Cp))wn1R"?5,, — 0,

1
. Using (2.56), (2.77), and (2.78) we conclude that

where f?p,n = m
p

i Scy(zp)
nfld =1 g\-"p e Rn+2 2 2
/Q R * 6n(n + Q)w gy olis):

P

and the expression on the right hand side of (2.75) becomes

o o (n —1)Scy(zp) nt2 2 2
(/Qp Up 1dv§> =1+ 6n2(n +92>p Wy RyT Mp—|—0(,up).

Denote by I the limit of the scalar curvature function at z,, i.e.,

ly ;== lim Sc¢y(z,) € R,
p—1+
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(2.78)

(2.79)

(2.80)

which exists and is finite because in strong bounded geometry [Scy(x)| is uniformly

bounded with respect to x € M. A fact that will be used often in the sequel is that

thanks to the hypothesis of C? convergence of the metric g to the metric at infinity we

have

ly = plgﬁ Scg(zp) = plifﬂ Scg(zop) = b,

(2.81)

since dg(xp, Top) < 7, — 0, when p — 1*. By the Cartan expansion of g, at 0, since

rp, — 0 as p — 1, we also have

ng

2
- - 2 U ~ -
|ngp\’£ = |V, 0f (1 + —6p\Vgpvp\ngmg(xp)(Vgpvp,.7:,:U,Vgpvp) + 0(,11?,\30]2)) ,

where Rmy, denotes the Riemann curvature of g in the exp, -map. Then, using (2.76),

we get
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2

N . P L
/ |Vetp|edve = / !Vgpvp\gpdvgﬁrnglcg(%)ij /Q 22! |Vt |edvg

P QP P

2
7 . 3 b
* 6p/Q |Vgpvp’gp1ng(xp)(vngp7I7x7Vgpvp)dvgp

+o0 (ui/g \x!Q\Vgpﬁp]gpdvgp> : (2.82)

Let us now estimate the different terms of (2.82). First, by equation (2.43) and relation
(2.36), we have

n(p—1)
~ _ gt n—p
/Q ‘vgpvp‘gpdvgp - ’yp,n/ UP ]Vgpvp\gpdvgp
P

P
p—1 ES

P p
:Y;,n (/ U]IJJ dvgp) (/ ‘vgp Up|§p dv9p>
Qp Qp

1
7;,71 (>‘p - O‘pﬂp”“p”?o) :

IA

IN

1 B 1
= iz,nAI% (1 - O[pll’bp)\p 1||UP||[2)) :

1
< K, 1) (1= o, Hlvllp)
where 7 1= p(nnf;l). Since, by (2.56) and (2.74), ||vp|lg,p = 1 + 0(1), We get
\/Q |vgpﬁp|gpdvgp S K(TL7 1)_1 - %K(nv 1)”;2) + 0(:“;2)) (283)

By Holder’s inequalities, we have

n(p—1)
AMﬂwmw%=%%jfwmeww
P

P

p—1 1
p P
- . 2
=S O A I
QP QP
=%, ( /

Multiplying the equation (2.43) by |x|*’v, and integrating by parts, one gets

1
P
|x’2p|vgpvplzpdvgp) :

P

/{; ’vgpvp‘p72<vgp(|x|2pvp)v Vngp>dng = Cpl)\l’/g; ’x‘%%)*dvgp

— ol | JePropu,
D
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By (2.74), every term on the right hand side of the preceding inequality is uniformly

bounded with respect to p, then we conclude that
| 190l 90,70, ¥y, 0)du, < €, 284
QP

for some C' > 0 that does not depend on p. Furthermore by Cauchy-Schwarz’s inequality

we get that

| Tl 2090, (o0, Ty, = [ 119,01
Qp Qp
o IVt Vi (). V),
D
> [ 1190,
Qp
= 2 [PV ()
D
= [ WYy,
QP
- 2p/ ’x‘Zpilyvgpvplpilvpdvgp'

Qp

Therefore we are lead to
L el i, < [ 1900l T (70, V0o,
P P

+ C'/Q |x|2p*1\vgpvp|§;1vpdvgp
P

C
p=1 1
+ C(/ |$|2p]Vgpvp|§pdvgp> (/ \a:]pvgdvgp> ,
Qp Qp

where C' denotes some constants independent of p. By (2.74) we see easily that

IN

pr |x|pv£dvgp, is uniformly bounded with respect to p. Then by Young’s inequalities,

one deduces that

p—1
p

]x\2p|vgpvp\§pdvgp SC + C ( ’x‘zp’vgpvp‘gpdvgp>

Qp Qp

cr p—1 ) porl
SO + ? + T (LP |I| p|v9pvp|zg)pdvgp> )

-1\ o -
[ ek, < (1-222) (04 S <¢,
Qp ! P j%

and so
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with C' > 0 independent of p. That is

| 100l o, = 00V (2:55)

Now for some R > Ry, we get readily by (2.57) that

/ Vetp|ex'a!dve = 0(/ |$|2|V577p|fdvf>
Q Qp\Be (0.F)

D
+ / z'z’doe + o(1).
B¢ (0,Ro)

By Hoélder inequality we obtain

- p(n—1) Z
/ [*1V5,%plg, dvg, < Tn—p / |x]2p|Vgpvp]§dvgp :
QP\B§(07R) n p QP\BE(O’R)

Multiplying the equation (2.43) by |z|*v,, integrating over Q,\ B¢(0, R) := Q, and using
Cauchy-Schwarz, Holder inequality and later by Young inequality we obtain
Tt < [P0l T 1), Vo,
P

+ QP/Q |x|2p_1|vgpvp|§p_lvpdvgp
P

S /Q ‘Vgpvp|§;2<vgp(|x‘2pvp>7 Vgpvp>gpdvgp
P

p—1

p—1 1
p p
+ 2p ( |x\2plvgpvp|§pdvgp> ( |x]pvf,’dvgp>
o Q;

S /{; ‘vgpvp|§;2<vgp(|x|2pvp)7 VQpUp>gpdvgp
P

+ 2(p-—1) |x|2p|Vgpvp|§pdvgp + 2/ |z|Pvbduy,.
o Qs
At last we obtain that
0<(3—-2p) o |$|2p|vgpvp|§pdvgp < /Q |vgpvp|lg);2<vgp(|$|2pvp): Vgpvp>gpdvgp
P p

+ 2 [ |z[Pvhduy,.
%

But when p — 1, by (2.74), the terms on the right hand side go to 0, then we can conclude
that

/ \x!Q\ngpkdvg — 0. (286)
Qp\B{(O,R)
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Thus for the second term on the right hand side of (2.82) we see that

Wn—1

Ry, (2.87)

liny Ricy(z,); | Ve fcrtal =

Now, we look at the third term on the right hand side of (2.82). Since VV,, V,, as in

(2.58), and = are pointwise colinear vector fields, we have
Rimg(2)(V g, Up, @, 7, Vg, Up) < C|x|2|v£@p|£|v£(@p —Vo)le- (2.88)

Now by (2.88), integrating over Q, N Be(0, R) := Q, we have

~ =1 ~ ~ ~ 1—1 2 ~ ~
/{z ‘Vgp”p‘gp Bmg(zp)(Vg,Op, x, T, Vg, Op)dvg, < /fz C|V9pvp\gp |27 Vetple| Vg, (Op — Vp)ledvg,
P P

IA

cr (1+cu2) /ﬂ V¢ (T — Vp)ledve.
This last inequality combined with (2.59) yields to

lim |Vgpz~)p|g_lemg(xp)(Vgpﬁp, z, 1,V Up)dvg, = 0. (2.89)
P=1JQ,0B:(0,R)

We want to estimate the integral of the same integrand function of (2.89) but outside
Be(0, R), for this we have

/ IV gpplg,) Rimg(2p)(V g, op, @, @, Vg, bp)dvg, < / CA2|z|2\vgp5p\;p1|Vgp5p|§pdvgp
Jp\ B¢ (0,R) JQp\ B¢ (0,R)
< Oa (14 0up) o\ e (0,10 |21V g,, O dve
(2:56) (2.90)
Combining (2.89) and (2.90) we conclude that
. ~ =1 ~ ~
;gr% /Qp Vg, 0|y, BRmg(2)(Vg, Up, , 2, Vg, 0p)dvg, = 0. (2.91)
Finally, substituting in (2.75), using (2.81), and (2.79)-(2.85), we obtain,
(n — 1)[2
LR 2
< K@) [Kn )™ = K@, D]
Whp—1 n
+ K(n1) [6—nRo+1l2M§} +o(uy)
_ @p 2 2
= 1- 7K(n,1) 1y
K(n,Dwn—1 .,
+ TRO-HZZM?Q + 0(#12)).
1
n— 1 1 " R _ )
Since 2r=l — —, and K(n,1) = —( n ) =2 a straightforward computation
n Ry n \ Wnp—1 n
leads to

2 2
e 2l2> py, + o(p,) < 0.
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This gives the desired contradiction by letting p go to 0, recalling here that [; = [y by
(2.80) it holds

n

ly =0 > 0. (292)

Iy — o = 1i —
n—|—21 50+n+22 pirgozp n -+ 2

This ends the proof of Proposition 1. O

We are now ready to accomplish the proof of our global comparison theorem for
small diameters in C3-locally asymptotically strong bounded geometry. We use the same
argument used in [Dru02c], for completeness’s sake we write the details here as pointed

out to us by Olivier Druet in a private communication.

Proof of Theorem 0.0.2. The Proposition at page 2353 of [Dru02c| rewritten in this text
as Proposition 2.1.1 says that for any € > 0, there exists r. = r.(zo, M, g) > 0 such that
if @ C B,(xo,re), then

Vg(Q)TLT_1 < K(n,1)24,(00)* + K(n,1)? (n :L_ 2ch(x0) + 8) V, ()2

By assumption we know that Scy(xg) < n(n — 1)ko, so that applying the preceding

inequality with
n
€= OE) [n(n — 1)ko — Scy(z0)] > 0,

we get that there exists r > 0, ro(x, M, g) > r > 0 such that if Q C By(zo, ), then

2n—1

V()" < K(n,1)24,(00)? (2.93)

+ K(TL, 1)2 (n n 2n(n - 1)/{30 - m&‘o) ‘/g(Q>2

n

where g9 = n(n — 1)k — Scy(x) > 0 fixed. Now let B, be a small ball in the model space
(M, , gk, ) of constant sectional curvature kg and volume v, for any V4 > 0 (small enough
in the case of the sphere, i.e., ky > 0) there exists Cy = Cy(n, ko, Vo) > 0 such that for

balls of volume 0 < v < V4 it holds

Vi (B)*5 = K(n,1)°A,, (9B, )
n
+ K(n, 1)2n+2n(n—1)k0ngO(Bv)2 (2.94)
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If we assume that V,(2) =V, (By) = v < Vo, we get that

n(n — 1kov* — Cov®"

K(n, 1A, (0B,)* + K(n,1)

n+ 2

S Uzn;2
< K(n,1)2A4,(00)

2 _ _ n 2
+ K(n,1) <n n(n — 1)k 2(n+2)€0> v

that is,
2 o 2 —2, 2042 n 2
Ay, (0B,)” < Ag(09Q)" + CoK(n, 1) v 3n+2) 2)601)

If we choose v < V} < Vi < min{1, |7 (MZO)} !, with the property that

Coln, ko) K (n, )2V — . v2 <0
o\t O ) 1 2(n+2) (IS )

which is always possible to find, then we get
Agko(ﬁBv) < A, (09).

Thus there exists Vi = Vi(n, ko, Vo, Scg(x0)) > 0 such that if Q C By(xg, ) with volume
Vo (By) = v < Vi, then the comparison inequality (4) of the theorem holds. Now, up
to lower a little bit r (depending on curvatures of M), we are sure that any domain
Q) C By(xg,7) has volume less than that of the ball B,(x,r) which can be chosen to be

less than V; and the theorem is proved. O

The following proposition is an immediate consequence of Proposition 1 and the proof

is left to the reader.

Proposition 2. Let (M, g) be a complete Riemannian manifold of dimension n > 2 with
C3-locally asymptotically strong bounded geometry smooth at infinity. For any e > 0 there
exists re = r-(M, g) > 0 such that for any point vy € M, any function u € C°(By(xo,1:)),
we have

lull2e_y < K(n, 1)* (IVgulli, + acllullf ) . (2.95)

where a. = 155, + ¢ with Sy 1= sup,cp{Scy(r)} € R.

'min{1, +oo} is assumed to be equal to 1.
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Remark 2.1.8. We notice that the constant r. = r.(M, g) > 0 is obtained by contradiction

and that the proof does not give an explicit effective lower bound on it.

We are thus led to the following version of Theorem 1 of [Dru02c|, namely our Theorem
1, in which an uniform estimate of a lower bound on 7, is obtained provided M is of C3-

locally asymptotically strong bounded geometry at infinity.

Proof of Theorem 1. We proceed as in the proof of Theorem 0.0.2 using our Proposition
2 instead of the Proposition at page 2353 of [Dru02c]. This gives the existence of an
uniform r.(M, g) > 0 independent of xy. With the help of Bishop-Gromov Theorem we

have for every 0 < r < 1.
VQ(BQ(IOJT)) < ng(ng<l‘0,T)) < C(RJ{J)T’n,

where k is a lower bound on the Ricci curvature of (M,g). So we can take a radius

r =r(n,k, ko, Vo, Sy) > 0 such that

n ‘/l(na kOa‘/OaSg)
r < \/ o (2.96)

where V; is as in the proof of Theorem 0.0.2 with ¢ replaced by £y = n(n—1)ko— S5, > 0.

Observing that we can take for example Vo < min{1,V,, (MZO)} fixed we obtain

r= T(n, k? kO? Sga T€0<M7 g)) ‘= min { v‘/l(nélzz"]f;, Sg) ) 17T§0(M> g)} > 0.




Chapter 3

Mild bounded geometry and the

proof of Theorem 2

3.1 In mild bounded geometry isoperimetric regions
of small volume are of small diameter

In this section we work with just a fixed Riemannian metric g defined on M.

Lemma 3.1.1 (Lemma 3.2 of [Heb99]). Let (M™, g) be a smooth, complete Riemannian
n-dimensional manifold with weak bounded geometry. There exist two positive constants
Chey = Chep(n, k,v9) > 0 and v := v(n, k,vg) > 0, depending only on n,k, and vy, such
that for any open subset Q0 of M with smooth boundary and compact closure, if V,(2) < v,
then ClepVy(Q)" 5 < Ay(89).

Remark 3.1.1. After Theorem 1 of [MFN15] we know that we can extend the preceding
lemma to an arbitrary finite perimeter set simply by approrimating with open bounded
with smooth boundary subsets having the same volume, or simply by the more classical
approximation theorem of finite perimeter sets by open relatively compact with smooth

boundary subsets.
Let us introduce a crucial notion for the remaining part of this section.

Definition 3.1.1. We say that a sequence (D;) of finite perimeter sets, D; C M, with

40
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finite volume V,(D;) — 0, is called an approximate isoperimetric sequence, if

Pg(Dj) _

lim ———"—
1700 Vo(Dy) =
IM,g(U)

where A = lim infv_>0+ m
Remark 3.1.2. Comparing with geodesic balls we have clearly that X < ¢,, where ¢, is

the Euclidean isoperimetric constant defined by Ign(v) = cov™n, Yo €0,V (M)].

Remark 3.1.3. When (M™,g) have weak bounded geometry then X\ > Cyep(n, k,vo) > 0,
because of Lemma 3.2 of [Heb99] reported here in Lemma 3.1.1 and the related Remark

3.1.1. Actually X is the best constant appearing in Lemma 5.1.1.

Remark 3.1.4. When (M",g) have strong bounded geometry then \ = c,, this is an
easy consequence of the Théoréme of Appendice C at page 531 of [BMS82]. We wrote an

alternative proof of this last fact, based on Theorems 1 and 2, in our Theorem 3.1.1 below.

We recall here three well known lemmas (see for instance Corollary 2.1 of [Narl4a])

that we will use often in the sequel.

Lemma 3.1.2. Let (M™,g) be a complete Riemannian manifold with weak bounded ge-
ometry. Then for each r > 0 there exists c; = ci1(n, k,r) > 0 such that Vy(Buy(p, 7)) >

c1(n, k,r)vg, where c1(n, k,r) = min {ﬁ7 1}.

Lemma 3.1.3. Let (M™,g) with weak bounded geometry. Then there exist two positive

constants Cy; = Cy(n, k) > 0, Cy = Cy(n, k) > 0 such that for every 0 < r <7 =7(n, k) :=

. V(n—1Ik|
minq l,e” = we have
doubling+noncollapsing Bishop—Gromov
voCyr" < Vy(Bu(z, 1)) < Cor™, (3.1)
o _ 1
where C; = Cy(n, k) = V=L

Lemma 3.1.4. Let (M™,g) with weak bounded geometry. Then there exist two positive
constants v, = v1(n, k,vg) > 0 and C5 = C3(n, k) > 0, such that for every 0 < v < v, we
have

) < Cyn. k), (3.2)

Here vy := min{1, v}.
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Lemma 3.1.5. Let (M™, g) be a complete Riemannian manifold with weak bounded geom-
etry. There exists a positive constant N = N(n, k,vy) > 0 such that, whenever D is a fi-
nite perimeter set with finite volume and 0 < R < R = R(n, k) := min {1, 26@, %r}
there exists a partition (D;); of D, i.e, D = U;D;, where every D, is a set of finite perime-

ter contained in a ball of radius R and such that

V,(D)
(ZP Dl>— y(D) < N(n. ko)== (3.3)

Proof. Let (p;)ien be a sequence of points of M such that {B(M,g) (1, %)} is a maximal

set of disjoint balls. It is straightforward to show that

R
M = UB(M’Q) (pl, 5) .
l

Set A := {p; }ien. By coarea formula we can cut D with a ball of radius r; centered at py,

such that g <r < R and

2V, (D)
D)

Ag(D N OBarg)(pi,m1)) < (3.4)

Consider D\ (UJ,0Bm(pi, 1)) = Ole- Then there exists a constant N = N(n, k, vo) > 0

+Va(D)
(ZP Dl)— §(D) < 4N~

Note that by a simple combinatorial argument, N could be taken as an upper bound of

such that

the greatest number of disjoint balls of radius % contained in a ball of radius ;ZR. This
upper bound depends only on n, k, vy since for every x € M by our assumption R < R

and by Lemma 3.1.3 it holds
NCl (n, k’) (%) Vo

IN

> VBuln )

pi€Buy (2,5 R)

- ()
Bishop—Gromov 7 7 n
pS Va, (BMZ <ZR)) < Cy(n, k) (ZR) ;

where C(n, k) = Setting N = 4N we finish the proof of the lemma. O

o/ 1)\k

The following lemma, is the analog of Lemma 2.3 of [Narl4b], but with a different

proof that makes it true under weaker assumptions on the bounded geometry of (M, g).
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Lemma 3.1.6. Let (M™,g) be a complete Riemannian manifold with weak bounded ge-
ometry, and D; C M be a sequence of finite perimeter sets with finite volume. Then there

exist a partition of D; by finite perimeter sets of D; = LOJID]-J and a sequence of radii R;,

- T Vo(Dp)Y"
such that diamg,(D;;) < 2R;, with lim;_, — g = 0, Rj — 0, and
J
1
lim sup E Py(D,; —P,(D;)| ———— =0. 3.5
e ( ol )> e T &

Proof. 1t is enough to apply (3.3) with D = D; and R = R, := V,(D;)%, with 0 < a <
[

3=

We are now ready to prove Theorem 2.

Proof of Theorem 2. Consider an arbitrary sequence of finite perimeter sets (2; such that

vj = V,(Q;) — 0. By Lemma 3.1.6 we can find a partition of €2; satisfying (3.5). For

sufficiently large j we have R; < r where r = g and d is given by Theorem 1. Set
. 1 .
n; = N(n, k,vo)%, with R; >> vr, from which it follows ;—Jj — 0, when 7 — +o00, we

obtain
IMZS(:}J')_ ZL < Zleﬁ(Uj,l)_ 7& (3.6)
v; " v; " v " v; "
< 2Pl 37)
v; " v; "
< Polll), (33)

n
Yj

where the first inequality is due to the strict subadditivity of [Mﬁo’ the second is due to
Theorem 1 (because diam(€2;;) < d for j large enough), and the last inequality is due to

Lemma 3.1.6. For all j large enough we have that

hee (0;) T () .
(l—g)—o g B0 (3.9)
vj” vj” vj”

thus
Dy, (V) Py(y)
n—1 n—1

n n
Yj Uj

The last inequality combined with (3.6)-(3.8) easily establish the validity of (1.3) and

(1—-¢)

complete the proof of the theorem. O
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Corollary 3.1.1. Let (M™, g) be a complete Riemannian manifold with C®-locally asymp-

totically strong bounded geometry smooth at infinity. Then

.. Iu(v)
lim inf — = = ¢y,
vo0+ o,

n

n—1

where ¢, is the Fuclidean isoperimetric constant defined by Ign(v) = cpv n .

Proof. Take an arbitrary sequence v; — 0 and a sequence of positive real numbers €; — 0,

by the definition of I, we know that we can take a sequence of finite perimeter sets 25,

such that V,(€;) = v; and
Ingg(vy) < Py(y) < Iarg(vs) + &5 (3.10)

Passing to the limit in (1.3) or using (3.9) combined with the asymptotic expansion of
the perimeter of geodesic balls in the model simply connected space forms in function of

the volume enclosed it follows that

cn < liminfw. (3.11)

jotoo
J

With Inequality (3.10) and Inequality (3.11) in mind the corollary follows without any
further difficulty. O

Before to continue, let us state some results of independent interest that will be crucial

in the proof of Lemma 3.1.9.

Theorem 3.1.1 (Selecting a large subdomain non effective). Let (M™, g) be a complete

Riemannian manifold with weak bounded geometry, and (D;); is an approximate isoperi-

metric sequence. Then there exists another approximate isoperimetric sequence (D;) such
. Vy(D;AD)) , V(D) ) Pg(D;-) B . )
that lim,_, V;,Tj)J =0, lim;_, Vg(Dj) =1, lim; P,(D;) = 1 and diamy(D’;) — 0,

when j — o0.

Proof. We perform the same construction of a partition as in the proof of Lemma 3.1.5
applied to any D; with a suitable radius R; that we will choose later, and obtain a suitable

partition D;; of D; a maximal family of points A; such that

(Z Pg(Dj,l)> — Py(Dj) < N(n, kavo)%g?j)- (3.12)
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Set v; := V,(D;), by the definition of A and of I);, we get that for large j it holds
Py(Dj1) = Tnrg(Vy(Dya)) = Mol 0™, (3.13)

where v;; := V,(D;;). Trivially for large j we have V,(D;;) < v; < v and the Euclidean

type isoperimetric inequality for small volumes holds. This implies by Lemma 3.1.5 that

1

SO AV, (D) D/n _ > P.(Dj1) < Py(D;) N Nﬁ (3.14)
n—1)/m =7 -h/m = =l R;’ '

Uj Yi vj

Using the arguments of the combinatorial Lemma 2.3 of [Narl4db] applied to f;; =

V,(D;
o J,l)7 we get that f; := max{ fj1, ..., fj1,} satisfies

Uj
1
— - =t 1 Py(D;) v
ij,lfj LS ij,zfj,l = ij,z <3 Tt +NE ;
l ! ! v;
hence n
. A
I; =z T (3.15)
PuDy) | N
BN
i
Without loss of generality we can assume that f; = f;; and so
A
Vo(Dj1) = v; T (3.16)
Pallp) + NI
n J

s
On the other hand we recall that by construction there exists a point pp, € A; depending
on D; such that D;; C Buy(pp,, R;). Fix an arbitrary sequence p; — +oo and set
R; == pjuf, D} = By(pp,, B;) O Dy, v} = Vy(DY), by := Py(Dy, Brt(ppy, R)), loy =
Py(Dj) =l j, Aj :=Py(D}) = l1;+ %, and Av; := v; —vj we have D;; C D} C D; thus

v

lim =1, (3.17)
J—r+oo Vj
Av; A A
ﬁﬁl— ——| =l- 55— - (3.18)
V; ® PD;) | N
’ PO 4 N =
Av.:
e (3.19)
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4, 1, (3.20)
Pg(Dj)
— (3.21)
Py(D;)
lg - 0. (3.22)
vj"
O

Essentially Theorem 3.1.1 says that for small volumes approximate isoperimetric se-
quences have all the mass and perimeter that stay inside a ball of small radius. What will
be proved further in Lemma 3.1.9 is that in fact the part outside this latter ball does not

give any contribution and actually for small volumes is empty.

Definition 3.1.2. Let (M", g) be a Riemannian manifold. We say that (M™, g) satisfy

(H), if there exists a positive constant A > 0 such that

I I I
10) _ i g 200 _ iy g 200 _ (3.23)

v=0t pTa v—0t U n

lim

v—0+ v

In the next theorem we will give a little more refined proof of Theorem 3.1.1 having

the advantage of being effective.

Theorem 3.1.2 (Selecting a large subdomain effective). Let (M™, g) be a complete
Riemannian manifold with weak bounded geometry and p > 0. Then there ezists
Uy = Ua(n, k,vo, ) > 0 such that for any finite perimeter set D with volume v < 0

there exists pp € M, and another finite perimeter set D' := BM(pD,;w%) ND C D such

that .

V,(DAD) A
NI | A 24
o) S| Em | 324

v H
Vy(D') A

> 2
VD)~ BT 529

v H

where A is as in Definition 3.1.1. In particular diamgy(D') < v

Proof. First of all choose 15 < min{%,@l}, where R is as in Lemma 3.1.5 and #; is as
in Lemma 3.1.4. Then perform the same construction of a partition as in the proof of

Lemma 3.1.5 applied to D with radius R := /w%, and obtain a suitable partition (D),
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containing a finite number Ip of components D; = UD; joint with a maximal family of
points A such that

(iﬁﬂm>4ym§thw%gx (3.26)

Set vy := Vy(Dy), by the definition of A and of I, it holds

Py(D1) = L (Vy (D)) = Ao, ™ . (3.27)

Since v < 7, we have V,(D;) < v < 0y and the Euclidean type isoperimetric inequality

for small volumes holds. This implies by Lemma 3.1.5 that

SUAV(D) I 37 Py(Dr) _ Py(D) v
D/ < D/ < g + Nf' (3.28)
. . : S . _ Vy(Dy)
Using the arguments of the combinatorial Lemma 2.3 of [Narl4b] applied to v, := ,
v
we get that v* := max{vyi, ..., v, } satisfies
L1 1 1 1 |P(D v
DT> =) " <+ PD) | o
! ! ! AL v R
hence .
A
7= | (3.29)
Py(D) vn
o TR
which implies
~ A
Vo(DY) 20 | o |, (3.30)
BB 4 Nex

where D) is one of the connected components of the partition (Dy); of D that satisfy

Yoy ~*. On the other hand we recall that by construction there exists a point pp € A

v

depending on D such that D} C By(pp, R). Set D' := Bu(pp, R)N D, v' := V,(D’), and
Av := v — v we have l~?’1 C D" C D thus by (3.30)

n

A

Po(D
_971(;1)4_%
v on

: (3.31)

v
-2
(%

uniformly with respect to all finite perimeter sets D of volume v. Furthermore, it is also

casily seen by (3.30) that

n

el PQ [ AR (3.32)
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Remark 3.1.5. At this stage we made the choice of not controlling the perimeter added
cutting with a ball of radius R by a coarea formula argument. We recall that this is always
possible (by coarea formula) up to take a slightly larger radius R + npR for a suitable

O<’I7D<1.

]

The following lemma have its own interest. Its proof is based on the adaptation of the
arguments of the Deformation Lemma 4.5 of [GR13] and of formula (9) of [GMT83] also

named Almgren’s Lemma in some literature see for instance the book [Mag12].

Lemma 3.1.7 (Theorem 2.10 of [Giu&4]). Let Q be a bounded open set in M™ with
Lipschitz continuous boundary OS2 and let f € BV (). Then there exists a function
¢ € LY(00) such that for H" -almost all z € O

im " | ) el =0 (3.33)

p—07t

Moreover, for every X € X(M),
/ fdiv Xdv, — — / (X, V f)ydu, + / O, Vg dHI (3.34)
Q Q o9
where v is the unit outer normal to 02 defined H;‘_l a.e. on 0S).

The preceding lemma justifies rigourously the following definition.

Definition 3.1.3. For every f € BV(M,g) every D C M with Lipschitz continuous
boundary 0D we define the trace of f on the boundary of D as the function ¢ €

LY(OD) of the preceding lemma and we will denote such a ¢ by fiop-
We define a concept that will be useful in the sequel.

Definition 3.1.4 ([Magl2], Section 5.3, p. 62). For any given t € [0,1] and E C M
measurable with respect to the Riemannian measure V,, we define the set E® of points

of density t of E as
EW .= {x e M:0"(xgV,,z) =1},

where ©"(xgVy, x) is the density of the measure xgV, at the point x. For the formal

rigorous definition of O™ (xgVy, ) the reader is referred to Definition 5.1.5.
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Remark 3.1.6. Notice that E®) is a Borel measurable set for any t € [0,1].

Lemma 3.1.8 (Deformation Lemma). Let (M™,g) be a Riemannian manifold, p € M,
B := Bu4(p,7) a geodesic ball with 0 < r < injy, k € R, (n — 1)k a lower bound on
the Ricci curvature tensor inside B, u : B — [0,+00[, u : x — dy(p, x), is the distance

function to the point p, E C M a set of locally finite perimeter in M. Then it holds

P,(B,(M\ E)V) < P,(E, B) + gvg(B \ B), (3.35)

W

where ¢ = c(n, kyingy) = 14+ (n — D)eg(ingar) > 0 is a positive constant, (M \ E)'” is

the set of points of density 1 of (M \ E), t — cx(t) := t coty(t).

Proof. Applying Lemma 3.1.7 with Q = B, f = xge, and X := ¢2Vu, where £°:= B\ E
and ¢ € C}(Bu(p,injyr)) with the property that {z € M : dy(x,B) < e} C o (1) C
Bas(p, injar) for some small e > 0 (observe that this choice of ¢ yields X € X}(M)) leads

to

u
83; <vu7 Vert>d7'[;b_1

/XEcdivg (EVU) dv, = / X Ee
B r oB
— /<VXEC,@>CZUQ.
B r

Now by standard comparison theorems on the Laplacian of the distance function it is not

too hard to see that

/B Xpediv, (%w) dv, = /B e (”VfHQ + %d@'vg(vgu)) dv,
< [ e (3 102D conuio) ) o
< /BXEC G -1 1ck(r)> dv, ()
< (1t (= Varlr)) vy ().

On the other hand we know that

[ (o £02

dvy < P,(E, B),
g

and

Uu
Py(B\E,(M\ E)V)+H}"\(T") = / xeelos— (V. Veat)dH ",
0B
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where I' :== {2 € *E°N0*B : vge(v) = vp(x)} with vg being the measure theoretic outer

normal to €2, for any locally finite perimeter set 2. Hence

Py(B, (M \ E)V) = Py(B,B) < ~ (1+ (n = 1)ex(r)) Vy(E°).

S |

Notice that using the language of Theorem 16.3 [Magl2] we have of
Py(B, (M \ E)V) =H1(0*BN EY).

From the last inequality it is easy to deduce (3.35), after the simple observation that

cx(r) := rcoty(r) is a strictly increasing function in particular is bounded in [0, injy|. O

Vg = VB

4 =

Figure 3.1: Ilustration of the Deformation Lemma.

Remark 3.1.7. It is worth to recall here that by Theorem 1 of [GMTSE3] (which im-
mediately could be adapted to the Riemannian manifold because is a local theorem) an
1soperimetric region have always nonempty interior as well as its complement but a lot
of proofs of reqularity do not give a satisfying and uniform estimates of the radius of the

balls contained inside.

The proof of the following lemma is based on the adaptation of the arguments of the
Deformation Lemma 4.5 of [GR13] which in this context are given by our Lemma 3.1.8
combined with the arguments of Section 2 of [Narl4b] that are adapted here in Theorem
3.1.1 with the use of the Heintze-Karcher comparison Theorem of [HK78] combined with
the proof of Lemma 3.8 of [Narl5] and Theorem 3 of [Narl4a].
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Lemma 3.1.9. Let (M", g) be a complete Riemannian manifold with mild bounded ge-
ometry satisfying the condition (H). Then there exist two positive constants p* =
pr(n, kyinga, A) > 0 and v* = v*(n, k,injy, ) > 0 such that whenever Q C M is an

1soperimetric region of volume 0 < v < v* it holds that

Remark 3.1.8. In mild bounded geometry vy depends on k and injy, so in the preceding
lemma we have that pu* = p*(n, k,injy, ) and v* = v*(n, k,injy, N). In strong bounded
geometry condition (H) is always fulfilled, moreover it is known that X = c,, hence in
the preceding lemma when specialised to the case of strong bounded geometry we have
actually p* = p*(n, k,injy) and v* = v*(n, k,injy). The construction made to prove the
preceding lemma it is possible only because we assume positive injectivity radius. So the
mgectivity radius is hidden inside pu* and v* although it is tempting to prove Lemma 3.1.9

gust assuming M with weak bounded geometry instead of mild bounded geometry.

Remark 3.1.9. As already observed, if M have strong bounded geometry, then always

exists lim, o+ I]‘,f—ﬁl) = X and so in particular Lemma 5.1.9 applies to manifold with
strong bounded geometry. Unfortunately, we still do not know wether the existence of
Iﬂﬁ) = X could be dropped or not in the statement of the preceding lemma. Obvi-

v on

ously in weak bounded geometry or in mild bounded geometry, if one proves that A = c,,

lim, o+

then automatically condition (H) is fulfilled.

In fact the following questions are still open at the present stage of our knowledge.
Question 3. If (M", g) is with weak bounded geometry, then M satisfy (H)?
Question 4. If (M", g) is with mild bounded geometry, then M satisfy (H)?

Question 5. If (M™,g) is with weak bounded geometry or with mild bounded geometry,
what is the sharp value of A7

Remark 3.1.10. The main reason to assume positive injectivity radius in the preceding
lemma is that we make a crucial use of Lemma 3.1.8 which in turn uses radial deforma-

tions which are well defined only locally at a point x € M inside a ball of radius less than
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nj.. We will see later in the proof of Lemma 3.1.9 that we want to apply radial defor-
mations with center at the point pg, defined further, but if injyr = 0 we have no control
about the size of injye (remember that p, could go to infinity) and the volume that we can
put inside By (pg, injys ). To avoid this problem of course it is enough to assume positive
ingectivity radius, but we still do not know whether this assumption could be dropped and

replaced just by the noncollapsing of the volume of balls of radius 1.

Remark 3.1.11. [t is well known by that in mild bounded geometry vy = vo(n, k,injy) >

0. Thus in the statement of Lemma 3.1.9 we can suppress the dependence of v* on vy.

The geometric idea of the proof is not too complicated but unfortunately the writing
turns out to be technical, because of the effective calculations of the constants involved.
In first by an application of Theorem 3.1.1 we find a point po € M and a controlled radius
/w%, such that almost all the volume of € is recovered inside the ball B q)(pa, /w%). In
second, we take a ball inside €2 of controlled volume and radius and show that these two
balls cannot be disjointed when the volume tends to 0, so we take a bigger but still with
controlled radius. Then we proceed by contradiction and suppose that there are points of
Q2 very far from pq and adapt the arguments of the proof of Theorem 3 of [Narl4al, which
were used to give a proof of the boundedness of the isoperimetric regions inside manifolds

with weak bounded geometry.

Proof of Lemma 3.1.9. For simplicity of notations we consider just the case £ < 0. When
k > 0 the theorem of Bonnet-Myers ensures that M is compact and so the lemma is
already proved in Theorem 2.2 of [MJ00]. Our proof works also without the restriction
k < 0. For now on in this proof we assume that k& < 0. The hypothesis (H) permits to

us to define the quantities

) o A
[ (n, k,v9, A\, 1) == Uli>ré1+ fv,n, kv, A\, ) = X +% , (3.36)
fr(n,kyvg, A, ) := lim f(v,n, k,vg, \, ) =1 — | (3.37)
, Ky Vo, Ay b '_U_>0+ , Ny Ry Voy A ) = )\+% ) .
where .
- A
f(vanak7U07)‘7/JJ7M) = IM(U)—N 9
r t
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. A
f(v7n7k7U07A7,U’7M) =1l= |

A

fo,n, k,vo, A\, p) =1 — m

Z f(v,n, k7U07A7Mﬂ M)

n—1

v on H

In the remaining part of this proof we will use frequently the two following crucial prop-

erties
lim f*(n, kyvo, A, ) =1, (3.38)
p——+00
lim f*(n,k,vg, A\, u) = 0. (3.39)
p——+00

Suppose until the end of the proof that ) is an isoperimetric region of volume v. By
Heintze-Karcher’s theorem we have that in weak bounded geometry

1 . v v v ~ 1
cr(n, k)vn > inrady () > ) > T () > p i Covm (3.40)

for some positives constants ¢; = cz(n, k) > 0 and & = é(n, k) > 0, where inrad,(Q2)
is the radius of the largest ball contained in 2. To see this in details the reader could
consult Lemma 3.1 of [Nar15], furthermore we notice that for the needs of the proof we just
need the existence of a ball contained in an isoperimetric region of a two sided controlled
radius touching the boundary (in a smooth point) which is always possible when Ricci is
bounded below by Heitze-Karcher. In first we observe that the hypothesis that M satisfy
(H) permits to have (3.36)-(3.39) which in turn allows us to choose u = p(n, k,vg, A) > 0

large enough to satisfy simultaneously

> G, (3.41)

> (Cy(n, k)ve) ™™, (3.42)

> C7(n7 k)7 (343)
EQOHeb

(2f*(n K, vo, A, )" < (3.44)

2(n+1)’
where Cpep, > 0 is the constant appearing in Lemma 3.2 of [Heb99], rewrited in this text
as Lemma 3.1.1. As it is easy to see, using (3.36) and (3.37) we can prove the existence
of v* = v*(n, k,vg,inja, \) > 0 such that for every v < v* we have that the following

conditions are satisfied

fo,n, kv, A, 1) < Ci(n, k)éau, (3.45)
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flo,n, k,vo, A\, ) < 2f (n, k,vo, A\, ), (3.46)
ry = dpvn < iian, (3.47)

(1+ (n— Deg(por)) < n+ 1, (3.48)
c(n, k:,;w%) <1, (3.49)

v < min{l,v,v1,0s}, (3.50)

where T is obtained in Lemma 3.2 of [Heb99], or Lemma 3.1.1, i.e., such that for vol-

n—1

umes smaller than v it holds Ij;(v) > Av = . In the remaining part of this proof we
always assume that v < v*. Under this last assumption define C; := C, (n, k) such that
ci(n, k, pos) = Cypu™v. Consider an isoperimetric region Q of V,(Q) = v, the same con-
struction of Theorem 3.1.1 applied to € gives the existence of po € M, (notice that the

point pq could be chosen satisfying the condition pq € fol, but this is not relevant for the

rest of our discussion) such that

Vy(Bu (po, pr'/™) N Q) v1(£2)

(% (%

v

2 f(U,TL,]C,Um)\,/J,M)Z #

Consider Av = Av(Q2) := v — v1(2), observe that

Av v —v1(Q) A A
w0 S'mmoa| S| mw | (3:51)
1 1

n—1

v on

Observe that we can put inside €2 a geodesic ball
B1(Q) := By (ps, inrad(2)) C Q.

We now show that By(€2) := By(pa, pv'/™), cannot be disjoint from B;(£2). We prove this
last assertion by contradiction. Indeed if it was the case we would have B;(2) C 2\ By(£2),
this would implies that V,(B;1(2)) < V,(Q2\ By(£2)) = Av, and in turn by estimative (3.51)

Choptav < Vi (B1(2)) < vf(v,n, k,vo, A, i, M) < vf(v,n, k,vg, A, 1),
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which manifestly contradicts (3.45). Hence we necessarily have B;(2) N By(Q2) #

3=

0.
Thanks to our choice (3.43) the ball B;(2) C BM7g(p’§l,/LU%), since pwn > cr(n, k)vr >
inrad(Q2). Moreover by our choice (3.42) the V;,(BM(p’f),,uv%)) > v, hence there exists a
radius r} < pon such that the ball B := B g(ph, ) C Bo(Q2) = Bth(pQ,glU/U%) have

V4(B) = v. Notice that B is just contained in B,(€2) and cannot be chosen as a proper

subset of 2. This guarantees that V(B \ 2) > 0 and furthermore that
V,(B\Q) = Vy(B) = V,(BN9Q) > v—V,(B,N9) > Av, (3.52)

because V(B \ Q) = v — Vy(Bu(pg, i) N L) but V(B (p, ") NQ) < v1(Q2) and (3.52)
follows readily. Observe that by our choice (3.47) we have Bys(pa, ) C Bu(pa, 1inju).

Assume the following notations

gﬂ = sup{d(az,pg)}, dQ - JQ — To, dv = sup {dQ}

z€Q QEF,V(Q)=v

For any r > 0 let us define Vo (r) := V,(QN (M \ B,)) = V,(U,) where B, := {y € M :
dy(pa,y) < 1}, po is given by Theorem 3.1.1, and U, = QN(M\ B,). The function Vo (r) is
monotone decreasing and Vo (r) N\, 0 as r — oco. Denote by Aq(r) := H2H(0QN(M\ B,)).

Coarea formula gives immediately

V(AN (M\ B,)) = /Oo Hy (2N IB,)dr,

I
then

Vo(r) = —Hg(QNOB,) = —H; QN O(M \ B,)).

Consider any r > 3/11)% and put all the volume A*v := V,(r) inside B, by choosing a

concentric ball Bs with By C B3 C B C By of radius
.1 1
Gvrn < py = pi(v,7) < por,
such that V,(Bs \ Q) = A*v (remember of (3.41)), then
= (B3 UQ)\ Bu(pa,r) = (Bu(pg, pr(v,r)) UQ)\ Bu(pe,7),

satisfies V,(F) = V,(£2). The following picture illustrates well our construction
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Figure 3.2: Construction of the competitor F' := (B3UQ)\ B, used in the proof of Lemma
3.1.9. Here B := By(piy,injn), B = BM(pQ,B/w%), B, := By(pa,T).

From the fact that Q is an isoperimetric region follows that P(§2) < P(F), from an
application of Lemma 3.1.8 with £ = Q N By inside the ball B3, and from standard
properties of finite perimeter set (compare Theorem 16.3 of [Magl2] and Remarks 2.13,
2.14 of [Gius4]) we have that for almost all r > 3w it holds

L(Q)(r) + Aa(r) < L(Q)(r) = Vo(r) + 1+ (n - 1)01@(01))%‘/9(7“)7 (3.53)
where [1(2)(r) := Py(2, By(pa,7)). This easily leads to

Aq(r) < =Vi(r) + KVq(r), (3.54)

where K = K (n, k,vo, v, 1) = Ca(n, k:)vi% for a suitable constant Cy = Cy(n, k) = 52’6’;’1]6) >
0. Notice that to obtain (3.53) we need to pay attention to the intersection of the reduced
boundary of finite perimeter sets. For the details about this technical point the reader can
consult Theorem 16.3 of [Magl2] or Remarks 2.13 and 2.14 of [Giu84]. Independently, by

the Euclidean type isoperimetric inequality for small volumes of Lemma 3.2 of [Heb99]

we have that for small volumes there exists a positive constant v; = vy(n, k,vg) > 0, such
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that if v < vy, then for every r > 0 it holds
OHebVQ(r>(n_1)/n S Ag(aU’/‘)v

where Crgep = Chep(n, k,v9) > 0 is given by Lemma 3.2 of [Heb99] too. Thus for almost

every r > () we have the following
—V4(r) 4+ Aq(r) =A,(Q2N (M \ B,)) + A, (00N (M \ B,))
>4,(0(2 1 (M B,))
—A4,(0U) > CrraVa(r) =D/, (3.55)
Adding the two inequalities (3.54) and (3.55) we get that
2V (r) < KV (r) — CrepVa(r) =D/,

1_
Using the fact that n(Vé/ " =V 1V{2 we can write the preceding inequality as

Co (Va(r\'™ C©
1/nyr <_2 Q - Heb
0y < g () - G

for every v < v* and Q such that V,(Q2) = v, where Cye, = Crep(n, k,v9) > 0 is the

constant appearing in the isoperimetric inequality for small volumes of Lemma 3.2 of

[Heb99] reported here as Lemma 3.1.1. Since r > 3uv+, one have
Cy 1 Cep
Vo™ < 22 (2 (n, ky vg, A, ) — =HL
( Q ) = 277,( f (na , Vo, 7[1’)) m

By Theorem 3.1.1 and (3.44) we argue that

1/n < /:_CHeb
(Ve () <~ = -

(3.56)

It is worth to recall here that by Theorem 3 of [Narl4a], in weak bounded ge-
ometry diam,(€2) < +oo, because ) is an isoperimetric region, and hence do :=
essupyeady (P, ) = ||day(pa;-)||Le@) < +o0o. Furthermore we have the elementary
relation diamy(Q2) < 2dg. Now, if we assume r, := 3uvn < dg, we can integrate (3.56)

over the interval [r,, dg], and noting that Vo(r,) < V,(Q) = v, Va(dq) = 0, we get

1 U% 1 1
dgo < 5‘/9(7%)1/" +r, < ted + 1, = (5 + 3u> vn.
From this last equation we easily a constant u* such that for every v < v* results

diamgy(2) < p*(n, k,inj, )\)v%,

which clearly proves the lemma. O



Chapter 4

Isoperimetric comparison and proof

of Theorem 3

4.1 Proof of Theorem 3

Now we are in position to prove Theorem 3.

Proof of Theorem 3. 1f |Secy;| < K and injy, > 0 then the assumptions of Theorem 76
of [Pet06] holds which implies that also the assumptions of Theorem 72 of [Pet06] are
satisfied with m = 1, see also Theorem 4.4 of [Pet87a]. The problem here is that the
limit metric space have an atlas of harmonic coordinates of class C%® with just a C1®
limit metric. Unfortunately, to apply Theorem 1 to a limit manifold we need to have
in the limit a smooth Riemannian manifold with a smooth Riemannian metric, for this
reason we make a stronger assumption on (M™, g) requiring that M have strong bounded
geometry smooth at infinity. A fortiori M have also C°-locally bounded geometry. This
means by Theorem 1 of [Narl4a] or Theorem 1 of [MN15] that for every v €]0,V(M)[
there exists a generalized isoperimetric region €2, contained in some smooth limit manifold
(M, goo) (that could even coincide with (M, g)). Now if we look at the limit manifold
(M, 9x), by (iv) in Theorem 4.4 of [Pet87a] we learn that inja g.) > injarg > 0.
Moreover, Theorem 10.7.1 of [BBIO1] permits to conclude that (M, go) have sectional
curvature bounded below by A;. On the other hand, the property of being a metric space
of curvature < K (see Definition 1.2 at page 159 of [BH99], i.e., being locally a Cat(K)

space) pass to the limit in the pointed Gromov-Hausdorff convergence because distances

o8
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pass to the Gromov-Hausdorff limit. This fact combined with Theorem 1A.6 at page 173
of [BH99] implies that for a smooth Riemannian manifold to have sectional curvature
bounded above by K is equivalent to satisfy the condition of having curvature bounded
above in the sense of Alexandrov, that is, in the sense of Definition 1.2 of page 159 of
[BH99]. From this easily follows that the sectional curvature of (M, gso) (that exists
because ¢, is assumed at least C? or more regular by the assumption of strong bounded
geometry smooth at infinity) is bounded from above by the same constant than the
sectional curvature of M. Hence (M., goo) have strong bounded geometry, in particular
have also mild bounded geometry which gives the validity of Lemma 3.1.9 in (M, goo),
with a constant v*(My, goo) that in principle depend on (M, goo) but actually depends
only on the bound of the geometry of (M., go) that are the same as (M, g) since they
are transported to infinity. Furthermore Corollary 2.1.1 asserts that for a given € > 0,

Te(Moo, §oo) = 1=(M, g) > 0, hence the same proof of Theorem 1 gives the existence of

. 1 nK(n, 1)2
d= mln{C(n, k) {2(n+2)00(n, o) [n(n —1)ko — Sg]} ,rg(M,g),l},

with € = n(n —1)kg — S, such that for every Q with diam, < d and V,(2) = v we have

Py(§2) > Py, (By). On the other hand by (1.2) and the explicit estimates that Lemma
3.1.9 gives on v* = v*(n, k,vy) we argue that d(My, o) > d > 0 and v*(My, goo) >
v* > 0. At this stage an application of Lemma 3.1.9 gives that for v < v* any generalized
isoperimetric region Q, C M, with V,_(Q,) = v have diam,_(Q,) < v, Thus for
small values of v < 7y := min{v*, (f)n} we have diam,_(Q,) < d, where d is given by
Theorem 1. Finally for every finite perimeter set 2 C M such that V (Q) = v < 9, we

conclude that
Py() > Tngg(v) = Insy g (V) = Py () > Pyy(B) = Iy (v), (4.1)

where the first inequality comes from the definition of I, 4, the first equality comes from
Theorem 1 of [Narl4a] where Q, is a generalized isoperimetric region of VQOO(QU) = v, the
second equality comes from the definition of €, as a generalized isoperimetric region of
volume v, the second (strict) inequality is due to an application of Theorem 1 to (Mx, 9o ),
and the last equality express simply the fact that the isoperimetric regions in space forms

are the geodesic balls. This finish the proof of Theorem 3. O]
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4.2 Asymptotic expansion of the isoperimetric pro-
file in C3-bounded geometry

We prove in this last section the asymptotic expansion in Puiseux series up to the second

nontrivial term stated in Corollary 2.

Proof of Corollary 2. We use Theorem 3 to prove the first of the following inequalities,
then we compare with the area of a geodesic ball centered at xy and of enclosed volume
v, proving the second inequality of

(n—=1) 2 4
Py 54 By Sg v = cpv n (lf'ynngn)#»O Sq (vn)
n(n—1)

n(n—1) n(n—1)
< Pory (Bong o)

(n—=1) 2 4
cpv N (177,,Ln(n71)k0vn) + O, (’U")

< Ip(v) (4.2)

< T (v) (4.3)
(n—1) 2 4

< cpv n (1 7'yﬂ,ch(zo)vW) + Oz (v?) (4.4)

(n—1) 2 4
= cpv m (lf'ynchvn> +Ozo (Un)

= Py(Bg(zo,v)),

for every xqg € M., where xy is a maximum point of the scalar curvature function,
ko > Sg, v < vo, with By, ., a ball in M, such that V, (Biyw) = v and By(zg,v) a ball
of (M™, g) having V, (B,(z¢,v)) = v. Observe that M, could be coincident with M or is
one of the limit pointed manifolds, in any case since the metrics at infinity are assumed
to be smooth we always have an asymptotic expansion for small volumes of the perimeter
of the geodesic balls up the third non trivial term by the Cartan expansion of the metric
50 Oy, (v%) = f(zo)vn where f(zo) is an expression that depends on the metric up to

the fourth order derivative. From this the corollary, indeed follows promptly. O



Chapter 5

Intrinsic theory of Varifold in

arbitrary Riemannian Manifolds

5.1 Small volumes implies small diameters, via an
intrinsic monotonicity formula in Riemannian

manifolds

5.1.1 An intrinsic monotonicity formula

Now we introduce the notations and concepts relative to varifolds that we need in the
second proof of Lemma 3.1.9. In this respect we closely follow [All72] and [Lell2]. Just
in this subsection, V' will always denotes a varifold and j, the Riemannian measure of

(M™, g) instead of V, used in the preceding sections.

Definition 5.1.1. For any 0 < m < n, we say that V is a m-dimensional varifold
in M, if V is a nonnegative real extended valued (compare section 2.6 of [All77]) Radon
measure on G, (M) the Grassmannian manifold whose underlying set is the union of the
sets of m-dimensional subspaces of T,M as x varies on M. For every m € {0,...,n},
we define V(M) to be the space of all m-dimensional varifolds on M endowed with the
weak topology induced by C°(G,,(M)) say the space of continuous compactly supported

functions on G,,(M) endowed with the compact open topology.
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Definition 5.1.2. Let V € V,, (M), g is a Riemannian metric on M, we say that the
nonnegative Radon measure on M, ||V|| is the weight of V, if ||V|| = wx(V), here 7
indicates the natural fiber bundle projection m : Gp(M) — M, m : (z,5) — x, for every

(x,S) e Gp(M), x € M, S € G, (T, M),
IVII(A) = V(x~'(A4)).

Notice that the notion of a varifold is independent of the choice of any Riemannian
metric ¢ on M. This reflects the phenomenon that on a differentiable manifold one
can have a fixed submanifold but whose metric datas like volume, curvature, second
fundamental form, etc. depends on the metric that we put on it. If we consider a varifold
V € V,,(M) we can construct without the help of a metric the support of ||V|| that
is a set contained in M, however starting from a set £ C M even a good one like a
m-~dimensional smooth submanifold of M, there is no canonical way to come back to a
uniquely determined varifold V' € V,,, (M), such that Supp||V|| = E. One way to proceed
is to chose a metric g and to associate to a H;'-countably m-rectifiable set F, the varifold

Vo(E) € Vo (M), where
V(E, g)(A) =Hy({x € B: (2, T,E) € A}), VA € G, (M"), (5.1)

in this way the manifold associated is unique and canonical in the sense that depends
only on the choice of the metric g. When (M",g) is (R",£) we find again the classical
theory of varifolds as developed by Almgren, Allard et al. The way in which classically
one proceed to study the theory of varifolds in Riemannian manifolds is well explained
in [All72] and consists in embedding isometrically (M™, g) in some higher dimensional
Euclidean space via Nash’s Theorem, and then using the existing theory on R™ of [AlI72].
The point of view that we will adopt here is an intrinsic one, without having to choose
an isometric embedding. This is needed because in the Euclidean monotonicity formula
will appear an upper bound of the second fundamental form of the particular isometric
embedding chosen and it is not clear to us how to bound the second fundamental form of
the isometric embedding just starting with intrinsic bounded geometry assumptions on the
manifold (M, g). The intrinsic approach avoid this technical difficulty and permits to have

a monotonicity formula which depends only on an upper bound of the sectional curvature.
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This means that locally the geometric measure theory of R™ is mutatis mutandis the
same as the corresponding theory developped on a Riemannian manifold, with just the
constants involved depending on the bound of the sectional curvature. This is what
one could expects since locally a Riemannian manifold is bi-Lipschitz equivalent to an
Euclidean ball via the exponential map. The importance of making rigorous the details
and the proofs is appears clear when we deal with problems in ambient manifolds with

variable metric as in [Narl5].

Definition 5.1.3. Let p be a Borel reqular measure on a locally compact Hausdorff topo-

logical space X. Define
(B
O (i, a) := liminf —( (g T)),

r—0+ W™

the m-lower density of 1 at a € M,

O™ (u,a) = limsup M

)
r—0+ Wiy 1M

the m-upper density of u at a € M, and if
O (u,a) = 0" (1, a),

then we set

O™(u,a) = 0" (u,a) = O (u,a) = lim M.

r—=0T Wy

We call ©™(p, a) the m-density of 1 at a € X.
According to [AllI72] we give the following definition for the first variation of a varifold.

Definition 5.1.4. Let V € V,,(M). Let X.(M) denotes the set of smooth vector fields
on M with compact support, we denote by the linear function 6,V (X) : X.(M) — R, the
first variation of the varifold V in the direction of the vector field X € X.(M), defined

as follows
6V (X) = / (V!X (n(§)) o ms), ms), dV (€)
E€Gm(M)
= Vg X,T&' e; AV 59
/éeGm(M);< ms(en s )>g (€) (5.2)

= / divg X dV (€), (5.3)
E€Gm (M)
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for every X € X.(M), where S < T,M is such that & = (x,5) € Gn(M), i.e.,
a m-dimensional subspace of T,M, ms is the orthogonal projection wg : T,M — S
with respect to the metric g, (e1,...,en) is an orthonormal basis of (TreyM, gx()), and

divgX =Y " (Ve X, €)g, with {é1,...,¢E,} being an orthonormal basis over S.
Remark 5.1.1. The first variation is a metric concept and depends on g.

Remark 5.1.2. In the rest of this paper we adopt the convention to denote real variables

with letters without subscripts and real constants by letters with subscripts.
Following the treatment given in [Lell2], we give the next definition.

Definition 5.1.5 ([Lell2] Definition 1.1). Let (M",g), be a Riemannian manifold, 0 <
m<n,meN, T'CM" am-countably rectifiable set, and f : T — N\ {0} a Borel map,
we define a varifold V(T', f,g) € V(M) as follows

V(T, f,9)(A) = / fdH], VA € G (M"). (5.4)

{w€l:(2,T,T) €A}

We say that a varifold V€ V(M) is a m-integral varifold, if there exists a m-
countably rectifiable set T' C M, a Borel map f: T — N\ {0}, such that V =V (T, f,g).
The set of all m-integral manifolds of (M™,g) will be denoted by IV ,,(M", g).

Definition 5.1.6 ([All72] Section 3.2). Let (M™, gus) and (N, gn) be Riemannian mani-
folds and F : M™ — N' be a smooth map. If V € V,,(M), then F induce a natural Borel

regular measure on G, (N) characterized by

F,(V)(B) := |AmdF, o mg|gndV (z,S),

\/{(:E,S):(F(:c),sz(S))EB}
for any Borel subset B of Giy(N), |AndF, o mglgy = trgy (AndF, o mg) == > " (dF, o
Ts(€;), €i) gy, With (e1,...,e,) being an orthonormal basis of S. The measure Fyu(V) is a

varifold when F' is a proper map, in this case Fyu (V') is called the pushforward varifold
of V by F.

If V(T', f,g) is an integral varifold in M, and F' : M — N is a diffeomorphism then

we have that (F(T), fo F~!, gy) is an integral varifold in N that coincides with Fy (V).
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Given a vector field X € X!(M), the one-parameter family of diffeomorphisms generated

by X is ®;(z) = ®(t,z) where & : R x M — M is the unique solution of

5 = X(®),

®(0,z) = =.
Proposition 5.1.1. If V € IV, (M) and X € X.(M), then the first variation of V along

X is given by the following formula

d

(SV(X) — % -0

@)V = [ divnrXa VI,
where ®; is the one-parameter family generated by X.

The proof of this fact is straightforward and goes along the same lines of Proposition

1.5 of [Lell2].

Definition 5.1.7. We say that V € IV ,,(M) has bounded generalized mean curva-

ture, if there exists a constant C' > 0 such that
SOOI <C [ XLV for all X € ()
M

Since the map X +— dV(X) is linear the Riesz representation theorem and the Radon-

Nikodym Theorem yield the following corollary.

Corollary 5.1.1. If V € IV,,,(M) with bounded generalized mean curvature, then there
is a bounded Borel map Hy : M — T'M such that

SV(X)=— /M(X, Hy),d|V||  for all X € XL(M).

H, will be called the generalized mean curvature vector of the varifold V and is

defined up to sets of ||V'||-measure zero.

To apply results from the general theory of varifolds to finite perimeter sets we need
to observe that by De Giorgi’s Structure Theorem (compare for instance Theorem 15.9 of
[Mag12]) the reduced boundary of a locally finite set is a countably m-rectifiable set, so
there is a natural integral varifold that could be associated to it. Inspired by Theorem 2.1
of [Lel12] and using the Hessian comparison theorem (compare [BM15], [HS74], [PRS06])
as in Lemma 3.6 of [HS74] we have the following monotonicity formula for the perimeter

of a finite perimeter set with bounded generalized mean curvature.
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Lemma 5.1.1 (Monotonicity Formula for reduced boundary). Let (M™,g) be a Rieman-
nian manifold Secy, < b, for some constant b € R, ro = 19(b) > 0 such that o coty(rg) > 0,
ro < inj.(M,g). Then for every x € 0*Q there exists a positive constant 0 < ¢ =

H
IHglloo
c

c(b,ro,r) < 1 such that 0 < r < ro we have that v +— P(Q, By (z,7))r (" Ve is

monotone nondecreasing, @”_I(H;_ll_G*Q, x) exists and holds the following inequality

H,
AT
C

P(Q,B(x,r)) > w1 O (H)'WLO Q) e e (5.5)

where the Borel measure Hy—'L0*Q is defined such that H)~'LO*Q(A) := H; (AN O*Q)
for every Borel set A C M. In particular when inj,g) > 0, the constant 0 < ¢ <1 could

be chosen to be independent of x and depending just on b and injyg).

Before to prove this lemma, we need the following results that are an adaptation to
our context of Theorem 2.1 and Proposition 2.2 of [Lell2]. This generalization is made
be possible by the comparison lemma for the partial divergence of the radial vector field

given in Lemma 3.6 of [HS74].

Theorem 5.1.1 (Monotonicity Formula, Inequality). Let (M, g) be a complete Rieman-
nian manifold with Sec, < b, for some constant b € R, V € IV,,,(M) with bounded mean
curvature vector H, fix £ € M, and ro > 0 such that rocoty(rg) > 0, ro < inje(M,g).
Then there exists a constant ¢ = c(b) satisfying 0 < ¢ < 1 such that for 0 < o < p < ro,

if we call u(x) = r¢(v) = dist(ng)(x,§) we have that

IVII(By(&: ) _ IVII(By(&:0)) 1 (Hyg, uVgu)g (1
- /Bg(é,p) <m(

1
——)dV|+
o~ o ) IV

pm om T c m
1 [ Vgr 2
w1 f L), o)
¢ Byg(£,p)\By(§,0) r

where V1 = Ppri(Vgre), and m(r) :== max{r¢(z),o}.

Remark 5.1.3. Notice that the optimal rg in the preceding theorem is given by the first
positive zero of the function t — tcoty(t), if b > 0, and ry = 400, if b < 0.

Proof. Let a = rg, v € CX(] — ro,m0]) = C(] — a,a[) such that v = 1 in a neighborhood
of 0, and define the vector field X (x) = (#) uVu, where we suppressed the index

¢ for simplicity of notation and we have defined u(x) := r¢(x). By Corollary 5.1.1 it is

easily seen that

- /M (Xo(a), Hy)d|[V(z) = /M dive,r X (2)d|V (@), (5.7)
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Notice that T,I" exists a.e. ||V|| since I is a countably m-rectifiable set. Fix {e1,..., e}
an orthonormal basis of T,,I', and a completion {e1, ..., €m,€mi1,...,e,} to an orthonor-
mal basis of T, M, write Vglu and V;u the orthogonal projections over T,I'+ and T,I" of

the gradient vector field Vyu and remember that |[Vyu|* = ||V ul* + [|[V]ul/* = 1 this

leads to
divy,r Xs(x) = Z<€i7 VgiXs(x»g
i=1
au aU
- ()t 5 ()
"y<8> g, (uVgu) + 7/ S; JU, )’
auN au\ au
= <?> dw%r (uVgu) + o (?) ?HVQTUH?;
auy au , [fau
= <?> divy! - (uVgu) + ?7/ (;) (1- ||V9Lu||3) :
Now, inserting in (5.7) and dividing by s™*! it follows

auy (Hg,uVgu), B divd! [ (uVgu) rau
- /M7 (?> Td\\VH ~Ju — gmtt I (?) v
au el
+ [y (5) 0= I9gul) v

Integrating in s, between o and p we obtain

au (Hg,uV 4u)
/ / o s v
M

divy! -(uVgu)  rau
[ [, 0 )
au
[ (%) = 19l v s

Applying the Fubini’s Thorem at all the terms of the preceding equality we get

) P ey He,uVgu)g _f ke di”%ﬁr(uvgu) au
- AL ) Pt avi= [ [T TR () @ pam
P au au n
+f {/ s (2) (1= 195 uli2) d }duvu.

+

Notice that

P m <%>+au ’(%>d—_/pi i (aU) d
i 5m+17 s Sm+27 S 5= ds m | 5

and by the Rauch’s comparison Theorem applied as in Lemma 3.6 of [HS74], (since Sec, <

b) and the very definition of the curvature tensor

divy! (uVu) > mu coty(u) > me,
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where 0 < ¢ = ¢(b) := ro(b) coty(ro(b)) < 1,if b > 0 and ¢ = 1 otherwise. Remember the
sps sin( \[ sinh(v/b :

definition of coty(t) := Cbgt), where s(t) == G M b > 0, s(t) == h\(/gbt), it b <0,

sp(t) :==t,if b = 0, and ¢(t) := s},(t). Applying the Fundamental Theorem of Calculus

we get

1 ay 1 au
(o [ () awi- o [ 2 (Z)am)
P I \ p M
au au L |
> [l [* S () asavi+ [ v, [t () dsalvi 68)

Integrating by parts yields

[/ (= [ 1% <%>}ds=/f—s%d%<v ()

Replacing in (5.8) gives
1 au 1 au
(o [ A (Z)avi-= [ +(5)avl) =
P JIMm P o Jm o
1 au 1 au P m
1 2| - oYy bt
[vsu |2 (%) - o (%) + [ (%) as] vy +
|
[ v, [ () dsdv. (59)

Now testing (5.9) with a sequence of cut-off functions {, }nen such that v, — x)—_qq from

below, by the dominated convergence theorem we conclude that we can insert v = Xjo,q]

n (5.9), thus we get

. (HVH(Bg(&p)) 3 HVH(Bg(fﬁ))) S
p o

1 au 1 au P m
/ ||V;U||2 [—mX]o,a[ (—) — - X]0,q] (-) +/
M p p o o o S

au
2t (%) as| v
P m

au
+/M<H,uvgu)g e (=) dsdiv.

Finally observing that

Fm rm 1 1
g i1 X10,a] < ) ds = i WX]O,S[(u)dS = {m(r)m - p_m} X)0,0[(1),

the monotonicity formula (5.5) follows easily. O

We list now some results that are important consequences of the monotonicity formula.
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Corollary 5.1.2. The function

1Hglloo

prre e P VII(By(E, p), (5.10)
1§ momnotone increasing.

Proof. Let f(p) = p~"[[V][(By(¢, p)), then

flp) = flo) _ p "IVII(By (& p)) — o ™[[VI[(By(&, 0))

p—o p—o

By the monotonicity formula (5.5) of Theorem 5.1.1 it is easily checked that

— 1 1 H 1 1 Lr|?
p—o cp—o m m(r)™  pm rm
Bg(&,p) By (§,p)\Bg(§,0)

f(p) — f(o) > 11 / (Hy, uVgu), ( 1 _ Lm) d||V|
cp Bg(&:p) ) p

p—0o m m(r
H - -m __ —m
cm Byg(&,p) p—0a

||H oo o " —p "
2 == PIVIBy(&, p))————

Since h : p — p~™ is convex, setting p = 0 + ¢ we get

p—o om €

_ ”fj sllee vy, €. )1 ()

WA |
2 V(B (€, )=y

Y]

where 7 €]o, p|. Therefore

flote)=f0) 5 Ml p, o™ (5.11)

If 95 is a standard non-negative mollifier, we can first take the convolution with

integrating with respect to the variable o, in both sides of (5.11) yields

f(U—FE;— f(U) %1y > _||Hz||oo <f(g+€)(0+—€)+1 *1/;5) ,

o1




and only after letting € | 0. We obtain in this way

[ Hglloo

(f*vs) > —

I Hglloo

Hence, multiplying by e ¢

(f *s) .

1 Hglloo

e ¢ P (f * w(;)/ —+

or equivalently

d / IHglso

d_p<€ ¢ p(f*%)) > 0.
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Finally taking the limit when 6 — 0 in the preceding inequality the result follows easily.

[]

The following proposition is an interesting application of Theorem 5.1.1, whose proof

goes along the same lines of the corresponding Euclidean one that the reader could find

in Proposition 2.2 and Theorem 2.1 of [Lel12], after being established our intrinsic mono-

tonicity formula.

Proposition 5.1.2. Let (M™,g) and V € IV,,(M) be as in the preceding theorem. Then

(i) the limit
VI (By(z, p))

Wnp™

eo"(||V|],z) = lim

(V1)) = tim
exists at every x € M,

(ii) x — O™ (||V||,z) is upper semicontinuous in the variable x,

(1) O (||V|,z) > 1, for all x € Spt||V],

(iv)
_ IHglloo

IVII(By(,p)) = wme™ < 7p™,
for all x € Spt(||V||) and for all p < 19,
(v) Hg (Spt|[V\T) = 0.
Proof. (i) The existence of the limit is guaranteed by the monotonicity of
1Hgll o

pre < PpVII(B,(x)),

when p — 0.

(5.12)

(5.13)
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(ii) Fix x € M and € > 0, Let 0 < 2p < 1 such that
<om(|V],z) + g Vr < 2p. (5.14)
If § < pand |z —y| <J, then

o"(IVl,y) = limw<lime%pw

PO Winp™ ~oplo Wy ™
< lim e%(ﬁﬁ) IVII(By(z,p+9))
pl0 W™
_ i = o) IV (By (2,0 + 9)) <p+5)m
p0 wm(p+5)m p

S\ 5
< (142 [@m v, —] ,
< (1+2) e+
where the last inequality is true because of (5.14). If § > 0 is small enough
o™ ([VI,y) 0™V, z) +e,
which proves the upper semicontinuity.

(iii) Since f is integer valued the set {©™(||V||,-) > 1} has full ||V||-measure. Thus
{©™(||V|l,) > 1} must be dense in Spt(||V||) and so, for ||V |-a.e. x € Spt(||V]])

the inequality ©™(||V||,z) > 1 follows from the upper semicontinuity.
(iv) Inequality (5.13) follows trivially from Theorem 5.1.1.

(v) Finally by the classical density theorems ©™(||V]|,-) = 0 H™-a.e. on M \ I". Hence

the result follows from (7iz).

]

Proof of Lemma 5.1.1. As it is well known De Giorgi’s Structure Theorem for finite
perimeter sets have as consequence that the reduced boundary of every set of finite
perimeter defines a rectifiable (n—1)-varifold of multiplicity f = 1. Moreover we have that
Secy < b for some b € R. Thus we can directly apply the results of the Proposition 5.1.2

namely Inequality (5.13) to get Inequality (5.5) which certainly proves the lemma. O
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5.1.2 Small diameters implies small volumes. A simpler alter-

native proof via monotonicity formula.

Now we are ready to give a simpler alternative proof of the results contained in Lemma
3.1.9, proving Lemma 5.1.2 but making stronger assumptions on the way in which the
geometry of (M™, g) is bounded this proof makes a crucial use of the monotonicity formula
obtained in Lemma 5.1.1. We start the proof as in the proof of 3.1.9. In first by an
application of Theorem 3.1.1 we find a point po € M and a controlled radius ;w%,
such that almost all the volume of € is recovered inside the ball B g)(pa, ). Then
we proceed by contradiction and suppose that there are points p of 0*Q2 very far from
pq. Then we cut by a ball centered at p and with radius r ~ const.vr and apply the
monotonicity formula for the perimeter of an isoperimetric region inside this ball. This

will lead to a contradiction.

Lemma 5.1.2. Let (M™,g) be a complete Riemannian manifold with positive injectivity
radius injorg > 0, Ricg > (n — 1)k, and Sec, < Ay. Then there exist two positive
constants p* = p*(n, k, Ag,ingp) > 0 and v* = v*(n, k, Ao, injyr) > 0 such that whenever

Q C M is an isoperimetric region of volume 0 < v < v* it holds that
diam,(Q2) < v

Proof. First of all we want to mention that in this proof we will use the same notations
used in the proof of Lemma 3.1.9. By Heintze-Karcher we know that the length of the

mean curvature vector H, o (which is actually a non-negative constant) of 0*(2 is less than

C(n,k)
1
pom

constant depending only on n and on k. Fix p > 0 large enough such that

for sufficiently small v < v* = v*(n, k,vg) as in (3.40), where C(n, k) is a positive

n—1

e Cn ! _
2 nng(n,k) {1 - & } < W p" e (5.15)
Cp, -+ E
where ¢ = d(n,k,\y) is a positive constant satisfying %uv% < ¢ and c is the

)
constant appearing in (5.5). Then choose possibly a smaller v* > 0 such that it holds also

v* < mm{ (AQ”’) }, where 79 > 0 is as in Theorem 5.1.1 and such that
A

PR (R S IO B S <2{1_
Py | N In() , N | =
; +M +M
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for every 0 < v < v*. It follows from (3.24) of Theorem 3.1.2 that

} | 517)

&SQ{I—

v

Look at the following picture

Figure 5.1: Construction used in the proof of Lemma 5.1.2. Here B := Bg(pg,;w%),

By = By(zq, p), where p := [

Assume the following notations

do = sup{d(z,pa)} = d(zg,pa), do=do—71, dy:= sup {da},
€ Qer,V(Q)=v

and assume by contradiction that d := infoc,<,«{d, — ,uv%} > (0. We can choose

0<v<min{<%>n,v*}. (5.18)

Recalling that ||H,ql|lee ~ %, by the monotonicity formula of Lemma 5.1.1, i.e., In-
pon
equality (5.5) we obtain
N 1,1 _Hgalle 1
Py(€2, By(wg, pvw) = wy1(pv=)" e e T, (5.19)

on the other hand by Lemma 3.1.4 applied to 2\ B we have that

Cs(n, k)(Av) 5 > Py(Q, By, pwr)). (5.20)
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From the preceding two inequalities we obtain
Ap 5
Cs(n, k) (—U> > Wy " e (5.21)
v
which by (5.17) implies
n n—1
Cn n—1_-c
03 (2 {1 - N }) Z Wn—11 € )
Cp, + E

which in turn contradicts (5.15) and completes the proof.



Appendix A

Comparison geometry

Since our study is made in Riemannian manifolds whose geometry is bounded in some
sense, is essential to give the more relevant comparison theorems of Riemannian geometry.
These theorems are among the basic ingredients of the analysis on manifolds with bounded

geometry.

A.1 Comparison Theorems

Theorem A.1.1 (Bonnet-Myers Theorem). Let (M™,g) be a complete Riemannian man-
ifold with Ric, > (n — 1)k, with k > 0. Then M is compact and diam(M) < % In
particular its fundamental group is finite.

Theorem A.1.2 (Cartan-Hadamard theorem). Let (M°g) be a complete Riemannian
manifold with non-positive sectional curvature. Then for any p in M, the exponential
map exp,, is a covering map. In particular, M s diffeomorphic to R™ provided it is simply

connected.

A simply proof of the Bonnet-Myers Theorem and Cartan-Hadamard Theorem can be
found in [GHL12] page 162 and 163 respectively.

Theorem A.1.3 (Weak Rauch comparison theorem). Let M™ a Riemannian manifold
with Secy; < k, where k € R is constant, and v : [0,a] — M is a geodesic parametrized

by arc length. If J is a Jacobi field non trivial along of v, with J(0) =0 e (J',~")(0) =0,
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then
| J(#)] = snx(t)]J(0)]

for0<t<aifk <0, OTOStSmin{a,\/lE} se k> 0.
The above Theorem is called by others authors like Jacobi Field Comparison Theorem.

Theorem A.1.4 (Rauch comparison theorem I). Let M™ and M™, m > n be Riemannian
manifolds and normal geodesic v (resp., 7) of length T in M (resp., M) Assume that
t €[0,T] and X € TyyyM (resp., X € TsyM) perpendicular to +'(t) (resp., 7'(t)) are

such that
(i) 4(t) is not conjugate to (0) along 5 for all0 <t < T,
(ii) Secr(7/(8), X) < Secy (7(1), X),

If J (resp., J) are Jacobi field along a normal geodesic ~ (resp., 7) not identically
null, such that J(0) = J(0) = 0 and (J'(0),7'(0)) = (J'(0),5(0)) = 0, then

_ @l . :
1. F(t) := 70| is monotone increasing for 0 <t < T, and
, 1T, 5/ 7
2. (J'(t), J(t)) = Hj(t)HQU (1), J (1))

Theorem A.1.5 (Rauch comparison theorem II). Let M™ and M™, m > n be complete
Riemannian manifolds and normal geodesic v (resp., ) of length T in M (resp., M}
Assume that t € [0,T] and X € TyyM (resp., X € T5yM) perpendicular to ' (t) (resp.,

'(t)) are such that
(i) 4(t) is not conjugate to (0) along 5 for all0 <t < T,
(ii) Seer(7/(£), X) < Secy (7/(t), X),

Let J (resp., J) be a Jacobi field along a normal geodesic v (resp., 7) such that
17O = [|7(0)]], then
IJ@ > 7@ vt € [0,T].

Furthermore, if ||J(to)|| = || (to)|| for some ty €]0,T), then for t €]0,to] we have

ITOI = 1T @), Seen(+'(t), X) = Seey (7' (1), X).
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A direct application of A.1.4, gives the proof of the Cartan-Hadamard Theorem A.1.2

and of the followin theorem:

Theorem A.1.6 (Klingenberg). Suppose that (M,g) is a Riemannian manifold with
0 < k < Secyy < K and let L be half the length of the shortest closed geodesic in M.
Then
T
mJjy =ming ——, L p .
o {m }
Theorem A.1.7 (Bishop-Gromov). Assume that Ric > (n — 1)k where k is any real

number, and let p € M. Then
Vol(BY (p, 1))
Vol(BMk(r))

s a non-increasing function which tends to 1 as r — 0. In particular for any r > 0 we

have Vol(B(p,7) < Vol(B™x(r)), where BM(p,r) is a geodesic ball in M centered in p
and radii v, and B (r) is a geodesic ball of radii r in the space form My, of constant

sectional curvature k.

Theorem A.1.8 (Bishop-Gunther). Let M™ a complete Riemannian manifold oriented,
p € M and r > 0 such that BM(p,r) N Cut(p) = 0. If Secyr < k, then

Vol(BM(p,r))
Vol(BMx(r))

is a non-decreasing function which tends to 1 as r — 0. In particular for any r > 0 we

have Vol(BM(p, R)) > Vol(B"*(r)).

If we define the function
.

\/LE sin(vVkx) if k>0,
sng(z) =<z if k=0,

ﬁsinb( |k|x) if k <O.
\

sny(x)  cng(w)

1 = sn, - a
We call cny,(z) = snj(z) and cti(z) sngp(x)  sng(x)

Theorem A.1.9 (Laplacian comparison). If (M™, g) is a complete Riemannian manifold
with Ric > (n — 1)k, where k € R, and if p € M™, then for any x € M™ where d,(x) is
smooth, we have

Ady (@) < (n— 1) coty(d,(2))
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On the whole manifold, the Laplacian comparison theorem holds in the sense of distribu-

tions.

Theorem A.1.10 (Hessian comparison theorem). Fori = 1,2, let (M}, g;) be complete

()

Riemannian manifolds, ~y; : [0, L] — M; be geodesics parametrized by arc length such that

Vi does not intersect the Cut(v;(0)), and let d; := d(-,;(0)). If for all t € [0, L] we have

Sech (’ﬁ(t)v Xl) < SECM2 (’Yé(t), X2)7

for all unit vectors X; € T, (t)M; perpendicular to ~.(t), then
Yi 7
(HGSS dl)'yl(t) (Xl, Xl) 2 (HGSS d2)'yg(t) (XQ, XQ)

Corollary A.1.1. With the same notations and hypotheses of the Hessian comparison

theorem, we have that
(Ad1)((1) = (Ada)(72(t)), VO <t < L.

Definition A.1.1. Let M be a Riemannian manifold, for p € M, consider polar coor-
dinates (p,v) on T,M, where p € RT and v € T,M is a unitary vector. For q € M,
the geodesic distance from p to q is gwen by r(q) = p(exp,’ q); r(q) is well defined for
q € exp, B(0,R). The vector field X(q) = r(q)Vr(q) is called the radial vector field

centered at p.
Now we give a proof of the Comparison Lemma 3.5 of [HS74].

Lemma A.1.1. Let f : M™ — N™ be an isometric immersionp € M, andr(-) = dn(-,p),
where dy 1is the geodesic distance in N™. Let X = rV™r be the radial vector field centered
at p. If Secy < k, then

divys X (q) > mr(q)ctr(r(q)).

Proof. Call r =1, = dpy(-,p). Fix 0 <1 < min{\/LE, ingn(p)}, and consider the geodesic
ball B = {x € M : dy/(x,p) < ro}. It is clear that r is differentiable in B\ {p}. Now by
the Hessian comparison Theorem we have that

Hessr(v,v) > j;g:; (1= (Vr,v)?) = coty(r) (1 — (Vr,v)?)




for all the points in B \ {p}, and vector fields v : B\ {p} — T'N with |v| = 1.

For a vector field Y : M — TN, the divergence of Y on M is given by

where {eq, ...,

obtain that,

diVM X

>

divy Y =Y (DY, e),
=1

NE

(D, X, ;) = Z (Do, r)Vr,e;) + 7(D,, V7, €;)]

i=1

NE

[(Vr,e;)* + rHessr(e;, e;)]
1

(2

V7| + r coty(r Z (1—(Vr,e)?
=1

HVMTH + mr coty(r) — HVMTH

mr cotg(r).
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em} denotes a local orthonormal frame on M. Then for X = rVr, we



Appendix B

Convergence of Manifolds

B.1 Hausdorff distance

In this appendix we follow closely the presentation given in Chapter 7 of [BBIO1].

Definition B.1.1 (Hausdorff distance). Let (X, d) be a metric space and A, B subsets of
Z. One defines the Hausdorff distance between A and B to be

dy (A, B) = max {sup inf d(a, b), sup inf d(a, b)} (B.1)

acA beEB beB a€EA

= max {sup d(a, B),supd(A,b) }

acA beB

= inf{e>0:ACU.B),BCU.(A)} (B.2)

where U.(A) = {z : d(z,A) < e}.
The Hausdorff distance can present some pathologies like

1. The Hausdorff distance is not a metric on the subsets of X. In fact consider any
dense proper subset B of X. Then d%(B, X) = 0, this last because U.(B) D X for

all e > 0.

2. d% is not always finite, for example d5({0},R) = cc. Or X =R?* A = {(z,y) : y =

z}, B={(z,y):y=—x}.
Proposition B.1.1. Let X be a metric space. Then

1. dy is a semi-metric on 2% (the set of all subsets of X ).
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2. dy(A,A) =0 for any A C X where A denotes the closure of A.
3. If A and B are closed subsets of X and dy(A,B) =0, then A = B.
4. If A,B,C C X then dg(A,C) < dy(A,B)+dy(B,C).

Then the set of closed subsets of X equipped with Hausdorff distance is a metric space.

B.2 Gromov-Hausdorff distance

Definition B.2.1. Let XY be metric spaces. The Gromov-Hausdorff distance be-
tween them, denoted by day(X,Y), is defined by the following relation. For a r > 0,
dau(X,Y) < r if and only if there exist a metric space Z and subspaces X' and Y’ of
it which are isometric to X and Y respectively and such that dZ%(X',Y'") < r. In other

words, dgy(X,Y) is the infimum of positive r for which the above Z, X' and Y' exist.
Another equivalent definition is the following

Definition B.2.2. Let X,Y be metric spaces. Define

where f: X — Z and g : Y — Z are isometric embeddings (distance preserving) into the

metric spaces (Z,d).

Observation: f(X),g(Y) (or similar X’ and Y”) in the above definition are regarded
with the restriction of the metric of the ambient space Z, as opposed to the induced
intrinsic metric.

For example, if X is a sphere with its standard Riemannian metric, one cannot take
Z = R3 and X’ = S§% C R3 because X and X’ would be only path-isometric but not
isometric.

And it is obvious that if X and Y are isometric, then dgy(X,Y) = 0.

Proposition B.2.1. dgy is a metric on the set of classes of isometric spaces.

For example, if X = S x [0,1] and Y = [0, 1] we can show that dgg(X,Y) = g
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Remark B.2.1.

1. If X,Y are compact, then dguy(X,Y) < co. In fact let Z = XUY with the metric
that satisfies d(X,Y) = sup{diam(X), diam(Y")}

2. Two metric spaces with finite diameter can be separated by zero Gromov-Hausdorff
distance without being isometric. For example X = [0,1], Y = [0,1] N Q. In fact,

let Z = X, and as isometries the identities, then d%(X,Y) = 0.

3. Even for very simple domains in R™, the Gromov-Hausdorff distance is not realized

by embeddings into Euclidean space.

B.3 Gromov-Hausdorff Convergence

Definition B.3.1. A sequence {X,} of compact metric spaces converge to a compact

metric space X if dgy(X,, X) — 0 as n — co. We write X, NS¢
Since dgpy is a metric, the limit is unique up to isometry.

Remark B.3.1. For subspaces in the same metric space, Gromov-Hausdorff distance by
definition is not greater than the Hausdorff distance. Thus Hausdorff convergence implies

Gromov-Hausdorff convergence (but not reciprocally).

For understand better how it works the Gromov-Hausdorff convergence, consider the

following example taken from [Sor12].

Let X; = S' x S}, and X = S', where S}, is the e T
sphere o radius % we will prove that dgy(X;, X) — 0. L 1 2Tfr
We take Z; = X; and isometrically embeds X into Z; b ¢i(X l
by ¢; : X = X;, v — (x,%x) ; 2;

Then dep (Xi, X) < d% (X, ¢5(X)) = = — 0 as i — oo.
1

Others examples are:

1. Let (X, d) be a metric space, and for A > 0, let AX denote (X, Ad). If diam X < oo,

then AX <& { apoint } as A — 0.
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1
2. dan(AX,pX) = 5|\ — ulX.

3. Consider the following sequence

D1: D2: D3: ﬂD

Y )

where (D, d) is the unit square with the metric d given by ||(z,y)|| = |=| + |y|.

Gromov-Hausdorff limits of Riemannian manifolds are geodesic metric spaces. This
means that the distance between any pair of points is equal to the length of the shortest

curve between them. The shortest curve exist and is called a minimal geodesic.

B.4 The noncompact case

When the spaces are non-compact, similarly to what happens for sequences of continuous
functions it is very useful to introduce an analog notion to the uniform convergence on
compact sets, namely Convergence of Pointed Spaces. Different equivalent definitions can
be found in the literature we adopt here the definition of the book of M. Bridson and A.

Haefliger [BH99.

Definition B.4.1. Consider a sequence of metric spaces X,, with basepoints x, € X,,.
The sequence of pointed spaces (X, x,) is said to converge to (X, x) if for each r > 0 the
sequence of closed balls B(x,,7r) (with induced metrics) converges to B(z,,r) C X in the

Gromov-Hausdorff metric.

With the following example, we show the importance of choosing a sequence of pointed
spaces. Consider the sequence of circles C; = {x € R? : |[x —iey| =i} = {2z* + (y —1)* =
i’} C R2
For fixed r > 0, the (closed) balls of radius r centered
at the origin 0 € Cj, look similar to the corresponding
ball in R, i.e, the interval [—r,r]. We would like to
be able to say that C; converges to R in the limit as

i — oo. However dgp(Ci,R) = oc.
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Then a B(0,7) C C; — [—r,7]. We have that B(O,r)ci Gh, B(O,T)R. There we expect

that dgu(Ci,R) — 0 but this don’t is true, we have that dgy(C;, R) = oo for all i. In

fact, we know if diam X < oo then
1 . .
der(X,Y) > §| diam X — diam Y|
make X = C; then diam C; = 77, Y = R then diam Y = oo, then for all 7« we have that
dG’H(CzyR) Z 0.

If we take now if the family pointed circles pointed (C;, 0), we have that (C;, 0) GH, (R,0).
To see how the choose of the base point is important lets consider the sequence of intervals
{[0,2n]}. Depending on how one chooses the distinguished points we can have different
limit spaces, that is, if we take the sequence of pointed spaces {[0,2n],0} converge to the
pointed space (Rxq,0). But the sequence {[0, 2n], n} converge to the pointed space (R, 0).
This example is due to K. Fukaya the reader can compare with Example 6.3 of [Fuk14].

Let X,,, 0,, pn, and ¢, as in the next figure

«Gn

Fn
\’pn

'On Finﬂ »
~—~ :

then we easily see that
1. lim, oo (Xy, 0,) = (T?\ {point}, point).
2‘ hmn—>oo(Xn7pn) = (R7O)'

3. limy, 00 (X, gn) = (S*\ {point}, point).

We remark that in this example the limit space does depend on the choice of base points.
It’s easy to see that if we choose any (M, g) compact n-dimensional Riemannian manifold
and p € M. Then

lim ((M, Rg),p) = (R",O)

R—o0

for any p € M.
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B.5 Convergence of Manifolds

We describe quickly the principal theorems that we can find to have control on the dimen-
sion and volume of the limit manifold. In 1967 J. Cheeger in his paper [Che70] proved

the following finiteness theorem refined later by [Pet84].

Theorem B.5.1 (Cheeger’s Finiteness Theorem). Let M(n,A,d,v) be the set of com-
pact Riemannian manifolds of dimension n, sectional curvature |Sec| < A, diameter
diam(M) < d, and volume Vol(M) > v. Then there are only finitely many diffeomor-
phism types of manifolds in M(n, A, D,v).

Theorem B.5.2 (Gromov’s Precompactness Theorem). Let M(n, k,v, D) be the set of
compact manifolds of dimension n of volume greater than v, diameter less than D, and
Ricci curvature greater than (n — 1)k. Then M(n, k,v, D) is precompact in the pointed

Gromov-Hausdorff topology.

Consider a sequence of smooth truncated cones in R? converging to a cone, equipped

with the induced length space structure.

YY N

this example shows that only we can have pre-compactness, it can occurs that the limit
metric space is not a Riemannian manifold. That is a singularity can arises in the limit,
this happened on this example due to the fact that the curvature does not stay bounded.
Then this make that we have to restrict our attention to sequence with bounded sectional
curvature |Sec| < k. Now if we take a sequence of flat tori becoming thinner, reducing

one of his radius, until eventually collapsing to S*.

Here we satisfies the conditions of sectional curvature (Sec = 0) and uniform bounded

diameter, but the limit space is of lower dimension, here the volume of the sequence goes
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to zero. M. Gromov in 1981 extended this result to prove precompactness in the Lipschitz

topology.

Theorem B.5.3 (Gromov’s C'''-precompactness Thm. 8.20 of [Gro07]). With respect to
the Lipchitz topology (and Gromov-Hausdorff topology) M(n,d, A, v) is relatively compact.
Any sequence of manifolds {M;} € M(n,A,d,v) has a subsequence that converges to a

differentiable manifold with a C° metric, and a CY distance function.

In 1987 this theorem was improved independently by S. Peters [Pet87b] and Greene-
Wu [GWSS).

Theorem B.5.4 (C'“-precompactness Greene-Wu-Peters). The space M(n, A, d,v) is
precompact in the Lipschitz topology. Any sequence of manifolds {M;} € M(n, A, d,v)

has a convergent subsequence to a differentiable manifold with a C** metric.

It is important to realize that, by nature, one cannot expect more than C? conver-

gence or expect a C? limit for g. Consider the trivial example of a cylinder with two

GH
“ .’

That is, the cylinder with two hemispherical caps can be obtained as a limit of Gromov-

hemispherical caps.

Hausdorff of surfaces in M(2,A,d,v) but the limit is not C?, otherwise the sectional
curvature would have to be continuous, because it depends on the second derivative of

the metric.

Remark B.5.1. The hypotheses Vol(M) > v can be replaced by injy > iy ( See Theorem
2.1 and Corollary 2.2 of [Che70)).

Definition B.5.1. Let {(M;, ¢9;)} be a sequence of n-dimension Riemannian manifolds.
The sequence converge in the C'*-topology to a C**-manifold (M, g) if M is a C™ man-
ifold such that for some fized C** atlas on M compatible with its C°° structure, g is C+,

and there are diffeomorphism ¢; : M; — M, for which ¢tg; — g with the C** norm.

The following theorem of Anderson can be viewed as a generalization of the above

theorems.
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Theorem B.5.5 (Theorem 1.1 of [And90]). The class of compact, connected Rieman-
nian n-manifolds M satisfying |Ric(M)| < k, inj(M) > i > 0 and diam(M) < D, is

precompact in the C*-topology.



Appendix C

Sobolev Spaces and Sobolev

Embeddings in Riemannian

Manifolds

The following results and definitions can be found in [Heb99].

C.1 Sobolev Spaces in Riemannian Manifolds

Let (M, g) be a n-dimensional Riemannian manifold. Define the space C*? by
CHP(M, g) := {u €eC®(M):Vj=0,.. .,k,/ [V ulbdv, < +oo} ,
M

for a integer k, a real p > 1, V*u denotes the k-th covariant derivative of u, |V7u|, the

norm of V¥*u is defined in a local chart by
|vju‘9 = giljl o 'gikjk(vku>i1~-jk (vku)jlmjk?

here (Vu); = iu, (V?u);; = d;;u — T 0ku. In local coordinates, dv, = \/det(gs;)dve, and

where dvg stands for the Lebesgue’s volume element of R™.

Definition C.1.1 (Sobolev space W*P(M)). Given (M™, g) a smooth Riemannian man-

ifold, denote by W*P(M) the completion of C*P(M, g) with respect to the norm

k 1

. p

l|ullyrs = E (/ |V§u|§dvg) :
j=0 M
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Observe that we can look at these spaces as subspaces of LP(M, g), where the LP-norm

el = ( / |u|Pdvg)
M

Suppose that we have a compact Riemannian manifold M endowed with two different

is defined by

Riemannian metrics g; and go. It is easy to check that there exist a constant C' > 1 such

that

1
—g < gy < C
C91_92_ g1,

on M, where the inequalities are understood in the sense of bilinear forms. With this in

mind, it is straightforward to prove the following proposition.

Proposition C.1.1 (Prop 2.2 [Heb99] p. 22). If (M, g) is compact, W*P(M, g) does not

depend on the metric.

Taking into account the preceding proposition we will not mention the dependence on
the metric. More important, the following theorem allows us to work more easily with

Sobolev spaces in Riemannian manifolds, as in the Euclidean context.

Theorem C.1.1 (Thm 2.4 [Heb99] p. 25). Let (M", g) be a smooth Riemannian manifold,
and called D(M) the set of smooth functions with compact support in M. Then D(M) is
dense in WYP(M) for any p > 1.

C.2 Sobolev Embeddings

As in the Euclidean case, we have interest in the Sobolev Embeddings in Riemannian
manifolds. Initially we list the theorems for compact manifolds, and after for non-compact

manifolds.

Lemma C.2.1 (Lemma 2.1 [Heb99] p. 26). Let (M™, g) be a smooth Riemannian mani-
fold. Suppose that WYY (M, g) € Lw-1(M,g). Then for any real numbers 1 < p < q, and

any integers 0 < k < m such that % =1 _m=k yyme()M, g) C WE(M,g).

1
p
Theorem C.2.1 (Thm. 2.6 p. 32, Thm. 2.7 p. 34, and Thm. 2.8 p. 35 of [Heb99]). Let

(M™, g) be a smooth compact Riemannian manifold.
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1. The Sobolev embeddings in their first part do hold on (M, g) in the sense that for

m—k

n ’

any real numbers 1 < p < q, and any integers 0 < k < m, if% = 117
WmP(M) C WHI(M). In particular, for any p € [1,n[ real, W'"?(M) C LI(M),

3=

where L =1
q p

2. Let p > 1 real, and k < m integers. If% < 2=k then W™P(M) C C™(M).!
3. If p>1 real, and 0 < X\ < 1 real. [f% < 22 then W'P(M) C CM(M). *
The following is a well known Sobolev compact embedding for compact manifolds.

Theorem C.2.2 (Rellich-Kondrakov Theorem). Let (M™,g) be a smooth compact Rie-

mannian manifold.

1. For any integers j > 0 and m > 1, any real number p > 1, and any real number q

such that 1 < q¢ < 22— the embedding of WIt™P(M) in W34(M) is compact. In

n—mp’

particular, for any p € [1,n[ real and any q > 1 such that é > % — %, the embedding
of HYP(M) in LY(M) is compact.
2. For p > n, the embedding of W*P(M) in C*(M) is compact for any A €]0,1[ such
that (1 — N)p > n. In particular, the embedding of H"* (M) in C°(M) is compact.
For treat the non-compact case, we consider the following definition. Given (M, g) a

smooth, complete Riemannian manifold, m an integer, and p > 1 real, we define W =

closure of D(M) in W™P(M). In the Euclidean case, we have that
Proposition C.2.1. For any m an integer and any p > 1 real, WP (R™) = W™P(R"),

Fortunately for the case of a complete Riemannian manifold (M™, g), this last result

still holds for m = 1.

Theorem C.2.3 (Thm 3.1 p. 49 [Heb99]). Given (M™, g) a smooth complete Riemannian
manifold we have that Wy (M) = W'(M), p > 1 real.

The Sobolev embeddings in complete noncompact Riemannian manifolds are more
restrictives. Additional assumptions on the geometry of the manifold are necessary to get

the respective embeddings.

! Define the || - |¢m on C™(M) by ||ullcm = ZT:O max,e s |Viu(z)|.

2CMM) ={ue COM): |lullcr = maxzen |u(x)| + maxyzyenm % < +oo}.
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Theorem C.2.4 (Prop. 3.6, Thm 3.2 p. 54, and Thm 3.4 p. 63 of [Heb99]). Let (M™, g)
be a smooth complete Riemannian manifold, with Ricci bounded below, and positive injec-

tivity radius, then

1. For any p € [1,n[ real, W'P(M, g) C LY(M, g) where % =

Q=

_1
2. Let p > 1 real, k < m integers, z’f% < B then WmP(M, g) C CE(M, g). ®
3. If p>1real, 0 < X <1 real [f% < 22 then WHP(M) € C{(M, g). *

Statements 1. and 3. keep true if we replace positive injectivity radius by volume (respect
to g) of unitary balls uniformly bounded below by a positive constant independent of their

centers.

SCE(M,g) = {ue C™(M): lullcm = 37 g sup,en [ Viulx)ly < +oo}.

L ON(M.g) = {u e O™(M.g) : [ullor = subyens [u(@)] + 5up, yers HEWL < foo).



Appendix D

Existence of solutions for generalized

scalar curvature equations

In this part we present some PDE’s theorems needed to understand the proof of the
proposition of the article [Dru02c| page 2353. The results can be found in [Dru00] or for
instance [Heb99] page 85 for an exposition in book form of such ideas. In this appendix
let (M™, g) be a smooth compact Riemanian-manifold of dimension n > 2. Let p €]1,n],
and a, f two smooth functions on M. We are concerned with the existence of positive

solutions u € WHP(M) of the equation
A, u+a(@)uPt = fz)u? (D.1)

called by Olivier Druet ”generalized scalar curvature equation”.
By regularity results any solution u of D.1 is C1 for some 1 €]0, 1| (see Theorem 2.3
of [Dru00] for this assertion) this type of regularity is, in general, optimal for p arbitrary.

For (R™,¢) the Euclidean space the function

-1
u(e) = oo

is a solution of Ay cu = —n in R™ and is OV with n = 1.
u(z) = BHal
> ||
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Another issue here is that we want to work with ¢ = p*, where p* is the critical exponent
for the noncompact embedding of W'? in LP", unfortunately it is not possible to obtain

solutions of (D.1) via simple variational arguments because the functional defined by

1 1
! / Va4 L / alul?, / u
PJm PJm P JMm

does not in general satisfy the Palais-Smale condition (see for example Chapter II, section

p*
Y

2 of [Str08] for a treatment of the Palais-Smale condition) and then it is not possible to
obtain critical points of the functional. Consider the operator
Lyy = Apgu+ a(z)|ulf?u,

and define the functional

](u):/M(Lpﬂu)udvg:/M(|Vu|§dvg+a(x)|u|p)dvg,

and we say that L, , is coercive if there exists some A > 0 such that for any u € W'?(M)

we have
/ |Vu|§dvg+/ a(z)|ulPdv, = I(u) > )\/ |ulPdv,. (D.2)
M M M

When a > 0 then L, , is immediately coercive. We also let

Ay = {UEWLP(M) :/ f]u|sdvg:1}, ps = inf I(u),
M uEAs
A=Ay, and p = inf,ep I(u).
Observe that L, , is coercive if there exists A > 0 such that for all u € W'?(M) we

have
/M |Vu|§dvg—|—/Ma(x)|u|pdvg — I(w) > Allullwr. (D.3)

It is easily checked that D.3 is equivalent to D.2. In fact, is straightforward to see that

D.3 implies D.2. Reciprocally, assume D.2, and for § > 0 we write
I(u) =BI(u) + (1 = B)I(u) > BI(u) + (1= BN |ull}
> B[ Vully = Bllall e llullp + (1 = B)A ullp
> B Vullh + ((1 = B)A™ = Bllallz=<) [[ull;
> G (IVully + ullp) .

where we choose 8 such that 0 < 8 < 8, and 8 < (1 — B)A"! — Bllal|L~. This proves the

equivalence. For the main result, we proceed in several steps.
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Lemma D.0.1. Let (M™,g) be a smooth compact Riemannian manifold, n > 2, p €]1,n|
some real number, and let a, f be smooth, real-valued functions on M. We assume that
L, is coercive and that f is positive somewhere on M. For any s €|p,p*| real, the
equation

Ayu+ a(@)uP ™t = pf (z)u?
posseses a positive solution uy € Ay N CH1 1 €]0,1].

Proof. Let (u;) a minimizing sequence in A for ps. Namely, u; € Ay, for any 4, and

lim 7I(w;) = us.

i—rFo00

Since |V|u|| = |Vu|, without loss of generality, up to replacing u;, by |u;|, one can
assume that the u;’s are non-negative. Since L, , is coercive, (u;) is a bounded sequence
in W'P(M). Up to the extraction of a subsequence, since W'P(M) is reflexive, and by

the Rellich- Kondrakov Theorem, we get the existence of some u, € W?(M) such that
u, —u in W (M), ug —u in L*(M), u, > u ae.

One then gets that us > 0 a.e., and that u, € A;,. Moreover, the weak convergence in
WhP(M) implies that
I(ug) < liminf I(u;).

1—+400
Hence, I(us) = ps. The fact that ug is a minimizer for I on Ay, gives that ug is a solution

of the corresponding Euler’s equation

Ay gus + a(x)ub™ = pof(x)us™t,  on M

S

(D.4)
[y fuidvg = 1.

The result then easily follows from the maximum principles and regularity results. O]

Lemma D.0.2 (Technical lemma). With the same notation as above, we have

: < .
lim sup s < Z1Lr€1/f;1(u)

S—p

Proof. Let € > 0 be given, and let v € A, v non-negative and such that

I(v) < ilelzij(u) +e.



95

For s close to p* it holds

v = ( /M f(x)vsdvg>_iv,

makes sense and belongs to A;. Hence I(vs) > p,. Noting that I(vs) — I(v) as s — p*,
one gets that

limsup ps < I(v) < inf I(u) + e.

s—p* u€EA

The fact that such an inequality holds for any € > 0 proves the above claim. O]

In what follows, up to the extraction of a subsequence, we can assume that there exists

limg_,p» p15. We let
p= lim ps.
s—p*

Lemma D.0.3. Let (M™, g) be a smooth, compact Riemannian manifold, n > 2, p €|1,n|
some real number, and let a, f be smooth, real-valued functions on M. We assume that
L, 4 is coercive and that f is positive somewhere on M. For any s €|p,p*| real, let (us)
be as in Lemma D.0.1 with the additional property that (us) has a limit p as s — p*.

Suppose that a subsequence of (us) converges in some L¥(M), k > 1, to a function u Z 0.

Then u € CY"(M), n €]0,1[, u is positive, and
Ay gu+ a(z)uP = pf(z)u?
In particular, p > 0 and, up to rescaling, u is a solution of (D.1).

Proof. 1t is easy to check that (u,) is bounded in W'?(M). Up to a subsequence we may

then assume that for s — p*,
us —u in WHP(M), us —u in LP(M), Us — u - a.e.

In particular, w is non-negative. Moreover, since |Vus|, is bounded in LP(M), we can
assume that for s — p*,

[Vus|[) 2V, — w,

in L%(M ). Similarly, we can assume that

u ™t = wPt in LP%(M),
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since (us~!) is bounded in L#°1(M) C L»-1(M). Then by taking s — p* in (D.4), we
obtain

—divy(w) + a(@)u’" = pf(z)u L.
It is obvious that puf(z)ué™t — a(x)uP~! is bounded in L'(M). Thanks to [DHI8, lemma
2], w = |Vul|?"*Vu. Notice that the proof presented in [DH98] in the Euclidean context

can easily be extended to the Riemannian context. Hence, u is solution of
Apgu+a(z)u?™ = pf(z)u” ",

By maximum principles and regularity results, one then gets that u is positive and that
u € C11(M) for some 7 €]0,1[. Moreover, multiplying this equation by u and integrating

over M we show that y and [, f (z)u?"dv, are positive. This proves the lemma. ]

As a general remark on this result, one can note that p = inf,c I(u) and that u of
Lemma D.0.3 belongs to A, so that u realizes the infimum of I on A. Indeed, multiplying

the equation of Lemma D.0.3 by v and integrating the result over M, one gets that

u/ f@)u? dv, = / (|Vul? + a(x)uP) du,
M M
< liminf/ (|Vus|P + a(z)ul) dv,
s—p* M
= liminf ps.

s—p*

1
Hence, [, f(z)u”"dv, < 1. Let v = u ([, f(z)u’"dv,) 7. Then v € A, according to what

p<Iv) =p (/M f(ﬂf)up*dvg)

As a consequence, [, f(z)u? dvg > 1, so that [, f(z)u?" dvy = 1 and g is the infimum of

has been said above,

1-Z

I on A. This proves the above claim.

From now on we assume that every subsequence of (u,) which converges in L*(M),
k > 1, converges to 0. Let y € M, § > 0 and 0 € C*°(M) such that ¢ = 1 in B(y,§/2)
and o = 0 out of B(y,d). Multiplying (D.4) by oPu*, 1 < k < p?; and integrating over M,

we get that

kp? \V4 Hﬁ_l Pdu. < A P k+g-14
hrp—1p M| Ols Pdvg < A+ pq 0 fz)u; Vg,

where A does not dependent on s. Analyzing the cases we get:
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1. f(y) < 0. Taking  small enough, we have

k+p—1 _ p
/ % <O’Us P ) Pdv, < Aw.
M

kpr

2. f(y) > 0. Fairly standard computations, based on Aubin’s inequalities [Aub76],

lead to the following result. If

p_
%

-
wf(y)»® K(n,p)? limsup [/ |f(a:)|u§dvg] <1
B(y,0)

s—p*

then we can find § small enough and B independent of s such that

k+p—1
/ A% (crus ? ) Pdv, < B.
M

Lemma D.0.4. We still assume that every subsequence of (u,) which converges in LF(M),
k > 1, converges to 0. Moreover, we assume that there exists some y € M, d > 0, o as

above and C' > 0, k > 1 independent of s such that

k+p—1
/ A% (auS r > Pdv, < C.
M

lim Sup/ uzdv, = 0.
s—p* B(y,6/2)

Proof. Assume by contradiction that

Then

lim sup/ uzdvg > 0.
s—p* B(y,6/2)

We have that

S
*

N P
/ uzdv, < C) (/ ub dvg) ,
B(y,6/2) B(y,6/2)

where (' is independent of s. Using Holder’s inequalities, we obtain
s (nk—p)s
. * % p*n(k+p—1)
</ ub dvg) < (Y (/ us " dvg>
B(y,6/2) B(y,6/2)

n(k+p—1)
lim sup/ us "7 dv, >0
B(y,6/2)

=

Hence

s—p*

and we get a contradiction with the fact that every subsequence of (ug) which converges

in L*(M), k > 1, converges to 0. This proves the lemma. ]
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Now we have the tools to prove the principal result.

Theorem D.0.1. Let (M", g) be a compact Riemannian n-manifold, n > 2, 1 < p < n,
and let a, f be smooth real-valued functions on M. We assume that L, , is coercive and

that f 1s positive somewhere on M. If

P

(max f(x)) " inf Iu) < K(n,p)

zeM uEN

then equation (D.1), Ay u + a(x)uP™' = f(x)uP ™', possesses a positive solution

u € CY1(M), n €]0,1].

Proof. 1f for all y € M such that f(y) > 0, exist ¢, satisfying

P
53

-2
W f ()% K (n, p)? i sup { / |f<a:>|u§dvg} <1,
B(y,0)

s—p*
then, recovering M by a finite number of balls B(y, d), lemma D.0.4 gives us a contradic-

tion with the fact that
/ f(x)uidv, = 1.
M

So there exists y € M such that f(y) > 0 and § > 0,

-
()% K (n, p)? limsup [ / |f<m>|uzdvg] > 1
B(y,9)

s—p*

P
¥

Independently, since pK (n, p)? (maxen f(x))»* < 1, we obtain

1—-2

puf ()7~ K (n, p)? lim sup { /B ) If(fr)IUidvg} "
Y,

s—p*

s—p*

-2
<lim sup [/ |f($)|ui|dvg]
B(y,9)

But taking 0 small enough such that f(x) > 0 in B(y,d), we have

lim sup/ | f(z)|uidv, <lim sup/ |f(z)|uidv, =1
s—p* B(y,9) s—p* M

since, according to the previous discussion, (u$) converges to 0 in L'(M) in a neighborhood
of any x such that f(z) < 0. So we obtain a contradiction. The falsified hypothesis is:

every subsequence of (u,) which converges in L*(M), k > 1, converges to 0. By lemma

D.0.3 this ends the proof of the theorem. n



Appendix E

The Concentration-Compactness

Principle

In this Appendix we introduce the reader to The Concentration-Compactness Principle,
developed by P.-L.Lions. It turns out to be a very powerful tool to help us to obtain
the existence of a nontrivial extremal function that minimizes a functional inequality,
under certain hypotheses. We follow closely the treatment presented in the Struwe’s book

[Str08].

Theorem E.0.1. [Lemma-I p. 39 of [Str08]] Let j,, be a sequence of probability measures
on R™ such that p,, > 0, fRn Ay, = 1. Then there exists a subsequence (p.,) such that

one of the following three conditions holds:

i. (Compactness) There exists a sequence x,, C R™ such that for any € > 0 there exists

a R > 0 with the property that for all m

/ Ay, > 1 —c¢.
B(zm,R)

ii. (Vanishing) For all R > 0 we have

lim (sup / dum) =0.
mM—00 rER™ B(SL‘,R)

iti. (Dichotomy) There exist A, 0 < A < 1, such that for all ¢ > 0, there is a number

R > 0 and a sequence (z,,) C R™ with the following property: Given R’ > R, there
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are measures i, u2, such that

0 < pb, + 112, < i,

supp(piy,) C B(xm, R), supp(ps,) C R™\ B(zm, R),

lim sup (‘)\—/ du}n ) <e.
m—00 n

Remark E.0.1. The above Theorem is true if we replace R™ by a complete Riemannian

+‘(1—A)—/ndui

manifold (M, g).

Theorem E.0.2. [Lema-II Pag. 44 [Str08]] Let k € N, p > 1, kp < n, % =

3|

)

S

suppose that w,, — u weakly in WFP(R") and iy, = |V, [Pdz — p, vy = |up|9de — v
weakly in the measure sense where ju and v are bounded non-negatives measures on R™.

Then

(i.) There exists some at most countable set J, a family {x7;j € J} of distinct points of
R™, and a family {v\9);j € J} of positive numbers such that
v = |u|'dx + Z VDG,
jed

where 0, is the Dirac-measure of mass 1 concentrated at x € R™.

(i1.) In addition we have

> |VFulPde + Zﬂ(j)5x<a'>

jed

for some family {pu);j € J}, u9) > 0 satistying
K(n,p)(u(j))p/q < /L(j),Vj cJ
In particular, ZjeJ(V(j))p/q < 00.
Let us show in form of a lemma, that the measure |v,|[P"dz does not have dichotomy.

Lemma E.0.1. Consider the measure given by v, = |v,[P*dx = |o,|7-Tdz. Then we have

that
fRn |V, |dx

lim —

p1 L
~n—1
( Jan U5 dx)

= K(n,1)".
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Proof. After rescaling and normalizing the sequence v,, we can suppose that fRn vg* dxr =

1, and then we have only to prove that lim,_,1 [5, [V&,|dz = K(n,1)"". Consider a family

of measures v, = |v,[P*dz. If we have dichotomy, let A €]0,1[ be as in Theorem (E.0.1)-
2

(iii.) and for € > 0 determine R > 0, a sequence (z,,), and measures v, , v as in that

lemma such that

1 2
Oﬁyp—l—ypgyp,

supp(v,) C B(zy, R), supp(v2) C R"\ B(x,,2R),

lim sup (‘)\ —/ dl/; ) <e.
p—1 n

Choosing a sequence ¢, — 0 with corresponding R, > 0 and z,, upon passing to a

+‘(1—A)—/ndu§

subsequence (v,), if necessary, we can achieve that
supp(v,) C B(xy, Ry), supp(vy) C R™\ B(x,, 2R,),
and

lim sup (')\—/ dv, —|—‘(1—)\)—/ dz/i) =0.
p—1 n n

Moreover, in view of Theorem (E.0.1) we may suppose that R, — oo (p — 1). Choose

¢ € C*(B(2,0)) with 0 < ¢ < 1 and such that ¢ = 1 in B(1,0). For p — 1, let

Bp(x) = & (552, then
|V1~}p| = |v{’p|¢p + |V@p|(1 - ¢p)'

By triangular inequality we have

1(VEp)dpll = IV (0pp) | = 15,V .
Since |[V¢,| < CR;*, we get

1(V3,)5ll = IV (@) = CR 5],
and similarly for (1 — ¢,) instead of ¢, we get

1(VE) (1 = &)l = IV (5p(1 = ¢p))[| = CR, 15,
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Let the annulus A, = B(2R,, z,) \ B(R,,x,). But by Holder inequality

1~ _ 1
By ollzican < By (VE(AD 15pll s gy < Clpl 2

(n=1)

=C </ vfdx)
AP
(n=1)
SC[/ dv, — (/ dV;—i—/ duf,)] . (E.1)
Rn n n

The constant C' depend on n. Hence this last term tends to 0 as p — 1. From (E.1) we

thus obtain that CR;'(|7,]| < o(1), where o(1) — 0 (p — 1). By Sobolev’s inequality we
find

VO [| = IV (@) | + IV (0p(1 = b))l + 0(1)

> K(n, 1) (15,0l 2, + 151 = 6,)l] 2, ) + (1)

> K(n,1)7! </nv§* [fnl)n;l—i-(/nyp (1—¢,)" >

n—1 n—1

> K(n,1)7! (/ dyp> + (/ dz/p> +0o(1)
B(Rp,zp) R™\B(2Rp,zp)

> K(n, 1) :(/ndu;)n;lJr (/ndug)n;l

1

> K(n, 1) (A* +(1- A)”%) —o(1),

+o(1)

where o(1) — 0 when p — 1. Butfor0<)\<1and"7_1<1wehave/\nv;z1 F(1=N)" > 1,

contradicting the initial assumption that ||[V©,| — K(n,1)7". O



Appendix F

F.1 Relations between u, and v,.

Since v,(z) = pp up(exp, (7)), Qp = p, exp, ! (By(zop 1p)) and gy(z) =

exp; g(Hpr) we have

| epordu, = [ e, ), )

P
n—p

o u(ex, (1)) 1)
#;l €XPg) (Bg(w0,p,mp))

n—p,

—u " | (e )y )
eszp gCE()’p,T’p
~(2-

. / (exp; ) [us(exp,, (2))dvg, (1152)]
By (mO,pﬂ”p)

—it [ uedne),
Bg(20,p,Tp)

where = (% — %) r. Then

[vplly = M;/BHUPH:- (F.1)

Consider two particular cases. If r = p* = &, then § = 0 and |[v, /[y = [|lup[. For
r = p we have that ||v,||, = 1, ' ||upll,, and since ||u,||, — 0 we obtain that

ppllvally ™ = sl |5~ — 0. (F.2)
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Now for the gradient we have that

/Q V()] du,, = / 19 (™ tp(expy, (11p2))) " s, ()

(252)r

=y’ [Vuy(exp,, (1)) dvg, (2)

/N;l expg,, (Bg(0,7p))

n—p r

— [ Ve, ()] du, (g, )
€XPzp (Bg(0,rp))

n(r—p)

iy / Vutp(exp,, ()| dvg, (172)
exp;pl (Bg(0,7p))

n(r—p)

—i T [ V@),
BQ(()?T:D)

from which follows
n(r—p)

Vg vl =t 7 [[Vguplly.
In particular for » = p we have that
Vg vnllp = IVguplp- (F.3)

To get the relation between their respective p-Laplacians, denote by G} = [¢,.;(z)] the
matrix of exp;(g) in the exponential chart exp, : u,$, — M, where 11,2, = By(xo,,7p),

ie.,

9pai () = (d(exp)a, ()(e:), d(exp)a, ()(e;)), (expy(2)),

since g,(x) = expj (g)(1px), then the representative matrix of g, that we denote by G,

satisfies the relation G, (z) = G,(1,z). Now we calculate div,, (X) with X = X2

v, (X)(0) = — i (et Gy (o) X'(0))

det(G (x)) "
0

1 i
det(Gp(ppr)) ox? ( det(CGplupr)) X (37))
Hp 0 ‘
Jatar (VG )

= ppdivy(X)(y),

where y = p,z. Now since

i ii U
Vo, up(xps, (1p)) = G5 ()55 (up) = g (pr) 55 (1ip)
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we obtain

Apg,vp = —divgp(|Vgpvp\p’2Vgpvp)
2=1)(p-1) . _
= _Mzgp ) dlvgp(|vgpup|p 2Vgpup)($>
n7%+1 n7%+1

= MHp (— divg(|Vgup|p_2Vup)) = Hp Ay gp.

F.2 Extremal functions for the Sobolev inequality

It is well known that the extremal functions for the Sobolev inequality in R™ are functions
of the form
w(@) = A+ o — 2o 71)' 75, p> 1.

- n
The function given by V,(z) = (1 + (%) ’ ) play an important role when p — 1.
0

Observe that

n—p 1 pfl |gj| Pfl - 1
= — 1+ [ = =
Vi p—l(Ro) <+<Ro) ) i

Therefore we get that

1

tp(n—1) /OO L 4n—1 (7")”1 v
VV,(x)|dve = w1 | = - ro-1 1+ — dr
L o M

p 1
1 p—1 -1 1, o} T_l-f—n—l
= Wp-1 (—) p—<n )Ré)_1+ / —T D dr
Ry p—1 o (I4re1)»

(p=DH(n—=1)

—1 —1) [t
o Rg_lp(n )(p—1) / _dr
p—=1 p Jo (1+1t)r

=w, 1 Ry (n — 1)F <” _ nTTl) g <% _ n>

° gl I(2)T
Here we used the Beta Function B(z,y) = / dt = (z) (y)’ and the fact
o (L+1)=tv Pz +y)
1
that K (n,1)"' = (W’H)" -
at K(n,1) n{— R
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F.3 The p-Laplacian in geodesic polar coordinates

Lemma F.3.1. Let (r,0) be geodesic polar coordinates and let w = u(r) be a radial
function. Then,

Apgu = Dy eu+ O(r)[0,ul" 0.
Proof. Since Opu = 0 and in a geodesic coordinate system ¢"" = 1 and ¢"% = 0, we have

—Ap gu =div, , |[VulP?Vu
=0; (|VulP~2g"0;u) + (|Vul[""2¢* 9;u) T,
=0; (|VulP2g"0,u) + (|VulP~2g"9,u) T,
=0, (|VulP?¢"0,u) + (|Vul' g 0,u) I',
=0, (|10,u|P~20,u) + |0,u|P~20,ud, In(1/det g)

—(p— |0l 0,ru + |0,ulP20,ud, In(y/detg),
but we have that \/det g = r"~1J(r,0), where J(r,0) = 1 + O(r?), then

-1
Apgu=—(p— 1)\8Tu|p’28wu - |8ru|p’28ru <_n + 0, In J(r, 9))
r
0

n—1 O J(1,0)

= — [O,ulP~? ((p —1)0pu +

. 0.J(r,0)
= — p 2 —T ’
Ap et — |0,ulP20,u o)

=A, cu+ O(r)|0,ulP~?0,u.

_ p—2
(9,«u> |0yu|P~0,u 700)

The last assertion is true because the Laplacian for radial functions is

n—1

—Ageu = Oppu + o,u,

and the p-Laplacian is

~Bpeulr) =10 (0= Do+ o).

r



n—p—

p—v n—p—v
=1 = fr?, for o = —————

p—1

Now if G(x) = 0,|z|” , then we have that

—1
NGy = —10,G, ((p ~1)9,Gy + ”Tar(;p)

= —02 P2 D2 () — Da(a — 1)r* 2 4+ (n — 1)ar®™?
p p

= 7 2ar T [(p — 1o~ 1) + (n — 1)

= —9;’_1|a|p_2ar“(p_1)_p la(p—1) —p+n]

= —0P ty|aP2ar "
P

p—1
— Qg_ly (—n — P V) Y,
p—1

Hence

V
S
N
3
|
i~
—_
R
~
iS
L
|
Q
=
T N
8
s
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Appendix G

G.1 Sobolev embedding and the isoperimetric prob-
lem

If (M, g) is a complete Riemannian n-manifold of infinite volume, and p € [1,n| real. We
say that the Euclidean-type Sobolev inequality of order p is valid if there exists a positive

constant depending only on p and n, C'(n,p) > 0 such that for any u € WP(M), we have

(/ |u|qdvg> ’ < C(n,p)/ \VulPdu,,
M M

— % This inequality holds true for the Euclidean Space. Thanks to the work

the following inequality

where 1 =1

a P
of Croke [Cro84] this inequality with p = 1 holds true on any complete simply connected
Riemannian manifold of nonpositive sectional curvature.

The Aubin-Cartan-Hadamard conjecture states that for Cartan-Hadamard n-

dimensional manifolds, the sharp inequality holds, that is,

n—1

(/ \uyn’ildvg) ' gK(n,n/ Vuldv,,
M M

for any u € D(M). The explicit value of the constant K(n,1) is K(n,1) = + (ﬁ)

3=

But by the works of Federer and Fleming [HF60], this is equivalent to the following
isoperimetric problem, for any smooth, bounded domain 2 on a Cartan-Hadamard n-
dimensional manifold (M, g), holds the sharp isoperimetric inequality

]_ n—1

)%(Q)T-

>
400 2 T

We give now the equivalence of the assertions, following [Heb99].
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Lemma G.1.1. The sharp isoperimetric inequality A,(0€) > (Q)%1 is valid if

n—1
n

K
and only if the sharp functional inequality <fM |u|ﬁdvg> < K(n,1) fM |Vu|dv,, is

valid.

Proof. Let Q a smooth bounded domain in (M, g), and for ¢ > 0, let u. consider the

following function

1, if x € Q,

us(r) = 91— Ldy(2,00), ifxe M\Q, dy(z,00) < ¢

0, ifze M\Q, dy(z,00) > ¢

\

By definition, u., by all € > 0 is a Lipschitz function, and satisfies,

™ [

n if 1€ M\ Q, dy(x,00) < e
lim [ wl'dv, =V,(Q) and |Vu(z)=
e=0 J s .
0, otherwise.

Hence,

hm/ \Vueldv, = hm V ({x ¢ Q:dy(z,00) < e}) = A, (09),

and then we have that

fM |Vu|dv, <inf A, (09)

inf — .

u n w0 o
€D(M) (fM |u|ﬁdvg> V,(Q)
Now we prove the reverse inequality. Let uw € D(M), and for every t > 0 we defined

Q:={x € M :|u|(z) > t}, and V(t) = V().

Then we have the following
n—1

n |u| 1 o
e = (f \uwdvg) ( [ [ twdt>
M
- ( n / tnldt/ dvg> :< n / tnllV(t)dt) o
n—1J/, QO n—1J,

and by the same way

HMh:AwV@ﬁ.

Now define the functions
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By straightforward calculation we get that F'(0) = G(0), and since V (s) is a decreasing

function of s,

—1

G'(s) = ”;1 (nﬁ 1)% (/OstnLV(t)dt>isni1V(s)

This implies that

/ V(t)"nldtz( o / tnllV(t)dt) o
0 n—1J

and by co-area formula for smooth functions we obtain that

/|Vu|dvg=/ (/ d?—[”‘1>dt2 mea?_)l / V() dt.
M 0 lul=1(t) 2 V() ) Jo

Then combining the inequalities follows that

/]Vu|dvgz mea?)l / V(t) dt
M Q@ V() ) Jo

n—1
A, (00  a T
> (g A0 ( n / tan(t)dt)
Q (Q)T n—1
n—1
= 11{11 V ) (/ |u|n1dvg> ,
taking the infimum over u, we get the result and the lemma is proved. O

G.2 Expansion of area in term of the enclosed volume
of small geodesic balls

In this section we give the expansion of the area of a small ball in terms of the volume. In

Gray [Gral2] we can found the following expansion of small balls in term of the radius,

A(r) = ar™ ' + br™ 4 O(r P,

V(r) = Ar" + Br"™ + O(r"t),



S
where a = w,_1, b = —wn—l—c>
6n
A:wnfljB:_wnfl SC ]
n 6(n+2)

Inverting the series for V(r) we get that

n+3

(V)= A"V — %AnBvi +0 (V*) .

Then inserting this series in the expansion of A(r) we have

A(V) =a (—) - vty Loab — (- 1)aB) (l> CvE o).

n A

The square of the above quantity is

A

gn=1 3
AX(V) =a® (1) yezt y 2a(ndb = (n = Dab) G) V240 (:ﬁi) .

We have that

n

Lnab — (n - 1)aB) (%) _ Se (wn_1>_;

For the square of the perimeter:

2a(nAb — (n — 1)aB) (1 )3 _ nSc

A n+2

n

Finally we obtain that:

A(V) =n (“"’;L‘l)'l‘ VI - Q(HSj : (“’;—1)_’1‘ VE OV,

1

Since K (n,1)7! =n (22=1)", replacing we get

n

2

Sc n n_ 2 4
1— % n
2n(n +2) (wnl) Vr+0ve)

A(V) =K(n, 1)~V

And similarly for the square of the area

nSc

(V) = —2y2n 2 a2
A*(V)=K(n,1)"*V (n+2)V +O(Von)
_ —27,20-1 _ nK(nv 1)2SC 2 4
=K(n,1)"°V [1 —(n+2) Ve +O0(Vn)|.

111



112

G.3 Counterexample, when Ric < (n — 1)ky then
isoperimetric comparison could fails

It is known that in normal polar coordinates the expression of the perimeter in function
of the radius of a geodesic ball up to the third nontrivial term is given by the following
equation

A(r) = wor™ ™ (1 + A + Agr® + O(r))
Sec o 58¢* +8) Ry =33 Riy, — 18ASc‘

6n' 360n(n + 2)
Consider S*(v/3), the 4-dimensional canonical round sphere of radius v/3, with con-

where 4; = —

stant sectional curvature ky = % One easy computation shows that in normal coordinates

we have
Riji = ko(dindji — 5iz5jk),
then we have that

Z Ry = kg Z 0ir0j1 — 2051051000k + 040

i)jﬂkﬂl

= 2k Z (0301 — 0ik0j10:0 k)

i7j7k7l

= 2]{:8 Z(@k(sj‘j — 0ik0ij0;1)

1,5,k
= 2k Y (865 — 0i;0i;)
i

)

1 8
=2kin(n —1) = 25(4)(3) =3 (G.1)
In a similar way we obtain the Ricci and the scalar curvature

Ri; = ZRkikj = ko Z(@ck%‘ — 01j0ki) = ko(nd;; — 0;5) = ko(n — 1)d;,
k

Se =3 kol — 103 = nln — 1)k = (4)(3)% _ 4, (G.2)

thus

ZJ R = k2 (n— 1) izj(sij — R2n(n— 1) = %(4)(32) _4 (G.3)



Now, we get the expansion of the Area of a small geodesic ball of S*(1/3)

Sc 1
A==, "%
A 55¢ + 83 R, — 33 Ry, _ 5n*(n—1)*+8n(n —1)* — 6n(n — 1)]{;2
2T 360n(n + 2) B 360n(n + 2) 0
~n(n—1)(n+2)(5n —7) 12 (n—1)(bn — 7)k2 13
B 360n(n + 2) 0 360 0 1080

Then for a small geodesic ball in S*(v/3), this perimeter is given by

2 4

2 3 r 13r 6
= o 1— — .
Ag(r) =2 7’( 6+180—|—O(r))

The same kind of computation leading to (G.1), (G.2) and (G.3) for S?, gives
Now, consider S? x S2. Then we have that
SR, =2%4=8, YR, =2x2=4, Sc=4

Therefore for a small geodesic ball in §? x S?, we have

Sc_ 1

A==,
61 6

_BSAEH8Y RL -3 Ry, 5x16+8%4—3x8 11
B 360n(n + 2) B 360 * 4 % 6 1080’

2 4
A(r) = 27 (1 A 0(7“6)) |

2

6 1080
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By direct comparison we have that A(r) < Ag(r), but Ricseysz = (n—1)kogszxs? = gs2xs2-

In the expansion of the Area the expression 5S¢* + 83 R, — 33 Ry, — 18ASc

shows that the isoperimetric comparison can fails if the manifold is Ricci flat but not flat.

When dim = 3 by only purely algebraic considerations we get that Ricci flat implies that

the manifold is flat. But more generally it is known by Fisher and Wolf [F'W75] that if a

compact manifold M admits a flat metric then any Ricci flat metric on M is flat. However

Willmore in [Wil56] furnished the following example of a Riemannian metric Ricci flat

but not flat with dim = 4

ds® = o' (dx® + dy® + dz*) + z72dt>.
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A direct computation shows that the non-null terms of Riemann tensor are

1 _ pl _ 2 2 _ PR3 _ 2
R221_R331__P7 R121_R131_$_27

2 _ PR3 _ 2 3 _ 4 _ 4
R442_R443__$7 R232_R141__I_27

4 _ 4 __ 2 2 __ 4 1 __ 4
R242_R343_F7 R332_a;_27 R441_z_8'

Then we have that Ric = 0, that is, a manifold which is Ricci flat but not flat.
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