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Abstract

We define arithmetical and dynamical degrees for dynamical systems with several
rational maps on projective varieties, study their properties and relations, and prove
the existence of a canonical height function associated with divisorial relations in the
Néron-Severi Group over Global fields of characteristic zero, when the rational maps
are morphisms. We define canonical heights on projective varieties over Number
fields for systems of several rational maps, show cases where points of height zero
might lie in a non-dense set, and exhibit effective lower bounds for heights of points
with dense orbit in the torus, with the bounds depending on the arithmetic of the
points and on the maps. We study variation of Kawaguchi’s canonical height on
families of varieties and how to see its local components as intersection numbers.

Keywords: Canonical Heights, Rational Points, Preperiodic Points, Weil Local
Heights, Algebraic Varieties, Multiplicative groups, Rational Maps, Lower Bounds.
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Introduction

Weil heights play one of the key roles in Diophantine geometry, and particular Weil
heights that enjoy nice properties, called canonical heights, are sometimes of great use.
The theory of canonical heights has had profound applications throughout the field of
Arithmetic geometry.

Over abelian varieties A defined over a number field K, Néron and Tate constructed
canonical height functions hy, : A(K) — R with respect to symmetric ample line bundles
L which enjoy nice properties, and can be used to prove Mordell-Weil theorem for the
rational points of the variety. More generally, in [9], Call and Silverman constructed
canonical height functions on projective varieties X defined over a number field which
admit a morphism f : X — X with f*(L) = L®? for some line bundle L and some d > 1.
In another direction, Silverman [31] constructed canonical height functions on certain K3
surfaces S with two involutions oy, 09 (called Wheler’s K3 surfaces) and developed an
arithmetic theory analogous to the arithmetic theory on abelian varieties.

It was an idea of Kawaguchi [16] to consider polarized dynamical systems of several
maps, namely, given X/K a projective variety, fi,...fx : X — X morphisms on defined
over K, L an invertible sheaf on X and a real number d > k so that f{L® ... ® fifL =
L% he constructed a canonical height function associated to the polarized dynamical
system (X, f1, ..., fx, £) that generalizes the earlier constructions mentioned above. In the
Wheler’s K3 surfaces’ case above, for example, the canonical height defined by Silverman
arises from the system formed by (o, 02) by Kawagushi’s method.

This context provides a short glimpse of a connection between two areas of
mathematics, Number Theory and Dynamical Systems. Many of the motivating theorems
in the new subject of Arithmetic Dynamics may be viewed as the transposition of classical
results in the theory of Diophantine equations to the setting of discrete dynamical systems.
We can start associating rational and integral points on varieties with rational and
integral points on orbits, in particular associating torsion points on abelian varieties
with periodic and preperiodic points of rational maps. The works listed in the last
paragraphs above deal mainly with dynamics in dimension greater than one, where there
is an abundant variety of varieties that can admit self-maps of infinite order even in
dimension 2, imperfectly understood. On the other side, the only self-maps of a curve
of genus greater than 1 are automorphisms of finite order. This thesis is concerned
with dynamics in dimension greater than one, and dynamics associated to algebraic
groups, which can provide important examples and testing grounds for general results
in arithmetic dynamics.

Given X/C smooth projective variety, f : X --+ X dominant rational map inducing
f* :NS(X)rg —NS(X)r on the Néron-Severi group, the dynamical degree is defined as
O :=limy, 00 p(( f")*)%, where p denotes the spectral radius of a given linear map, or the
biggest number among the absolute values of its eigenvalues. This limit converges and is
a birational invariant that has been much studied over the past couple of decades. In [1§]
we find a list of references.



In [18], Kawaguchi and Silverman studied an analogous arithmetic degree for X and
f defined over Q on points with well defined foward orbit over Q. Namely, a;(P) :=
lim, o0 K (f*(P))%, where hy is a Weil height relative to an ample divisor and ht =
max{1, hy}. Such degree measures the arithmetic complexity of the orbit of P by f, and
log oy (P) has been interpreted as a measure of the arithmetic entropy of the orbit O(P).
It is showed in [18] that the arithmetic degree determines the height counting function
for points in orbits, and that the arithmetic complexity of the f-orbit of an algebraic
point never exceeds the geometrical-dynamical complexity of the map f, as well as more
arithmetic consequences. We could ask if this kind of research could be done in the setting
of general dynamical systems as treated by Kawagushi, with several maps, as in the case
of Wheler’s K3 surfaces. This is the first subject found in this thesis.

Given X/K be a projective variety, fi,..., fr : X --» X rational maps, F,, = {fi, o
.o fi;i; = 1,...,k}, we define a more general dynamical degree of a system of maps
as 0r = limsup,,_,, maxser, p( f*)%, and extend the definition of arithmetic degree for
ar(P) = %limn_mo{zfefn h}(f(P))}%, obtaining also the convergence of dz, and that
ar(P) < 6 when az(P) exists, all done in the first chapter. Still in it, motivated by
[18], we give an elementary proof that our new arithmetic degree is related with height
counting functions in orbits, when az(P) exists, by:

i #{nz();Zfe}‘nhX(f(P))SB} . 1
HiBo0 log B " log(k.ar(P))’

liminf p_ee (#{Q € OF(P); hx(Q) < B}y > fstraz)

We are able to extend theorem 1 of [18], showing explicitely how the dynamical degree
of a system with several maps can offer an uniform upper bound for heights on iterates
of points in orbits, when K is a number field or an one variable function field. Precisely,
for every € > 0, there exists a positive constant C' = C(X, hy, f,€) such that for all

P e Xz(K) and all n > 0,
> jer, hi(f(P)) < Ck™. (67 + €)".hi(P).

In particular, ¥ (f(P)) < C.k".(67 + €)".h% (P) for all f € F,.

This theorem becomes a tool to show the second very important theorem of the first
chapter. As we have seen, for a pair (X/K, f1, ..., fx, L) with k self-morphisms on X over
K, and L a divisor satisfying a linear equivalence ®%_, f7(L) ~ L®? for d > k, there is
a well known theory of canonical heights developed by Kawaguchi in [16]. Now we are
partially able to generalize this to cover the case that the relation ®F_ , f*(L) = L®? is
only an algebraic relation. Hence the limit

i (P) = T e 52 Sy, hi(F(P)).

converges for certain eigendivisor classes relative to algebraic relation. For L ample and
K a number field, we obtain that :

hi7(P) =0 <= P has finite F-orbit.

These kind of generalization was firstly done for just one morphism by Silverman in [18],
extending his own theory of canonical heights in [9], and we work out for several maps in
the present work.

After this, one can ask when it is possible to define a general canonical height
function on a projective variety X for a dynamical system with several rational maps



that eventually are not all morphisms, and when that can be done without an algebraic
equivalence identity previously exposed. Inspired by the work [29] of Silverman, we
propose two ways to define a canonical height using a factor of correction in chapter 2,
both generalizing Silverman’s ideas in slightly different forms from each other, on points
with well defined orbit. The first one is

. ) 1
hp #(P) = limsup,,_, TP g Zfe]-‘n ho(f(P)),
f

where Iz = inf{l > 0 : sup,, < oo} is the factor of correction, p(F,) =
maxser, p(f*), and D is the divisor defining the Weil height hp. We conjecture the

existence of Iz, as was done in [29] with just one map.
Conjecture A: [z exists.

For the above height, we easily have that le,;(P) = 0 for P € Preper(F). However

the reciprocal is already false for £ = 1. From the other side, if hp #(P) > 0, we prove
dr = ax(P). In various cases, 07 appears as root of a characteristic polynomial, which
takes us to generalize a conjecture made for just one map in [29], which is

Conjecture B: {az(P)|P € X7(K)} is a finite subset of the ring of algebraic numbers
Ok.

The second proposed height function is

. . 1
hp (P) = limsup,,_, SIS Zfe]—'n ho(f(P))-
f

We study this second height for rational maps on the projective space arising from
endomorphisms of the multiplicative group. We define and consider a class of dynamical
systems of this kind whose dynamical degree can be calculated as if we had just one map
in the system. Doing so, we can show, as it was done by Silverman in [29] for just one
monomial map, that the points with canonical height zero lie in a set that is not Zariski
dense. We show that the orbit of a point with canonical height zero is not Zariski dense
in this case, and that, under some conditions on the characteristic polynomials of the
matrices inducing the monomial maps, it is true now that

hp.7(P) = 0 if and only if the orbit Ox(P) is finite.

According to all this, it follows that a point with Zariski dense orbit might have
positive canonical height. A subsequent natural question then, made by Silverman [29] (
remark 30) for the case with one map, is to ask if one can find explicitely a positive lower
bound for the canonical height of a point that has Zariski dense orbit, where the bound
would depend only on the naive height of the point and on the matrix which induces the
endomorphism. Silverman’s suggestion is to try to use some effective form of the famous
theorem of Alan Baker for such, because he already had used it to prove his previous
related results that had risen the question. In the end of the second chapter we find such
bounds answering this question for the case where the initial matrix has real eigenvalues.
For this, we use an algorithm to find Jordan normal forms in [25], and an effective form
of Baker’s theorem due to Philippon and Waldschmidt. As Silverman predicted, we see
that the bigger the naive height of the point is, the smaller the calculated constants will
be.

As a canonical height, it is known that Kawaguchi’s height is, up to a constant, equal
to a Weil height. In the third chapter we start studying how such bounds can vary



more explicitely in families of varieties, when for each fiber we associate one canonical
height. This kind of research was made by Silverman and Tate in [30] for families of
abelian varieties, and afterwards by Silverman in [9] for a family of general varieties
and the canonical height developed there. We therefore generalize their results for the
Kawaguchi situation. Namely, for a family 7 : ¥V — T of varieties with a system Q of
maps ¢; : V/T --» V/T and a divisor 7 satisfying 7T(|(®f:1 oin) —an|) # T. Then on all
fibers V; for t in a certain 77, there is a canonical height IA‘LVWMQ“ and we ask to bound
the difference between this height and a given Weil height hy,, in terms of the parameter
t. We show that there exist constants ¢; and ¢y such that

vy e (@), (@) — hy ()| < erhp(t) + ¢y for all t € T and all z € V.

We can find also a kind of local version for the above result. In fact, in theorem 4.2.1 of
[16] Kawaguchi showed that his canonical height can be seen as a sum of local canonical
heights as in the case of abelian varieties. Therefore, we show an estimate for the difference
between the canonical local height and a given Weil height.

When T is a curve, hy is a Weil height associated to a divisor of degree one, P : T" — V

is a section, V' the generic fiber of V is a variety over the global function field V(K (T')),

P, :== P(t), and the section P corresponds to a rational point P, € V(K(T)), we show
that

. (@), (P2)
hth(t)—>oo,teT0(F<) % = hV,nv,(Q)v(PV)a

generalizing a result of Silverman in [9].

The third and last chapter is also place for an analysis of canonical local heights for
non-archimedean places in the context of intersection theory. Inspired in the final section
of [9], this theme was already discussed for abelian varieties. We work out with system
of several maps again. We prove more generally that if V' has a model V over a complete
ring O, such that every rational point extends to a section and such that & morphisms
¢; :'V — V extend to finite morphisms ®; : VV — V), then the canonical local height of
Kawagushi is given by an intersection multiplicity on V. For such generalization, we use
Frobenius-Perron theory on eigenvalues of matrices.

In the appendix, we point out that the admissible metric, defined by Kawaguchi in
[16] for a dynamical system of maps associated to a bundle, does not change if we start
with another dynamical system that has maps commuting with the maps of the first
system, and that are associated with the same divisor by a similar divisorial relation.
The canonical measures risen by both systems would then be the same as well, and the
main results of [26] are now in a more general setting.



Chapter 1

The dynamical and arithmetical
degrees for eigensystems of rational
self-maps

We study the existence of a canonical height function of points in projective varieties for
several morphisms, defined with motivation in the height constructed by S. Kawaguchi in
[16], but now with algebraic equivalence hypothesis, instead of linear equivalence. This
also generalizes Kawaguchi’s work with J. Silverman for systems with only one morphism,
which was done in [18]. With this purpose, we define the arithmetical and dynamical
degrees of eigensystems of self-rational maps, study some properties and connections of
these degrees with orbits of points, and find a bound for summed heights of iterates of a
point depending on such dynamical degree.

1.1 Notation, and first definitions

Throughout this chapter, K will be either a number field or a one-dimensional function
field of characteristic 0 . We let K be an algebraic closure of K. The uple (X, fi, ..., fx) is
called a dynamical system, where either X is a smooth projective variety and f; : X --+» X
are dominant rational maps all defined over K, or X is a normal projective variety and
fi + X --» X are dominant morphisms.

We denote by hy : X(K) — [0,00) the absolute logarithmic Weil height function
relative to an ample divisor A of X, and for convenience we set hi(P) to be
max{1l, hx(P)}.

The sets of iterates of the maps in the system are denoted by Fy = {Id}, F; = F =
{fi, . fi},and F, = {fi,0...0ofi,;i; = 1, ..., k}, inducing what we call Ox(P) the forward
F-orbit of P={f(P); f € U,en Fn}- A point P is said preperiodic when its F-orbit is a
finite set.

We write I, for the indeterminacy locus of f;, i.e., the set of points which f; is not

well-defined, and I for [J¥_, I;,. Also we define Xz(K) as the set of points P € X (K)
whose forward orbit is well-defined, in other words, Ox(P) N Ir = 0.

The set of Cartier divisors on X is denoted by Div(X), while Pic(X) denotes The
Picard group of X, and NS(X) = Pic(X)/Pic’(X) is called the Neron-Severi Group of
X. The equality in this group is denoted by the symbol =, which is called algebraic
equivalence.

Given a rational map f : X --+ X, the linear map induced on the tensorized Néron-
Severi Group NS(X)r = NS(X) ® R is denoted by f*. So, when looking for a dynamical
system (X, F), it is convenient for us to use the notation p(F,) := maxser, p(f*,NS(X)g).



For definitions and properties about Weil height functions, we refer to [14].

Next, we define the dynamical degree of a set of rational maps on a complex variety,
which is a measure of the geometric complexity of the iterates of the maps in the set,
when it exists. This is a generalization for several morphisms of the dynamical degree
appearing as the first definition of [18].

Definition 1.1: Let X/C be a (smooth) projective variety and let F be as above.
The dynamical degree of F, when it exists, is defined by

5.7: = lim SUPp 00 p(‘Fn) "

In this sense, we also generalize the second definition in the introduction of [18],
introducing now the arithmetic degree of a system of maps F at a point P. This degree
measures the growth rate of the heights of n-iterates of the point by maps of the system
as n grows, and so it is a measure of the arithmetic complexity of Oz(P).

Definition 1.2: Let P € Xz(K). The arithmetic degree of F at P is the quantity
ar(P) = Hlimp oo X e p, L (F(P)}

assuming that the limit exists.

Definition 1.3: In the lack of the convergence, we define the upper and the lower
arithmetic degrees as

ar(P) = glimsup, {3 fer, hx(f(P))}7
ar(P) = %lim infn%oo{z:fe}‘n hx(f(P))}»
Remark 1.4: Let X be a projective variety and D a Cartier divisor. If

f: X — X is a surjective morphism, then f*D is a Cartier divisor. In the case where X
is smooth, and f : X --» X a merely rational map, we take a smooth projective variety
X and a birational morphism 7 : X — X such that f:= for: X — X is a morphism.
And we define f*D := 7, (f*D). It is not hard to verify that this definition is independent
of the choice of X and 7. This is done in section 1 of [18] for example.

1.2 Basic properties of the arithmetic degree

In this section we check that the upper and lower degrees defined in the end of the section
above are independent of the Weil height function chosen for X, and so they are well
defined. Some examples of these degrees are computed is this section as well. We also
present and prove our first counting result for points in orbits for several maps, and state
an elementary and useful linear algebra’s lemma.

Proposition 1.5:  The upper and lower arithmetic degrees ar(P) and ar(P) are
independent of the choice of the height function hx.

Proof. If the F-orbit of P is finite, then the limit az(P) exists and is equal to 1, by
definition of such limit, whatever the choice of hx is. So we consider the case when P is
not preperiodic, which allows us to replace h% with hx when taking limits.

Let h and A’ be the heights induced on X by ample divisors D and D’ respectively, and
let the respective arithmetic degrees denoted by az(P), ar(P), &x(P), a/(P). By the
definition of ampleness, there is an integer m such that mD — D’ is ample, and thus the
functorial properties of height functions imply the existence of a non-negative constant C'
such that:



mh(Q) > h(Q) — C for all Q € X(K).

We can choose a sequence of indices N/ C N such that:
1

a5 (P) = Hlimsup, o {3 jer, B (F(P)}7 = $limuen{Y ez, W (f(P))}7
Then

& (P) = ¢ limpen{> e, W(f(P))}n
< Hlimen {3 e 5, mh(f(P)) + C}r
< plimsup, oo {3 e r, mh(f(P)) + C}r

= flimsup, o {m(X ez, A(f(P))) + Ck"}

1

= plimsup, , {> jer, M(f(P))}n

= ar(P)

This proves the inequality for the upper arithmetic degrees. Reversing the roles of h and
h’ in the calculation above we also prove the opposite inequality, which demonstrates that
ar(P) = &/z(P). In the same way we prove that ar(P) = a/z(P). O

Our next lemma says that points belonging to a fixed orbit have their upper and lower
arithmetic degrees bounded from above by the respective arithmetic degrees of the given
orbit generator point.

~ Lemma 1.6: Let F = {fi,..., fx} be a set of self-rational maps on X defined over
K. Then, for all P € X#(K), alll >0, and all g € F,

ar(g9(P)) < ar(P)and ax(g(P)) < az(P)
Proof. We calculate
ar(g(P)) = tlimsup, oo {3 e r, WX (F(9(P)} =

Limsup, o { Y ez, yer M (LT (P) = X ser yern o WGP}
< plimsup, oo {[Xser, , M5 (F(P)]+O1)k"H )

= Hlimsup, oo jer,,, ML (F(P)}

Llmsup, o {3 e, AL (F(P) e )

= Hlimsup, o {X e r, ., M (F(P)}7

= ar(P)

The proof for ar(P) is similar.



Here are some examples:

Example: Let S be a K3 surface in P? x P? given by the intersection of two
hypersurfaces of bidegrees (1,1) and (2,2) over Q, and assume that NS(S) = Z?, generated
by L; := piOp2(1),7 = 1,2, where p; : S — P? is the projection to the i-factor for i = 1, 2.
These induce noncommuting involutions oy, 09 € Aut(S). By [31, Lemma 2.1], we have

O',ZKLZ = Lz,O'*LJ = 4[;1 - L]7 for i # j

1

The line bundle L := L + Ly is ample on S and satisfies oL 4+ o5L = 4L, and thus
h =R {0105} exists on S(Q) by [16, theorem 1.2.1]. Noting that

" 1 4 " -1 0 " -1 -4 " 15 4
o1~ 0 —1 y 09 ™ 4 1 7(01002> ~ 4 15 7(02001) ~ 4 —1|°

(c1009007)" ~ 1556 (09001 009)" ~
1 2 1 _4 _15 ) 2 1 2 56 15

we calculate that

p(0}) =24 V3, p(03) = 2+ V3, p((01 0 02)") = T+ 4V/3,
p((02001)") =T+4V3,p((01 005 001)") =1, p((02 051 0 02)") = 1.

This gives that 05, 5,3 = 2 + /3. Furthermore, since h is a Weil Height with respect to
an ample divisor,

: 1 n 1
Uor00}(P) = (1/2) i s00 [ s (5, 0y, MU (P))]7 = 1/2.[47.A(P)] =2
for all P € S(Q) non-preperiodic, i.e, P such that h(P) # 0.
Observe that in this case Gy, 5y} (P) =2 < 24 V3 = 0(y, 0,}, Which we will prove in
Corollary 1.16 to be true in our general conditions.

Example: Let S be a K3 surface in P? x P?, as in the example 1.4.5 of [16], given by
the intersection of two hypersurfaces of bidegrees (1,2) and (2,1) over Q, and assume that
NS(S) = Z2, generated by L; := p;Op2(1),i = 1,2, where p; : S — P? is the projection
to the i-factor for ¢ = 1,2. These induce noncommuting involutions oy, 02 € Aut(S). By
similar computations we have o;L; = L;,0;L; = 5L; — L;, for @ # j. The ample line

bundle L := L; + L, exists on S and satisfies 07L + o5L = 5L, and thus h := iLL{Uwz}

exists on S(Q) by [16, theorem 1.2.1]. Proceeding in the same way as in the previous
example, we have that

Example: Let S be a hypersurface of tridegree (2,2,2) in P! x P! x P! over Q, as
in the example 1.4.6 of [16]. For i = 1,2,3, let p; : S — P! x P! be the projection
to the (j,k)—th factor with {7, j,k} = {1,2,3}. Since p; is a double cover, it gives an
involution o; € Aut(S). Let also, ¢; : S — P! be the projection to the i—th factor, and set
L; = qOp, L := Ly + Ly + L3 ample, and we assume that NS(S) =< Ly, Ly, L3 >= Z3.
By similar computations as above we have

J



Then ofL + o5L + o5L = 5L, which gives us the existence of h := }ALL’{UI’@’J?)} by [16,
theorem 1.2.1]. We note that if h(P) # 0, then a similar computation as in the previous
examples yields s, 4y,051(F) = 5/3. While we can also calculate that:

1 -2 =2
(0'300'200'1)*N 2 3 10
2 6 15

with its big eigenvalue being aproximatelly p((c3005001)*) ~ 18,3808. As (18,3808)'/3 ~
2,639, we have that d(, 5y.05) = 2,63 > 5/3 = (g, 09,05} (P)

Example: Let A be an abelian variety over Q, L a symmetric ample line bundle on
A Let f = (Fy: ..: Fy):PY — PN be a morphism defined by the homogeneous
polynomials Fy, ..., Fiy of same degree d > 1 such that 0 is the only common zero of
Fo, ... Fy. Set X = Ax PN g, = [2] X idp~, and gy = ida X f. Put M := piL ® p30pn (1),
where p; and ps are the obvious projections. Then

(d—1) times

A

G (M) @ ... gi(M) @g3(M) ® g5(M) @ g3(M) = MU=D,

This gives us that a canonical height h := ﬁ{gh___,gl,g%g%gz} exists by [16, theorem 1.2.1].
Again, if h(P) # 0, then gy, . g .90.90.001(FP) = F_Q’ and we can also see that
Ofgr,gr 92,9292} = Max{0p, Oz} = max{d, 4}, which leads also to the same as the previous

< max{d,4}.

examples, since 1712

The next proposition is a counting orbit points result in the case of a system possibly
with several maps. This result describes some information about the growth of the height
counting function of the orbit of P as given below.

Proposition 1.7:  Let P € Xx(K) whose F-orbit is infinite, and such that the
arithmetic degree ax(P) exists. Then
40> 0, (P <B) 1
log B log(k.ar(P))

1irnB—)oo

and in particular,

liminfp o (#{Q € Ox(P): hx(Q) < B))wF > fmatarn

Proof. Since O(P) = oo, it is only necessary to prove the same claim with % in place
of hy. For each € > 0, there exists an ngy(€) such that

(1 —e€)ar(P) < %(zfe}'n WX (f(P)))w < (14 €)az(P) for all n > ng(e).
It follows that

02 no(e) : (1 + Qar(P) < 273 C fn 2 no(e) : Sye, B (F(P)) < B
and

{n = no(e) : Xyer, A (F(P)) < B} C {n = no(e) : (1 - )az(P) < i”}

Counting the number of elements in these sets yields

10



log B
log(k(1 + Jar(P))

—no(e) =1 < #{n>0:37,.- hi(f(P)) < B}

and
#H{n>0: Y er, hx(f(P)) < B} < log B +no(e) + 1
' log(k(1 — €)ax(P))
Dividing by log B and letting B — oo gives
: < limint, . T 20 X per, Ix(F(P)) < BY
oa(R0L 0P = e
and
hmnsup,, 120 Eper, IU(P) < BY .
o0 log B log(k(1 — €)ax(P))

Since the choice for € is arbitrary, and the liminf is less or equal to the limsup, this
finishes the proof that

#{”203Zfefnh;(f(P))§B} B 1
log B ~ log(k.ar(P))

hInBﬁoo

Moreover, we also have that
{n>0:3cx hx(f(P)) < B} C{n>0:hy(f(P)) < Bforall f € F,}
and thus
log B
log(k(1 + €)ar(P))
This implies that

—ng(e) =1 <#{n>0:hi(f(P)) < Bforall f € F,}

log B
Lot oazPy 06 _

L <#{Q e Ox(P):h4(Q) < B

Taking @—roo’cs and letting B — oo gives

FEEFPY < limint g (#{Q € Ox(P); h4(Q) < BY)ws.
]

We finish this section by stating the following elementary lemma from linear algebra.
This lemma will be useful in the following sections.

Lemma 1.8: Let A = (a;;) € M,.(C) be an r-by-r matriz. Let ||A|| = max|a;;|, and
let p(A) denote the spectral radius of A. Then there are constants ¢; and ¢, depending
on A, such that

c1p(A)" < ||A™] < ean”p(A)" for all n > 0.
In particular, we have p(A) = lim,_,. ||A"]|7 .

Proof. See [18, lemma 14] O

11



1.3 Some divisor and height inequalities for rational maps

We let h,g : X --» X be rational maps, and f € F, for F = {f1,..., fe} a dynamical
system of self-rational maps on X. The aim of this section is mainly to prove the next
result below. It states that the action of f € F, on the vector space NS(X)g is related
with the actions of the maps f1, ..., fr by the existence of certain inequalities. This result
guarantees, for instance, that the dynamical degree converges, and afterwards will also be
important in order to prove that hi(f(P)) < O(1).k".(67 + €)"h¥(P) for all f € F,,. In
order to achieve this goal, we state without proof, at the end of the section, an arithmetic
inequality relating the Weil height functions hy p o f and hy «p, with X/K and Y/K
smooth projective varieties, f : Y --+ X a dominant rational map defined over K, and
D € Div(X) be an ample divisor.

Proposition 1.9: Let X be a smooth projective variety, and fiz a basis D1, ..., D, for
the vector space NS(X)r. A dominant rational map h : X --+ X induces a linear map
on NS(X)r, and we write

h*D; =>""_ a;j(h)D; and A(h) = (a;;(h)) € M,(R).

We let ||.|| denote the sup norm on M,(R). Then there is a constant C' > 1 depending on
Dy, ..., D, such that for any dominant rational maps h,g: X --+ X, anyn > 1, and any
f € F, we have
1A(g o R)I| < ClA()I]-[[A(R)]]
IACHI] < C.(r-maxi—y . [[ACf)]])"-

The proof of this result will be made in the sequel. An immediate corollary of this is
the convergence of the limit defining the dynamical degree.

Corollary 1.10: The limit 67 = limsup, . p(F,)n ezists.

Proof. With notation as in the statement of proposition 1.9, we have

p(Fn) = maxyer, p(f*,NS(X)r) = maxser, p(A(f))

Denoting ||A(G)|| = maxgeg ||A(g)||, where p(G) := p(g) for G dynamical system and
g € G, proposition 1.9 give us that

log [| A(Frnpm)|| < log [[A(Fm)|| + log [[A(Fn)]] + O(1)

1
Using this convexity estimate, we can see that —log||A(F,)|| converges. Indeed, if a
n

sequence (d,,)nen of nonnnegative real numbers satisfies d;y; < d; + d;, then after fixing a
integer m and writing n = mq +r with 0 <r <m — 1, we have
dn - qu-‘,—r < (qdm + dr) dm 1 dr dm dr

_dm 2 O O O
n n n m(1+r/mq)+n_m+n

Now take the limsup as n — 0o, keeping in mind that m is fixed and
r <m —1, so d, is bounded. This gives

. d d

lim sup,,_, - ﬁ < Em

taking the infimum over m shows that

i

limsup,,_,,, — < inf,,>; — <liminf,, .. —,
n m m

12



and hence all three quantities must be equal.
As the sequence (||A(F,)||"")nen is convergent and therefore bounded, lemma 1.8
guarantees that the sequence (p(F,)"/™),en is bounded as well. O

We also conjecture that the limit lim,, p(fn)% exists and is a birational invariant.
The proof for dynamical degrees of systems with only one map given in [12, prop. 1.2]
should be extented naturally for our present definition of degree with several maps. In the
mentioned article, the dynamical degree is firstly defined using currents, and afterwards
such definition is proved to coincide with the one using the limit of roots of spectral radius.
Such result can be worked out in some future paper. Thus, from now on, we assume that

Or = lim,, o0 p(]—“n)%,

and that it exists.
We start the proof of proposition 1.9 stating the following proposition and lemmas
whose proofs can be found in [18]:

Proposition 1.11: Let X© XM X be smooth projective varieties of the same
dimension N, and let f@ : X ——5 XD pe dominant rational maps for 1 < i < m. Let
D be a nef divisor on X©. Then for any nef divisor H on X™), we have

(fWo f@o . o ftm)yD HN=T < (fmy  (f@)y(fOy D HN,
Proof. See [18, Prop. 17] O

For the lemmas, we need to set the following notation:
e N : The dimension of X, wich we assume is at least 2.

e Amp(X): The ample cone in NS(X)g of all ample R—divisors.

Nef(X): The nef cone in NS(X)g of all nef R—divisors.
e Eff(X): The effective cone in NS(X)g of all effective R—divisors.
e Eff(X) : The R—closure of Eff(X).

As explained in [11, section 1.4], we have the facts
Nef(X) = Amp(X) and Amp(X) = int(Nef(X)).
In particular, since Amp(X) C Eff(X), it follows that Nef(X) C Eff(X).
Lemma 1.12: With notation as above, let D € Eff(X)—{0} and H € Amp(X). Then
D.HN-1 > 0.
Proof. See [18, lemma 18] O

13



Lemma 1.13: Let H € Amp(X), and fir some norm |.| on the R—vector space
NS(X)g. Then there are constants Cy,Cy > 0 such that

Cilv| < v.HN=1 < Cyfv] for all v € Eff(X).
Proof. See [18, lemma 19] O

Now we start the proof of theorem 1.9. We fix a norm [.| on the R—vector space NS(X )g
as before. Additionally, for any A : NS(X)gr — NS(X)g linear transformation, we set
|Av|
All" = SUP,eNef— {0} v]
which exists because the set Eff(X) N {w € NS(X)g : |w| = 1} is compact.
We note that for linear maps A, B € End(NS(X)g) and ¢ € R we have

1A+ B[ < [[AIl" + ||BI|" and [[eA]]" = |[||A][".

Further, since Nef(X) generates NS(X)g as an R—vector space, we have ||A||' = 0 if and
only if A =0. Thus ||.||" is an R—norm on End(NS(X)g).
Similarly, for any linear map A : NS(X)g —NS(X)g, we set
| Aw
All" =
|| || SuP’UGEff—{O} |w| ’

then [[.||” is an R—norm on End(NS(X)g).
_ Wenote that Eff(X) is preserved by f* for f self-rational map on X, and that Nef(X') C
Eff(X). Thus if v €Nef(X), then ¢g*v and h*v belong to Eff(X'). This allows us to compute

. (g 0 h) |
[[(goh)*||" = SUP, Nef(x)- {0} 0]

(goh)v.HN!

from lemma 1.13

—1
< C78up, Nef(x)—{0}

]
- h*g*'U).HN_l o
<ot SUD,  Nef x)- (o) (T from proposition 1.11
B (h*g*v).HNfl
=] SUD, e Nef(x)—{0},9*v£0 T
-1 (h*g*v). HN 7' |g*v]
- Cl (SqueNef(X)f{O},g*v;éO |g*U| ’ |U| )
» (h*g*v). HN=? 90|
S Cl (Sup’UENef(X)—{O}ﬂ*’U?éO W)-(SUPUENef—{O} ‘,U| )
B (h*g*U).HN_l .
= (] (SupveNef(X)—{o},g*wéO W)Hg I’
- (h*w).HNfl . ) . -
SZC&I@HPwéEEoo—m}___TQT___)HQlrsnmeg/vezEHCX)
|7 w

< Cy'Cy(sup )lg*|" from lemma 1.13

weEff(x)—{0} |w]
= Cr Gl [Pl g* |-

We remember that we defined ||.|| to be the sup norm on M, (R) = End(NS(X)g, where
the identification is via the given basis Dy, ..., D, of NS(X)g. We thus have three norms
.11, ]| and [|.]|” on End(NS(X)g, so there are positive constants C%, C}, C¥ and CJ such
that

14



CallvIl < Il < Callyl] and G5l || < Jlll" < Cilly|I 1Yy € End(NS(X)g.

Hence
1A(g o W)l = [I(g o h)*|| < C57 (g o h)*|'
geialenenalmraly
gerpieneteteAlnaiRiral

= Cy 'O GG A |- A)II-

Similarly, if v € Nef(X), f := fi, 0...0 fi, € Fn, then f*v € Eff(X). A similar calculation
gives

LIl = SUP,eNef(x)-{o} |J’0U—|U|
(). HY !
v
(fiyo...0 fin)”‘v.HN_1
|v]
((fi)* o (fi)0). HN
|v]
|(fi,)"--(fir)" 0]

[l

S Cl_l SupveNGf(x)_{o} fI"OIn lemma 113

-1
=C SUP e Nef(x)- {0}

<Cy ! SUD,cNef(x)—{0} from proposition 1.11

< 01_102(SUPU€Nef(X)_{O} ) from lemma 1.13

Hence
HAHI =111 < G5
< Gy IO Gl (i) - (fi)H I
< Gy Oy GO I(f ) (fi )l
< Gy O GO (fi, ) N1 (i)

< Oy OO0y T max—y . [|A(S)|1]™,

As we wanted to show.

As it was said in the beginning of this section, the next proposition is a height inequality
for rational maps, with eyes towards future applications.

Proposition 1.14: Let X/K and Y/K be smooth projective varieties,
let f:Y --» X be a dominant rational map defined over K, let D € Div(X) be an ample
divisor, and fix Weil height functions hx p and hy, p«p(P) associated to D and f*D. Then

hX,D o f(P) S hy7f*D(P) + O(l) fOT all P € (Y — I]:)(K),

where the O(1) bound depends on X,Y, f, and the choice of height functions, but is
independent of P.

Proof. See [18, Prop. 21]. O
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1.4 A bound for the sum of heights on iterates

This section is devoted for the proof of a quantitative upper bound for >, hi(f(P))
in terms of the dynamical degree dx of the system.This is one of the main results of this
chapter, and is stated below. As a corollary, we see that the arithmetic degree of any
point is upper bounded by the dynamical degree of the system.

Theorem 1.15: Let K be a number field or a one wvariable function field of
characteristic 0 , let F = {f1, ..., [x} be a set of dominant self rational maps on X defined

over K as stated before, let hy be a Weil height on X (K) relative to an ample divisor, let
h¥ = max{hx, 1}, and let € > 0. Then there exists a positive constant C = C(X, hx, f,¢)

such that for all P € Xz(K) and all n > 0,
S er WL (F(P) < CRM(55 + " I (P).

In particular, b (f(P)) < C.k".(0F + €)".h%(P) for all f € F,.
Before proving the theorem, we note that it implies the fundamental inequality
ar(P) < ir.

Corollary 1.16: Let P € Xz(K). Then
ar(P) < oF.
Proof. Let ¢ > 0. Then
ar(P) = 7lim SUD,, 001D fer, h}(f(P))}% by definition of ar

< limsup,_,.(C.(67 4 €)".h%(P))# from theorem 1.15

= (5]: + €.
This holds for all € > 0, which proves that az(P) < dr. O

Now we prove theorem 1.15. If P has a finite orbit, then az(P) =1 and 1 < £, so
there is nothing to prove. We assume henceforth that #Oz(P) is not finite. We let m
and [ be positive integers to be chosen later, and we set

g = .le.

We note that Xz(K) C Xg(K). We choose ample divisors Dy, ..., D, in Div(X)
whose algebraic equivalence classes form a basis for NS(X)g, and we fix functions
hp,,...,hp, associated to the divisors Dy, ..., D,. We note that any two ample heights
are commensurate with one another, in other words, hx >< h'y, so we may take hx to
be

hX(Q) = Maxj <<y hDi<Q)-

We further can assume that hp, > 1, so hy = h}
Applying ¢g* to the divisors in our basis of NS(X)g, where g is any self-rational map
on X/K, we have algebraic relations

(%) g*Dy =>""_ ax(g9)D;  for some a;(g) € Q.

We set, the notation

A(g) = (au(9)), [[A(9)] = max; |ai(9)], |[A(G) || = maxyeg [|A(g)]]-
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Algebraic equivalence of divisors implies a height relation as in the following result.

Lemma 1.17: Let E € Div(X)g be a divisor that is algebraic equivalent to 0, and fix
a height function hg associated to E. Then there is a constant C' = C(hx,hg) such that

|hg(P)| < C\/h%(P) for all P € X(K).

Proof. See for example the book of Diophantine Geometry of Hindry-Silverman[14,
Theorem B.5.9]. O

Applying lemma 1.17 to (*) and using additivity of height functions, we find a positive
constant Cy(e, g) such that

hg 0, (Q) — 2oy ai(9)hp, (Q)] < Cile, 9)v/hx(Q) for all Q € X (K).
Making A := max,eg Ci (¢, g), we have, for all points @ € X(K) and g € G that
hx(9(Q)) = max;<i<, hp,(9(Q))

< max;<i<,(hg«p,(Q) + O(1)) from proposition 1.14
< maxici<, (31, air(9)hp,(Q)) + O(1) + A\/hx(P) from lemma 1.17
< (rmax;ygeg |ai(g)|)hx (Q) + O(v/hx(P))
— 1 AQ)1x(Q) + O(/Ax (P)).
An elementary lemma will be used.

Lemma 1.18: Let S be a set, G = {q1,...,gs} self maps on S, and a map
h:S —[l,00). Let a,b > 1 be constants. Suppose that for all x € S we have

h(gi(x)) < ah(z) + cy/h(x).
Then for all x € S,n >0, g™ € G,,,

(g™ (@) < a"(h(@) + (2v2¢)"\/(2)).

Proof. We set v = 2v/2 and proceed by induction on n. The inequality is true for n = 0, 1
by hypothesis, then we suppose that it is true for a given n € N>;. Let gt =g, 10
0 9i3 0 iy = g™ 0 giy € Guy1, g™ € G

Then

(g™ (@) = h(g™ (gi, (2)))
< a™(h(gi, () 4+ (v¢)*\/h(gi, (z))) from the induction hypothesis

(
< a"(ah(x) + e/h{@) + (vo)"\Jah(z) + ey /R@))
< a™(ah(z) + c/h(x) + (y¢)"/2ach(z))
= a"'h(z) + (a"c + (yac)"v/2ac)+/h(x)
Hence
" (h(z) + (y6)" !/ h(x)) — h(g" D (2))
(a1 (h(z) 4 (vac)" '\ /hW(x))) — (a" ' h(x) + (a’c + (yac)"V/2ac) h(x))

_,Yn 1/2 n—1/2\/§)
—7"ac"v/2)



Vh(@)are(y act (v = V2) = 1)
Ox/h(x)a”c(fy”ac“ 2—-1)

Vol

We apply lemma 1.18 to the inequality above the previous lemma to obtain

hx(9™(Q)) < (r[JAG)[))"(hx(Q) + O(1)"\/hx(Q))
< (Csr||A(9)I])"hx (@),

for all g™ € G,,n € N,Q € X5(K). And then
2 geq, hx(9(Q)) < (Cs.rk[[AG)])"hx (Q)

for all Q € Xz(K).
We recall that G = F,,;, which lets us estimate

1AGDI] = [IA(F)m )|
= SUPse(z),, [[A(f)]| by definition

< (O1).r||A(F)||)™ by Proposition 1.9
< (Cg.r.p(F1))™ by lemma 1.8,

By definition, the dynamical degree is the limit of p(JF;)'/" as [ — oco. So we now fix an
[ = (e, F) such that

p(F) < (67 + )t and (Cg.r)V! < (14 €)V/3.
For this choice of I, we have
1A < [Co.r(07 + €)™

Using G = F,,,; gives

Y rernun hx(F(P)) = X jeg, hx(f(P))

< (Cs.rk[[A(G)[])"hx (P)

< (Cs5.1k.[Co.r.(6F + €)]™)"hx (P)

< [Cr.CP ™Y (5 x + €)™ hx (P).

where C7 := Cs5.k. We now take P € Xz(K) as in the statement of the theorem, and
we apply the inequality right above to each of the sets Fy, ..., F,u—1 to obtain, for ¢ =
0,...,ml—1, that

D peFmms: hx (f(P)) =
=2 feFrunger; X (F(9(P)))
< [Cr.Cgrm T (07 + )™M (X yeg, hx (9(P)))

< Cg7i.ki[07.cgn.’f’m+l(5}‘ + E)ml]nhx(P)

Where the last inequality follows from the fact that the ample height hy dominates any
other height hp. Then
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maxop<i<ml ng]—"mln+i hX<f<P))
< max)<jem Csi k™ [C7.Cr™ (67 + €)™ " hx (P)
< Cek™[Cr.C ™ (55 + €)™ |"hx (P).

Now let ¢ > 1 be any integer and write

qg = mlin +i with 0 <17 < ml.

Then using min < q and n < il and the inequality quite above, we have
m

Y jer hx(F(P)) < Co k. 3™ O ya/+a/ml (52 4 €)1 b (P).

The quantity (C7)"/™ is independent of ¢ and goes to 1 as m — oco. So we now fix a
value of m such that (C7)"/™ < (1 + ¢)¥/3. This value of m depend on ¢, X, F, but not
on ¢ nor P, and the same is true for the constants. We finally get that

ZfE]:q hx(f(P)) S Cgkﬁq(]_ + E)q((S]: + E)qhx(P).
After adjusting e, this inequality above is the desired result, which completes the proof of
theorem 1.15.

1.5 Application to canonical heights

In this final section of chapter 1, we show that the canonical height limit, proposed and
constructed by S. Kawaguchi in [16, theorem 1.2.1], is convergent for certain eigendivisor
classes relative to algebraic equivalence, instead of linear equivalence case worked by
Kawaguchi in the source [3]. The theorem is also an extension of theorem 5 of [18], where
the eigensystem of the hypothesis has just one morphism.

Theorem 1.19: Assume that F = fi,....fr : X — X are morphisms, and let
D €Div(X)r that satisfies the algebraic relation

Zle fiD = BD for some real number B > \/drk,

where = denotes algebraic equivalence in NS(X)g. Then

(a) For all P € X(K), the following limit converges:
A . 1
hD,]-'(P> = hl’nnﬁoo @ Zfefn hD(f(P>>
(b) The canonical height in (a) satisfies
S ho 7 (fi(P) = Bhp #(P) and hp 7(P) = hp(P) + O(/hX(P)).
(¢) If hp 7(P) # 0, then az(P) > B/k.
(d) If hp #(P) # 0 and 8 = 65k, then ar(P) = 6.

(e) Assume that D is ample and that K is a number field. Then

iLDf(P) =0 <= P is preperiodic, i.e, has finite F-orbit.
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Proof. (a) Theorem 1.15 says that for every € > 0 there is a constant
Cl Cl(X hx,f 6) such that

> e, B (f(P)) < CLE™ (85 + €)". b (P) for all n > 0.

We are given that Zle fiD = D. Applying lemma 1.17 with
E = Zle f#D — BD, we find a positive constant Cy = Cy(D, F, hx) such that

| s D Q) — Bhp(Q)] < Con/h%(Q) for all Q € X(K).

Since we assumed that the f; are morphisms, standard functoriality of Weil height states
that

hsk pep =i hoo fi+O(1),

so the above inequality is reformulated as follows

(%) | 28 ho(fi(Q)) = Bho(Q)] < Csv/hE(Q) for all Q € X(K).

For N > M > 0 we estimate a telescopic sum,

BN semy ho(f(P) = B~ Y jer,, ho(f(P))]

= | i1 B jer, Ao (F(P)) = B jes, , ho(F(P)|

< S omrtir BN per, ho(f(P)) = B e, ho(f(P))]

<Y B per, | it ho(fi(£(P))) = Bho(f(P)]]

< a1 B jer,, CaV/ R (F(P))) by (*%)

<N n /3—n.k<n—l>/2.03.\/z rer,_, & (f(P)) by Cauchy-Schwarz

<N i BETLC.CU(Sx + €)™V /hY(P) by Thm. 1.15

O0F +
< CC54/ h+ Zn M+1 ( z 6)]n/2

2
And
0o ]{7 ((5]:—1-6) n /{72((5]:+€)
Zn:M-i—l[ /62 ] /2 <0 <= —62 < 1.
Since 8 > V/drk?, we can choose 0 < € < & — 07, which implies % < 1 and the

desired convergence. Also we obtain the followmg estimate (*%):

Iehud ng]—'N hp(f(P)) = B~ Y per,, ho(f(P))]
< co XD /i)
(b) The formula
Sty ho 7 (fi(P)) = Bhp,#(P)

follows immediately from the limit defining ﬁD, F in part (a). Next, letting N — oo and
setting M = 0 in (***) gives

|hp#(P) = hp(P)| = O(v/hx (P)),

20



which completes the proof of (b).
(c) We are assuming that hp #(P) # 0. If hp #(P) < 0, we change D to —D, so we

may assume hp r(P) > 0. Let H € Div(X) be an ample divisor such that H + D is
also ample (this can always be arranged by replacing H with mH for a sufficiently large
m). Since H is ample, we may assume that the height function hy is non-negative. We
compute

> ter, ho+u(f(P))

=2 rer, ho(f(P) + X ez, hu(f(P)) + O(K")

> Y rer ho(f(P)) + O(k") since hy > 0

=Y e, hrn(F(P) + O(Z e, Vi (F(P))) from (b)

= B"hr.n(P) + O( sez, VI (F(P))) from (D)

> Bhzp(P) + 0(\/2 rer, WL (F(P))) since (z — /z) is convex

= B"hr.p(P) + O(/Ck"(d5 + €)*h% (P)) from Theorem 1.15.

This estimate is true for every € > 0, where C' depends on e. Using the assumption that
£ > v/k.0F we can choose € > 0 such that
k.(0F + €) < % This gives

> fer, horu(f(P)) > Bz, p(P) + o(5),

so taking n'’-roots, using the assumption that ]Al]-‘, p(P) > 0, and letting n — oo yields

o 1
ar(P) =liminf, E{Zfefn hD+H(f(P)}1/n > %
g ork : o
(d) From (c) we get that a(P) > T T d7, while corollary 1.16 gives ax(P) < dr.

Hence the limit defining ax(P) exists and is equal to 0.

(e) First suppose that #Oz(P) < 4o00. Since D is ample and the orbit of P is finite,
we have that hp > 0, hz p(P) > 0, and there is a constant C' > 0 such that hp(f(P)) < C
for all f € Uj>oF;. This gives

- . 1 , k™
|hz p(P)| < lim, e G > ser, [hp(f(P))] < limy 0 C.@ =0
Since 3 > k. A

For the other direction, suppose that hz p(P) = 0. Then for any n > 0 and g € F,,

we apply part (b) to obtain

0= B"hrp(P) = > e, hrp(f(P)) > hzp(g(P))
> hp(g(P)) — cy/hp(g(P)).
This gives hp(g(P)) < ¢, where ¢ does not depend on P or n. This shows that Oz(P)
is a set of bounded height with respect to an ample height. Since Oz(P) is contained in

X(K(P)) and since we have assumed that K is a number field, we conclude that Ox(P)
is finite. 0
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Remark 1.20: In the same way as pointed in remark 29 of [18], when fi, ..., fx are

morphisms, there is always one divisor class D € NS(X)g such that Zle frD = pD,
where 3 is the spectral radius of the linear map ), A(fi) on NS(X)g. It would remain

to check whether it satisfies 3 > k.4/0 7, so that we can use theorem 1.19. In negative case,
one should be able to achieve such condition by replacing the morphisms f; by iterates
f", obtaining a new system G whose maps are iterates from the initial system. This
would make it possible to study the arithmetic of Oz with the new height associated
to G arising from our theorem, since the orbits Og are contained in the orbits Ox by

construction.
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Chapter 2

Canonical Heights Induced by
Monomial Maps

Let ® = {¢1,..., ox} be a set of dominant self-rational maps over Q on the n-dimensional
projective space. According to the definitions of the last chapter, such dynamical
system has dynamical degree lim,, o p(®,,)% = lim SUP,, 00 (Max; <x(deg(¢s, 0. o )))w.
Motivated by the work [29], we propose a definition of canonical height limit induced by
the system ® on projective spaces, make new definitions, and show some properties of
such limit, when it exists, but now with several maps. We study the case when the maps
are induced by monomial maps on multiplicative groups, generalizing some results of [29]
about non-Zariski density of points with canonical height equal to zero. We prove the
existence of an effective lower bound for the canonical height of points with infinite orbit
as proposed by Silverman also in [29], remark 30.

2.1 Two proposals of dynamical canonical height for dominant
rational maps

With the last chapter hypothesis, we deﬁnedlthe dynamical degree of a dynamical system
(X, F ={f1,., fx}) as 0 = lim,,_,o p(F,) 7, the upper arithmetic degree of a point P

1
as ar(P) = Elim SUD,, 001D ez, hE(f(P))}n, and we showed, in the case where the
maps of the system are morphisms, the existence of a canonical height function over the
hypothesis that

Zle fiD = BD for some real number 8 > /drk.

Such height function, on P € X(Q), is given by
~ . 1
o (P) = it 5, (P

When X = PV and k = 1, f := fi, we have that §; = limnﬁoo(deg(f"”))%. If fisa

morphism with degree at least 2, then (deg f)" = deg(f°") and 6; = deg f with f*O(1) =
" h on P

(deg f)O(1), and so hogyf(P) = lim, ho(f7(P))

(deg f)"
when f is not a morphism, since (deg f)™ may be different from deg f°" in this case. In

such situation, since deg f°" grows in the same speed as 0} roughly speaking, Silverman
defined in [29], for P € Py, the height function

/ . h fOn P
hoq),f(P) = limsup, _, ﬁtlf(—;f)”))

. But this is not necessarily true
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with some correction exponent [y [29, conjecture 2], defined, when it exists, as Iz :=
deg(/°")

nloy
mentioned reference, as well as that is conjectured there that this exponent is less or
equal than N. For X more general smooth projective variety and & > 1, we define the
generalization of the above correction exponent as below, which existence we conjecture
also.

inf{l > 0 : sup,,>, < oo}. Its existence is conjectured by Silverman in the above

Definition 2.1: [z :=inf{l > 0:sup,, oln) oo}, if it exists.

IS
nlo’

So we are in conditions to generalize, now for smooth projective varieties and a system
with several rational maps, the above Silverman’s definition for canonical heights in
projective spaces for a system with just one self-rational map. For instance, we can
make this in two ways. The first one is the following, which says in particular that points
with nonzero canonical height have arithmetic degree equal to the dynamical degree of

the system. In the lack of convergence for the arithmetic degree, we assume from now on
that azx(P) := ar(P).

Definition 2.2: Assuming the existence of Iz, the canonical height of P € Xr(Q)
with respect to F and D € Pic(X) ample is

. _ 1
hD,}—<P) = lim SUPy 00 W Zfe]—'n hD(f(P))
.F

Proposition 2.3: The canonical height iLDJ: satisfies the following properties:
(CL) ]th Z 0 then hD7]: Z 0
(b) >2ihp 7 (fi(P)) = kérhp 7(P)
(¢) If P € Preper(F), then hp (P) =0
(d) ]thJ‘-(P) > 0, then (5]: = Oé]:(P).
Proof. (a) This is obvious, since hp is a non-negative function.
(b) We compute

R 1
> icx hp #(fi(P)) = limsup, Ty > e, 2ui<k Po(f(fi(P)))

_ 1
= hmsupn_mo m Zfe]:n+1 hD(f(P))

. 1
= lim Sup,, .o (n — 1)(1—?_)]6”_15_7;_—_1 Zfe]:n hD(f(P>>

] 1
= kdx limsup,,_,..(n/(n — 1))(lf)m > ger, ho(f(P))

= kérhp 7 (P).
(c) If P is preperiodic, then Ox(P) is a finite set, lets say, bounded by C' > 0. Then
. . 1
o #(P)] = 050D, e e, (P

S hm Supn—>oo C(E> '(n(lf) )
=0

(d) We are assuming that hp #(P) > 0, and by definition, hp #(P) is the limsup of
n~ P e S rer, ho(f(P)), so we can find an infinite sequence N of positive integers
such that
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n~AET6 S e r hp(f(P)) > (1/2)hp #(P) for all n € N
It follows that

1 .
ar(P) = 7 im SUDy, 002 e, Mp(f(P))}r
> (1/k). lim sup, c o [0 Em67(1/2)hp #(P)) /™)

since ﬁD, #(P) > 0. The result follows by gathering the above inequality with the fact
that (5_7: Z 5[]:(P) 2 Q]_—(P) O

We know that ax(P) = 1 if P is preperiodic, and that az(P) = 0 if the above
height is positive on P, but we don’t know when the converses of (¢) and (d) of last
proposition are true. So we also ask if eventual Zariski density of Ox(P) would imply
that lef(P) > 0, and then that az(P) = 6. If £k = 1 and f; is morphism, or when
X = P¥ and all the maps in the given system are morphisms, then the dynamical degree is
root of some charateristic polynomial. We will mention afterwards in this chapter that this
also happens when X = PV k =1, and f; is a rational map induced by a monomial map,
which is a kind of map that we will define next section. These informations, together with
conjecture 1 of [29], motivate the following generalization for letter (a) of this conjecture.

Question 2.4: Under the hypothesis of section 1.1, is {ar(P)|P € Xz(K)} a finite
subset of O, the ring of algebraic integers?

A survey for the above discussion for k = 1 can be found in [28].

It seems also interesting to let the limit in the height definition grow more fastly,
omitting powers of k, obtaining another canonical height definition, as a generalization
with some more similarities with Silverman’s definition, to be seen later. After defining
it, we have an analogous version of proposition 2.3 for this new height.

Definition 2.5: Assuming the existence of Iz, the canonical height of P € Xr(Q)
with respect to F and D € Pic(X) ample is

. . 1
hpr(P) = limsup,,_, SIS Zfe]—'n ho(f(P))-
f

Proposition 2.6: The canonical height ]A7/D7f satisfies the following properties:
(CI,) ]th 2 0 then hDJ: 2 0
(b) 22 ho#(fi(P)) = drhp 7(P)
(¢) If P € Preper(F), then hp x(P) =0
(d) ]f hD”]:(P) > 0, then 5]: > Oé]:(P) > (5]:/]6
Proof. (a) This is obvious, since hp is a non-negative function.
(b) We compute

. 1
Zigk hp 7(fi(P)) = limsup,,_, m Zfe]—'n Zigk hp(f(fi(P)))

) 1
= limsup,,_, o, m Zfe]—‘nH ho(f(P))

) 1
= limsup,,_, ., (n— 1) ngfn hp(f(P))
) 1
= drlimsup,,_,..(n/(n — 1))(lf)m > fer, ho(f(P))
) F
= 6rhp 7 (P).
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(c) If P is preperiodic, then Ox(P) is a finite set, let us say, whose cardinal is bounded
from above by C' > 0. Then

) , 1

|hp.7(P)| = |limsup,,_, m > rer, ho(f(P))]
. k., 1

< limsup,, o, C(E) ()

=0

(d) We are assuming that hp #(P) > 0, and by definition, hp #(P) is the limsup of
n= (A5 3 rex, ho(f(P)), so we can find an infinite sequence N of positive integers such
that

n~(r)gn Zfefn hp(f(P)) > (1/2)BD’;(P) for all n € NV.
It follows that

1. 1
Ck]:(P) = Ehmsupnﬁoo{z‘fe]—'n hB(f(P))}n
> (1/k). lim sup,,c o [n07)8%(1/2) hp #(P)] /™)
= 5]:/k7
since ﬁD, 7(P) > 0. The result follows by gathering the above inequality with the fact
that 5]:2@]:(P). ]

2.2 Points of canonical height zero for monomial maps

Monomial maps are endomorphisms of the torus GY. They naturally induce self-rational
maps of PV, by embedding G in PV. In this section we will show, for a class with infinite
number of dynamical systems with several self-rational maps of PV, a generalization for
theorem 27 of [29], for the height function of definition 2.5. We will reduce our situation
to the case already treated of just one rational map, and this will be possible when the
sequence giving the limit defining the dynamical degree is not so unstable, in the sense
that it can be calculated using just one of the rational maps in the given system. Before
proving results, we state some definitions of sections 6 and 7 of [29], and define our required
kind of dynamical system.

Definition 2.7: We write Mat] for the set of N-by-N matrices with integer
coefficients and nonzero determinant. To each matric A € Mat] we associate the
monomial map ¢4 : GN — G given by the formula

Ga(X1, o, Xpy) = (X0 X02 XN X0 X022 XN YON XN | NN,
We call ¢, the monomial map associated to A, that induces a rational map ¢4 :
PV ——» PV, Again, we denote the spectral radius of A by
p(A) = max{|A| : A € C is an eigenvalue forA}.

It is immediate from the definition that if A, B € Mat} are matrices with associated
monomial maps ¢4 and ¢pg, then

$ap(P) = (a0 ¢p)(P) and ¢ap(P) = oa(P).¢p(P).
Definition 2.8: Let A € GLy(Q). A Jordan subspace for A is an A-invariant
subspace of QN corresponding to a single Jordan block of A. A Jordan subspace V. .C QN
with associated eigenvalue A is called a mazimal Jordan subspace if |\ = p(A) and if the

dimension of V' is maximal among the Jordan subspaces whose eigenvalue has magnitude
equal to p(A). We set
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r(A) = number of mazimal Jordan subspaces, B
7(A) = #{o(V) : Vis a mazimal Jordan subspace for A and o € Gal(Q/Q)},
l

(A) = dim(any mazimal Jordan subspace) — 1.

Thus, 7(A) is the number of distinct Q-subspaces of QY that are Galois conjugate to
a maximal Jordan subspace of A, and so 7(A) > r(A) > 1, since A always has at least
one maximal Jordan subspace.

Definition 2.9: Let G be an algebraic subgroup of GY. We write G(@)dw for the

divisible hull of G(Q),

G(@)dw = {(ay,....,ay) € GY(Q) : (af,...,a%) € G(Q) for some n > 1}.

FEquivalently, G(@)dw is the set of translates of G(Q) by points in GN(Q)tors-

From now on we denote A := {A, ..., Ay} C Mat}, which induces ® := {¢y, ..., ¢} C
End(GY), and also self-rational maps of PV as described above. We set the simple notation
hq; = h@(1)7¢ and hq> = h(g(l),cp.

We know that d¢ exists easily because deg(¢ o 1) < deg(¢).deg(y) for all ¢,
rational maps on projective spaces, and this implies the convexity estimate resulting
the convergence of the limit in the definition. So, throghout this section, we will also say
that ® has the property (*) if this limit can be found using just one map that satisfies
certain inequalities. Technically, when it satisfies the following:

J1 = ¢;, 0...0¢;, € P; such that dp = lim,, o ,0((1)”)% is equal to lim,_, p(ws)i and

p(®y,) p(¥°)
oL S S (i VI>0. (¥

SUPp>1

This property is satisfied immediately when k£ = 1. For any k, sets of k& monomial maps
induced by diagonal matrices are examples that satisfy this property above. Effectivelly,
proposition 21(c) of [29] says that 65, = p(A), which yields p(®,) = maxyes, p(¢) =
(maxj<i<n p(A;))", from where the property follows. Another easy way to obtain an
infinite number of systems with such property, for matrices not necessarily diagonal, is
to consider A; not diagonal, ¢s,.., g any polynomials in Z[X], and A; = ¢;(A4;) for
1=2,..., k.

The sets with such property satisfy some useful relations expressed in the following
proposition.

Lemma 2.10: Let A, ®,¢ € O, satisfying the property (*) as above. Then:

(a) 60 = 6.
)l =1y o
(c) {P € PN(Q)|ha(P) = 0} C {P € PN(Q)|hy(P) = 0}.

Proof. (a) By property (*) follows that:

1
0 = limp o0 p(@p) 7 = i, oo p(¥°)35 = lim, oo (p(1)°) )T = 8.
(b) By theorem 24 of [29] we know that [, exists, and by property (*) again we have

o,
lo = inf{l > 0:sup,, pn(l—5n> < +oo}
®
< inf{l > 0:sup,, (i‘ig)Ll(st < 400}
®
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=inf{l > 0: sup,-, P(LL < 400}
()l

=inf{{>0: 1 G

SUPgs) —o < +OO}
l =z ISs
t s 5w

= inf{l > 0 : sup,s, ,O(Z_T(és) < 400}
50y

= ly.

The inclusion {l > 0 : sup,~4 % < 400} C{l >0 :sup,~, (g)Ll;t)s < 400} guarantees
- 3 - 2

that I > [, and hence lg = [y.

(c) P e PN(Q),D :=O(1) and he(P) =0, so by (a) and (b)

. , 1
0= h@(P) = lim SUPy, 00 n(T)(Sg Zd;eq;n hD(¢<P))
) 1
= lim SUPp 00 =™ m Zqﬁe@n hD(¢(P))
n(lw)(si;

1

2 lim SUP; oo m Z(Z)Efbts hD(¢(P))

L. 1
= m lim SUPs_ 0 S(Zw)(s;z Z¢€¢'ts hD(¢<P))

1

1 . s
> mhmsups—)oo WhD(lb (P))
1.

= sy (P)
>0,
and thus lﬁ(P) =0 O

We are now able to generalize theorem 27, corollary 29 and corollary 31 of [29], now
for systems with several rational maps.

Theorem 2.11: Let A := {A;,..., Ay} C Mat; be a set matrices whose set of
respective associated monomial maps ® = {¢1,...,0r} and dynamical degree dp > 1
satisfies the property (*) with ¢ € ®; induced by B € A;. There is an algebraic subgroup
G C GY of dimension

dimG > N — #(B)
such that
{P € G(@;ha(P) =0} € G@QNY.
Proof. By proposition 2.10, d¢ = 51% > 1,04 > 1, and
{P e PY(Q)hs(P) = 0} C {P € PY(Q)|hy(P) = 0}.
So the theorem is true by theorem 27 of [29] for . O

Corollary 2.12: Let ® := {¢1,...,¢r} C End(GY) as above with 6 > 1 satisfying

(*), and let P be a point with he(P) = 0. Then there is a proper algebraic subgroup G of
GY with Og(P) C G. In particular, the orbit Og(P) is not Zariski dense in G .
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Proof. We are under the hypothesis of theorem 2.11, so such result is valid. As in the
proof of theorem 27 of [29], exists an integral lattice L C Z~ such that the group G of
theorem 2.11 is given by

.....

Denote Q% = (y{, ..., y%) for Q@ = (y1,...,ya) € GY(Q). The assumption that iL@('P) =0
implies that 3, ha(6:(P)) = dshe(P) = 0, which shows that Og(P) C G(QIY from
theorem 2.11. In particular,

Os(P)  GQIY NGY(Q(P)).

Let d be the number of roots of unity in Q(P) and @ = (v, .., yn) belonging to G(@)divﬂ
GY(Q(P)). This means that there is an m > 1 such that

oy ™Y =1 for all (eq,...,en) € L
So y7t...yY is an m-th root of unity, thus m|d and Q¢ € G = G, and then Q € Gy, € GY.
And we just proved that Og(P) C Gqr, € GX. O

Corollary 2.13: Let ® := {¢1,...,¢r} C End(GY) be monomial maps induced by
A= {A, ..., Ay} C Mat} with 6 > k and satisfying the property (*) with ) € P, induced
by B € A; whose characteristic polynomial is irreducible over Q. Let P € GN(Q). Then

ho(P) =0 <= #0O0¢(P) < +00.

Proof. If #04(P) < 400 then its straightfoward that he(P) = 0 because 6 > k. Now
we suppose he(P) = 0. So

Os(P) € {Q € G (Qha(Q) = 0} € @ N GN(Q(P)
from theorem 2.11, where dimG = N — 7(B) = 0, since the characteristic polynomial is
irreducible and all its roots are disjoints.

So G(@)div NGY(Q(P)) = GY(Q(P))teors, the set of points whose coordinates are
roots of unity in the field Q(P). Such set is finite, and so is Og(P). O

2.3 Effective bounds for the canonical height of non-periodic
points

For k =1, A; = A, Silverman observes in [29, remark 30] that it should be possible to use
an effective form of Baker’s theorem to prove effective versions of the results above, with

an effective computable constant
C = C(A,h(P)) > 0 such that

O, (P) Zariski dense = hg, (P) > C.

In this section we work out the cases for that A has real Jordan form, i.e, all of its
eigenvalues are real. For this we will make use of an improvement of effective classical
Baker’s theorem that is due to P. Philippon and M. Waldschmidt, and can be seen for
example in [4, chapter 18, theorem 1.1]. This is stated as follows
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Theorem 2.14: Let ay, ...,y be non-zero algebraic numbers that are different from
1, and let By, ..., B, algebraic numbers not all zero, and logay,...,logw, logarithmic
representatives such that wi,log oy, ..., log a,, are linearly independent over Q and A =
Brlogay + By logas + ... + B, log av,, does not vanish.

Let D be a positive integer, A, A1, Ao, ..., A, be positive real numbers, and B satisfying

D > [Q(aq, ..., an, Bry -y Bn) = Q]
Aj > max{H(a;),exp|logayl,e"},  1<j<n
A :=max{A;,..., A, e}
B = max{H(5);1 < j < n)
Then
Al > e,
where
U= —C1(n).D"2 log A;...log A,.(log B + loglog A),
Ch1(n) > 280153 p2n

and H(«) denotes the mazimun of absolute values of the coefficients of the minimum
polynomial of o over Q.

Proof. Can be found in [4, chapter 18, section 4].
O

Theorem 2.15: Let ¢ : GY — GY be a monomial map induced by A with real
eigenvalues, [(A) > 1 and 64 > 1, and let P € GY(Q) be a point with orbit O4(P) Zariski
dense. Then there is an effective computable positive constant C' depending on A and
h(P) such that hy,(P) > C.

Proof. We denote
max™ ((ug, ..., uy)) = max(0, uy, ...uy) for all (uy,...,uy) € RY,
and call

—N
log [|(y1, -, yn)||o := (log [|y1l]vs .-, 1og [lyn|],) for all (yi,...,yn) € Q ",

and we call P = (zy,...,zn).

Starting from A € Mat},(Z), we can write Q¥ = Vi + ... + V, + Z, where Vi, ..., V, are
the distinct maximal Jordan subspaces and Z :=V,. . 4+ ... + V} is the sum of all the other
Jordan subspaces for A, as in the equation right below (25) in the proof of theorem 27 of
[29].

In [25], we have an effective algorithm for finding a basis where A has Jordan normal
form defined over some algebraic extension of Q. In other words, for each 1 < i < ¢,
we can find the basis {v%i), e ?Jt(:)} used to put Ay, in the Jordan normal form, with the
canonical coordinates denoted by U](-Z) = (ag?, . a%)j) effectively computable defined over
some algebraic extension of Q, that we call K.

Denoting again [ :={,, = I(A), 7(A) = r, and p := p(A), the spectral radius of A, we
have by (17) of [29, proof of theorem 27] that there exists an infinite subset N' C N and

B € Maty(R) such that the limit B = lim,ey is satisfied.

nlpn
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To suppose Oy, (P) Zariski dense implies that iz¢ ,(P) > 0 by theorem 2.11. Extending
K, we can suppose P defined over K. By (22) on the proof of theorem 27 of [29] we have
that

hoy(P) =3 enr, maxt (Blog | P||,) > 0
and

log || P||, ¢ kerc(B) ¥V v with nonzero v-component in the above sum.

By (26) of [29, theorem 27] we can see that log||P||, ¢ kerc(B) implies that
log [|P|], € (< vt(ll), o0 > Ukere(B)) — kere(B).

For any v € Mg, we can make an effective change of basis using Cramer rule to obtain
log ||P||, in the basis where A is in Jordan form, in other words, to obtain c¢;, ,(P) €

C,i <7, b € kerc(B), such that log || P[|, = ., citi,v(P)vt(f) + b, and so

log ||P], = (X, Citen(P)aly ooy X Cityn(P)alyy,) +.

Effectively, let J(A) be the (N x N)-matrix (aglj)) with lines indexed by 1 < i < N
and columns indexed by (j,1);1 < j <t,1 <1 <t; in lexicographic order. So c;;, »(P)
are coodinates of the vector solution z for the linear system J(A).z = log||P||,. Using
Cramer Rule we see that these solutions have the form ci, ,(P) = 3,y dij.o (P) log [|2;] .,
for d;;,(P) € K effectively computable depending only on A. -

From the equation above (25) in the proof of theorem 27 of [29], we see that ngz) =

n

A
ll,vl ) for & eC |Gl =1for 1 <i<r,and § = lim, — for some eigenvalue A of A. The

eigenvalues of A are real by hypothesis, therefore §; is equal to 1 or —1. Then for this
case we have that

Blog [P, = ¥ic, cito(P)Buf) = ¥, citi,vw)%vi”
1 i i
= i i i (P)ail6es o K, cia(Pain&) =
1 i
(i (e it (P 1og Izl s 32 (Cicy aia&idiio(P)) og 2511,
which yields

o (1P) = 2 venr, max’ (Blog ||P|| )
= i1 2venne ax{0, 2050 aiy&idiso(P)) 1og ||;]].; 1 < N} > 0.

Now consider S € Mg the finite set of places v such that

max {3, (3 <, air idjo(P)) log |23 1 < N} >0,
(for example S C T := {v;||zj||, # 1 for some j} finite, with Sy, Ss, To, T the non-
archimedean and archimedean places of each set).

Suppose that in this case the maximum in each v-component of the sum is achieved
for I =1,, and denote D;;, := al(z)l.d,-jyv(P). We use the notation N (v) for the norm of the
ideal in K corresponding to the place v.

We aim to make use of the fact that {log N(v);v € Sy} is linearly independent over Q
to apply theorem 2.14. We start computing
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- 1
Poa(P) = 71 Lves 225(Lisr aj\&idis,o(P)) 1og [l

1
~ > ves 22 (i< Dijobi) log ||,

= Toeso [T Disnbi(—0() + Tipues, Dt} 1og N(w)
where v, ; € Q and ) .o v, ; = v(x;) for v € Sy a non-archimedean place. For instance
we multiply the point by a integer constant, so we suppose P € PY(Oy), so that every
Uy,j 1S nonnegative.
Using the facts that Hg(ai + ... + a,) < nHg(ay)...Hg(ay), and that
H(a) < (2.Hg(a))K:9[34, first inequation of page 77 and lemma 3.11],
where Hg := exp h is the Weil multiplicative height, we have that

H(Zi,j Dijw&i(—v(x;)) + Zi,j,uesoo Dijubi-Vuj)
= [Q'H@(Zi,j Dyjoi(—v(z;)) + Zi,j,uesoo Djui-vu )
< ANT[K QI jues.. Ha(Dijobi(—v () Ho(Dijubi-vu, )Y

< (AN7r[K : Q). max; ; |v(xj)]2NT[K’@]. maXyer H@(Dixw)QN’“[K’Q])[K‘Q]

{4N7.[K : Q). max; |v(z;)].(N — 1) max, ;, Hg(a$) Hg (5
and then we have by theorem 2.14 that

2y
e L

- 1
he,(P) > Pl exp(—FE. [[,eq, 1og Ay.[log D + max,er, loglog A,]),

where
A, = max{exp |log N (v)|,e#T0 e} < N(v)12#T0 for every v € Ty,

E = Cn(#T).[K : Q#To+2,

)}2N2r[K Q}

D = max,er, {4NT.[K : Q) max; [v(z;)].(N=1)!max; ;; Hg(ag) Ho( gokom
for Ty = {v € Mk; ||zl # 1 for some j}, Ciy(n) = 28753 p?
We can note that
#T0 =2 per, 1 <2+, > e, log max{1, N(v)P@l} <4+ Nhg(P),
[v(z;)| <log3 -+, cn, log max{l, N(v)P@)l} <3+ Nhg(P),
log N (v) < log N(v)lP@)l < > 2ver, log max{l, N()P@)I} <2 4+ Nhg(P),
where hx(P) = [K : Q].h(P), and we used the product formula to conclude
> ven, logmax{1, N(v)"@)l} <2437 log N(v)*@) =37 o, loglzjlle < 32 ,er, logmax{1, ||zl }
< h(r;) < hg(P).
Making C equal to

1
o0l exp(—E'.(log A) 4N (P)) Tlog D' + loglog A']),
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where

Al = (@+NAk(P))(12.(44+Nhk (P)))

Y

B = Cri(4+ Nhe(P)).[K : Q)o+Ntac(P),

D" :={4Nr.[K : Q].(3+ Nhg(P)).(N — 1) max; j H@(@E?)H@(—det }(A))}2NQT[K:@]27

we have what we wanted, since the above constants are efectively computable depending
only A and h(P), and the heights h(P), hy,(P) do not change when multiplyed by an
integer constant. O

Corollary 2.16: Let ¢ : GY — G be a monomial map induced by A with real
eigenvalues, irreducible characteristic polynomial over Q and 64 > 1, and let P € G (Q)
be a point with infinite orbit Oy(P). Then there is an effective computable positive constant

C depending on A and h(P) such that hg,(P) > C.

Proof. By corollary 2.13, we must have iz(b 4(Q) > 0. Now we follow the proof of theorem
2.15, with some reductions and changes. Again we have QY = V; + ... + V, + Z, where

Vi, ..., V, are the distinct maximal Jordan subspaces and Z := V.1 + ... + V; is the sum

of all the other Jordan subspaces for A. We assume v; := (agi), ...,as\i,)) puts Ay, in

the Jordan normal form. Again B := lim,ey —— = lim,ey —, but now the binomial
n

equation between (24) and (25) in the proof of theorem 27 of [29] shows that

n

A
By; = lim,, —v; = §u;, § € {=1,1} V1 <i<r.
pn

Similarly to theorem 2.15, we have that log ||P||, = .., ¢iv(P)v;+0b for ¢; ,(P) € C,i <
r,b € kerc(B), effectively computable and K a number field such that the Jordan normal
form of A and the point P are defined over it. So

log [|1Pl]s = (Xizy i (P)ar”, - Vi, cin(P)ay) +0.
Again ¢;,(P) = >,y dijo(P)log ||z, for dij,(P) € K effectively computable by
Cramer rule, depending only on A implies that

Blog||P||, = ‘ ‘

(35 (Cicr 04 €idisin(P)) Log ] s 325 (D, a8 il (P)) 08 [La511,)-
For some S C T := {v;||zj||, # 1 for some j} finite, I, € {1,...,r} , denoting
Dijy = al(i).dij,v(P), and

A s 2+NRK(P)(2.(44+Nhi (P))

E:=C1(4+ Nhg(P)).[K : Q]E+Nrx(P))

D = {4N7.[K : Q).(3 + Nhg(P)).(N — 1)l max; j; Hg(a) Ho( g ) 12V 7197,

it follows similarly as before that

A 1 ;
hoa(P) = i Les Xy Lier a"€:d;;..(P)) log [|;l,

1
- W ZUES Z]‘(Zigr D;; &) log ||z
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1
= 0 > veso i Pijni(=v(x5)) + 32, 5 wes.. Dijubi-vu;]-1og N(v)

1
>3 exp(—E.(log A)4+Nhx(P) Tlog D + log log A])

]

Remark 2.17: As Silverman did presume in [29, remark 30], we see that the explicit
constants obtained for theorem 2.15 and corollary 2.16 show that if the height of a point
is very large, then the referred constants for this point will be smaller, and can be made
even smaller if the coordinates of the initial matrix are big. In fact, working out the proof
above, the constants C' can have a form similar to

1
2.1 (4 + Nhg(P))C(A)ANT[K : Q(N — 1)!Her[K:Q? 16.N2r. (44 Nhyc (P) N ()7

where ¢; does not depend on anything, and C(A) := max; j H@(az(.lj ))H@(m) depends

on the absolute heights of the coordinates of the vectors which transform A in its Jordan
form. More sharp effective versions of Baker theorem should lead to more sharp versions
of the above constant.

35



36



Chapter 3

Heights, Variation, and Intersection
numbers

In this chapter we study families of varieties endowed with polarized canonical
eigensystems of several maps, inducing canonical heights on the dominating variety as well
as on the "good” fibers of the family. We show explicitely the dependence on the parameter
for global and local canonical heights when the fibers change, extending previous works
of J. Silverman and others. When the base variety is a curve with a Weil height that
corresponds to a divisor of degree one, then we can associate canonical heights on fibers
and the Weil height on the base variety with the canonical height on the generic fiber
by a limit. Finally, fixing an absolute value v € K and a variety V/K, we descript the
Kawaguchi‘s canonical local height S\V, g,0,(.,v) as an intersection number, provided that
the polarized system (V, Q) has a certain weak Néron model over Spec(Q,) to be defined.
With this we extend Néron’s work stregthening Silverman’s results for systems having
only one map.

3.1 Two variation theorems

The following notation will be used for this section and the next section.

e K : A global field with characteristic 0 and a complete set of proper absolute values
satisfying a product formula. We will call such a field a global height field.

e M := M : The set of absolute values on K extending those on K.
e T'/K : a smooth projective variety.

e hp : A fixed Weil height function on T associated to an ample divisor, chosen to
satisfy hpr > 0.

e V/K : a smooth projective variety.

e 7w : a morphism 7 : V — T defined over K whose generic fiber is smooth and
geometrically irreducible.

e ¢; : rational maps ¢; : V/T --» V/T defined over K for i = 1,...,k, such that ¢;
is morphism on the generic fiber of V/T. Our assumption that ¢; is on V/T means
that mo ¢; = 7.

e 1) : A divisor class n € Pic(V) ® R satisfying ®f:1 ¢in = an for some real a > k.

e 77 : the subset of T" having good fibers in the sense that
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T° = {t € T : V; is smooth and (¢;); : V; — V; is a morphism Vi}.

where V, 1= 7(¢).

o Q, for n € N: the sets of iterates of functions defined as Qy = {Id},
Ql = Q = {¢17 --'7¢k}7 and Qn = {¢21 6..0 ¢’Ln7Z] = 17 7k}

e (Q,): for n € N : the sets of iterates of functions defined as
(Qo)e = {Id}, (1) = (Q)e = {(d1)¢, -, (dr):}, and
(Qn)t = {(¢i,)e © ... o (¢, )05 = 1, ..., k}, the restrictions
of the ¢!s to the fiber V.

We also assume that the divisor class ®f:1 ¢in— an is fibral, which means that it can
be represented by a divisor A such that 7(|A|) # T, or equivalently, there exists a divisor
D in Div(T') such that 7*D > A > —7*D.

For any t € T° we let i, : V, — V be the natural inclusion, and then by definition
irn = n;. The fiber V; is irreducible for each t € T°. If the support of a fibral divisor
includes an irreducible fiber, it is always possible to find a linearly equivalent divisor which
does not include that fiber. This implies that

QL ()i = am € Pic(V,) @ R for all t € T°.

From this and from theorem 1.2.1 of [16], we have that for each ¢ € T° there is a canonical
height

iLVtﬂ?t,(Q)t : Vt(R> — R.
We now fix a Weil height

hyy : V(K) = R

associated to 1. It follows from the properties of the height functions of Kawagushi [16],
and functoriality of the Weil height function, that

iLVtJ?m(Q)t = thJit + O<1) = hVﬂ? 01y + 0(1)

where the O(1) depend on t. For ¢t € T, any two canonical heights ]Alyt,nh(g)t differ from
the Weil Height hy , by a bounded amount constant depending on ¢. For applications, it
is important to have an explicit bound for such constant. Let us check how we can see
this dependence explicitly in the following theorem, which is an extension of theorem 3.1
of [9], for one map’s systems. Such case was a more general form of the work of Silverman
and Tate for families of abelian varieties done in [30].

Theorem 3.1: With notation as above, there exist constants cy,co depending on the
family V — T, the system Q, the divisor class n, and the choice of Weil height functions
hyy, and hy, so that

|ﬁyt7nt,(g)t(x) — hy,(2)] < cthr(t) + o forallt € T° and all z € V.

Proof. From the definition of T one can conclude that V° := 7=1(T?) is smooth, so we
are able to apply some resolution of singularities to V' without changing V°. Moreover,
although the maps ¢; : V --» V are merely rational, they are morphisms on V°. This
means we can blow-up V to produce:

(i) smooth projective varieties V;,

(ii) birational morphisms 1); : V; — V which are isomorphisms on V°
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(iii) morphisms &; : V; — V which extend the rational maps
pio;  V; = V.
The existence of V; with these properties follows from [13] 11.7.17.3 and I1.7.16, except
that V; might be singular. We then use Hironaka’s resolution of singularities to make V;
smooth and we have the desired properties.

Next we choose a divisor £ € Div(V) ® R in the divisor class of n, and we let H €

Div(T') be the ample divisor used to define hAr. Our assumption that ®f:1 ¢in — am is
fibral guarantees the existence of a divisor D € Div(T) ® R with

™D >Y¥ ¢*E—aFE > —71*D.
We also choose an integer n > 0 so that the divisors
nH + D and nH — D are both ample on T

The height function with respect to a positive divisor is bounded below out of the support
of the divisor, and for an ample divisor such height is everywhere bounded below. So the
last assertions imply that

|hV,®f:1 d)jEfaE| S nhyﬂr*H + 0(1) = nthH oTm + O(l)
for all points P in V° — |D|.

Now let 2 € V° be any point, and let &; € V; satisfying ;(#;) = x. In the following
computation, we write O(1) for a quantity that is boundable in terms of the family V — T,
the maps ¢;, the divisor class 7, and the choice of Weil height functions hy , = hy g and
hy = hr . The most important here is that O(1) is independent of z € V°,

| 22 hvp(¢i(x)) — ahy p()]

=32 hv.p((¢i 0 ¥4)(T:)) — ahy ()|

= [ 22 e (&i(%:)) — ahy ()]

=2 g p(E) — ahy p(z)] + O(1)

= | 22 warere(E:) — ahy s(z)| + O(1)
= | 22 by p(i(:)) — ahyp(x)] + O(1)
= |2 bvgp(x) — ahy p(z)| + O(1)
= hy @t grp—aml +O)

< nhrp(r(z))+ O(1).

This inequality is valid on V° out of the suport of D. Choosing different divisors E in the
class of 7 to move D, we then obtain the inequality for all points in V°, in a similar way
of [30], pages 203-204. This proves

()13 hvp(di(z) — ahy p(x)] < nhrg(r(z)) + O(1) for all z € V°.
In order to complete the proof, we remember theorem 1.2.1 of [16], which says in
similar conditions that

(1): |30 he(fil)) = dhy(2)] < O implies (2): Jhr,#(z) = hi(x)] < 5.
We use (*) in place (1) and obtain
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mvt,m,(g)t(x) — hyy(2)] < nhT,H(Z(i))k—F 0(1)‘

By Ay g we denote a Weil local height function
>\V,E : (V— |E|) X Mj( —R

associated to the divisor E. We can now give a similar estimate for the difference between
the canonical local height Ay, g, (g), defined by Kawaguchi in theorem 4.2.1 of [16] and a
given Weil local height Ay g, generalizing Lang's result [20] for abelian varieties. Here we
make extensive use of the notation in theorem 7.3 and corollary 7.4 of [27], and obtain a
local version of theorem 3.1. So 3.1 can be again deduced adding the following theorem
over all absolute values of K and applying theorem 4.3.1 of [16]. Moreover, we note
that one may skip to use resolution of singularities to prove the previous theorem just
proving the next and adding up local contributions, even obtaining a stronger result,
since avoiding to use resolution of singularities gives us that theorem 3.1 is true in any
characteristic, using the machinery of [27]. So theorem 3.1 is valid any global field K. For
basic facts about local height functions, Mg —bounded functions and My — constants, see
[20], chapter 10. We here use freely terminology from [27].

Theorem 3.2: With notation as above, fix a divisor E € Div(V) ® R in the class of
n and a Weil local height function Ay g. Let U be defined as the following set

{t € T :V; is smooth, (¢;); - Vi — Vy are morphisms , E; is a divisor on V;,
and 3, (d:); By ~ By}

(The condition that E; be a divisor on V; means that |E| contains no component of Vi,
see [13], 111.9.8.5.)

Let OU =T — U be the complement of U, and let Aoy be a local height function
associated to OU as described in [27].

It 1s possible to choose canonical local heights S\VhEt,(Q)
of [16], one for each t € U, in such a way that

, as described in Theorem 4.2.1

|;\Vt7Et,(Q)t (ZE, U) - )‘V,E('rv U)| < CA@U(ta U)
for all (z,v) € (V — |E|) x M with n(z) =t € U.

Proof. We substitute V by the quasi projective variety 7=1(U), and substitute E by its
restriction to this new V. This does not affect the statement of the theorem because
[27] section 5 says that our old Ay g and our new Ay g differ by O(Agy). From the
definition of U we have that ¢; : V — V are morphisms, and on every fiber it is true that
> i(¢);Ey ~ aE,. Hence there is a function f € K(V)* ® R and a fibral divisor F €
Div(V) ® R such that

> 0rE = aFE+ div(f) + F, where F' := 7*D for some D.

Now standard properties of local heights, for example [27] Theorem 5.4, transforms the
divisorial relation above into the height relation

i A e(di(x),v) = aly gz, v) +o(f(x)) + Aup(T(x),v) + ONeu (7 (z), v)).
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Now we can repeat the same idea of the proof of Theorem 4.2.1 of [16], letting y(z,v) :=

> A e(0i(7),v)) =y p(z, v)—v(f(2)) = Av,p(7(2),v) =O(Nov (7 (2), v)), and proceeding
in the same way. This yields

thaEty(Q)t = )\V,E + O()\U,D o 7T) + O()\aU o) 7'r)7

which is almost what we want to prove. To conclude, we remember the fact that
> (@) Ey ~ aF, on every fiber, so we can repeat the above argument with functions
f1, -, fn and divisors Dy, ..., D,, having the property that N|D;| = (). Then

min{Au,p, } = Avp, = vy
is My-bounded, so
S\Vt,Ety(Q)t = Av.p +min; O(Ay,p, o) + O(Aop 0 ™) = Ay,p + O(Xov o 7).

Corollary 3.3: Theorem 3.1 is true over global fields in any characteristic.

Proof. As we have said, we just must add the previous result over all places of K and use
theorem 4.3.1 of [16]. O

3.2 Variation of the canonical height along sections

In this section we have a more precise result for a one-parameter algebraic family of points.
We keep almost the same notation from the previous section with the following addition:

e T'/K :we assume that the base variety T" has dimension 1, so 7" is a smooth projective
curve.

e hp : we assume that the Weil height function on T" corresponds to a divisor of degree
1.

e P :asection P:T — V. We can think of the generic fiber V of V as a variety over the
function field K(7T), and then the section P corresponds to a point Py € V(K (T)).

e The function field K (7) is itself an usual global height field , namely, for each point
t € T, there is an absolute value ord;, on K(7T') such that

ord;(f) := order of vanishing of f at ¢.

Further, the rational map ¢; : V --» V induces a morphism on the generic fiber
(¢i)v : V =V, and we have > _.(¢;)},nv = any, where ny is the restriction of n to the
generic fiber. This, by [16], allows us to construct the canonical height

th”]Vv(Q)V : V<K(T)) — R?

which can be evaluated at the point Pyy,. We also make P, = P(t). There are then three
heights fALVmV,(Q)V, iLVt’m,(Q)t and hp which may be compared, as Silverman did for abelian
varieties in [29]. Moreover, the following theorem generalizes theorem 4.1 of [9] for the
Kawaguchi canonical heights.

Theorem 3.4: With notation as above,
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. Wy ). (Pr)
limy, ;)00 170 (R) % = hvny () (Pv).

Proof. We start by stating together some results. First of all, from theorem 3.1 we have
’}Alvtmh(g)t(l') — hy(x)| < crhr(t) 4+ o for all ¢ € T° and all x € V.

In particular, this is true for x = P, and the constants ¢;, ¢ are independent of both ¢
and z. Second, we apply functoriality of Weil heights to the morphism P : T" — V. We
note that P will be a morphism, because we have assumed that 7" is a smooth curve, so
any rational map from 7" to a variety is automatically a morphism. This gives

|hV,n(Pt) - hT,P*n(t)| <c3(P)foraltel.

where c3(P) depends on the section P, but is independent of ¢. Third, we use [20],
Chapter 3, Proposition 3.2 to describe the Weil height Ay, on the generic fiber in terms
of intersection theory ,

|hviy, (Sy) — deg S*n| < ¢4 for all sections S : T — V.

Fourth, we know that a canonical height is a Weil height up to a constant, and then
2y (v (QV) = hvny (Qv)] < ¢5 for all Qv € V(K (T)).

Using these four estimates and the triangle inequality, we compute

Vi@ (P) = vy (@) (Py) B (8)]

< () (Pr) = (P + [y (B) = i peoy (1))

+ [, pen () — (deg P n)hr(t))

+ [(deg P*n)hr(t) — hv,y, (Pv)hr(1)]

+ Ay (PO () = vy (@) (Py) (1))

< (c1hr(t) 4 c2) + c3(P) + |hy,pey (t) — (deg P*n)hp(t)| + cahr(t) + cshr(t).

We now divide this inequality by hz(t) and let hr(t) — oo. This gives

lim supy, . (1)00 Ihw%i)f)(m = hvay @y (Pv)]
hT,P*n(t)
hr(t)
Term c3(P) has disappeared because it depends on P. Moreover, Corollary 3.5 of Chapter
4 from [20] implies that the heights hy p-, and (deg P*n)hp(t) are quasi-equivalent, and

SO

< er+ ey + e+ msupy, oo | — (deg Pn)].

) hr pep(t .
limy, . (1) —oo —21;(7;; ) = (deg P*n).

This gives the fundamental estimate

, hy, o0, (P) -
im supy, ;. 1) 500 |%§3<t> = hvay v (Pv)] a1+ es+cs,

where the constants ¢, ¢4 and ¢ are independent of both the section and the point ¢, so
the inequality above works with f o P in place of P for all f € Q,,n € N. By (ii) of
Theorem 1.2.1 from [16], we know that
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ZfG(Qn)t th,nty(Q)t (f('r)) = anth,Th,(Q)t(x) EfG(Qn)v hVJ]w(Q)V(f(x)) = anhV,T]vy(Q)V(‘r)'
So we finally obtain

thﬂ?t,(Q)t (Pt)

o™ hm SuphT(t)_Mx) |T(t) - hV,T]v,(Q)V(PV)| =
) Zf On)e iLVtﬂ%(Q)t(f(Pt)) A
lim SuphT(t)_,oo | €(Cn) hT(t) - ng(gn)v hVWVv(Q)V(f(PV))l

< k™(c1 4 ¢4 + c5).

The right hand-side of the above inequality does not depend on n, while o > k, so letting
n — 0o gives us the inequality that we wanted to show.

. BVt, t,(Q t(Pt) 7
lim SUP}. (1) =00 |% - hv,nv,(Q)v(Pv)| = 0.

3.3 Canonical local heights as intersection multiplicities

In this section we show that Kawaguchi‘s canonical local height 5\‘4 E,0, can be computed
as an intersection number. We fix an absolute value v on K and let O, denote the ring of
v-integers in K. We continue with the notation used in the previous sections but we add
the assumption that V' is a smooth projective variety, and that the morphisms ¢; : V- — V'
are finite, correspondent to a dynamical system (V, ¢y, ..., o) = (V, Q). We assume that
E is defined over K, where E € Div(V)®R is a divisor satisfying S.F | ¢*F ~ aE,a > k.
Let S := Spec(O,). We will say that a smooth scheme V/S is a weak Néron Model for
(V/K, Q) over S if it satisfies the following axioms:

(1) The generic fiber of V/S, denoted by Vi, is V.

(2) Every point P € V(K) extends to a section P : S — V.

(3) There exist finite morphisms ®; : V/S — V/S whose restriction to the generic
fiber are the ¢;.

We note that the Néron Model of an Abelian Variety is a weak Néron Model for
(A/K,[n]) for all n > 2. Indeed, for an abelian variety A, Néron first showed that any
canonical local height A 4.0(.,v) can be interpreted as an intersection multiplicity on the
special fiber of the Néron model of A over Spec(O,)(see [20], chapter 11, section 5).

Henceforth we will assume that (V/K, Q) has a weak Néron Model V/S. Let V, denote
the special fiber of V and write

Vs = Z?:l Vg?

where V;, ...,V € Div(V) are the irreducible components of V. If W is a prime divisor
of V rational over K, then W, its closure in V), is a prime divisor on V. Extending this
process by linearity, we obtain a natural injection

Div(V)x — Div(V), D — D

Similarly, given a point P € V(K), we write P = P(S) to denote the image of the section
P € V. Note that the divisor group on S is a cyclic group generated by the special point
(s). Hence, for any D € Div(V)g and any P € V(K) which does not lie in the support
of D, we may define the intersection multiplicity i(D, P) (also denoted by P.D) by

P*D = i(D, P)(s).
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With these notations in hand, we can now state the main result of this section, which is
a stronger version of theorem 6.1 of [9] due to Call and Silverman. For the proof, we will
make use of a more refined theorem in algebra linear, that was not required for the proof
of their mentioned earlier result.

Theorem 3.5: Suppose V/S is a weak Neron model for (V/K, Q) over O,. Let S\V,E,Q,f
be a canonical local height as constructed in theorem 4.2.1 of [16]. Moreover, suppose that
a > nk for n the number of irreducible components of the special fiber. Then there exist
real numbers vy, ..., vn so that for all P € V(K) — |E],

Avp,of(P)=P.(E+ Y1 vV).

An important point in the proof of this theorem is to describe the action of ®; on the
set of irreducible components {V!,...,V"} of V,. Since ®; is a finite morphism, it maps
each irreducible component of V; onto another irreducible component (possibly the same
component) of Vs. Let N = {1,...,n}. Then

A; = Ag, : N — N defined by @; : Vi — V) for j e N.
We can identify A; with a matrix of the following type.
Definition 3.6: A square matriz M is a permutation-type matrix if every column of
M has exactly one 1 and all other entries are 0.
It is a fact (lemma 6.2(b) of [9]) that every eigenvalue of a permutation matrix is 0 or

is a root of unity. Such information is used in the proof of theorem 6.1 of [9]. For our
more general situation, we will need the following theorem.

Theorem 3.7: Let A be an n—square nonnegative matriz. Then
miny<icn Y5y @i < p(A) < maxicicn Yoy Gj-

In other words, the spectral radius of a nonnegative square matriz is between the smallest
row sum and the largest row sum.

Proof. See theorem 5.24 of [36]. O

Proof. (of Theorem 3.5). Since E is assumed to be rational over K, we may fix a rational
function f € K(V)* ® R so that

S GrE = aE + divy(f). (1)

Since K (V) 2 K(V), we may also regard f as an element of K())*®R. Then the divisors
of f on V and V differ by a divisor supported on the special fiber, say

divy (f) = divy(f) + Zy, where Zp = Y30, m(j, )VI,  (2)

for some constants m(j, f) € R.
By Theorem 4.2.1 of [16], there is a unique canonical local height

A = Av,g,0,f Which satisfies

St Aw(@i(p),v) = adp(p,v) +o(f(p).  (3)
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Consider the map V(K) — |E| — R defined by P — i(E, P) = P.E. Given any
P € V(K) — |E|, there is a pair (U, g) representing E such that U C V is an open
neighborhood of P and g(P) # 0, co. Then, by definition, i(E, P) = v(g(P)), independent
of the choice of the pair (U, g). Thus, the map P — i(F, P) is a Weil Local Height function
for £ on V(K).

Note that ®!F and ¢} E differ by a divisor supported on the special fiber, since ®; and
¢; are the same on the generic fiber. Combining this fact with (1), we have

> QIE = aE + divy (f) + 327, ny Vi, (4)

for some constants n; € R. Further,

(®:).P = (2,).P(S) =0;0P(8S) = ¢5(P)(S) = ¢4(P),
where ¢;(P) is the section corresponding to ¢;(P). Hence,

S, POIE =% (9).P.E=Y,0:(P).E=>i(E,¢:(P)). (5)
Intersecting both sides of (2) with P yields:

P.divy(f) = P.divy(f) + P.Zs = o(f(P)) + P. 327_ m(j, f)Vi.  (6)

Now, intersecting both sides of (4) with P and applying (5) and (6), we conclude
2, ¢i(P)) = ai(E, P) +v(f(P)) + P. 320, ¢V, (7)
where ¢; = m(j, f) + n; are constants which depend on E, Q and f, but are independent
of P. In particular, we see that (7) holds for all P € V(K) for which the intersection
multiplicities i(E, ¢;(P)) and i(E, P) are defined, i.e, for all P ¢ |E|U |¢7E|U...U|¢;E]|.
Next, we will show that one can choose real numbers x4, ..., x,, so that the function
satisfies

> Ap(o(P)) = aAp(P) +o(f(P)) (9)
For all P e V(K) — (|[E|U |¢iE|U ... U|¢;E|). Using (8) and (7), we compute

> Mp(6i(P)) — alp(P) —v(f(P))
= ZL(W Z?:l z;V]) — aP. Z?:l z;V] + P. Z?:l V.

Recall that ®; determines a permutation type matrix A; := Ag, defined by ®; : VI —

V9 Since P and ¢;(P) = ®,(P) intersect the components of V, transversally, it follows
from the definition of A; that if P(s) € V¢, then

P. Z?:l x; VI =z and ¢;(P). Z?zl VI =4, (10)
Therefore it suffices to find constants x1, ..., x,, such that
Zle Ta,p) —ore+c=0fort=1,...,n

Writing x4, ..., x, and ¢y, ..., ¢, as column forms, we can combine these n equations into a
matrix equation

(oI — Z?:l Ajx =c.
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The A; are permutation-type matrices, so Theorem 3.7 says that the absolute value of an
eigenvalue of ) . A; is at most nk, but a > nk by hypotheses. So det(alI — Zi‘zl A;))#0
and (oI — S5 A;) is invertible and we may take x = (al — 3.1, A;)~'c. This finishes
the proof that we can choose z1, ..., x, so that the function A defined by (8) satisfies (9).

To complete the proof, we will show that Ag(P,v) = Ag(P) for all P in V(K) — |E).
Since Ag(.,v) and i(E,.) are both Weil local heights for E, their difference has a unique
v-continuous extension to a bounded v-continuous function defined on all of V(K) (see
[20], chapter 10, proposition 1.5, and 2.3). Hence, by (8), we see that the map Lg(P) :=

~

Ae(P,v) — Ag(P) extends to a bounded function on V(K), namely, by a constant C > 0.
Further, since Ag and Ag satisfy (3) and (9), it follows that

> . Le(¢i(P)) = aLg(P) for all P € V(K).
Therefore, for any P € V(K),
1Le(P)| < 0™V Y e, Le(@(P))] < 55.C =y 0.
We conclude that Lg =0, so Ag(P,v) = Ag(P) VP € V(K) — |E|. O
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Appendix A

Canonical Metrics of Commuting
Systems

With two polarized dynamical systems (X, F = {fi, ..., fx}, L, @), > k and (X,G =
{g1,-.vat}, L, B), > t, we can build two canonical metrics, two canonical heights, and
two canonical measures for £ € Pic(X)®R. We will see that if all the maps of one of the
systems commute with all the maps of the other, then the canonical metrics, canonical
heights, and canonical measures associated to each system are identical.

A.1 The admissible metric

We consider a projective variety X over a number field K, and (X fi, ..., fr) a dynamical
eigensystem of k morphisms F := {f1, ..., fx} over K associated with an ample line bundle
L € Pic(X) ® R of degree o > k as in section 3 of [16], so we have an isomorphim
¢ LO == f{L®..®f; L. This situation will be called a polarized dynamical eigensystem
(X, f1, .oy fr, £,0) on X defined over K. Assume that for every place v of K we have
chosen a continuous and bounded metric ||.||, on each fibre of £, := L ®x K,. The
following theorem is stated in theorem 3.3.1 of [16] for ||.||c-

Theorem A.1.1: The sequence defined recurrently by ||.||v1 = ||.||» and
* * * l
-l = (@ (fi 1 o1 Sl fon—1)) @ forn > 1

converge uniformly on X (K,) to a metric ||.||, 7 (independent of the choice of ||.||,1) on
L, which satisfies the equation

o = (@ 1o fi o)) =
Proof. The proof is the same as is theorem 3.3.1 of [16] with v in place of co. O

Definition A.1.2: The metric ||.||, 7 is called the canonical metric on L, relative to
the system of maps F.

The following proposition relates the canonical metrics associating to commuting maps.
It represents the main result of this section, and it is a natural and simple generalization
of proposition 2.5 of [25] for the metric defined in [16, theorem 3.1.1].

Proposition A.1.3: Let (X, F = {f1,... s}, L,«) and (X, G = {g1,...,g:}, L, B) be

two polarized systems with o > k, 3 >t on X defined over K. Suppose that f;og; = gjo f;
for alli,j. Then ||.|lo.7 = ||-||v.g-
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Proof. The key idea is that the canonical metric does not depend on the metric from
which we have started the iteration with. Let s € I'(X, L) be a non-zero section of L.
We are going to consider two metrics ||.||,1 = |[-[los and ||.||[,; = |||lu,g on the line

bundle £. By our definition of canonical metric for F, we can start with ||.|[, ; and obtain
[s(2)[lo.7 = lm, (|| T] ez, s(f(x))||;71)$, but also by our definition of canonical metric

for G starting with
é
v, F*

o = oz we get [[s(2)l]o.g = Ty [| [T eq, 5(9(2))

So using the uniform convergence and the commutativity of the maps,

15 lor = lim, || TLjer, (7D
= limyy [Tz [eq [1sCF (o)) 157"

= limy, [T, Tlpeq, Isa(F @I

1
= liml || nggl 3<g(x))||5,l]-'

= [[s(2)]]vg,

which was the result we wanted to prove. O

Let X n-dimensional projective variety defined over a number field K and (X, F =
{f1, - fx}, £, a) a polarized system with a > k defined over K. Let v be a place of K
over infinity. We can consider morphisms

fi®v: X, — X, over the complex variety X,,.

Associated to F and v we also have the canonical metric ||.||,  and therefore the
distribution ¢1(L,||.|lo,7) = =0dlog||s||sx, with s € T'(X, L) — {0}, analogous to the
first Chern form of (£, ||.||,.7). It can be proved that this is a positive current in the sense
of Lelong, as in section 3.2 of [16], we can define the product

(L [ o.p)" = (L, ] lo.7)--ea (L, ]

which represents a measure p on X,,.

Definition A.1.4: The measure dur = ¢(L, ||.|[o.7)"/1(X), is called the canonical
measure associated to F and v. Once we fiz L, it depends only on the metric ||.||, .

Now we assume that X is an arithmetic variety of absolute dimension n + 1, that is,
given a number field K, X is flat and of finite type over Spec(Of) of relative dimension n.
We can define (see section 2 of [16]) the arithmetic intersection number ¢é;(Ly)...¢1(Ly11)
of the classes of the hermitian line bundles (£;,|].||) on X, which means that each line
bundle £; on X is equipped with a hermitian metric ||.||,; over X, = X®x Spec(Ok),
for each place v at infinity. Such line bundles are called adelic line metrized bundles when
they can be equipped with semipositive metric for all places v. So we can define adelic
intersection numbers é1(Lyjy)...¢1(Ln41)y) over a p-cycle Y C X. Suppose that we are in
the presence of a polarized dynamical eigensystem (X, F, £, «). In this case the canonical
metric ||.||7 represents a semipositive metric on £, and we can define the canonical height
associated to (L, ||.||)-

Definition A.1.5: The canonical height hx(Y) of a p-cycle Y in X is defined as

~ . él(ﬁ‘y>p+1
heY) = @my + Doy

v,]:)a
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It depends only on (£, ||.||7), where ||.||# is actually representing a colection of canonical
metrics over all places of K. An inportant particular case of canonical height will be the
canonical height hz(P) of a point P of X. Since the canonical measure and the canonical
height were defined depending only on the canonical metric of the system, the equality
of canonical metrics and measure is a direct consequence of proposition A.1.3, as we just
state below.

Proposition A.1.6: Let (X, F = {f1,...., fx}, L, ) and (X, G = {g1,....,q:}, L, B) be
two polarized systems with o > k, 3 > 1 on X defined over K. Suppose that fog; = g;o f;
for alli,j. Then hy = iLg and dpr = dpug.

Proof. 1t is a consequence of the last two definitions that the statements depend only on
the canonical metric presented in proposition A.1.3. O
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