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Resumo

Neste trabalho provamos uma série de resultados relacionados as propriedades de
controle e estabilizacao de modelos dispersivos definidos em um intervalo limitado. Ini-
cialmente, estudamos a estabilizagao interna de um sistema acoplado de duas equagcoes
do tipo de Korteveg-de Vries (KdV), denominado de sistema de Gear—Grimshaw. Defi-
nindo um funcional de Lyapunov conveniente, obtemos o decaimento exponencial da
energia total associada ao modelo. Em seguida, provamos resultados de controlabilidade
nula e exata para equacao de Korteweg-de Vries com um controle atuando internamente
em um subconjunto do dominio. Quando a regiao na qual o controle atua ¢ um subin-
tervalo arbitrario, provamos a controlabilidade nula por meio de uma nova desigualdade
de Carleman. Como consequéncia, obtém-se um resultado de controlabilidade regional,
com a func¢ao estado sendo controlada na parte esquerda do complementar da regiao
de controle. Além disso, quando a regiao de controle é uma vizinhanca do extremo
direito, um resultado de controlabilidade exata em um espaco L? com peso também é
estabelecido. Finalmente, tendo em vista os resultados de controlabilidade na fronteira
obtidos por L. Rosier para a KdV, provamos que o sistema de Boussinesq linear do tipo
KdV-KdV ¢ exatamente controldvel quando os controles atuam na fronteira. Nossa
analise ¢ desenvolvida utilizando multiplicadores e o argumento de dualidade men-
cionado acima. Acrescentando um mecanismo dissipativo na fronteira, provamos que
o sistema nao linear também é exatamente controldavel e que a energia total associada
decai exponencialmente.

Palavras-chave: Estabilizacao, Funcao de Lyapunov, Controlabilidade exata, Con-
trolabilidade nula, Desigualdade de Carleman, Sistema de Gear—Grimshaw, Equacao de
Korteweg-de Vries, Sistema de Boussinesq.



Abstract

This work is devoted to prove a series of results concerning the control and stabiliza-
tion properties of dispersive models posed on a bounded interval. Initially, we study the
internal stabilization of a coupled system of two Korteweg-de Vries equations (KdV),
the so-called Gear—Grimshaw system. Defining a convenient Lyapunov function we
obtain the exponential decay of the total energy associated to model. Next, we prove
results of null and exact controllability for the Korteweg-de Vries equation with a con-
trol acting internally on a subset of the domain. When the control region is an arbitrary
subinterval, we prove the null controllability by mean of a new Carleman inequality.
As a consequence, we obtain a regional controllability result, the state function being
controlled on the left part of the complement of the control region. Moreover, when the
control region is a neighborhood of the right endpoint, an exact controllability result in
a weighted L?-space is also established. Finally, in view of the result of the boundary
controllability obtained by L. Rosier for the KdV equation, we prove that the linear
system Boussinesq of KAV-KdV type is exactly controllable when the controls act in
the boundary conditions. Our analysis is performed using multipliers and the duality
approach mentioned above. Adding a damping mechanism in the boundary, it is proved
that the nonlinear system is also exactly controllable and the energy associated to the
model decays exponentially.

Key-Words: Stabilization, Lyapunov function, Exact controllability, Null con-
trollablity, Carleman inequality, Gear—Grimshaw system, Korteweg-de Vries equation,
Boussinesq system.
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Chapter 1

General Introduction

This thesis deals with the controllability and stabilization of dispersive systems gov-
erned by partial differential equations. The controllability problem consists in analyzing
whether the solution can be driven from a given initial state to a given terminal state
by using an accurate control input or controls acting through the boundary conditions.
In what concerns the stabilization, we study the asymptotic behavior of solutions, i.e.,
through an initial analysis of the signal energy associated with the model, the initial
question is: Is it possible to ensure that the solutions are asymptotically stable for
arbitrarily large ¢ — 4007 Having positive response to this question, we are interested
in seeking the rate of decay of these solutions.

The models studied here are the Korteweg-de Vries (KdV) equation on a bounded
domain, a Boussinesq system of KdV-KdV type on a bounded domain and the Gear—
Grimshaw system on a periodic domain. The study of both systems were motivated by
the results obtained for the KdV equation. Therefore, before introducing the mathe-
matical description of the problems, we recall some important historical facts related
to this equation.

1.0.1 Historical review of the wave of translation

In 1834 John Scott Russell, a Scottish naval engineer, was observing the Union Canal
in Scotland when he unexpectedly witnessed a very special physical phenomenon which
he called a wave of translation [68]. He saw a particular wave traveling through this
channel without losing its shape or velocity, and was so captivated by this event that
he focused his attention on these waves for several years and asked the mathematical
community to find a specific mathematical model describing them. More precisely, his
words were:

"I was observing the motion of a boat which was rapidly drawn along a narrow
channel by a pair of horses, when the boat suddenly stopped—not so the mass of water
i the channel which it had put in motion; it accumulated round the prow of a vessel
i a state of violent agitation, then suddenly leaving it behind, rolled forward with great
velocity, assuming the form of a large solitary elevation, a rounded, smooth and well-
defined heap of water, which continued its course along the channel apparently without
change of form or diminution of speed. I followed it on horseback, and overtook it



still rolling on at a rate of some eight or nine miles an hour, preserving its original
figure some thirty feet long and a foot to a foot and a half in height. Its height gradually
diminished, and after a chase of one or two miles I lost it in the windings of the channel.
Such, in the month of August 1834, was my first chance interview with that singular
and beautiful phenomenon which I have called the Wave of Translation....”

Russell was fascinated with his discovery to the point that he not only built water
wave tanks at his home, but also did practical and theoretical research into these types
of waves. His experiments, well-known as ”"The wave line system of hull construction”,
consisted of raising an area of fluid behind an obstacle, then removing the obstacle
so that a long, heap-shaped wave propagated down the channel. His developments
revolutionized naval architecture in nineteenth century, and he was awarded the gold
medal of the Royal Society of Edinburgh for his work in 1837. Russell’s experiments
contradicted physical conjectures such as G.B. Airy’s water wave theory [3], in which
the traveling wave could not exist because it eventually changed its speed or its shape, or
G.G. Stokes’ theory [76], where waves of finite amplitude and fixed form were possible,
but only in deep water and only in periodic form. However, Stokes was aware of the
unfinished state of Russell’s theory:

7It 1s the opinion of Mr. Russell that the solitary wave is a phenomenon sui generis,
m nowise deriving its character from the circumstances of the generation of the wave.
His experiments seem to render this conclusion probable. Should it be correct, the ana-
lytical character of the solitary wave remains to be discovered.”

Consequently, in order to convince the physics community, Scott Russell challenged
the mathematical community to prove theoretically the existence of the phenomenon
that he witnessed:

”Having ascertained that no one had succeeded in predicting the phenomenon which
I have ventured to call the wave of translation,... it was not to be supposed that after its
existence had been discovered and its phenomena determined, endeavors would not be
made... to show how it ought to have been predicted from the known general equations
of flutd motion. In other words, it now remained to the mathematician to predict the
discovery after it had happened, i.e. to give a priori demonstration a posteriori.”

A number of researchers took up Russell’s challenge. The first mathematician to re-
spond was Joseph Boussinesq, a French mathematician and physicist who got important
results [10] in 1871. In 1876, the English physicist Lord Rayleigh obtained a different
result [60], and in 1895 the Dutch mathematicians D.J. Korteweg and his student G.
de Vries gave the last significant result of the 19th century [39]. In fact, Boussinesq
considered a model of long, incompressible and rotation-free waves in a shallow chan-
nel with rectangular cross section neglecting the friction along the boundaries, and he
obtained the equation
0h 0?h 0? <2h2 H? 82h>

*h _ L 0%h 2n°  HO°h 1.0.1
o Y + 5H T 3 022 (1.0.1)

H
oz " I pg2
where (t,z) are the coordinates of a fluid particle at time ¢, h is the amplitude of the
wave, H is the height of the water in equilibrium and g is the gravitational constant.

Rayleigh independently considered the same phenomenon and added the assumption
of the existence of a stationary wave vanishing at infinity. He considered only spatial



dependence and captured the desired behavior in the equation

on\°> 3
(%) + ﬁhQ (h — ho) =0, (1.0.2)

with hy being the crest of the wave and the other parameters defined as before. This
equation has an explicit solution given by

| 3h
h (x) = hgsech? ( 4—H(;x> .

In 1876, Rayleigh wrote in his article [60]:

”[ have lately seen a memoir by M. Boussinesq, Comptes Rendus, Vol. LXXII, in
which is contained a theory of the solitary wave very similar to that of this paper. So
as far as our results are common, the credit of priority belongs of course to Boussinesq
J.”

The last proof of the existence of “translation waves” was given by Diederik Johannes
Korteweg and Gustav de Vries. They constructed a nonlinear partial differential equa-
tion which has a solution describing the phenomenon discovered by Russell, thus giving
the Korteweg-de Vries equation its name, often abbreviated as the KdV equation. In
1895, they published an article deriving the equation

on 3 [g0o (1, 3 1.0
a2\ 10, (5“ t501+ 300 ) (1.03)

in which 7 is the surface elevation above the equilibrium level [, is a small arbitrary
constant related to the motion of the liquid, ¢ is the gravitational constant, and =
B = g — Z—Z with surface capillary tension 7' and density p. Eliminating the physical
constants by the change of variables

t—>1 It -2 and u— ! +1
— — —_—— n — f— —
5 w,as Ba U 277 3a

one obtains the standard Korteweg-de Vries equation
Uy + 6ty + Upyy = 0, (1.0.4)

which is a model describing the propagation of small amplitude, long wavelength waves
on an air-sea interface in a canal of rectangular cross section. The steady periodic
wave-train solution is called the cnoidal wave.

C.S. Gardner and G.K. Morikawa [30] found a new application of this model in the
study of collision-free hydro-magnetic waves in hopes of describing the unidirectional
propagation of small but finite amplitude waves in a nonlinear dispersive medium.
Also, M. Kruskal and N. Zabusky [81] showed that the KdV equation models the
Fermi-Pasta-Ulam problem, as it describes longitudinal waves propagating in a one-
dimensional lattice of equal masses coupled by nonlinear springs. Other applications
have been found and are currently studied.



1.0.2 Controllability and stabilization for PDEs - Methods Used

We are interested in obtaining controllability and stabilization results for systems gov-
erned by dispersive PDEs. Therefore, we first deal with two major problems concerning
this theory: the internal controllability and controllability at the border.

The various concepts of controllability, which agree in finite dimension but not in
general for a PDE, are introduced and next characterized thanks to the classical duality
approach (see [28, 42]). For instance, the exact controllability of a system is shown to
be equivalent to the observability of the adjoint system. The proof given here is based
on the Hilbert Uniqueness Method (HUM) due to J.-L. Lions (for more details see
[42, 43, 44]). The controllability tests given here may be seen as natural extensions of
Kalman rank criterion as shown in [19].

Special attention is given to PDEs with skew-adjoint infinitesimal generator, for
whose the controllability and stabilizability concepts considered here agree. We only
deal with both concepts in infinite dimension.

Before addressing the control problems, let us introduce some notations. Let P (D)
denote a differential operator, with P € C[1,&;,...,§,] and

D = (—idy, —i0y,, ..., —idy,) .

E.g. P = —72+[¢|? gives the wave operator P (D) = 82— A. Let Q € R” be a bounded
(sufficiently smooth) open set, whose boundary 0f2 is denoted by I

1.0.2.1 Internal control problem

Given some open set w C €2 with a smooth boundary I', and a set of boundary condi-
tions, merely written B (D) z = 0, we consider the control problem

P(D)z=X,f t>0,z€Q,
B(D)z=0 t>0,zel, (1.0.5)
2(0,z) =2 (z) x€.

Here, f = f(t,x) is the internal control, z = z (¢, x) is the unknown function. For
the controllability problem, given zy and z; in some functional space H, we seek for a
control f € L?(0,T;U) (U being another functional space) such that the solution z of
the system (1.0.5) satisfies z (T, x) = z (2).

1.0.2.2 Boundary control problem

Given some open set v C I', and two sets of boundary conditions By (D) z = A, f,
By (D) z = 0, we consider the control problem

P(D)z=0 t>0,z€Q,
Bi(D)z=X,f t>0,z€T,
By (D)2 =0 v e, (1.0.6)

2(0,z) =2 (z) x€.

Heref = f (t,x) is the boundary control. In general w (resp. 7) is a strict subset of Q2
(resp. I).



Using a domain extension together with classical trace results, one may often derive
boundary control results from internal control results.

1.0.3 Controllability and observability

1.0.3.1 Concepts of Controllability

For given 29 € H, u € L*(0,T;U), we consider the solution z : [0,7] — H of the

Cauchy problem
2= Az + Bu
’ 1.0.7

{ 2(0) = 2. ( )

Recall that for any z; € D(A) and uw € W' (0,T;U), the Cauchy problem (1.0.7)
admits a unique classical solution z € C'([0,7];D (A))NC* (0,T; H) given by Duhamel
formula

z(t):S(t)zg—l-/OtS(t—s)Bu(s)ds, vVt e [0,7],

where {S(t)}+>0 is a semigroup generated by the operator A. For zp € H and u €
L' (0,T;U), the above formula is still meaningful and defines the mild solution of (1.0.7).

Definition 1.1. System (1.0.7) is exactly controllable in time T if for any zo, 2zr € H,
there exists u € L? (0,T;U) such that the solution z of (1.0.7) fulfills z (T) = 27;

Definition 1.2. System (1.0.7) is null controllable in time T if for any zo € H, there
exists u € L (0,T;U) such that the solution z of (1.0.7) fulfills z (T) = 0.

Let us introduce the operator L : L? (0, T;U) — H defined by
T
,cTu:/ S (T — 1) Bu(s) ds.
0

Then,

Exact controllability in time 7' < Im L = H; 0.
Zero controllability in time 7' < S (T) H C Im Lr. (1.0.9)

In finite dimension, i. e., when A € R"" and B € R"™, the three concepts are
equivalent, and equivalent to a purely algebraic condition, the famous Kalman rank
condition: rank (B, AB, ..., A" 'B) = n. As a consequence, the time T plays no role
(for more details see, for example, [19, 80]).

The situation is more tricky for PDE:

— there is no algebraic test for the controllability;

— the control time plays a role for hyperbolic PDE;

— the converses of

Exact Controllability = Null Controllability

is not true in general.



1.0.3.2 Adjoint operators

As mentioned before, the controllability problems requires the proof an observability
inequality for the solution of the adjoint system. Therefore, the following definition will
be needed:

The adjoint of the bounded operator B € L (U, H) is the operator B* € L (H,U)
defined by (B*z,u),; = (2, Bu), for all z € H and v € U. Thus, the adjoint of the
(unbounded) operator A is the unbounded operator A* with domain

D(A") ={z€ H:3C € R",|(Ay,2) | < Cllylly .Yy € D(A)}
and defined by
(Ay,2)y = (v, A*2)y , Vy € D(A), Vz € D (A").

Therefore, A* also generates a continuous semigroup (e”‘) 1> fulfilling e = S* (1),
vt > 0. If A* = A (resp. A* = —A) the operator A is said to be self-adjoint (resp.
skew-adjoint). Recall that a skew-adjoint operator generates a continuous group of
isometries (see e.g. [54]).

1.0.3.3 Controllability tests

The proofs of the results cited here are classic, and they can be found, for example in
[19, 42, 80, 87]. These tests are based on the HUM method due to J.-L. Lions [42]. A
first result ensures that the controllability can be given as follows:

Theorem A: The system (1.0.7) is ezactly controllable in time T > 0 if and only if
there exists a constant ¢ > 0 such that

T
|15 @ywl e > el v 1 (1.0.10)
0

(1.0.10) is called an observability inequality. Such inequality means that the map
T :yo—> B*S* () v,

is boundedly invertible; i.e., it is possible to recover a complete information about
the initial state yo from a measure on [0, 7] of the output B* [S* (t) yo|t (observability

property).
Theorem B: The system (1.0.7) is null controllable in time T > 0 if and only if there
exists a constant ¢ > 0 such that

T
/ 1B°S* () o2 dt > clIS* (T) yoll% . Wy € H. (1.0.11)
0

(1.0.11) is a weak observability inequality, i. e., only S* (T) yo may be recovered, not
Yo-



The Hilbert Uniqueness Method. We associate to the boundary-initial value problem

5 2= Az + Bu,
2(0) =0,

its adjoint problem, obtained by taking the distributional adjoint of the operator 9, — A,

namely —0, — A*:
g
Z* Yy Y,
{ y(T) =yr.
Note that >* is without control and backwards in time. For any yr € H, the solution
y of ¥* is given by y (t) = S* (T —t) yr.
We assume the following key identity:

(2 (t) yr)y = / (w, By), dt

to ensure the equivalence between observability inequality and controllability of the
system . In addition, we can conclude that:

— The evolution equation in the adjoint problem y = —A*y differs from the one for
the adjoint operator iy = A*y by a sign minus. Solutions of the second one give solutions
of the first one just by changing ¢t — T" — t inside;

— HUM provides a bounded operator A : zp — u giving the control;

— In general we don’t need to explicit B and B*. The important ingredients in HUM
are the key identity and the observability inequality.

1.0.4 Stabilizability

In this last section we address the stabilizability of the control system (1.0.7). In order
to do that, we consider K € L (H,U), let Ax the operator Axz = Az + BKz with
domain D (Ax) = D (A) and by (Sk (t)),>, the semigroup generated by Agk.

The system (1.0.7) is said to be ezponentially stabilizable if there exists a feedback
K € L (H,U) such that the operator A is exponentially stable; i.e., for some constants
C >0and pu >0,

ISk (@) < Ce™, vt > 0.

On the other hand side, the system (1.0.7) is said to be completely stabilizable if it is
exponentially stabilizable with an arbitrary exponential decay rate; i.e., for arbitrary
i € R, there exists a feedback K € £ (H,U) and a constant C' > 0 such that

Sk (t)]] < Ce ™ vt > 0.

Stabilization of the system (1.0.7) is is strongly related to controllability. The first
result in this direction was given by Datko in 1972 (see [22]).
Theorem C: If the system (1.0.7) is null controllable, then it is exponentially stabi-
lizable.

The next result gives an infinite dimensional version of Wonham’s theorem.



Theorem D: Assume that A generates a group (S5 (t)),», of operators. Then the
following properties are equivalent. N

i) The system (1.0.7) is exactly controllable in some time 7' > 0;

ii) The system (1.0.7) is null controllable in some time 7" > 0;

iii) The system (1.0.7) is completely stabilizable.
The implication i) = iii) is due to Slemrod [75], whereas the implication iii) = i) is
due to Megan [47] (see also Zabczyk [80, Theorem 3.4 p. 229]). i) = ii) is obvious.

The previous result applies in particular to a skew-adjoint operator A, which gener-
ates a group of isometries on H. In fact more can be said. First, we have the “control-
lability via stabilizability” principle due to Russell [69, 37]. On the other hand, explicit
exponentially stabilizing feedback laws may be given (for example, [45, Theorem 2.3]).
Theorem E: Assume that A is skew-adjoint. Then the following properties are
equivalent.

— The system (1.0.7) is exactly controllable in some time 7" > 0;

— The system (1.0.7) is null controllable in some time 7" > 0;

— The system (1.0.7) is completely stabilizable;

— The system (1.0.7) is exponentially stabilizable;

~For every positive definite self-adjoint operator S € L (U), the operator A — BSB*
generates an exponentially stable semigroup on H.

1.0.5 Problems and Main Results

We now return to the main problem of this thesis, i.e., the study of controllability and
stabilization properties of models that describe the propagation of a surface water wave.
We begin our study with the Gear—Grimshaw system on a periodic domain.

1.0.5.1 Stabilization of the Gear—Grimshaw system

The first work of this thesis, in collaboration with V. Komornik and A. Pazoto [13], is
to investigate the decay properties of the initial-value problem

(U 4 Uty 4 Ugee + A3V200 + 100, + ag(uv), + k(u — [u]) = 0,
b1V 41Uy + VU F Vg + b2G3ULLe + boaou,
+boaq (uv), + k(v — [v]) =0, (1.0.12)
u(0,z) = ¢(x),
v(0,z) = ¢(z)

with periodic boundary conditions

OFu(0) = 0%u(1), k=10,1,2,...

In (1.0.12), 7, a1, as, as, by, be, k are given real constants with by, by, k > 0, u(t, z), v(t, x)
are real-valued functions of the time and space variables t > 0 and 0 < = < 1, the
subscript # and the prime indicate the partial differentiation with respect to x and ¢,



respectively, and [f] denotes the mean value of f defined by

=/ (e do

When k = 0, system was proposed by Gear and Grimshaw [31] as a model to describe
strong interactions of two long internal gravity waves in a stratified fluid, where the
two waves are assumed to correspond to different modes of the linearized equations of
motion. It has the structure of a pair of KdV equations with both linear and nonlinear
coupling terms and has been object of intensive research in recent years. In what
concerns the stabilization problems, most of the works have been focused on a bounded
interval with a localized internal damping (see, for instance, [55] and the references
therein). In particular, we also refer to [8] for an extensive discussion on the physical
relevance of the system and to [23, 24, 25, 26, 27] for the results used in this chapter.
We can (formally) check that the total energy

1
E = —/ bou? + byv? dx
2 /o

associated with the model satisfies the inequality
1
B = —k/ o — [u])? + (v — [o])? dz < 0
0

in (0, 00), so that the energy in nonincreasing. Therefore, the following basic questions
arise: are the solutions asymptotically stable for t sufficiently large? And if yes, is it
possible to find a rate of decay? The aim of this work is to answer these questions.

More precisely, we prove that for any fixed integer s > 3, the solutions are exponen-
tially stable in the Sobolev spaces

H3(0,1) :== {u € H*(0,1) : 9yu(0) =9dyu(l), n=0,...,s}

with periodic boundary conditions. This extends an earlier theorem of Dévila in [26]
for s < 2.

Before stating the stabilization result mentioned above, we first need to ensure the
well posedness of the system. This was addressed by Dévila in [23] (see also [24]) under
the following conditions on the coefficients:

ajby <land r=0
b2a1a3 — b1a3 + blag — Q9 = 0
blal — a] — blazag +as = 0
blag + bga% — b1a1 — Q9 = 0.

(1.0.13)

Indeed, under conditions (1.0.13), Dévila and Chaves [27] derived some conservation
laws for the solutions of (1.0.12). Combined with an approach introduced in [9, 73],
these conservation laws allow them to establish the global well-posedness in H; (0, 1),
for any s > 0. Moreover, the authors also give a simpler derivation of the conservation
laws discovered by Gear and Grimshaw, and Bona et al [8]. We also observe that these
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conservation properties were obtained employing the techniques developed in [52] for
the single KdV equation; see also [51].
The well-posedness result reads as follows:

Theorem 1.1. Assume that condition (1.0.13) holds. If ¢,7 € H3(0,1) for some
integer s > 3, then the system (1.0.12) has a unique solution satisfying

u,v € C([0,00); Hy(0,1)) N C*([0, 00); Hy73(0,1)).
Moreover, the map (¢,¢) — (u,v) is continuous from (H3(0, 1))2 into

(C([0,00); H; (0, 1)) N C*([0, 00); Hy (0, 1))

For k = 0, the analogous theorem on the whole real line —oo < z < 0o was proved
Bona et al. [8], for all s > 1.

With the global well-posedness result in hand, we can focus on the stabilization
problem. For simplicity of notation we consider only the case

Then the conditions (1.0.13) take the simplified form

r=0, al+a3=a1+a
las| < 1 (1.0.15)
(CLl — 1)(13 = (CLQ - ].)CLg =0.

Hence either ag = 0 and a? + a3 = a; + az, or 0 < |az| < 1 and a1 = ay = 1.
We prove the following theorem:

Theorem 1.2. Assume (1.0.14) and (1.0.15). If ¢,9» € H3(0,1) for some integer
s > 3, then the solution of (1.0.12) satisfies the estimate

[ (8) = [ Ol g 0.1y + llv (8) = [ (D]
for each k' < k.

An analogous theorem was proved in [38] for the usual KdV equation by using the
infinite family of conservation laws for this equation. Such conservations lead to the
construction of a suitable Lyapunov function that gives the exponential decay of the
solutions. Here, we follow the same approach making use of the results established
by Déavila and Chavez [27]. They proved that under the assumptions (1.0.13) system
(1.0.12) also has an infinite family of conservation laws, and they conjectured the above
theorem for this case. At this point we observe that some computations are simplified
if we change w, v, ¢ and ¥ to u — [u], v — [v], ® — [¢] and ¢ — [¢)]. Then, the new
unknown functions v and v satisfy the same system (1.0.12) with ku and kv instead of
k(u — [u]) and k(v — [v]). Hence we consider the solutions of the simplified system

=o0 e’k/t t— o0
H;;(O,l) ) i

W+ Uy F Uggy + A3Vz0e + 100, + ag(uwv), + ku = 0,
V' A+ VU F Ugpy + A3z + G2UU, + a1 (uv), + kv = 0,
u(0,z) = ¢(x),
v(0,z) = P(z)

(1.0.16)
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with periodic boundary conditions, corresponding to initial data ¢, with zero mean
values.

In order to obtain the result, we prove a number of identities and estimates for the
solutions of (1.0.12). In view of Theorem 1.1 it suffices to establish these estimates for
smooth solutions, i.e., to solutions corresponding to C'*° initial data ¢, with periodic
boundary conditions. For such solutions all formal manipulations in the sequel will be
justified.

Finally, we also observe that a similar result was obtained in [40] for the scalar
KdV equation on a periodic domain. The authors study the model from a control
point of view with a forcing term f supported in a given open set of the domain. It
is shown that the system is globally exactly controllable and globally exponentially
stable. The stabilization is established with the aid of certain properties of propagation
of compactness and regularity in Bourgain spaces for the solutions of the corresponding
linear system. We also refer to [40] for a quite complete review on the subject.

1.0.5.2 Controllability for the Korteweg-de Vries equation

The second work of this thesis, in collaboration with L. Rosier and A. Pazoto [14], has
the interest to investigate the properties of controllability for the equation of Korteweg-
de Vries (KdV). The Korteweg—de Vries (KdV) equation can be written

Ut + Uy + Uy + Uty =0,

where u = u(t, z) is real-valued function of two real variables ¢ and x, and u; = Ju/0t,
etc. The equation was first derived by Boussinesq [10] and Korteweg-de Vries [39] as a
model for the propagation of water waves along a channel. The equation furnishes also
a very useful approximation model in nonlinear studies whenever one wishes to include
and balance a weak nonlinearity and weak dispersive effects. In particular, the equation
is now commonly accepted as a mathematical model for the unidirectional propagation
of small amplitude long waves in nonlinear dispersive systems.

The KdV equation has been intensively studied from various aspects of mathematics,
including the well-posedness, the existence and stability of solitary waves, the integra-
bility, the long-time behavior, etc. (see e.g. [35, 51]) The practical use of the KdV
equation does not always involve the pure initial value problem. In numerical studies,
one is often interested in using a finite interval (instead of the whole line) with three
boundary conditions.

Here, we shall be concerned with the control properties of KdV, the control acting
through a forcing term f incorporated in the equation:

Up + Ugge + Uz +uu, = f, t€[0,T)], €0, L], + b.c. (1.0.17)

Our main purpose is to see whether one can force the solutions of (1.0.17) to have
certain desired properties by choosing an appropriate control input f. The focus here
is on the controllability issue:

Given an initial state ug and a terminal state uy in a certain space, can one find an
appropriate control input f so that the equation (1.0.17) admits a solution u which
equals ug at time t =0 and uy at time t =T%
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If one can always find a control input f to guide the system described by (1.0.17)
from any given initial state ug to any given terminal state u;, then the system (1.0.17)
is said to be exactly controllable. If the system can be driven, by means of a control f,
from any state to the origin (i.e. u; = 0), then one says that system (1.0.17) is null
controllable.

The study of the controllability and stabilization of the KdV equation started with
the works of Russell and Zhang [72] for a system with periodic boundary conditions
and an internal control. Since then, both the controllability and the stabilization have
been intensively studied. (We refer the reader to [65] for a survey of the results up to
2009.) In particular, the exact boundary controllability of KdV on a finite domain was
investigated in e.g. [16, 17, 20, 32, 33, 62, 64, 85]. Most of those works were concerned
with the following system

{ut+ux—|—umx~l—uux:0 in (0,7) x (0, L),

u(t,0) = g1(t), u(t,L) = go(t), ux(t, L) = gs(t)  in (0,T) (1.0.18)

in which the boundary data gy, g2, g3 can be chosen as control inputs. System (1.0.18)
was first studied by Rosier [62] considering only the control input g3 (i.e. g1 = g2 = 0).
It was shown in [62] that the exact controllability of the linearized system holds in
L*(0, L) if, and only if, L does not belong to the following countable set of critical
lengths
2
=49 —Vk? 2. *} . 0.

N {\/g K2+ kl+1%2:k 1l eN (1.0.19)
The analysis developed in [62] shows that when the linearized system is controllable,
the same is true for the nonlinear one. Note that the converse is false, for it was proved
in [16, 17, 20] that the (nonlinear) KdV equation is controllable even when L is a
critical length. It is also worth mentioning some results due to Rosier [64] and Glass
and Guerrero [32] with ¢; as control input (i.e. go = g3 = 0). They proved that system
(1.0.18) is then null controllable, but not exactly controllable, because of the strong
smoothing effect.

By contrast, the mathematical theory pertaining to the study of the internal con-
trollability in a bounded domain is considerably less advanced. As far as we know, the
null controllability problem for system (1.0.17) was only addressed in [32] when the
control acts in a neighborhood of the endpoint £ = 0. On the other hand, the exact
controllability results in [40, 72] were obtained in a periodic domain.

The aim of this chapter is to address the controllability problem with a distributed
control on a bounded domain. As far as the null controllability is concerned, our main
result reads as follows:

Theorem 1.3. Let w = (I1,lz) with 0 <1y <ly < L, and let T > 0. For uy € L*(0, L),
let u € C°([0,T); L*(0, L)) N L*(0,T; H'(0, L)) denote the solution of

U + Uy + Uy + Uggy = 0 in (0,T) x (0, L),
u(t,0) =u(t,L) =u.(t,L)=0 in (0,7), (1.0.20)
u(0,z) = up(x) in (0,L).
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Then there exists § > 0 such that for any ug € L*(0, L) satisfying ||ug — Uol 20,y <

5, there exists f € L*((0,T) x w) such that the solution u € C°([0,T]; L*(0,L)) N
L2(0,7, H'(0, 1)) of

Up + Uy + Uy + Upge = Lo f(E,2)  in (0,T) x (0, L),

u(t,0) =u(t,L) = u,(t,L) =0 in (0,7), (1.0.21)
u(0,z) = up(x) in (0, L),

satisfies u(T,-) = a(T,-) in (0, L).
The null controllability is first established for a linearized system

g+ (Eu), + Uppe = 1o f in (0,7) x (0,L),

u(t,0) =u(t,L)=wu, (t,L)=0 in (0,7), (1.0.22)
u (0,x) = ug () in (0,L),

by following the classical duality approach (see [28, 43]), which reduces the null con-
trollability of (1.0.22) to an observability inequality for the solutions of the adjoint
system. To prove the observability inequality, we derive a new Carleman estimate with
an internal observation in (0,7") x (11, [2) and use some interpolation arguments inspired
by those in [32], where the authors derived a similar result when the control acts on a
neighborhood on the left endpoint (that is, I; = 0). The null controllability is extended
to the nonlinear system by applying Kakutani fixed-point theorem.

The second problem we address is related to the exact internal controllability of
system (1.0.17). As far as we know, the same problem was studied only in [40, 72] in a
periodic domain T with a distributed control of the form

f@iﬁ#GMWJ%=M@w@¢%1AmwM%®@%

where g € C*°(T) was such that {g > 0} = w and [ g(z)dz = 1, and the function h
was considered as a new control input. Here, we shall consider the system

Up + Uy + Uy + Uggy = f in (0,7) x (0, L),
u(t,0) =u(t,L) =u,(t,L) =0 in (0,7), (1.0.23)
u(0,z) = up(x) in (0, L).

As the smoothing effect is different from those in a periodic domain, the results in
this chapter turn out to be very different from those in [40, 72|. First, for a controlla-
bility result in L?(0, L), the control f has to be taken in the space L*(0,T, H=1(0, L)).
Actually, with any control f € L?(0,T, L*(0, L)), the solution of (1.0.23) starting from
up = 0 at ¢ = 0 would remain in H}(0,L) (see [32]). On the other hand, as for the
boundary control, the localization of the distributed control plays a role in the results.

When the control acts in a neighborhood of x = L, we obtain the exact controllability
in the weighted Sobolev space L? . defined as

1
L*Id

L2 _{ Ll . L |U([E)|2
g = u € L, (0, L); dr < oo}.
o L—=

L—x

More precisely, we shall obtain the following result:
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Theorem 1.4. Let T > 0, w = (I1,ls) = (L — v, L) where 0 < v < L. Then, there
exists 0 > 0 such that for any ug, u, € L?, with

szdz

luollys, <6 and flull., <9,

dx

L—x L—x
one can find a control input f € L*(0,T; H-*(0,L)) such that the solution
we ([0, L], L*(0, L)) N L*(0, T, H'(0, L))

of (1.0.23) satisfies u(T,z) = uy(z) in (0,L) and u € C°([0,T], L?,

ﬁdm). Furthermore,
f = L?T—t)dt(()? T7 L2(07 L))

L—

Actually, we shall have to investigate the well-posedness of the linearization of
(1.0.23) in the space L?*, , and the well-posedness of the (backward) adjoint system

T dx

in the “dual space” L%L_x) 45~ To do this, we shall follow some ideas borrowed from [34],

where the well-posedness was investigated in the weighted space LzLL 4z~ The needed

observability inequality is obtained by the standard compactness-uniqueness argument
and some unique continuation property. The exact controllability is extended to the
nonlinear system by using the contraction principle.

When the control is acting far from the endpoint x = L, i.e. in some interval
w = (l,1l3) with 0 < I} < [y < L, then there is no chance to control exactly the state
function on (lo, L) (see e.g. [64]). However, it is possible to control the state function
on (0,1y), so that a “regional controllability” can be established:

Theorem 1.5. Let T > 0 and w = (l1,ly) with 0 < l; < ly < L. Pick any number
Iy € (I, ls). Then there exists a number & > 0 such that for any ug,u; € L*(0,L)
satisfying

|Juol|£2(0,L) <6, [ur]|z20,) <9,

one can find a control f € L*(0,T, H (0, L)) with supp(f) C (0,T) x w such that the
solution u € C°([0,T), L*(0, L)) N L*(0,T, H'(0, L)) of (1.0.23) satisfies

(T, z) = { gl(x> ZZ ig E%)lllL));' (1.0.24)

The proof of Theorem 1.5 combines Theorem 1.3, a boundary controllability result
from [62], and the use of a cut-off function. Note that the issue whether v may also be
controlled in the interval (I{,ls) is open.

1.0.5.3 Controllability of Boussinesq Equation KdV-KdV type

The third and last work of this thesis, in collaboration with L. Rosier and A. Pazoto
[15], has the interest to investigate the properties of controllability and asymptotic
behavior for the system of Boussinesq KdV-KdV type.

The classical Boussinesq systems were first derived by Boussinesq, in [11], to describe
the two-way propagation of small amplitude, long wave length gravity waves on the
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surface of water in a canal. These systems and their higher-order generalizations also
arise when modeling the propagation of long-crested waves on large lakes or on the
ocean and in other contexts. In [6], the authors derived a four-parameter family of
Boussinesq systems to describe the motion of small amplitude long waves on the surface
of an ideal fluid under the gravity force and in situations where the motion is sensibly
two dimensional. More precisely, they studied a family of systems of the form

{ M+ W + (M) + Wagy — Bjgar = 0, (1.0.25)

Wi + N + WWe + Cagr — dwmmt =0.

In (1.0.25), n is the elevation from the equilibrium position, and w = wy is the horizontal
velocity in the flow at height 6h, where h is the undisturbed depth of the liquid. The
parameters a, b, ¢, d, that one might choose in a given modeling situation, are required
to fulfill the relations
1 1 1

a+b:§(62—§), c+d:§(1—92)20, 0 <lo1]. (1.0.26)
where 6 € [0, 1] specifies which horizontal velocity the variable w represents (cf. [6]).
Consequently,

1
atbtetd=z

As it has been proved in [6], the initial value problem for the linear system associated
with (1.0.25) is well posed on R if either C; or Cj is satisfied, where

(C1) b,d>0, a <0, c<0;
(CQ)b,dZO, a=c>0.

In mathematical studies, considerations have been mainly given to pure initial value
problems and well-posedness results [7]. However, the practical use of the above system
and its relatives does not always involve the pure initial value problem. Instead, the
initial boundary value problem often comes to the fore.

Recently, in [50], a rather complete picture of the control properties of (1.0.25) on
a periodic domain with a locally supported forcing term was given. According to the
values of the four parameters a, b, ¢, d, the linearized system may be controllable in
any positive time, or only in large time, or may not be controllable at all. These results
were also extended in [50] to the generic nonlinear system (1.0.25), i.e., when all the
parameters are different from 0.

When b = d = 0 and (Cy) is satisfied, then necessarily a = ¢ = 1/6. Nevertheless,
the scaling  — 2/v6, t — t/y/6 gives an system equivalent to (1.0.25) for which
a = c =1, namely

When the model is posed on a bounded interval, Rosier and Pazoto, in [58], investi-
gated the asymptotic behavior of the solutions assuming that b =d =0and a =c = 1.
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More precisely, the authors studied the following Boussinesq system of KAV-KdV type

N+ we + (MW)g + Weee =0 in (0,7T) x (0, L), (1.0.28)
Wi + Nz + WWy + Nz = 0 in (0,7) x (0,L), o
satisfying the boundary conditions
w(t,0) = we,(t,0) =0 in (0,7,
w,(t,0) = onx(t, 0) in (0,7),
w(t, L) = agn(t, L) in (0,7), (1.0.29)
(t L) —CY177a:(t» L) in (07 T))
wm( , L) = —aon.(t,L) in (0,7T),
and initial conditions
n(0,z) = no(x), w(0,z) =we(x) in (0,L). (1.0.30)

In (1.0.28), ap, oy and ay denote some nonnegative real constants. The KdV-KdV
system is expected to admit global solutions on R, and it also possesses good control
properties on the torus [50].

Under the above boundary conditions, the authors observed that the derivative of the
energy associated with the system (1.0.28), with boundary conditions (1.0.29)-(1.0.30)
satisfies

dE 1 L
priaiar (L, ) — a1 [na(L, t))* — g |00, 8)° — §w3(L,t) — / (nw)gndz
0

where
1 [* 2 2
E(t) = 3 (n” +w”)dx.
0

This indicates that the boundary conditions play the role of a feedback damping
mechanism, at least for the linearized system. Therefore, the following questions arise:

(i) Does E(t) — 0, as t — +o00?

(ii) If it is the case, can we give the decay rate?

The problem might be easy to solve when the underlying model has a intrinsic
dissipative nature. Moreover, in the context of coupled systems, in order to achieve the
desired decay property, the damping mechanism has to be designed in an appropriate
way in order to capture all the components of the system. The main result of Rosier
and Pazoto provides a positive answer to those questions.

Theorem 1.6. ([58]) Assume that ag > 0, a; > 0 and oy = 1. Then there exist some
numbers p >0, C >0 and p > 0 such that for any (no,wo) € (L*(I))? with

||(770aw0)||(L2(1))2 <p,
the system (1.0.28)-(1.0.30) admits a unique solution
(n,w) € C(R™; (L*(1))*) N C(R™; (H'(1))*) N LA((0,1): (H'(1))*),
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which fulfills
H(n;w)<t)H(L2(I))2 S Ceiut ”<7707w0)H(L2(I))2 3 Vt 2 O,

e Mt
1, W) Ol 111y < OW 1m0, wo)ll z2¢ryy2 » V& > 0.

To our knowledge, the boundary control of the Boussinesq system of KdV-KdV type
is completely open. The aim of this chapter is to investigate the control properties of
the following system

N+ wy + (MW)y + Weee =0 in (0,7) x (0, L), (1.0.31)
Wy + Ny + WWy + Ny = 0 in (0,7) x (0, L), e
with the boundary conditions
n(t,0) = ho(t), n(t, L) = hi(2) in (0,7),
w(t,0) = go(t), w(t, L) = g1(t) in (0,7), (1.0.32)
N (t,0) = ha(t), we(t, L) = go(t) in (0,7)

and the initial conditions
n(0,z) =no(x), w(0,z) =we(x) in (0,L). (1.0.33)

A similar problem was studied by Rosier [62] in the case of the KdV equation con-
sidering only one control,

Up + Uy + Upgy + Uty =0 in (0,7) x (0, L),
u(t,0) = u(t,L) =0, u,(t, L) = g3(t) in (0,7).

It was shown that the exact controllability of the linearized KdV equation holds in
L*(0, L) if, and only if, L does not belong to the following (discrete) set of critical
lengths

(1.0.34)

27

=q— k2+kl+l2:k,l€N*}. 1.0.35
\ 7 (1039
To begin with, we consider the linearized Boussinesq system
N+ Wy + Weee =0 in (0,7) x (0, L), (1.0.36)
together with the boundary conditions (1.0.32) and the initial data (1.0.33).
The results established in this chapter show that, depending on the combination of
the controls g; and h;, two sets of critical lengths appear; namely A/ and the (new) set

R - {W\/g PO (5 202+ (5 +2K)(5 2D kT e N*} S (1.0.37)

Introduce the space
X = {(n,w) € [H2(0, L) N HL(0, L)]” : 0a(0) = w,(L) = 0} : (1.0.38)

and let X’ denote the dual of X with respect to the pivot space L*(0, L)?>. Some of the
main results in this chapter are stated in the following theorem.
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Theorem 1.7. Let N, R, and X be defined by (1.0.35), (1.0.37), and (1.0.38), respec-
tively. Then the following holds.
(i) For any T >0, L € (0,400)\N,

(n0,wo) € (H~'(0,L))?

and
(nr,wr) € (H7H(0, L)),
there exist some controls hy, go € L*(0,T) such that the solution

(n,w) € C°([0, 7], (H~(0, L))*)
of (1.0.36) and (1.0.32)-(1.0.33), with h; =0 and g; = 0 fori = 0,1, fulfills
n(T,-) =nr and w(T,-) = wr in (0, L);
(ii) For any T >0, L € (0,400)\N,
(10, wo) € (H~1(0, L))*

and
(nr, wr) € (H(0,L))?,
there exists a control hy € L*(0,T) such that the solution

(n,w) € C°([0, T, (H1(0, L))*)
of (1.0.36) and (1.0.32)-(1.0.33), with h; =0 and g; =0 for i = 0,1 and g, = 0, fulfills
n(T,-) =nr and w(T,-) = wr in (0, L);
(iii) For any T >0, L > 0,
(10, wo) € X'
and
(nT: wT) S Xlu
there exist some controls hy, gy € L*(0,T) such that, the solution

(n,w) € C([0,T], X'
of (1.0.36) and (1.0.32)-(1.0.33), with h; =0 and g; = 0 for i = 0,2, fulfills
n(T,-) =nr and w(T,-) = wr in (0, L);
(iv) For any T >0, L € (0,+00)\(N UR),
(10, wo) € X'

and
(nr, wr) € X'
, there exists a control g; € L*(0,T) such that the solution

(n,w) € C°([0, 7], X)
of (1.0.36) and (1.0.32)-(1.0.33), with h; =0 and g; =0 fori = 0,2 and hy = 0, fulfills
n(T,-) =nr and w(T,-) = wr in (0, L).
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Actually, a more complete picture of the control results obtained in this chapter are
presented in following table.

Controls Properties

ho | hi | ha| go| g1 | 9o Controls State Space Lengths
Lol o] «x][0]0] %] hygelL20,T) | (n,wo)e[HH0,L)]?| N
2] 0fo[«x]olo]o0] heL20,T) | (pw)e[H0,L]| N
3 0 * 0 0 * 0 hl,gl S L2(0,T) (no,wg) c X' 0
410]0]lo]0][x]0]| g €L?0,7) (no, wo) € X’ NUR
) * 0 0 0| x| 0] hopgr € Lz(O,T) (770,100) e X’ NUR
6 | 0[O0« |0]%]|0] hygelL*0,7T) (10, wo) € X' N
710 x[0[0]0] %] hi,gelL?*0,7T) (10, wo) € X' N
8 * * 0 0 0 0 h(),h1 cL? (O,T) (7’]0,11]()) e X' N
910 x| *]0]0]0]|h,heL?(0,7) (Mo, wp) € X' 0
101 0 0 * | = |0 0 | he,g0 € L? (O, T) (770, U)(]) e X’ N

Tablel. Controllability results for the linear system

To prove our control results, we use the classical duality approach based upon the
Hilbert Uniqueness Method (H.U.M.) due to J.-L. Lions [42], which reduces our control
properties to some observability inequalities for the adjoint systems. Next, to establish
the observability inequalities, we use the compactness-uniqueness argument due to E.
Zuazua (see the appendix in [42]) and some multipliers to reduce the problem to a
spectral problem. The spectral problem is finally solved by using a method introduced
in [62] and based on Fourier analysis and complex analysis.

Boussinesq system is more convenient than KdV as a model for the propagation
of water waves, as it is adapted to the wave propagation in the two directions, and
it is still valid after bounces of waves at the boundary. The initial value problem for
Boussinesq system is less developed than for KdV, probably because of the complexity
of the system. Nevertheless, it is striking that the control properties of Boussinesq
system are better understood than for KdV: indeed, the critical lengths for Boussinesq
system are explicitly given for any set of boundary controls, which is not the case for
KdV (e.g. the critical lengths are not explicitly known with a Dirichlet control at the
right point © = L, see [33]). This is probably due to the fact that z = 0 and z = L
(resp. w and 7) play a symmetric role for the linearized Boussinesq system. The price
to be paid is the lack of the Kato smoothing effect in general, which makes the extension
of the control results to the nonlinear Boussinesq system delicate.

In what concerns the nonlinear problem, due to technical difficulties that come from
the lack of regularity of solutions, special boundary conditions are used. The issue of the
controllability of the nonlinear system (1.0.31) with the boundary conditions (1.0.32)
will be investigated elsewhere.

Thus, we consider the system

58 3 (1.0.39)

N+ Wy + (MW)g + Wepe =0 in (0,7) X
0,T) x
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satisfying either the boundary conditions

n(t,0) =n(t,L) =n,(t,0)=0 in (0,7
w(t,0) =w(t,L) =0 in (0,7, (1.0.40)
wy(t, L) + anne(t, L) = ga(t) in (0,7,

or the boundary conditions

t in (0,7),
azn(t.0) +a3nx<t,L> w1, 0) = ho(t) 0 (0,T), (1.041)
walt, L) — as(n(t,0) = no(t, L)) = go(t)  in (0,T),

where «; are positive constant for ¢ = 1,2, 3, and the initial conditions
n(0,z) = no(x), w(0,x) =we(z) in (0,L). (1.0.42)

With (1.0.40) or (1.0.41), a global Kato smoothing effect similar to those for KdV
can be derived. As a consequence, a result similar to Theorem 1.7 can be established for
the system above. More precisely, the following results concerning the well-posedness
and the exact controllability of the above systems will be established:

Theorem 1.8. Let Xy = (L?(0,L))*, T > 0 and L € (0, +00)\N, where N is defined by
(1.0.35). Then, there ezists a constant § > 0 such that for any initial data (1o, wy) € Xo
and and final data (nr,wr) € Xy satisfying

1010, wo)llx, < & and || (nr, wr)llx, <9,
there exists a control gy € L*(0,T) such that the solution
(n,w) € C(0,T], Xo) 0 L0, T; (H'(0, L)) 1 H'(0, L; (H2(0, 1))?),

of (1.0.39) with (1.0.42) and the boundary conditions (1.0.40) satisfies n(T,-) = nr and
w(T,-) =wr in (0,L).

Theorem 1.9. Let T' > 0 and L € (0,400)\N. Then, there exists a constant § > 0
such that for any initial data (ny,wo) € Xo and and final data (nr,wr) € Xy satisfying

10", <6 and ||(n',wh)]|, <0,

Xo
there exist two controls (ho, g2) € (L*(0,T))?* such that the solution
(.)€ C0,T), Xo) N E2(0, T (0, 1))?) 1 (0, L (H2(0, L)?),

of (1.0.39) with (1.0.42) and the boundary condition (1.0.41) satisfies n(T,-) = nr and
w(T,-) =wr in (0,L).

The second part of the work is devoted to the study of the exponential decay of E(t)
when g = hy = 0. In this case, the energy associated with (1.0.39) with boundary
conditions (1.0.40) (resp. (1.0.41)) satisfies

d L
GE =~ DF = [ o)nds
0
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(resp.
d

L
GE = —a O = as (. L) = | (rwndo)
0

Thus, as in [58], we obtain the following result:

Theorem 1.10. Assume that oy, an,a3 > 0 and L € (0,+00)\N. Then, there exist
some numbers p >0, C > 0 and p > 0 such that for any (ny, wo) € (L*(I))* with

1(n0s wo)ll 27y < s

the system (1.0.39) with boundary conditions (1.0.40) (or (1.0.41)) and initial condition
(1.0.42) admits a unique solution

(n,w) € C(RT; (L(1))*) N CR™; (H(1))*) N L*((0,1); (H(1))?),

which fulfills
10, w) ()l z2(ryyz < Ce™ (0, wo) [ z2(ryye » ¥ >0,

—ut

e
||(777w)(t)||(H1(I))2 < CW ||(77077~U0)||(L2(1))2 , Vt > 0.

In summary, this thesis consists of four chapters from the introduction divided as
follows: The first chapter deals with results submitted and concentrated in [13], in
collaboration with prof. Vilmos Komornik and Prof. Ademir F. Pazoto, finalized in a
visit to the University of Strasbourg in November 2012. The second and third chapters
are concentrated in the work [14] and [15] in process of submission in collaboration with
Prof. Lionel Rosier and Prof. Ademir Pazoto, finalized during a sandwich doctor at
the University of Lorraine - Nancy. Finally, the fourth chapter deals with conclusions
on the studied systems and future open problems to start a search for good level in
dispersive equations governed by partial differential equations.



Chapter 2

Stabilization of the Gear—Grimshaw
system on a periodic domain

2.1 Introduction

The goal of this chapter is to investigate the decay properties of the initial-value problem

(U + Utly + Ugee + A3Vz2z + 100, + ao(uv), + k(u — [u]) = 0,

bV + rvg + VUy + Vppe + 0203ULes + boaout,

+boay (uv), + k(v — [v]) =0, (2.1.1)

U(O, ZE) = ¢(x)>
\U(O,[E) = ¢($)
with periodic boundary conditions. In (2.1.1), 7, aq, as, as, by, be, k are given real con-
stants with by, by, k > 0, u(t, x),v(t, x) are real-valued functions of the time and space
variables t > 0 and 0 < x < 1, the subscript z and the prime indicate the partial

differentiation with respect to x and ¢, respectively, and [f] denotes the mean value of
f defined by

1= [ s

When k = 0, system was proposed by Gear and Grimshaw [31] as a model to describe
strong interactions of two long internal gravity waves in a stratified fluid, where the
two waves are assumed to correspond to different modes of the linearized equations of
motion. It has the structure of a pair of KdV equations with both linear and nonlinear
coupling terms and has been object of intensive research in recent years. In what
concerns the stabilization problems, most of the works have been focused on a bounded
interval with a localized internal damping (see, for instance, [55] and the references
therein). In particular, we also refer to [8] for an extensive discussion on the physical
relevance of the system and to [23, 24, 25, 26, 27] for the results used in this chapter.
We can (formally) check that the total energy

1
E:—/ bou? + byv? dx
2 Jo
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associated with the model satisfies the inequality
1
B = —k/ bo(u — [u])? + (v — [o])? dz < 0
0

in (0,00), so that the energy in nonincreasing. Therefore, the following basic questions
arise: are the solutions asymptotically stable for t sufficiently large? And if yes, is it
possible to find a rate of decay? The aim of this chapter is to answer these questions.

More precisely, we prove that for any fixed integer s > 3, the solutions are exponen-
tially stable in the Sobolev spaces

H3(0,1) := {u € H*(0,1) : 9yu(0) = dyu(l), n=0,...,s}

with periodic boundary conditions. This extends an earlier theorem of Dévila in [26]
for s < 2.

Before stating the stabilization result mentioned above, we first need to ensure the
well posedness of the system. This was addressed by Davila in [23] (see also [24]) under
the following conditions on the coefficients:

ajby <landr=0
b2a1a3 — 51&3 + bla2 — ag = 0
b1a1 — a] — b1a2a3 +as = 0
61&% + bgd% — b1a1 — Q9 = 0.

(2.1.2)

Indeed, under conditions (2.1.2), Déavila and Chaves [27] derived some conservation
laws for the solutions of (2.1.1). Combined with an approach introduced in [9, 73],
these conservation laws allow them to establish the global well-posedness in H (0,1),
for any s > 0. Moreover, the authors also give a simpler derivation of the conservation
laws discovered by Gear and Grimshaw, and Bona et al [8]. We also observe that these
conservation properties were obtained employing the techniques developed in [52] for
the single KdV equation; see also [51].
The well-posedness result reads as follows:

Theorem 2.1. Assume that condition (2.1.2) holds. If ¢,v € H;(0,1) for some integer
s > 3, then the system (2.1.1) has a unique solution satisfying

u, v € C([0,00); H,(0,1)) N C*([0, 00); Hy (0, 1))
Moreover, the map (¢,¢) — (u,v) is continuous from (H3(0, 1))2 into

(C([0, 00); H; (0, 1)) N C ([0, 00); Hy (0, 1))

For k£ = 0, the analogous theorem on the whole real line —oo < z < 0o was proved
Bona et al. [8], for all s > 1.

With the global well-posedness result in hand, we can focus on the stabilization
problem. For simplicity of notation we consider only the case

by = by = 1. (2.1.3)
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Then the conditions (2.1.2) take the simplified form
r=0, al+a;=a+ay a3l <1, and (a;—1)az= (ay—1)az=0. (2.1.4)

Hence either a3 = 0 and a? + a3 = a; + ag, or 0 < |az] < 1 and a; = ay = 1.
We prove the following theorem:

Theorem 2.2. Assume (2.1.3) and (2.1.4). If ¢,v € H;(0,1) for some integer s > 3,
then the solution of (2.1.1) satisfies the estimate

Ju(t) = Oy + 1000 ~ DO yiony =0 (1) . 10
for each k' < k.

An analogous theorem was proved in [38] for the usual KdV equation by using the
infinite family of conservation laws for this equation. Such conservations lead to the
construction of a suitable Lyapunov function that gives the exponential decay of the
solutions. Here, we follow the same approach making use of the results established
by Dévila and Chavez [27]. They proved that under the assumptions (2.1.2) system
(2.1.1) also has an infinite family of conservation laws, and they conjectured the above
theorem for this case.

In order to obtain the result, we prove a number of identities and estimates for the
solutions of (2.1.1). In view of Theorem 2.1 it suffices to establish these estimates for
smooth solutions, i.e., to solutions corresponding to C'* initial data ¢, with periodic
boundary conditions. For such solutions all formal manipulations in the sequel will be
justified.

Finally, we also observe that a similar result was obtained in [40] for the scalar
KdV equation on a periodic domain. The authors study the model from a control
point of view with a forcing term f supported in a given open set of the domain. It
is shown that the system is globally exactly controllable and globally exponentially
stable. The stabilization is established with the aid of certain properties of propagation
of compactness and regularity in Bourgain spaces for the solutions of the corresponding
linear system. We also refer to [40] for a quite complete review on the subject.

The chapter is organized as follows. In Section 4.2 introduce the basic notations and
we prove some technical lemmas. Sections 4.3 to 4.6 are devoted to the proof of the
exponential decay in Hy, for s = 0,1,2 and s > 3, respectively.

2.2 Some technical lemmas
In the sequel all integrals are taken over the interval (0,1) so we omit the integration
limits.

As explained in the introduction, all integrations by parts will be done for smooth
periodic functions. Therefore, we will regularly use the simplified formulas

/fa:gdlﬁ:—/fgxdx and /f”fxdx:() (n=0,1,...)
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without further explanation, and we will also use the simplified notation

arf
=L n=12,...
/ dx™ "

As an example of the application of these rules we show that the mean-values of of the
solutions are conserved:

Lemma 2.1. The mean-values [u] and [v] of the solutions of (2.1.1) do not depend on
t.

Proof. We have

[u] = — / Uy + Uy + A3Vzzz + Q100 + ag(uv), + k(u — [u]) dx

2

:—@/@—mpm
=0

u? v?
-/ <_ bt s + s+ u) + k(u — [u]) do

and

[U]/ = - /UU.Z‘ + Vpgz + A3Uzze + G2UU, + a1 (UU)CE + kJ(U - [U]) dz

v? u?
= —/ <§ + Vze + A3Uz + iy + Gluv) + k(v —[v]) dw

:—@/@—@Dm
=0
by a straightforward computation. O]

Motivated by this result we set M = [p], N = [¢)] and we rewrite (2.1.1) by changing
u,v,gp,q/}tou—[U] :U—M,U—[U] :U_N7 QO—[QO] :¢—Mand¢—[¢] :w_Nv
respectively. Under our assumptions » = 0 and b; = by = 1 we obtain the equivalent
system

(' + (u 4+ M)ug + Ugzy + A3Vz00 + a1(v + N)v,
+ax((u+ M)(v+ N)), + ku =0,
V4 (04 N)vp + Vpgr + A3Uzee + az(u + M)u, (22.1)
+a1((u+ M)(v+ N)), + kv =0,
u(0, ) = (),
[ 0(0,2) = v(x)
with periodic boundary conditions, corresponding to initial data ¢, with zero mean
values. Theorem 2.2 will thus follow from the following proposition:
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Proposition 2.1. Under the assumptions of Theorem 2.2 the smooth solutions of
(2.2.1) satisfy the identity

/u(t)2 +v(t)? dx = e_2kt/¢2 +y*dw, t>0, (2.2.2)
and the estimates
et / (OPu(t))” + (OM(t) dr — 0 as t— oo

for all positive integers n and for all k' < k.

Remark 2.1. For n = 1 the proposition and its proof remain valid under the weaker
assumption that |asz| < 1. We can also add the term rv, to the equation by changing g
to g — rv? in Lemma 2.6.

Proposition 2.1 is proved by using the Lyapunov method. More precisely, we shall
use the following lemma:

Lemma 2.2. Let f : (0,00) — R be a nonnegative function, and write hy ~ hy if
hi —hy =o(f) ast — oo.

If there exists a function g : (0,00) — R such that g =~ 0, f + g is continuously
differentiable, and (f + g) = —2kf for some positive number k, then

EFLFt) -0 as t— o0
for each K < k.
Proof. Fix k" > 0 such that ¥ < k" < k, and then fix € > 0 such that
1—e K

l1+e k-
Finally, choose a sufficiently large ¢’ > 0 such that

(I=ef(t) <(f+9)t) < (A +e)f(t)

and
2k(1 =€) f(t) < =(f+9)(t) < 2k(1+¢)f(1)
for all ¢ > ¢/. Then for t > t' we have

~(f +9)(1) 2 2K(1 = (1) 2 g (f + 9)(0) = 2K(f +9)(0),
whence

(7 +9)0) <0

It follows that
M+ g)(t) < EME(f +g)(t)
for all ¢ > t/, and hence

e (f + g)(t/)e—Z(k’Lk’)t
1—e€

—2(K"=K)t 5 () as t — oo. O

0< e f(t) <

for all t > t'. We conclude by observing that e
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For the proof of the next result, we shall use the Holder and Poincaré-Wirtinger
inequalities in the following form. The second estimate will be used only for functions
with mean value zero: [u] = 0.

Lemma 2.3. Ifp,q € [0,00), then
[ull, <lull, forall we L0,1) and 1<p<q<oo;
fu—[ulll, < llu—T[ulll, forall ue€ HY0,1) and 1<p,q<oo. (2.2.4)
We shall frequently use Lemma 2.2 together with the following result:

Lemma 2.4. Letn > 1 and let oy, B, m =0, ..., n be nonnegative integers satisfying
the two conditions

2(an + Bn) + On—1 + /Bn—l S 4

and
n

di= " (am+Bn) > 2.

m=0

d—2
< (/ui+vi dx) (/ui_l—l—vi_l dx) :

/ui_l +v2  dr — 0,

/ H um P de = o (/ui + 2 dx)
m=0

Then
‘ / H ulmvPm dr
m=0

If, moreover, d > 3 and

then it follows that

ast — oo.

Proof. Setting
zm::\/U%—FU?n and Yy 1=+ By, m=0,...,n

we have

n n
/H uSm b dr| < / H zm dx.
m=0 m=0

We are going to majorize the right side by using the Holder and Poincaré-Wirtinger
inequalities (2.2.3)—(2.2.4). We distinguish five cases according to the value of v, +7,-1:
since 29, + Yn—1 < 4 by our assumption, v, + v,_1 < 4.

If v, + yn—1 = 0, then we have

‘ / ﬁ zm dx
m=0

n—2

2 d—2

< T lzmllZ < llznll3 l2nalls™
m=0




If v, + vu—1 = 1, then

/ ﬁ zm dx
m=0

If v, + 1 = 2, then

n
vy
/ H z)m dx
m=0
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% < Nzl lzaeally ™

n—2
<lzally T 12l
m=0

n—2

2 2 d—2
< Nzally T lzml2 < llzals lznoalls ™

m=0

If v, + 7,1 = 3, then we have necessarily v, = 1 and v,,_1 = 2, so that

n
.
/ H zim dx
m=0

< [znll,

n—2

2 d—2

I2n-1lloo lzn-ally T l2ml22 < Nznll3 llzn-ally >
m=0

Finally, if v, + v,-1 = 4, then we have necessarily ~,, = 0 and v,,_1 = 4, so that

‘ / ﬁ zm dx
m=0

n—2
2 2 2 d—2
<zl lzncalls TT Izl < lznll3 llznalls ™
m=0

2.3 Proof of Proposition 2.1 for n =0

Our proof is based on the following identity:
Lemma 2.5. The solutions of (2.2.1) satisfy the following identity for alln =0,1,...:

!/
</ uZ +v2 dx) = —Qk/ui + 02 dx (2.3.1)

Proof. We have

— 2/un(u1u)n + v, (v10), dx
—2aq /un(vvl)n + v (uv) oy dx

— 2as /Un(uul)n + Up (uv)py1 dz.

!
(/ uZ +v2 dac) = [ 2uyul, + 20,0, dx

/ —2uy, ((u + M)uy + ug + azvs + a1 (v + N)vy

+ as((u+ M)(v+ N)) + ku), dx

+ / —20,,((v + N)vy + v3 + agug + as(u + M)u,

+a((u+ M)(v+ N))y + kv), dz.
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This yields the stated identity because
/ —2UpUpg3 — 20,Vp43 dT = / 2Up41Unt2 + 2041 Vpqo d

= /(uiﬂ)l + (Uiﬂ)l dr =0,

as / —2UpUp13 — 20,Up 13 dT = ag / —2UpUp 13 + 20p13u, dx =0,

- 2M/unun+1 + AU Vpa1 + AU U1 + A1V V1 dT

= —M/ (ul + 2asu,v, + alvi)l dx =0,

— 2N / A1UpVpt1 + QoUplpi1 + UnUng1 + Q103U dT
= —N/ (2a1unvn + agui + vi)l dr =0

and (MN); =0. O

Proof of the proposition for n = 0. In this case the last three integrals of the identity
(2.3.1) vanish because

1
/uulu—I—vvlv dx = 3 /(u3 +v*); dr =0,
/uvvl +v(uv); de = /(uvv)l dr =0

and

/Uuul + u(uv); de = /(Uuu)l dx = 0.

Proceeding by induction on n, let n > 1 and assume that the estimates
/ufn +v2, dr =0 <e_2k/t) as t— o0 (2.3.2)

hold for all integers m = 0,...,n—1 and for all &’ < k. For n = 1 this follows from the
stronger identity (2.2.2).
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2.4 Proof of Proposition 2.1 for n =1

For the proof of the case n = 1 we shall use an identity suggested by a conservation
law discovered by Bona et al. [8].

Lemma 2.6. Setting
f= /u% +v? + 2azu v dx
and

1
g = -3 /(u3 + 1)3) + 3(a1u02 + QQUZ/U) dx,

we have the following identity:
(f +9) = —2kf — 3kg. (2.4.1)

Proof. The equality (2.4.1) will follow by combining the following four identities:

</ uj + v3 dx)/ = —Qk/u% +v? dx (2.4.2)
— /u:{’ + 0% dx
— 3a1/u1vf dx
— 3@2/“%’01 dx;

/
</ UU; da:) = —Qk/ulvl dx + /uulvg + vuug do (2.4.3)

— % / 2uauiu + 3U1u% + vf dx

a
— ?2 2uav1V + 3ulvf + u“z’ dx;

/
</u3—|—03d1’) :—Bk/u3+v3dx—3/ui’—|—v%dx (2.4.4)

—ay /BUZle + 2030y dx
— a2/3v2uu1 + 2ulvy dx.

+ 6as /UU1U2 + vvuy d;
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/
(/ aruv® + asuv dm) = —3k/a1uv2 + asu®v dx (2.4.5)

2
+ aq / gv?’ul + w?vv; — 3vfu1 dx

2
+ asy / §u3v1 + v?uuy — 3uiv, do

—ajas / 209u1u + 3vluf + v:f dz

— 903 / U9V + 3ulv% + ui’ dzx.

Proof of (2.4.2). We transform the identity (2.3.1) for n = 1 as follows. We have

/u1 (uu)y + v1(v1v); do = /u2u1u +ud + vpv1v + v do

1 1
= /u:{’ + v? + §(u%)1u + 5(1}%)12) dx
1
2

and by symmetry
3
/vl(uul)l + uq (uv)y dox = 5 /u%vl dx.

Using them (2.3.1) implies (2.4.2).



Proof of (2.4.3). We have

/
(/ulvl dx) = /u'lvl + ujvy dx

- / —(uuy + uz + agvs + aqvvy + ag(uv); + ku)ivy dr

+ / —uy(vvy + v3 + azuz + asuuy + ag(uv); + kv)y do
= —Qk/ulvl dx + /(uu1 + uz)vg + (vuy + v3)ug da

—a /(vvl)lvl + uq (uv)g dx

— as /(uv)gvl + uq (uuy); de

— as /mvl + uquq dx
= —Qk/ulvl dx + /uulvg + v ug dx

+aq /UU1U2 + ug(uv); dx

+ as /(uv)1v2 + uquu; dx

because
/U3U2 + v3ug dx = /Ug'Ug —vous dr =0
and .
/mvl + uguy dr = —/v3v2 + Ugly dx = ) /(vg +u3), dz = 0.
Since

1
v + = (u) v + uguv, dr

[t
/

/’UU17)2 + us(uv); do =
3 15 2
501~ §ulvl — ujv1 — U ULy dx
1
=3 /2v2u1u + 3v1u% + Ui’ dz
and by symmetry
1
/uu1u2 + vo(uv); de = —5/2u2v1v + 3uyv? + ud de,

(2.4.3) follows from the previous identity.
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Proof of (2.4.4). We have
/
(/ u? dx) = /3u2u’ dx
= / —3u?(uny + us + asvs + ajvvy + as(uv); + ku) do
3
= / ~1 (u4)1 + 3u (u%)l —3ku® dx — 3as | v’vs dx
1
— 3a; /u%vl dr — 3a2/u3’01 + g(u?’)lv dx
= —3/u‘z’ + kv dx — 3ay /u2vv1 dr — 2as /u%l dx
+6CL3/UU1U2 dzx.

We have an analogous identity for [ v* dz by symmetry; adding the we get (2.4.4).
Proof of (2.4.5). We have

(/ u?v dx)/ = /u'(?uv) +u* da
= /—2uv(uu1 + ug + azvs + agvvy + as(uv); + ku) dz
+ / —u?(vvy 4 v3 + asus + aguuy + ar(ww); + kv) do
= /—2u2ulv + 2uy(uv); — u?vvy + 2vpuuy dr — 3k / w?v dx
—a /2uvvv1 + u?(uwv); dw
— a2/2uv(uv)1 + wduy dx

— as / 2uovs + uus de.

2 2
/—2u2u1v dr = —= /(u3)1v dr = —/u3vl,
3 3
2 1 20,2 1 2y 2 2
—uvvy dr = —5 [ u (v°); dx = 5 (u*)1v° de = | vZuuy dx,

Here



/2u2(uv)1 + 2uouu; dx = /(2u2u1v + 2upuvy) — (2vuf + 2v1uuy) dr

= /(uf)lv — 2uu} dx

= —3/u%vl dx,

2 1 2
/2uvvvl + u?(uv), dr = /§ (v*)1 + uvy + 3( N de = 3 /u3U1 —v*uy dx,

1
/2uv(uv)1 +utuy dr = / ((uv)2 + ZU4) dx =0,
1

and
/2uvv3 + vlus dr = / —2(u1v + uvy )vg — 2uuquy dx

= /2 UV + uyv1)vy — u(vi), — u(u?); dx
= /2 UV + U V1)U +u11}1 +u1 dx
= /Quww + 3u1v1 + ul dx,

so that

' 2
(/ u?v dx) = /gu?”ul + v?uuy — 3udv, dr — 3k/u2v dx

2
3

By symmetry, we also have

/
2
(/ v2u dx) = /gv?’m + ulov, — SU%U1 dr — 3k/v2u dx

2

—— /u3vl — v3uy dr — as / 2uoU1 U + 3ulv% + u:{’ dx.

— gag/vsul — wdvy dx — CL3/2U2U1U + BUluf + v:l” dx.
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Combining the last two identities (2.4.5) follows (some terms annihilate each other).

Proof of the proposition for n = 1. It suffices to show that the functions f and g¢

Lemma 2.6 satisfy the conditions of Lemma 2.2. Since |as| < 1, we have f > 0. The
other conditions follow from the already proven case n = 0 and from the second part

of Lemma 2.4. We conclude by applying the lemma and then by observing that

1
/uf—l—vf dz < - ‘/u%—l—vf%—mgulvl dz.

O
of
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2.5 Proof of Proposition 2.1 for n =2

Lemma 2.7. Setting
f= /ug + v3 + 2azugvy dz,
5
9:=—3 /(u%u +020) + a1 (2uyv1v 4+ v¥u) 4 ag(2uiviu + ulv) da

and

2
h = 343 /(1 — a1)(2ugvou + ugvouy ) + (1 — ag)(2vsugv + ugvevy) dz,

we have

(f+9) =~ —=2kf+ h. (2.5.1)
Proof. The relationship (2.5.1) will follow by combining the following relations:

/
(/ uy + v; d:c) = —Qk/ug + v3 dw (2.5.2)

— 5/u%u1 + v3vy dx
— bay / 2U9UoV] + v§u1 dx

— bay / 2UaUoUy + ugvl dx;

(/ Uy dx) = —2k/u2v2 dx (2.5.3)

- /U3U2u + v3u9v + 3ugua(ug + v1) dx
a; §(u2 + v3) vy + 2ugvauy — uzvou dx

)
— a9 / §(u% + vg)ul + 2ugv9v; — VUV d;

/
(/ ufu + viv dm) A —3/u§u1 + v3v; dx (2.5.4)

— 2@3 / U3Vl + V3U2V + 2u2v2(u1 + ’01) d&?;
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i
(/ 2u 010 + ViU dx> ~ —3/2u202v1 + vouy da (2.5.5)

+ asg / —3(u2 + v3)v; + 2u3vou — 2ugvouy da;

/
(/ 2u vy + U dm) 2 —3/2u202u1 + udv, dx (2.5.6)
+ as / —3(uj + v3)uy + 203uv — 2ugvy da.

Proof of (2.5.2). We transform the last three integrals of the identity (2.3.1) in the
following way:

—2/u2(u1u)2 + vo(v10)g dz = —2 / 3uauy + ususu + 3viv + vevsv da
1 1
= —2/3u§u1 + §(u§)1u + 3v2v; + 5(1}3)121 dx

= —5/u§u1 + v3v; du,

—2a, /ug(vvl)Q + vo(uv)g de = —2a; | 3ugu vy + ugvvg — v3(uv)y da

= —2a; | 3uguive — 203U U1 — VUV dx

L

= —2ay [ 3ugvive + 2v9(u1v1)1 — §u(v2)1 dx

5
= —2a; | Busvvg + §ulv§ dx

= —ba; | 2uqvou + vgul dx,

—— S — —

and by symmetry
—2a2/vg(uu1)2 + ug(uv)s dax = —5a2/2U2U2U1 + udv, du.

Combining these identities with (2.3.1) we obtain (2.5.2).
Proof of (2.5.3). We have



/
(/ UgUsy d:v) = /uévg + ugvlhy dx

= — /(ulu + uz + ku + azvs + a1v10 + az(uv)y)ove dx

- /uz(vlfu + v3 + kv + agug + asugu + ag(uv)y)e do

= —2k/u2v2 dz

—as /U5U2 + usus dxr — /u5112 + ugvs dx
— /(uul)gvg + ug(vvq)g dx
— /(le)gvg + ug(uv)s dx

— a9 /(uv)302 + ug(uuy)s do.

Here 1
/v5v2 + Ugts dx = —/v4vg + usuy dr = 5 /(vg +ul), dr =0,

/U5U2 + ugvs dx = /u5v2 — usvy dr = 0,

/(uu1)2v2 + ug(vvy)g dx

= /3u1u21)2 + UvaUz + VUaV3 + 3V1VaUs d,

2V + ug(uv)s3 do

—
—
<
&
S~—

3v§vl + V3V9U + UsUV + 3ugvl + 3uavauy + v3uau dx

1 1
vav + E(vg)lv + é(ug)lv + 3udvy + 3ugvauy + vsugu da

w

(u3 + v3)vy + ugvauy + vsugu dx

2, .2
(u3 + v3)vy + Bugvauy — Vauzu — VoUsUy dx

Il
— e — S~

| Ot DN Ot N Ot

(u2 + v3)v; + 2ugvou; — usvou d.
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By symmetry, we also have
5
/(uu1)2u2 + vo(uv)s de = / E(ug + v3)uy + 2ugvavy — V3uY da.

This proves (2.5.3).

Henceforth in all computations we integrate by parts and we apply Lemma 2.4 several
times.

Proof of (2.5.4). We have

!/
(/ufu da:) = /2u1u’1u+ufu’ dx

u' (2ugu + uf) dx

(2uou + u?) (uru + us + ku + ayvyv + ag(uv); + azvs) dx

\\

k;/?uQu +ufu dx
+ /ulu(2u2u +u?) dr
+ /u3(2u2u+u%) dx
+ ay /U1U(2U2U +u) dv
+ ay /(uv)1(2uQu +ul) do

+a3/v3(2u2u+u?) dx.

Here all integrals are equivalent to zero by Lemma 2.4, except those containing ug or
v3. Since

/u3(2u2u +uj) dv = /(u%)lu + ugui dr = —/u%ul + 2uduy do = —3/u%u1 dx

and
/U3(2u2u +u?) dr = 2/v3u2u — Voot dx
=2 / — VU3l — ValUglly — UgUoUy AT

= —2/u31}2u + 2ugvouy dx,

we conclude that

/
(/ u%u d:c) ~ —3/u§u1 dr — 2a3/u37}2u + 2uovou; dzx.
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Adding this to the analogous relationship for [v¥v dz we get (2.5.4).
Proof of (2.5.5) and (2.5.6). We have

/
(/ ULV dx) = /u’lvlv + upvjv + v’ de

- /—u’(v2v + %) — v'upv da
= /(vgv + v%)(ulu + uz + ku + ajv1v + az(uv); + azvs) dx

+ /UQU(U]_U + v3 + kv + asugu + a1 (uv); + agug) dx
~ /’UQ'UUg + viug + ugvvs dr + as /('UQU + 07 )vg + ugvuz da
- /(u2v2)1v —uy(v}), dx + a3 /(vgv + v3)vg + ugvus do
= —3/U2U2U1 dx + as /(vgv + v?)vg + ugvus de.

Since

1 1
/(vgv + vf)vg + ugvug dr = /5(03)111 — 21}%”01 + év(ug)l dx
1 1
= /—51}31}1 — 21)%111 — §u§v1 dz

5 1
= /—51}301 — §u§vl dz,

it follows that

/
(/ 2uq 010 d:r) ~ —6/U2U2U1 dr — as /(5@% + ud)v; de,

and then by symmetry

/
(/ 2Uuq 01U dx) ~ —6/u2v2u1 dr — CL3/(5U/§ + v3)uy da.
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Next we have

/
(/ utv dx) = /2u1u'1@ +ufv' dx

—(2ugv + 2uivy )’ + ulv' dx

(2ugv + 2uy vy ) (uyu + ug + ku + ajv1v + ag(uv); + azvs) dz
+ / —ui(v1v + v3 + kv + aguiu + a1 (uv); + azuz) dr
~ | 2ususv + 2uqvius — U%'Ug dx

+ as /(2u2v + 2uyv1 vz — uiug da

—u3v; — 2ug(urv1) + 2uiusvy do

—

+ as /(QUQU + 2uyv1 )us — ulug da

= —3/u§v1 dx + as /(QUQU + 2uy vy )vs — ulug d.
Since

/(QUQ’U + 2uyv1 g — ulug do = / —205(uzv 4 2uguy + uivs) + 2uiuy dT
= / —2U3V90 — 4UgUaU1 — 20§u1 + 2u§u1 dx

2 2
=2 / VUV — UUaUy + (U5 — v3)uy dx,

it follows that

/
(/ u%v dx) = —3/u§vl dx + 2a3 /vquv — Ul + (u% — v%)ul dx,

and then by symmetry

/
(/ viu d:c) = —3/v§u1 dz + 2a3/u3112u — upvpuy + (v — u3)vy da.
Combining the four relations we get (2.5.5) and (2.5.6). O

Proof of the proposition for n = 2. We consider the functions f, g, h of Lemma 2.7. If
a3 =0orif a; =ay =1, then h = 0. If |ag| < 1, then

1
/ui—irvidxg

1— \a3|
Since by Lemma 2.4 and the induction hypothesis f and g satisfy the assumptions of
Lemma 2.2, we may conclude as in case n = 1 above. O

/ui + ’Ui + 2asu,v, dr.
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2.6 Proof of the proposition for n > 3

We proceed by induction on n, so we assume that the proposition holds for smaller
values of n.
By Lemma 2.5 we have

!/
</ uZ +v2 dm) = —Qk/ui + 02 dx (2.6.1)

— 2/un(u1u)n + v, (10), dx
— 2aq /un(vvl)n + v (uv)pyq dx

— 2ay /vn(uul)n + Uy (uV) g dex.

If we differentiate the products in the last three integrals by using Leibniz’s rule and
the binomial formula, we obtain a sum of three-term products. Using the inequality
n > 3, it follows from Lemma 2.4 that all terms are equivalent to zero, except those
containing the factor u,;1 or v,41.

Indeed, the orders of differentiation of the three factors are n, j and n +1 — j
with 1 < j < n. Since the sum 2n + 1 of the differentiations satisfies the inequality
2n+1 < 2n+ (n — 1), we have

2<O‘n + ﬁn> + (Ozm + ﬁn—l) <4,

and Lemma 2.4 applies.
Using again that 1 < n — 2, it follows that

/un(ulu)n + vp(v10), do =~ /ununHu + VpUp1v dx
1 2 2
=3 (us)1u + (v:)1v dx

1
= —§/uiu1 +v2v; dx

~ 0,

UpVVp i1 + Upln i1V + VU1 dx

/un(vvl)n + v (uv) gy dx &

1
UpVUps1 — Up(V0)1 + 5“(”2)1 dx

Il
—— —

—UpUpU1 — §u1vi dx

Q
o



and by symmetry
/vn(uul)n + Uy (uv) g1 dz =~ 0.

Using these relations we infer from (2.6.1) that

/
</ui+vz dx) %—Qk/ui%—vi dz,

and we conclude as usual.
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Chapter 3

Internal Controllability for the
Korteweg-de Vries Equation on a
Bounded Domain

3.1 Introduction

The Korteweg—de Vries (KdV) equation can be written
Ut + Uz + Uy + Uty =0,

where u = u(t, z) is a real-valued function of two real variables t and x, and u, = Ju/0t,
etc. The equation was first derived by Boussinesq [10] and Korteweg-de Vries [39] as a
model for the propagation of water waves along a channel. The equation furnishes also
a very useful approximation model in nonlinear studies whenever one wishes to include
and balance a weak nonlinearity and weak dispersive effects. In particular, the equation
is now commonly accepted as a mathematical model for the unidirectional propagation
of small amplitude long waves in nonlinear dispersive systems.

The KdV equation has been intensively studied from various aspects of mathematics,
including the well-posedness, the existence and stability of solitary waves, the integra-
bility, the long-time behavior, etc. (see e.g. [35, 51]). The practical use of the KdV
equation does not always involve the pure initial value problem. In numerical studies,
one is often interested in using a finite interval (instead of the whole line) with three
boundary conditions.

Here, we shall be concerned with the control properties of KdV, the control acting
through a forcing term f incorporated in the equation:

U + Up + Ugge +uu, = f, t€[0,T], x €10, L], + b.c. (3.1.1)

Our main purpose is to see whether one can force the solutions of (3.1.1) to have
certain desired properties by choosing an appropriate control input f. The focus here
is on the controllability issue:

Given an initial state ug and a terminal state uy in a certain space, can one find an
appropriate control input f so that the equation (3.1.1) admits a solution u which equals
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ug at timet =0 and uy at timet =17

If one can always find a control input f to guide the system described by (3.1.1)
from any given initial state uy to any given terminal state uy, then the system (3.1.1)
is said to be exactly controllable. If the system can be driven, by means of a control
f, from any state to the origin (i.e. u; = 0), then one says that system (3.1.1) is null
controllable.

The study of the controllability and stabilization of the KdV equation started with
the works of Russell and Zhang [72] for a system with periodic boundary conditions
and an internal control. Since then, both the controllability and the stabilization have
been intensively studied. (We refer the reader to [65] for a survey of the results up to
2009.) In particular, the exact boundary controllability of KdV on a finite domain was
investigated in e.g. [16, 17, 20, 32, 33, 62, 64, 85]. Most of those works were concerned
with the following system

{ Up + Uy + Upgy + Uty = 0 in (0,T) x (0, L), (312)

u(t,0) = g1(t), u(t, L) = g2(t), ux(t, L) = g3(t)  in (0,7

in which the boundary data ¢, g2, g3 can be chosen as control inputs. System (3.1.2)
was first studied by Rosier [62] considering only the control input g3 (i.e. g1 = g2 = 0).
It was shown in [62] that the exact controllability of the linearized system holds in
L*(0, L) if, and only if, L does not belong to the following countable set of critical
lengths

N = {2—\/7%\/k:2+kl+l2 k, EN*}. (3.1.3)

The analysis developed in [62] shows that when the linearized system is controllable,
the same is true for the nonlinear one. Note that the converse is false, as it was proved
in [16, 17, 20] that the (nonlinear) KdV equation is controllable even when L is a
critical length. The existence of a discrete set of critical lengths for which the exact
controllability of the linearized equation fails was also noticed by Glass and Guerrero in
[33] when g is taken as control input (i.e. g = g3 = 0). Finally, it is worth mentioning
the result by Rosier [64] and Glass and Guerrero [32] for which g; is taken as control
input (i.e. g2 = g3 = 0). They proved that system (3.1.2) is then null controllable, but
not exactly controllable, because of the strong smoothing effect.

By contrast, the mathematical theory pertaining to the study of the internal control-
lability in a bounded domain is considerably less advanced. As far as we know, the null
controllability problem for system (3.1.1) was only addressed in [32] when the control
acts in a neighborhood of the left endpoint. On the other hand, the exact controllability
results in [40, 72] were obtained on a periodic domain.

The aim of this chapter is to address the controllability issue for the KdV equation
on a bounded domain with a distributed control. Our first main result is a null control-
lability result valid for any localization of the control region. Actually, a controllability
to the trajectories is established:

Theorem 3.1. Let w = (Iy,1ly) with 0 <1y <ly < L, and let T > 0. For uy € L*(0, L),
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let u € C°([0,T); L*(0, L)) N L*(0,T; H (0, L)) denote the solution of

Up + Uy + Uy + Uz = 0 in (0,7) x (0,L),
u(t,0) =a(t,L) =1u,(t,L)=0 n (0,7), (3.1.4)
u(0,z) = up(x) in (0,L).

5, there exists f € L*((0,T) x w) such that the solution u € C°([0,T]; L*(0,L)) N
L2(0,7, H'(0, 1)) of

Then there exists 6 > 0 such that for any ug € L*(0, L) satisfying ||uo — ﬂOHL?(o,L) <

Up + Uy + Uty + Uz = 1, f(E, ) in (0,T) x (0, L),

u(t,0) = u(t,L) = u(t,L) =0 in (0,7), (3.1.5)
u(0,z) = up(x) in (0, L),

satisfies u(T,-) = u(T,-) in (0, L).
The null controllability is first established for a linearized system

g+ (Eu), + Uppe = 1o f in (0,7) x (0,L),

w(t,0) =u(t,L) =wu, (t,L)=0 in (0,7), (3.1.6)
U(O,ZE) = Up (ZL’) in (07[/)7

by following the classical duality approach (see [28, 42]), which reduces the null control-
lability of (3.1.6) to an observability inequality for the solutions of the adjoint system.
To prove the observability inequality, we derive a new Carleman estimate with an in-
ternal observation in (0,7") x (I1,l3) and use some interpolation arguments inspired by
those in [32], where the authors derived a similar result when the control acts on a
neighborhood on the left endpoint (that is, [; = 0). The null controllability is extended
to the nonlinear system by applying Kakutani fixed-point theorem.

The second problem we address is related to the exact internal controllability of
system (3.1.1). As far as we know, the same problem was studied only in [40, 72] in a
periodic domain T with a distributed control of the form

f@iﬁ#GMWJMZM@M@JMiAMwM%w@%

where g € C*°(T) was such that {g > 0} = w and [} g(x)dz = 1, and the function h
was considered as a new control input. Here, we shall consider the system

Up + Uy + Uy + Uggy = in (0,7) x (0, L),
w(t,0) =wu(t,L) = u,(t,L) =0 in (0,7), (3.1.7)
u(0,x) = ug(x) in (0, L).

As the smoothing effect is different from those in a periodic domain, the results in
this chapter turn out to be very different from those in [40, 72]. First, for a controlla-
bility result in L?*(0, L), the control f has to be taken in the space L?(0,T, H~*(0, L)).
Actually, with any control f € L?(0,T, L*(0,L)), the solution of (3.1.7) starting from
up = 0 at t = 0 would remain in Hj(0, L) (see [32]). On the other hand, as for the
boundary control, the localization of the distributed control plays a role in the results.
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When the control acts in a neighborhood of x = L, we obtain the exact controllability
in the weighted Sobolev space L?,  defined as

szd

More precisely, we shall obtain the following result:

Theorem 3.2. Let T > 0, w = (l1,ls) = (L — v, L) where 0 < v < L. Then, there
exists & > 0 such that for any ug, u; € L?, 5 With
L—x

luolls <6 and Julle <6
1 do -

L—x L—z %%

one can find a control input f € L*(0,T; H (0, L)) with supp(f) C (0,T) x w such
that the solution v € C°([0, L], L*(0, L))NL*(0, T, H'(0, L)) of (3.1.7) satisfies u(T,.) =
up in (0,L) and u € C°([0,T), L?,_, ). Furthermore, f € L7 (0, T, L*(0,L)).

szda)

Actually, we shall have to investigate the well-posedness of the linearization of (3.1.7)

in the space L?, 4, and the well-posedness of the (backward) adjoint system in the
L—x

“dual space” L%L_x) 4o Yo do this, we shall follow some ideas borrowed from [34],

where the well-posedness was investigated in the weighted space L2LL 4z~ The needed

observability inequality is obtained by the standard compactness-uniqueness argument
and some unique continuation property. The exact controllability is extended to the
nonlinear system by using the contraction mapping principle.

When the control is acting far from the endpoint x = L, i.e. in some interval
w = (l,1l3) with 0 < I} < Iy < L, then there is no chance to control exactly the state
function on (ly, L) (see e.g. [64]). However, it is possible to control the state function
on (0,1y), so that a “regional controllability” can be established:

Theorem 3.3. Let T > 0 and w = (l1,ls) with 0 < I} < ly < L. Pick any number
Iy € (Ii,ls). Then there exists a number 6 > 0 such that for any ug,u; € L*(0,L)
satisfying

l|uollr200,0) < 6, lua || z20,) <6,

one can find a control f € L*(0,T, H'(0, L)) with supp(f) C (0,T) x w such that the
solution u € C°([0,T), L*(0, L)) N L*(0,T, H'(0, L)) of (3.1.7) satisfies

(T, z) = { gl(x> ZZ e E%,lllL));- (3.1.8)

The proof of Theorem 3.3 combines Theorem 3.1, a boundary controllability result
from [62], and the use of a cutt-off function. Note that the issue whether u may also
be controlled in the interval (I},l5) is open.

The chapter is outlined as follows. In Section 2, we review some linear estimates from
[32, 62] that will be used thereafter. Section 3 is devoted to the proof of Theorems 3.1
and 3.3. It contains the proof of a new Carleman estimate for the KdV equation with
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some internal observation (Proposition 3.5). In Section 4 we prove the well-posedness
of KdV in the weighted spaces L?,, and L? by using semigroup theory, and derive

1 dx
L—x
Theorem 3.2.

3.2 Linear estimates

We review a series of estimates for the system
Ut + (SU)I + Ugpy = f(ta CL’) (07 T) X (07 L),
0

u(t,0) =wu(t,L) = u,(t,L) =0 (0,7, (3.2.1)
u(0,x) = ug(x) in (0, L)

in
n

and its adjoint system. Here f = f(¢,z) is a function which stands for the control of
the system, and £ = £(t,x) is a given function.
3.2.1 The linearized KdV equation
N ? 0 . :
It was noticed in [62] that the operator A = —— — — with domain
ox3  Ox
D(A) = {w € H*(0,L); w(0) =w(L) = w,(L) =0} C L*(0,L)

is the infinitesimal generator of a strongly continuous semigroup of contractions in
L?(0, L). More precisely, the following result was established in [62].

Proposition 3.1. Let uy € L?(0,L), £ =1 and f = 0. There erists a unique (mild)
solution w of (3.2.1) with

u € C([0,T); L*(0, L)) N L*(0, T, H} (0, L)). (3.2.2)
Moreover, there exist positive constants ¢, and ¢y such that for all ug € L*(0, L)

||u||L2(0,T;H1(O,L)) + flua(, O)HL?(O,T) < a ||U0||L2(0,L) ) (3.2.3)
1
2 2 2
HUOHL2(0,L) < T ”UHL2(0,T;L2(0,L)) + e [lua (., 0)HL2(0,B’~2-4)
If in addition uy € D(A), then (3.2.1) has a unique (classical) solution u in the class

u € C([0,T]; D(A)) N C*([0,T); L*(0, L)). (3.2.5)

3.2.2 The modified KdV equation
We introduce a system related to the adjoint system to (3.2.1), namely

—U — &V — Vgge = [ in (0,7) x (0, L),
v(t,0) =ov(t,L) =v,(t,0) =0 in (0,7, (3.2.6)
v(T,z) =0 in (0, L),

for which we review some estimates borrowed from [32].
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3.2.2.1 Energy Estimates

We introduce the following spaces

Xo = L20,TsH3(0,L)), Xy :=L*(0,T; Hi(0, L)), (3.2.7)
Xo:=LN0,T; H7Y(0, L)), Xy := L'0,T; (H* N H)(0, L)), -

nd Yy o= 12((0,7) x (0, 1)) N C(0,T); H-(0, 1),

Y, == L2(0,T; H*(0, L)) N C°([0, T] : H3(0, L)). (3.2.8)

The spaces Xo, X1, Xo, X1,Yp, and Y] are equipped with their natural norms. For
instance, the spaces Yy and Y; are equipped with the norms
||w||y0 = ||w||L2((o,T)x(o,L)) + ||w||L°°(D7T;H—1(O,L))

and
||w||y1 = ||w||L2(0,T;H4(0,L)) + HwHLoo(o,T;HS(o,L)) :

For 6 € [0, 1], we define the complex interpolation spaces (see [5] and [44])

Xo = (Xo, X1)jg), Xo = (X0, X1)jg and Yy = (Y5, Y1) (g

Then, -
X1/4 = L2(07T7 H71(07L>>7 X1/4 = L1(07T7 L2(07L)) (329)
and
Yija = L*(0,T5 H'(0, L)) N C°([0,T]; L*(0, L)). (3.2.10)
Furthermore,
X1/2 = LQ((OvT) X (07 L))> Xl/Z = L1<07T7 H(%<O7 L)) (3211)
and
Yijp = L*(0,T; H*(0, L)) N C°([0, T]; H'(0, L)). (3.2.12)

Proposition 3.2. ([32, Section 2.2.2]) Let & € Yi and
feXiuXy=L*0,T; H'(0,L)) UL'(0,T; L*(0, L)).

Then the solution v of (3.2.6) belongs to Yi’ and there exists some constant C' =
C(|l¢lly,) > 0 such that
4

HUHLOO(O,T,B(O,L)) + ||"U||L2(0,T;H1(0,L)) + [loa (-, L)||L2(0,T) < C(Hf”ym) HfHL2(o,T;H—1(0,L))
(3.2.13)

and

HUHLOO(O,T,H(O,L)) + H'UHLZ’(O,T;HI(O,L)) + [l (- L)HL2(0,T) < O(’|5HY1/4) Hf“Ll(O,T;LQ(O,L)) :
(3.2.14)
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More can be said when ¢ = 0. Consider the following system

Ut — Uggax = 3 n (07T) X (07 L)?
v(t,0) = v(t,L) = v.(¢t,0) =0  in (0,7), (3.2.15)
v(T,z) =0 in (0, L).

Proposition 3.3. ([32, Section 2.5.1]. If g € X; U X, then v € Y; and there exists a
constant C' > 0 such that

[ollyy + llva (s D)oy < Cllglly, (3.2.16)

and
HUHY1 + ||Uw('7 L)”Hl(o,T) <C ||g||5(1 . (3.2.17)

Proposition 3.4. ([32, Section 2.3.2]. If g € X152 U Xl/g, then v € Y12, and there
exists some constant C > 0 such that

HUHY1/2 + [Jva (-, L)HH1/3(O,T) + [|vea (-, 0)“L2(0,T) + [[vea (-, L)HL2(0,T) <C H9HX1/2 (3.2.18)
and

[0lly, , 102 (s D) s oy + 102 (5 O) | 20,1y + 11022 D) 20y < C gz, , - (3:2.19)
3.3 Null controllability results
This section is devoted to the proof of Theorems 3.1 and 3.3.

3.3.1 Null controllability of a linearized equation

We first consider the system

u(t,0) = u(t,L) =u,(t,L)=0 in (0,7), (3.3.1)
u(0,x) = ug(x) in (0, L),
where £ = £(¢,x) is a given function in Vi, and w = = (l1,l3) € (0,L). Our aim is to

prove the null controllability of (3.3.1). To “this end, we shall establish an observability
inequality for the corresponding adjoint system

—vy — &(t, )0y — Ve = 0 in (0,7) x (0, L),
v(t,0) =v(t,L) = v,(¢,0) =0 in (0,7), (3.3.2)
(T, z) = vr(x) in (0,L)

by using some Carleman inequality.



50

3.3.1.1 Carleman inequality with internal observation

Assume that w = (Iy, ls) with
0<li <ly<L.

Pick any function ¢ € C3([0, L]) with

%> 0in [0, L]; (3.3.3)
|¥']| >0, ¢ <0, and W@//” < 0in [0, L] \ w; (3.3.4)
2'(0) < 0 and ¢/(L) > (3.3.5)
min 0(@) = v(la) < n[lx V@) = wlls) = v(l), -
max w(z) = ¥(0) = ¥(L) 330
0(0) < S0 (l) (337

for some I3 € (I1,l3). A convenient function 1) is defined on [0, L] \ w as

exd —a2? —x+c¢ ifxel0 ],
w(a) = { 1 04

—ex® + ar + oy if z € [ly, L]

with €, a, ¢1, co > 0 conveniently chosen. Note first that ¢(l;) = 1(l2) and ¥(0) = ¥(L)
if, and only if,

a = (L — lg)_l(l% + ll - 6[; — 6[% + €L3), Cl = Cy — €L3 -+ al.

Then a > 0, ¢; — cg > 0 and (3.3.4)-(3.3.5) hold provided that 0 < ¢ < 1. (3.3.3) and
(3.3.7) hold for ¢; > 1. (3.3.6) is easy to satisfy.
Set ba)
x
tx) = :
For f € L*(0,T; L*(0, L)) and gy € L*(0, L), let ¢ denote the solution of the system

(3.3.8)

G+ Guee = f,  t€(0,T), z€(0,L), (3.3.9)
q(t,0) = q(t, L) = q.(t,L) =0, t€(0,T), (3.3.10)
q(0,2) = qo(x), € (0,L). (3.3.11)

Then the following Carleman inequality holds.

Proposition 3.5. Pick any T > 0. There exist two constants C > 0 and sy > 0 such
that any f € L*(0,T;L*(0,L)), any qo € L*(0,L) and any s > so, the solution q of
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(3.3.9)-(3.3.11) fulfills

T rL
/ / [s0|qu > + (50)°| e + (50)°|q|*]e > dadt
0 Jo
T
+ / [(5g0|qgcx|2 + (390)3|Qx|2)6_28¢]|x:(] + [5¢|sz|26_28w]\x:Ldt
0

T prL T
< C (/ / |f|2@—28<ﬁd$dt +/ /[590|qm;|2 + (3@)3|%|2 + (890)5|q|2]6_28‘pd$dt)
0 J0 0 Jw
(3.3.12)

Actually, we shall need a Carleman estimate for (3.3.2) with the potential £ € Yi.
Let
o(t,x) = p(t, L — x).
Corollary 3.1. Let { € Y1. Then there exist some positive constants So = 5o(T, |]§||y21{)
and C = C(T, ||¢|ly,) such that for all s > 3¢ and all vy € L*(0, L), the solution v of
(3.3.2) fulfills

T pL
/ / (5@ loual? + (53)[0al? + (59 0]2le P drdt
0 0

T
<c / / (50l0m 2+ (55) 0?2 + (59)° |02l 2% dudt. (3.3.13)
0 Jw

Proof of Proposition 3.5. We first assume that ¢y € D(A) and that f € C([0,T]; D(A)),
so that ¢ € C([0,T]; D(A)) N C*([0,T); L*(0, L)). This will be sufficient to legitimate
the following computations. The general case (qo € L*(0, L) and f € L*(0,T; L*(0, L)))
follows by density. Indeed, if we set

p(t,x) ==\ o(t, l3)e " 8)g(t, )

then p solves (3.3.9)-(3.3.11) with ¢o replaced by 0, and f replaced by

~ 1 1
f =V 90(757 l3)€75¢(t’13)f + (590t(t7 l3)907§(t7 l3) - Sgpt(t, l3) V gp(t, 13)) ei‘w(t’lg)q’

so that (with different constants C')

T pL
/0/0 W’%x|2€_2wd$dt < OHPH%?(O,T,H?(O,L))
< Olf11220.1.22(0.0)
< C(If 7200200y + ol 720.1)-

Since
lallZ20zm 0.0y < CUI 200020000 + N90llT20.2)
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we conclude that we can pass to the limit in each term in (3.3.12), if we take a sequence
{(q8, f™)}ns0 in D(A) x C([0,T], D(A)) such that ¢ — qo in L*(0,L) and f™ — f in
L*(0,T,L*0,L)).

Assume from now on that gy € D(A) and that f € C([0,T]; D(A)). Let ¢ denote
the solution of (3.3.9)-(3.3.11), and let u = e *%q, w = e~ **L(e**u), where

L=20,+0. (3.3.14)
Straightforward computations show that
w = Mu := U + Upzr + 350 Usy
+ (35202 + 35040 ) Uy (3.3.15)
+ (5°02 + 35°Patpus + 5(P1 + Pawx) JU-

Let M; and My denote the (formal) self-adjoint and skew-adjoint parts of the operator
M. We readily obtain that

M = 35(0plpe + Pupllz) + [5(01 + Oane) + 5°05u, (3.3.16)
Mou = Uy + Upgs + 352 (02U + PpPrall). (3.3.17)
On the other hand
|wl|[* = || Myu|” + || Maul|* + 2(Mu, Mau) (3.3.18)
where (u, fOTfOL uvdzdt and ||w||?* = (w,w). From now on, for the sake of simplic-

ity, we wrlte ffu resp. fu|0 ) instead of fofo (t,x)dzdt (resp. fo (t,x ‘ _,dt). The
proof of the Carleman inequality follows the same pattern as in [48, ()6] The ﬁrst step
provides an exact computation of the scalar product (Mju, Myu), whereas the second
step gives the estimates obtained thanks to the (pseudoconvexity) conditions (3.3.3)-

(3.3.7).

STEP 1. EXACT COMPUTATION OF THE SCALAR PRODUCT IN (3.3.18).
Write

2(Myu, Myu) = 2//[s(got—f—(pmz)—i—sggoi]uMgu—l—Z// 35(Paptize + Paztiy) Mau =: I+ 1.

Let
a = 5(p; + Pegz) + 5203 (3.3.19)
Using (3.3.17), we decompose I; into

I = // 2cuuy + // 20Uy zg + 35° // 20u(p3us + Puprat)-

Integrating by parts with respect to ¢ or z, noticing that uj,—g = Ujz=r = Ugs—r = 0,
and that up—o = uy—r = 0 by (3.3.3), we obtam that

L, = //atu + ( //azu —//ozmxu /aui|§) — 3s* //goiaxzﬁ
= —//(at—i—amm—i—?)s 2o, )u +3// ozxui—/ozuﬂg. (3.3.20)
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Next, we compute

I, =2 / / 38(Pallpy + Caplls) (Ut + Uppe + 357 (02 Uy + PrPaztt)).

Performing integrations by parts, we obtain successively

L

and

2 / / (Patize + Pauatiz) (PoUz + Prprztt) = —3 / / A Ve
L
+ / / [(©2002)ze — (P2p2a)a]u’ + / pouzl.

—9s // prxum + //[_2733902909590 + 35(0u + 904m)]ua25

// 95 @x@pm zz (SOmSO?cI)I]UZ + /[33<90:tu?cx - 903xu:2(: + 2050 U Uyy) + 95390930 :2c ’0

Thus

(3.3.21)
Gathering together (3.3.20)-(3.3.21), we infer that
20, M) = [0+ s+ 8525200) 4 98P ()
+ / / [Bata — 275%02 s + B5(Put + a2 — 95 / / Paally
+ /[3scpxu 4+ (95%03 — 35000z — QU2 + 2040 Up Uy ‘5(3.3.22)

STEP 2. ESTIMATION OF EACH TERM IN (3.3.22).

The estimates are given in a series of claims.

CLAIM 1. There exist some constants s; > 0 and C; > 1 such that for all s > s;, we
have

J[ et 80499 (Bl oot i 2 7 [[sori-cn / (s¢)%u

From (3.3.19), we see that the term in s° in the brackets reads

5,20 37 _ a6 4 _ o5 W)
—35°03(Pr)e = =970 Pan = —9s BT — 1)
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We infer from (3.3.4) that for some £ > 0 and all s > 0
—95" 0 pue > Fa(sp)®  (t,x) € (0,T) x ([0, L] \ w).
On the other hand, we have for some k9 > 0 and all s > 0

|O‘t| + |O‘mm’ + |953((‘Pi¢m)m - (@x‘?ix)xﬂ < “233904 (t,x) S (O,T) X (0, L),
32020, < m(sp)® (1) € (0,T) x w.

Claim 1 follows then for all s > s; with s; large enough and some Cy > 1.
CrAaiM 2. There exist some constants sy > 0 and Cy > 1 such that for all s > s9, we
have

T
//[30%—2783g0§s0m+38(g0$t+g04z)]ui > Oyt //(sgp)Sui—C’g//(sgp)gui. (3.3.23)
0 Jw
Indeed, the term in s in the brackets is found to be
—185%03 000 > ma(sp)® (@) € (0,T) x ([0, L] \ w)

for some k3 > 0 and all s > 0, by (3.3.4). On the other hand, we have for some 4 > 0
and all s > 0

|68(90t:v + 90413)‘ S /4'45@02 (t7$) € (07T> X (07L)7
|1883goig0m| < /{4(3@3 (t,z) € (0,T) X w.

Claim 2 follows for all s > sy with sy large enough and some C5 > 1.
CLAIM 3. There exist some constants s3 > 0 and C3 > 1 such that for all s > s3, we

have .
—9s // Orati2, > O3 // sou?, — C’g//sgouim. (3.3.24)
0 Jw

Claim 3 is clear, for ¢ < 0 on [0, L] \ w.
CrAIM 4. There exist some constants s, > 0 and C; > 1 such that for all s > s4, we
have

/ Bati?, + (95° % — B5Pums — A%+ 2pustigtigs]|

T
> C'4_1 / [(S@Uix)\x:o + (Swuiz)lx:L + (53g03ui)|m:0]dt.
0
Since Uy |,—r, = 0 and
[(983(pi - 339090501: - O*/)U:QC]|I=0 = [(833903: - S(th + 490x:ca:))ui]|x:07
we obtain with (3.3.5) for s > s, with s4 large enough,

L
[(95%02 — B50ua — a)uZ]|, = Ks[(s@)*ul] o0

and
352, |5 > ke([s9ul,]ja=0 + [s0U3,]je=1)
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for some constant ks, kg > 0. Finally

K
|[2S‘Pmuwum]x:0| < gﬁ[ssﬁufmhz:o + Kz [SQOUz—]\x:O

for some constant k7 > 0. Since sp(t,0) < (s)3(t,0) for s > 1, Claim 4 follows.
We infer from Claims 1, 2, 3, and 4 that for some positive constants sq, C' and all
s > Sy

J [+ (o Ptsplu )+ [ (seu oot (590 st (5 ool

<c(f[ e+ | / S0V [uf? + (s9)*us? + siplusl’] ). (3.3.25)

Replacing u by e=*?q yields (3.3.12). O
Proof of Corollary 3.1. Note first that for £ € Y1 and vr € L?(0,L), one can prove

that (3.3.2) has a unique solution v € Y3, by using the contraction mapping principle

for the integral equation. Corollary 3.1 follows from Proposition 3.5 by taking go(z) =
vp(L —x), q(t,z) =v(T —t,L — x), and f(t,z) = —&(T —t, L — x)q,(t, x), assuming
first that £ € Y1 N L>(Q) (so that f € L*(Q)). Indeed, with u = e™*?q,

w=e*YL(e*u) = —&(T —t,L — x)(ug + spzu),
so that

T prL
/ \w|?dzdt < 0// E(T —t, L — 2)*(|us|* + |spul?)dzdt
0J0

T
< C/ |E(T — t)H%?(o,L)(HUIH%OO(O,L) + ||590xu‘|%oo(o,L))dt (3.3.26)
0
2

T pL
< Cli€l?. 2 2 S 2 2)1de.
= ||€| |L (0,T,L2(0,L)) \/0 /0 [uac + Uz + tQ(T N t)Q (U, + uw)] Z

Combining (3.3.25) with (3.3.26), picking s > 1, and replacing again u by e *?v(T —
t, L — x) yields (3.3.13). The result for £ € Yi follows by density. O

3.3.1.2 Internal observation

We go back to the adjoint system (3.3.2). Our next goal is to remove the terms v,
and v, from the r.h.s. of (3.3.13). In addition to the weight @(t,z) = ﬁd]([z —x),

we introduce the functions

o1 —¥(0) o1 : ()
P = g =y e V) = g —y A P = gy i @) = pr
(3.3.27)
where we used (3.3.6). By (3.3.7), we have
A1) < 2a(1), te(0,7). (3.3.28)

3
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Lemma 3.1. Let 0 < [y < ly < L, £ € Yi’ and 3o be as in Corollary 3.1. Then there

exists a constant C' = C(T, ||¢]ly,) > 0 such that for any s > 5y and any vy € L*(0, L),
4

the solution v of (3.3.2) satisfies

T
/Q{(S@)‘r)‘vp—i-(835)3’1)1‘24-5@’1)”’2} e~ 25P ddt < 01310/0 68(6‘;’_8@@31 Hv(ta')HiQ(w) dt,

(3.3.29)
where @ = (0,T) x (0,L) and w = (I3,13) C (0, L).

Proof. We follow the same approach as in [32]. From (3.3.13) and (3.3.27)-(3.3.28), we
first obtain
/ {$@°0]? + $*@*|va|* + 5@|vga|* } e P dudt
Q

T
S0/ / {°0° o” + 8@ [va|* + s@lvge|*} e *Pdwdt =: Oly+ I + L). (3.3.30)
0 Jw

Since ¢ and ¢ do not depend on z, we clearly have that

T
st [ ol de (3331)
0
and
T ~
bgs/<mﬁwmagﬁﬂmﬁ. (3.3.32)
0
The following interpolation result will be used several times.

Proposition 3.6. [2, Theorem 4.17] Let p € [1,00] and m € N*. Then there exists a
constant K = K(m,p) such that for 0 < j <m and u € W"P(w) we have

lull < K Jull2y laall§y "™

where ||-||;,, denotes the norm in the Sobolev space WP(w).

Using Proposition 3.6 with j = 1, p = 2 and m = 8/3 (resp. with j = p = 2 and
m = 8/3) yields

3/8
ot My < K oGt )y eI, (3.3.33)
and 3/4 1/4
ot Mgy < Ko ot N2 ot NI, (3.3.34)

Replacing (3.3.33) and (3.3.34) in (3.3.31) and (3.3.32), respectwely, yields

T
R0 [ e ol g, ot ) d (3.3.35)

and .
< Cs [ o Jolt, g, lolt, 15, . (3.3.36)
0



Next, an application of Young inequality in (3.3.35) and (3.3.36) gives

T
-~ —28p _§5A és v—iv 3/4 5/4
I < Cs’ / Ge 20 1A R T flu(t, I, 0t I, dt
0

o7

T T
< Cust [ G oty o5 [ e ot ) s
0 0

and

27

T
sp —32sp 25 s - 3/2 1/2
< Cs [ emoeioneds i F o) g, ot A, d
0

(3.3.37)

T T
<50 / e 04 (1, )|, db + €57 / 226 ot ) [2asag, .
0 0

for any € > 0. Note that

16

(3.3.38)

T T
ot o8 [ BN (e, dh < O [ WIS oft, )
0 0

Gathering together (3.3.30) and (3.3.37)-(3.3.39), we obtain

/ {$P@°0]? + $*@°|va|* + 5@|vgs|* } e P duadt
Q

T

T
< 0310/ e? 027825 | (t, ')||iz(w) dt + 2652/0 e o7 lu(t, ')“?{3/3@)) dt.
0

It remains to estimate the integral term

T
/ 225 u(t, )25 -
0

Let vy (t, x) := 01(t)v(t, z) with

Then v; satisfies the system
—V1p = Vigze = f1 = E01v, — 0w in (0,7)
v1(t,0) = v1(t, L) = v1,(¢,0) =0 in (0,7,
v (T,2) =0 in (0,L)
Now, observe that, since v,(¢,0) =0, £ € L>(0,T, L*(0, L)) and

161, < Csp2 exp(—sp),

(3.3.39)

(3.3.40)

(3.3.41)
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we have
2 ! 5
11122 0.y x 0.9y < ClEN 07, 22(0,1y) /0 2 vy Foe 0,1yt

+C / e~ 205258 v P dadt (3.3.42)
Q

< C’/ {0 + s|v,|? + s g |*} e P duadt
Q

for some constant C' > 0 and all s > so. Moreover, by Proposition 3.4, v; € Y,.
Then, interpolating between L*(0,7T; H*(0, L)) and L*°(0,T; H'(0, L)), we infer that
vy € L40,T; H3%(0, L)) and

o1l s, rm20,0y) < C il 2omyx 0,0 - (3.3.43)
Let vy(t, z) := Oo(t)v(t, x) with
Oz = eXP(_3¢)@_g-
Then vy satisfies system (3.3.41) with f; replaced by
fo 1= E0207 M1, — 02007 vy

Observe that
‘929f1| + ‘egtefl} S Cs.

On the other hand, since ¢ € L*(0,T;H=(0,L)) and v, € L*0,T;Hz(0,L)) by
(3.3.43), we infer that &vy, € L%(0,T; HY3(0,L)) (the product of two functions in
H2(0,L) being in H3(0, L)). Thus, we obtain
”f2||L2(o,T;H1/3(0,L)) <Cs ||U1||L4(0,T;H3/2(0,L)) : (3.3.44)
Interpolating between (3.2.16) and (3.2.18), we have that v, € L2(0,T; H"/3(0, L)) N
L>(0,T; H*3(0, L)) with
”Uz||LQ(O,T;H7/3(O7L))OL°°(O,T;H4/3(O7L)) S C ||f2||L2(0,T;H1/3(0,L)) . (3345)
Finally, let vs := 05(t)v(t, z) with
Bs(t) = exp(—s)p 2
Then v3 satisfies system (3.3.41) with f; replaced by
f3 = §0302_1U2$ — 031502_1’02.

Again
10565 | + 63005 | < Css.

Interpolating again between (3.2.16) and (3.2.18), we have that

”7)3||LQ(O,T;H8/3(O,L))OL°°(O,T;H5/3(O7L)) S C ||f3||L2(O,T;H2/3(O,L)) . (3346)
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Since £ € Y1, we have that & € L*(0, T H3(0,L)). On the other hand, by (3.3.45),
vap € L2(0,T; HY3(0, L)) N L>(0,T; H/3(0, L)).
It follows that vy, € LS(0,T, H3 (0, L)). Since H3(0, L) is an algebra, we conclude that
€y € L2(0,T, H3(0, L)). Therefore
||f3||L2(O,T;H2/3(O,L)) <Cs ||U2‘|L2(0,T;H7/3(0,L))ﬂL°°(0,T;H4/3(0,L)) : (3.3.47)

Thus we infer from (3.3.42)-(3.3.47) that for some constants C7,Cy > 0 and all s > sq
2
sl eormsnony < Crs'llAllZ2om <.y

< C’Q/ {°@% 0] + °|vg|* + $°|vpe |’ } € **Pddt. (3.3.48)
Q

9
2

Hence, replacing v3 = exp(—s¢)@ zv in (3.3.48) yields for some constant C3 > 0

T
/ e 20 ot ) [Frssa( dt < Chs® / {9 [P + (50)°0a” + splvnal?} > dudt.
0 Q

(3.3.49)
Then, picking € = 1/(4C}3) in (3.3.40) results in

T
[ 557 (Sl Pl oY dadt < Cas® [ O ot )
Q 0

for all s > 5y and some positive constant Cy = Cy(T, |[€]]y, )- O
1

We are in a position to prove the null controllability of system (3.3.1).

Theorem 3.4. Let T' > 0. Then there exists 6 > 0 such that for any & € Y4 with
1€ L2011 (0,0)) < 0 and any ug € L*(0, L), one may find a control f € L*((0,T) x w)
such that the solution w of (3.3.1) fulfills u(T,-) = 0.

Proof. Scaling in (3.3.2) by v and (L — z)v, we obtain after some computations the
estimate
01 07,2200 + 210l Baorrzo.yy < CE) (vl By
+ C(L) <||§||%2(0,T,H1(0,L))||U:v||%2(o,T,L2(o,L))>

for some constant C(L) > 0. It follows that if ||[|L20. 7,51 (0,0)) < 6 := 1/4/C(L), then

we have

tg}é’“gﬁ] Hv(t)H%?(O,L) + ||WH%2(0,T,L2(0,L)) < C’(L)HUTH%Q(QL). (3.3.50)

Replacing v(t) by v(0) and vr by v(7) for T'/3 < 7 < 2T/3 in (3.3.50), and integrating
over 7 € (T/3,2T/3), we obtain that

3C(L) [
oo < 5 [ el udr (3.3.51)

3
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Combining (3.3.51) with Lemma 3.1 for a fixed value of s > §y, we derive the following
observability inequality

L T
| poarar <. [t (3.3.52)

where C. = C.(T,[[¢]ly,,,) > 0. Using (3.3.52), we can deduce the existence of a

function v € L*((0,T) x w) as in Theorem 3.4 proceeding as follows.
On L?(0, L), we define the norm

lorll 5 = vl L2 0.1y xw) »

where v is the solution of (3.3.2) associated with vp. The fact that || - ||p is a norm
comes from (3.3.52) applied on (¢,7T") for 0 <t < T.

Let B denote the completion of L?(0, L) with respect to the above norm. We define
a functional J on B by

1 L
J(vr) = 3 [ +/ v(0, z)ug(x)dx.
0

From (3.3.52) we infer that J is well defined and continuous on B. As it is strictly convex
and coercive, it admits a unique minimum v}, characterized by the Euler-Lagrange
equation

//v wdzdt +/ w(0, z)ug(z)de =0,  Ywr € B, (3.3.53)

where w (resp. v*) denotes the solution of (3.3.2) associated with wy € B (resp.

vi € B). Define f G L*((0,T) x w) by
f =107 (3.3.54)

and let u denote the solution of (3.3.1) associated with uy and f. Multiplying (3.3.1)
by w(t, ) and integrating by parts, we obtain for all wy € L%*(0, L)

L L T
/ w(T, x)wpdr = / uo(z)w(0, z)dx + / / v*wdzdt = 0, (3.3.55)
0 0 0 Juw

where the second equality follows from (3.3.53). Therefore u(7),-) = 0. Finally, letting
wr = vy in (3.3.53) and using (3.3.52), we obtain

/0 T/w \f[2dwdt < C, /0 " woa) . (3.3.56)

]

3.3.2 Null controllability of the nonlinear equation

In this section we prove Theorem 3.1. This is done by using a fixed-point argument.
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3.3.2.1 Proof of Theorem 3.1

Consider u and w fulfilling system (3.1.5) and (3.1.4), respectively. Then ¢ = u — u
satisfies

G+ Go + (% +09)e + Guee = Lof () in (0,T) x (0, L),
q(t,0) =q(t,L) = q.(t,L) =0 in (0,7, (3.3.57)
q(0,z) = qo(x) := ug(x) — wp(x) in (0,L).
The objective is to find f such that the solution ¢ of (3.3.57) satisfies
q(T,-) =0.

Given € € Yi and q := uy — Uy € L*(0, L), we consider the control problem

Gt + o+ (§@)e + Qoo = Lo f(H,2) I (0,T) x (0,L), (3.3.58)
q(t,0) =q(t,L) = q.(t,L)=0 in (0,7), (3.3.59)
q(0,2) = qgo(x)  in (0, L). (3.3.60)

We can prove the following estimate

gl T~ o1.220.0)) + 2MlT202.0200.0y) < CL)([l90ll72(0.1
1€l 20, 0,00 10 T2 0.7, 2200,0) + 1 F 1720,y x))  (3:3-61)
Let § = min(8,1/4/C(L)). We introduce the space
B = OO0, T} L(0, L) 1 L(0,T: H'(0, L)) 1 H'(0, T H(0, L)
endowed with its natural norm
1211 = [2llvi 0 + 12l 00200,
We consider in L?((0,T) x (0, L)) the following set
B = {z €L ||zllp <1 and ||2|[z200,m,m10,0)) < 5} :

B is compact in L*((0,T) x (0, L)), by Aubin-Lions’ lemma. We will limit ourselves to
controls f fulfilling the condition

£ 117207y xw) < Cellaol 720, (3.3.62)
where C, := C.(T,||ully,,, + 3). We associate with any z € B the set

T(z):={qe B; 3f € L*((0,T) X w) such that f satisﬁes (3 3.62) and
g solves (3.3.58)-(3.3.60) with £ =+ Z and ¢(7T,-) =0} .

Note that ||@|| 20,701 (0,)) < 6/2 for T < 1. By Theorem 3.4 and (3.3.61), we see that
if [|qoll 12(0,) and T are sufficiently small, then T'(2) is nonempty for all z € B. We shall
use the following version of Kakutani fixed point theorem (see e.g. [82, Theorem 9.B]):
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Theorem 3.5. Let F' be a locally convex space, let B C F and let T : B — 25,
Assume that

1. B s a nonempty, compact, conver set;
2. T(z) is a nonempty, closed, convez set for all z € B;

3. The set-valued map T : B — 2P is upper-semicontinuous; i.e., for every closed
subset A of F, T"Y(A) ={z € B; T(z) N A # @} is closed.

Then T has a fized point, i.e., there exists z € B such that z € T'(z).
Let us check that Theorem 3.5 can be applied to 7" and

F=L*(0,T) x (0,L)).

The convexity of B and T'(z) for all z € B is clear. Thus (1) is satisfied. For (2),
it remains to check that T'(z) is closed in F for all z € B. Pick any z € B and a
sequence {qk} peny 1 T'(z) which converges in F' towards some function ¢ € B. For each

k, we can pick some control function f* € L?((0,T) x w) fulfilling (3.3.62) such that
(3.3.58)-(3.3.60) are satisfied with { =+ % and ¢*(T,-) = 0. Extracting subsequences
if needed, we may assume that as k — oo

f*— f in L*((0,T) x w) weakly, (3.3.63)
¢ —q in L*(0,T; H'(0,L)) N H*(0,T; H (0, L)) weakly,  (3.3.64)
By (3.3.64), the boundedness of ||¢"|| 1= (0.r,12(0,1)) and Aubin-Lions’ lemma, {¢*}ren
is relatively compact in C°([0, 7], H*(0, L)). Extracting a subsequence if needed, we

may assume that
¢* — ¢ strongly in C°([0, 7], H (0, L)).

In particular, ¢(0,z) = qo(z) and ¢(7T', ) = 0. On the other hand, we infer from (3.3.64)
that
&¢¥ — &g in L*((0,T) x (0, L)) weakly.

Therefore, (£¢%), — (£q), in D'((0,T) x (0,L)). Finally, it is clear that

122 0.7y wy < Collgol| 720 1)

and that ¢ satisfies (3.3.58) with { =4+ 5 and ¢(7,-) = 0. Thus ¢ € T'(z) and T'(2) is
closed. Now, let us check (3). To prove that T' is upper-semicontinuous, consider any
closed subset A of F' and any sequence {zk} rey 1L B such that

e T7HA), VE>0, (3.3.65)

and
2 in F (3.3.66)
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for some z € B. We aim to prove that z € T7!(A). By (3.3.65), we can pick a sequence

{qk}keN in B with ¢* € T(2F) N A for all k, and a sequence {f"‘}keN in L2((0,T) x w)
such that
k
0+ a5+ (@4 $)g) + by = Lf (h)  in (0,7) x (0,L),
¢"(t,0) = ¢*(t, L) = ¢i(t, L) = 0 in (0,7), (3.3.67)
¢"(0,7) = qo(2) in (0,L),
¢“(T,2)=0,  in(0,L), (3.3.68)
and )
k 2
Hf ”L?((O,T)Xw) < G ||qo||L2(o,L) . (3.3.69)

From (3.3.69) and the fact that z*, ¢* € B, extracting subsequences if needed, we may
assume that as k — oo,

ff— f  in L*((0,T) x w) weakly,

@ —q in L2(0,T; H(0, L)) N HY(0,T; H=2(0, L)) weakly,
¢ —q inC°0,T], H1(0,L)) strongly,

¢ —q in F strongly,

2F =z in F' strongly,

where f € L*((0,T) X w) and ¢ € B. Again, ¢(0,7) = qo(z) and ¢(T,z) = 0. We also
see that (3.3.59) and (3.3.62) are satisfied. It remains to check that

g+ + (0 + g)q)x + Guoz = 1o f(t, 7). (3.3.70)

Observe that the only nontrivial convergence in (3.3.67) is those of the nonlinear term
(2%¢*),. Note first that

||quk||L2(O,T,L2(O,L)) < ||Zk||Loo(o,T,L2(0,L))||qk\|L2(0,T,L°°(0,L)) <C,

so that, extracting a subsequence, one can assume that z*¢* — f weakly in L2((0,T) x
(0, L)). To prove that f = zq, it is sufficient to observe that for any ¢ € D(Q),

T L T L
// qukwdxdt—)// zqpdxdt,
0Jo 0Jo

for 2¥ — z and ¢*¢ — qp in F. Thus
2F¢8 — zq  in L*((0,T) x (0, L)) weakly.

It follows that (2*¢%), — (2q), in D'((0,T) x (0,L)). Therefore, (3.3.70) holds and
q € T(z). On the other hand, ¢ € A, since ¢ — ¢ in F and A is closed. We conclude
that z € T7(A), and hence T~*(A) is closed.

11 follows from Theorem 3.5 that there exists ¢ € B with ¢ € T(q), i.e. we have
found a control f € L*((0,T) x w) such that the solution of (3.3.57) satisfies ¢(T,-) = 0
in (0, L). The proof of Theorem 3.1 is complete. H

With Theorem 3.1 at hand, one can prove Theorem 3.3 about the regional control-
lability.
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3.3.3 Proof of Theorem 3.3.

By Theorem 3.1, if § is small enough one can find a control input
f € L*0,T/2,L*0, L))

with supp(f) C (0,7) x w such that the solution of (3.1.7) satisfies
w(T/2,.) =0in (0,L).

Pick any number I, € (1},12) with 5 ¢ N. (This is possible, the set N being discrete.)
By [62, Theorem 1.3], if § is small enough one can pick a function h € L*(T/2,T) such
that the solution y € C°([T/2,T], L*(0,15)) N L*(T/2,T, H(0,1,)) of the system

Ye + Yozw + Yo + Yo =0 in (T/2,T) x (0,13),
y(t,0) =y(t,15) =0, y.(t,ly) =h(t) in (T/2,7T),
y(T/2,2) =0 in (0,1)

satisfies y(T', z) = uy(z) for 0 < x < l5. We pick a function g € C*°([0, L]) such that

(2) = 1 if @ <17,
PE=V0  ife> il

and set for T/2 <t <T

t, if x < 1,
ut, ) :{ R B,

Note that, for T/2 <t < T, uy + Ugzy + Uy + uu, = f with
f=u( = 1)yye + (faael + taale + 3tales + 1al) + ey,
Since ]|y|]4L4(0’T,L4(07l,2)) < Cllyl o200 1972011 (0.0 1t 18 clear that
feL*0,T,H'(0,L))

with supp(f) C (0,7T) x (I3, 1). Furthermore, u € C([0,T], L*(0, L))NL*(0, T, H'(0, L))
solves (3.1.7) and satisfies (3.1.8). O

3.4 Exact controllability results
Pick any function p € C*°(0, L) with

0 if 0<x<L—v,
p(‘r)_{l if L-%5<x<lL, (3-4.1)

for some v € (0, L).
This section is devoted to the investigation of the exact controllability of the system

U + Up + Uy + Uy = [ = (p(x)h),  in (0,T) x (0, L),

u(t,0) = u(t,L) = u.(t,L) =0 in (0,7, (3.4.2)
u(0,z) = ug(x) in (0, L).
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More precisely, we aim to find a control input h € L*(0,7T; L*(0,L)) (actually, with
(p(x)h(t,x)), in some space of functions) to guide the system described by (3.4.2) in

the time interval [0, 7] from any (small) given initial state uo in L?, , to any (small)
L—x

given terminal state uy in the same space. We first consider the linearized system, and
next proceed to the nonlinear one. The results involve some weighted Sobolev spaces.

3.4.1 The linear system

For any measurable function w : (0,L) — (0,+00) (not necessarily in L'(0, L)), we
introduce the weighted L?—space

L
L2 yae = {u € Li,o(0, L); / u(z)*w(r)dr < co}.
0

It is a Hilbert space when endowed with the scalar product

(u,v)Li(wdw :/0 u(z)v(z)w(z)de.

We first prove the well-posedness of the linear system associated with (3.4.2), namely

Up + Uy + Uggy = 0 in (0,7) x (0, L),
u(t,0) = u(t,L) =u,(t,L) =0 in (0,7, (3.4.3)
u(0,z) = up(x) in (0, L),

in both the spaces L2, and L?,

S g following [34] where the well-posedness was estab-

lished in LZLL 4z~ We need the following result.

Theorem 3.6. (see [7/]) Let W C V C H be three Hilbert spaces with continuous and
dense embeddings. Let a(v,w) be a bilinear form defined on V x W that satisfies the
following properties:

(i) (Continuity)

a(v,w) < M|||lv]|w||lw, VYveV, Ywe W, (3.4.4)
(i1) (Coercivity )
a(w,w) > m|w|[}, Yw e W; (3.4.5)
Then for all f € V' (the dual space of V'), there exists v € V' such that

a(v,w) = f(w), Yw e W. (3.4.6)

If, in addition to (i) and (i), a(v,w) satisfies

(111) (Regularity) for all g € H, any solution v € V' of (3.4.6) with f(w) = (g, w)n
belongs to W,

then (3.4.6) has a unique solution v € W. Let D(A) denote the set of those v € W
when g ranges over H, and set Av = —g. Then A is a maximal dissipative operator,
and hence it generates a continuous semigroup of contractions (etA)tZO m H.
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3.4.2 Well-posedness in L2

zdx
Theorem 3.7. Let Aju = —Ugppy — Uy with domain
D(Ay) = {u € H*(0,L) N Hy(0,L); Upyy € L2y, uz(L) =0} C L2,,.
Then Ay generates a strongly continuous semigroup in L2, .
Proof. Let
H =L, V=H(0L), W={weHy0,L), W € L2y},

be endowed with the respective norms

ulle = |WVaullz o), Iv = llvallzzorn),  [[wllw = |[2we|2,5)-
Clearly, V' C H with a continuous (dense) embedding between two Hilbert spaces. On
the other hand, we have that
llwel|r2 < Cllrwys||L2 Yw € W. (3.4.7)

First, we note that we have for w € T := C*([0, L]) N H}(0,L) and p € R
L
0< / (2Way + pwy)*dx
0
L
= / (w2, + 2pTW W,y + pPw?)dax
0

L L
= / 2?w? dx + (p* — p) / w2dx + pLw?(L).
0 0

Taking p = 1/2 results in
L L
/ wrdr < 4/ v*w? dw + 2L|w, (L)[?. (3.4.8)
0 0

The estimate (3.4.8) is also true for any w € W, since T is dense in W. Let us prove
(3.4.7) by contradiction. If (3.4.7) is false, then there exists a sequence {w"},>o in W
such that

L= |[willee = nlfewg, |2 Yn>0.

Extracting subsequences, we may assume that

n

w" — w in Hy(0, L) weakly
sw!, — 0 in L*(0, L) strongly

xrx

and hence zw,, = 0, which gives w(z) = ¢z + ¢3. Since w € H(0,L), we infer
that w = 0. Since w" is bounded in H*(L/2, L), extracting subsequences we may also
assume that w}(L) converges in R. We infer then from (3.4.8) that w™ is a Cauchy
sequence in H}(0, L), so that

n

w™ —w in H}(0, L) strongly,
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and hence ||w,||zz = lim, e ||w?]|z2 = 1. This contradicts the fact that w = 0. The
proof of (3.4.7) is achieved.

Thus || - ||w is a norm in W, which is clearly a Hilbert space, and W C V with
continuous (dense) embedding. Let

L
a(v,w) = / Uz [(2W) g + 2w)d, veV, weW.
0

Let us check that (i), (ii), and (iii) in Theorem 3.6 hold. For v € V and w € W,

< velle2[lrwee + 2w, + 2wl L2
< luallze (llawasl 22 + Clul12)
< Clpllv]lwllw

|a(v, )]

where we used Poincaré inequality and (3.4.7). This proves that the bilinear form a is
well defined and continuous on V' x W. For (ii), we first pick any w € T to obtain

L
a(w,w) = / W (TWgy + 2w, + zw)da
0
3 [F w? 1 [F
= 5/0 widx—i—[x?]]g—g/o w?dx

L L
1
> §/ wid:r;——/ w?dzx.
2.Jo 2 Jo

By Poincaré inequality

and hence ) .
L
a(w,w) > (; - —)/ widz.
0

272

This shows the coercivity when L < /3. When [ > 77\/3, we have to consider, instead
of a, the bilinear form ay(v,w) := a(v,w) + A(v,w)y for A > 1. Indeed, we have by
Cauchy-Schwarz inequality and Hardy inequality

lwl?: < [le2w]|ze]la~2wl|e
< VI[jwl|glla w||
< ellw,| 22 + Celwl[%
and hence o
ar(w,w) > (5 = Slfully + (3~ )l

Therefore, if ¢ < 3 and A > C./2, then a, is a continuous bilinear form which is coercive.
Let us have a look at the regularity issue. For given g € H, let v € V' be such that

a)\(U,UJ) = (gaw)H Vw € VVa
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1.e.

/OL Vp((2W) 50 + Tw)dw + X /OL v(z)w(z)rde = /OL g(x)w(x)xde. (3.4.9)

Picking any w € D(0, L) results in

<ZE(U;mz + v, + )\U), w>D/7D = <l’g, w>D/7D Yw € D(O, L), (3410)

and hence
Vpzz + Ve AV =g in D'(0, L). (3.4.11)
Since v € H}(0,L) and g € L?,,, we have that v € H3(e, L) for all ¢ € (0,L) and

Vgww € L?,,. Picking any w € T and ¢ € (0, L), and scaling in (3.4.11) by zw yields

/ Ve (2W) 2 + 2W0)dT 4 [V (W) — v (2W),]|E = / (9 — \v)zwdz.

Letting € — 0 and comparing with (3.4.9), we obtain
— Loy (L)w,(L) = lim (evze(e)w(e) — va () (w(e) + ewy(€))). (3.4.12)

2

Since Vypy € LZ 40

we obtain successively for some constant C' > 0 and all € € (0, L)

L L
|03 (€) — Ugo (L) < (/ xyvmmx)%(/ 27 'dz) < C|loge|  (3.4.13)
lu.(e)] < C. (3.4.14)
We infer from (3.4.13) that v € H?(0, L), and hence v € W. Furthermore, letting ¢ — 0
in (3.4.12) and using (3.4.13)-(3.4.14) yields v, (L) = 0, since w,(L) was arbitrary. We
conclude that v € D(A;). Conversely, it is clear that the operator A; — A maps D(A;)

into H, and actually onto H from the above computations. Hence A; — A generates a
strongly semigroup of contractions in H. O]

3.4.3 Well-posedness in L%L—:c)—ld:c

Theorem 3.8. Let Ayt = —Uypy — U, with domain
D(As) = {u € H*(0,L) N Hy(0,L); typy € L*s , and u,(L) =0} C L*, .
L—x L—x

2

Then As generates a strongly continuous semigroup in L#dx.
L—x

Proof. We will use Hille-Yosida theorem, and (partially) Theorem 3.6. Let
V={ueH)0,L), u, €L*, .}, W=H0,L), (3.4.15)

(L—=)2

L—

H = L2 1ldx’
be endowed respectively with the norms

_1 _
lullz = (L — @) 2ulliz,  lully = (L - 2) uallze,  lullw = [Jugellz2.  (3.4.16)
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From [34], we know that V' endowed with || - ||, is a Hilbert space, and that
2
(L — ) %u||2 < §||(L — ) Mg |2 Yu eV, (3.4.17)

and hence

s L2
il < (| pogt@in? < 51

—CL’)

3
2

lully  VueV. (3.4.18)

Thus V' C H with continuous embedding. From Poincaré inequality, we have that ||-||w
is a norm on W equivalent to the H?—norm. On the other hand, from Hardy inequality

L 2 L
/ U—de < C’/ vidr Vv € H*(0,L) with v(L) = 0, (3.4.19)
o (L—x) 0

we have that
llvllv < Cl|v||lw Yo e W. (3.4.20)

Thus W C V' with continuous embedding. It is easily seen that D(0, L) is dense in H,
V,and W. Let

a(v w)—/L[U (L) +UL]dx (v,w) €V x W.
) - 0 :CL_xl‘x‘ IL—.’L' ) .

Then

Wy w
5 +2 + x)dx]

afou)] < | [ oG o o

v Uy

x Wy

2
2+ 20l g
Vg

2
(2

< Cllollvwllw

Wy
— X

< [|wae|[ 2]

+i

w
mHL2 + [[w]2)

by (3.4.17), (3.4.18), and (3.4.20). This shows that a is well defined and continuous.
Let us look at the coercivity of a. Pick any w € D(0, L). Then

L
a(w,w) = /wx( +2 +2 - )dx
0

1 (Y w2 1 (Y w?
> 2 f Y g - Y g
= 6/0 (L—22™ 2/0 L—z2 ™

where we used (3.4.17) for the last line. Note that, using Cauchy-Schwarz inequality
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and (3.4.17), we have that

w _1 _3
IR < I = 2) Fwllpell(E = ) Rl

2V/L

< Y=
< 5 lwllellwllv
L
< ellwlly + g llwllz: (3.4.21)

If we pick € € (0,1/3), we infer that for all w € D(0, L)

L 1 e
a(w,w) + -l > (5 = 5l = Clulf. (3422)
The result is also true for any w € W, by density. This shows that the continuous
bilinear form

ax(v,w) = a(v,w) + AMv,w)y

is coercive for A > L/6. Let g € H be given. By Theorem 3.6, there is at least one
solution v € V' of
ax(v,w) = (g,w)y Yw e W. (3.4.23)

Pick such a solution v € V| and let us prove that v € D(As). Picking any w € D(0, L)
in (3.4.23) yields

Vpzz + Ve AV =g in D'(0, L). (3.4.24)
As g € L?(0, L) and v € H'(0, L), we have that v,,, € L*(0, L), and v € H3(0, L). Pick
finally w of the form w(z) = z*(L — x)*w(z), where w € C*°([0, L]) is arbitrary chosen.
Note that w € W and that w/(L — z) € H}(0, L) N C>([0, L]). Multiplying in (3.4.24)
by w/(L — x) and integrating over (0, L), we obtain after comparing with (3.4.23)

w
L—=x

As w(L) can be chosen arbitrarily, we conclude that v, (L) = 0. Using (3.4.19) twice,
we infer that v, + \v € H, and hence v, = g — (v, + \v) € H. Therefore v € D(As).
Thus, for A > L/6 we have that Ay — X\ : D(Ay) — H is onto. Let us check that Ay — A
is also dissipative in H. Pick any w € D(As). Then we obtain after some integrations
by parts that

3 M w? Loy? 1 [t w? w?(0)
(Azw,W)H——§/0 —(L—$)2d$+3/0 —(L_x)4d$+§/0 —(L—x)de_—QL

and

0= —v,( )alg = —vs((22L — 32*)w + 2°(L — 2)w,) |§ = v.(L)L*W(L).

1 ¢ wQ(O)
— < —(=— = 2 — =
(Ayw — \w, w)g < <6 2)“va 9]

for e < 1/3 and A = L/(18). We conclude that A; — A is maximal dissipative for
A > L/6, and thus it generates a strongly continuous semigroup of contractions in H
by Hille-Yosida theorem. O

<0
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A global Kato smoothing effect as in [34, 62] can as well be derived.

Proposition 3.7. Let H and V be as in (3.4.15)-(3.4.16), and let T > 0 be given.
Then there exists some constant C' = C(L,T') such that for any uy € H, the solution
u(t) = e2uqy of (3.4.3) satisfies

|[wl| Lo o,mm) + |11l L2070y < Clluol|a. (3.4.25)

Proof. We proceed as in [34]. First, we notice that D(As) is dense in H, so that it is
sufficient to prove the result when uy € D(Az). Note that the estimate |||z 7,m) <

C||ug||g is a consequence of classical semigroup theory. Assume uy € D(As), so that
uy = Asu in the classical sense. Taking the inner product in H with u yields

(s w) i = —a(u,u) < =Cfulfy + [l
where we used (3.4.22). An integration over (0,7") completes the proof of the estimate
Of HUHLQ(O,T,V)' D
3.4.4 Non-homogeneous system

In this section we consider the nonhomogeneous system
Up + Uy + Ugge = f(t,z)  in (0,7) x (0, L), (3.4.26)
u(t,0) =u(t,L) =u,(t,L) =0 in (0,7, (3.4.27)
uw(0,2) =ug in (0, L). (3.4.28)

We need the prove the existence of a “reasonable” solution when solely
f e L*0,T,H0,L)).

Proposition 3.8. Let ug € L2, and f € L*(0,T; H *(0,L)). Then there exists a
unique solution v € C([0,T], L?

2.)NL*0,T,H(0,L)) to (3.4.26)-(3.4.28). Further-
more, there is some constant C' > 0 such that
2 ) + 120,11 00.1)) - (3.4.29)

Proof. Assume first that ug € D(A;) and f € C°([0,T], D(A;)) to legitimate the fol-
lowing computations. Multiplying each term in (3.4.26) by zu and integrating over
(0,7) x (0, L) where 0 < 7 < T yields

// zufdrdt = / z|u(r, x)|2dx—%/Lx|uo( ) [2da
// || d:cdt——// |u|*dxdt. (3.4.30)

(o, Y 3 denoting the duality pairing between H~ 1(0, L) and H}(0, L), we have that
for all ¢ > 0

T rL T T rL T
// zufdrdt = / (fyzu) g gy < ° // uZdzdt + 05/ [ f]|5-2dt.  (3.4.31)
0o 0 2 JoJo 0

y 1wl 20,7, 51 (0,0)) < C([Juol |2

zdx

||UHL°° 0,7,L2
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The last term in the Lh.s. of (3.4.30) is decomposed as

1 T pL
5// lu|?dxdt = // lu|?dxdt + = // \u|?dxdt =: I} + I.
0Jo

We claim that
€ 7 rL
I, < —// || *dadt, (3.4.32)
2 JoJo

1 T prL
L < — *dudt. 3.4.33
2 < g ] elukas (34.33)
For (3.4.32), since u(0,t) = 0 we have that for (¢,z) € (0,7) x (0,+/2)

Ve L Ve 1
lu(z,t)] < / |ty |dx < 54(/ |ug|dz)
0 0

Ve Ve
/ lul?dr < 5/ |, |*dx
0 0

which gives (3.4.32) after integrating over ¢ € (0,7). (3.4.33) is obvious.
Gathering together (3.4.30)-(3.4.33), we obtain

1 L ) 3 T rL )
— | zlu(r,z)|*dx + (= —¢) \u$| dxdt
2 Jo 2 0
1 L
35/ |ug(x |dx+ // x|ul dxdt—i—C’/ || £1|5-1dt.
0

Letting e = 1 and applying Gronwall’s lemma, we obtain

and hence

||u||i°°(O,T,Lidw) + ||u$|’%2(O,T,L2(D,L) < C(T)(HUOH%M + ||f||2L2(0,T,H—1(O,L)))'

This gives (3.4.29) for uy € D(A;) and f € C°([0,T], D(A;)). A density argument
allows us to construct a solution u € C([0,T], L2,,) N L*(0,T, H(0, L)) of (3.4.26)-
(3.4.28) satisfying (3.4.29) for vy € L?,, and f € L?(0,T, H (0, L)). The uniqueness
follows from classical semigroup theory. O

Our goal now is to obtain a similar result in the spaces H and V introduced in
(3.4.15)-(3.4.16). To do that, we limit ourselves to the situation when f = (p(x)h),
with h € L*(0,T, L*(0, L)).

Proposition 3.9. Let ug € H and h € L*(0,T,L*(0,L)), and set f = (p(x)h),.
Then there exists a unique solution u € C([0,T], H) N L*(0,T,V) to (3.4.26)-(3.4.28).
Furthermore, there is some constant C' > 0 such that

||z 0.0y + ||l z200.7v) < C(lJwolla + ||B]|z20.7,0200,2)) ) - (3.4.34)
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Proof. Assume that ug € D(Ay) and h € C5°((0,T) x (0, L)), so that f € C*([0,T], H).
Taking the inner product of u; — Asu — f = 0 with u in H yields

(ue,w)n = —a(u,u) + (f,u)n < =Cllully, + 1—§€HUH% +(f,w)m, (3.4.35)

where we used (3.4.22). Then

L R

L
(% u
= h(— d
[ e + )
Uy U

< 2 2 S EE— 2
< Ol (g2 e+ 2 glle)
< Clllazllulv

where we used (3.4.17) in the last line. Thus, we have that
O 2 / 2
|(f, Wl < S llully + IRz,

which, when combined with (3.4.35), gives after integration over (0,7) for 0 <7 <T'

T T T prL
HMﬂ@+CA|M@ﬁéwm@+0%élwﬁﬁ+lé|W®W)

An application of Gronwall’s lemma yields (3.4.34) for ug € D(As) and h € C3°((0,T) x

(0,L)). A density argument allows us to construct a solution u € C([0,T], H) N

L*(0,T,V) of (3.4.26)-(3.4.28) satisfying (3.4.34) for ug € H and h € L?(0,T, L*(0, L)).

The uniqueness follows from classical semigroup theory. O]

3.4.5 Controllability of the linearized system

We turn our attention to the control properties of the linear system

U+ Ugzr + e = f = (p(x)h)s, (3.4.36)

u(t,0) = u(t,L) = u,(t,L) = 0, (3.4.37)

u(0,2) = wup(z). (3.4.38)

Theorem 3.9. Let T > 0, v € (0,L) and p(x) as in (3.4.1). Then there exists
a continuous linear operator T : L%dx — L*(0,T,L*(0,L)) N L?Tft)dt(O,T, HY(0,L))

such that for any uy € L*, , the solution u of (3.4.36)-(3.4.38) with ug = 0 and
L—x
h =T'(uy) satisfies u(T,z) = uy(z) in (0,L).

Note that the forcing term f = (p(x)h), is actually a function in L%T_t)dt(o, T,L*0,L))
supported in (0,7) x (L — v, L).
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Proof. We use the Hilbert Uniqueness Method (see e.g. [42]). Introduce the adjoint
system

— U = Uggy — Uz = 0, (3.4.39)
v(t,0) =v(t,L) = v (t,0) = 0, (3.4.40)
v(T,z) = wvp(x). (3.4.41)

If up =0, vy € D(0,L), and h € D((O T) x (0, L)), then multiplying in (3.4.36) by v
and integrating over (0,7") x (0, L) gives

/ w(T, z)vr(x dx—// )evdazdt = // x)hv,dxdt.
0

The usual change of variables x+ — L — x, t — T" — t, combined with Proposition 3.8,
gives

y vl z20,m10,0)) < Cllvr|| 2

o] o< 0,722 2 s

(L—=z)dx
By a limiting argument, we obtain that for all h € L*(0,T,L*(0,L)) and all vy €
L2

(L—z)dz>

W) o), g = /0 (h, pla)vg) e,

T de (L—=z)dx

where v and v denote the solutions of (3.4.36)-(3.4.38) and (3.4.39)-(3.4.41), respec-

tively, and (-, -) 2y denotes the duality pairing between L2L g and L%L_x) -
L—z

We have to prove the following observability inequality

T pL
HUTH%?L_JCW: <C / / |p(2)v, [*dadt (3.4.42)

or, equivalently, letting w(t,z) = v(T —t, L — z),

|w0||L2 <C’// \p(L — z)w,|*dxdt (3.4.43)

where w solves
Wi + Wage + Wy = 07
w(t,0) =w(t, L) = w,(t,L) =0, (3.4.44)
w(0,z) = wy(x).

From [62], we know that for any ¢ € C*°([0,7] x [0, L])

// qt+qm+qx)7dxdt+/L(qw;>(T :c)dx—/L( u;)(O,:c)d:c

//,%QMﬁ+/(é;@md 0.

We pick q(t,z) = (T — t)b(z), where b € C*(]0, L]) is nondecreasing and satisfies

oz if 0<a:<u/4,
M@_{l if v/2<ax<L.
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This yields
L
lwillz, < C(Lw) [ ba)ud)da

0
T T L
C’(T,L,I/)(// widmdt—i—// w?dzdt). (3.4.45)
0 Jo 0 Jo

T ov
[lwol[72, <C /0 /O " wldwdt (3.4.46)

fails, then one can find a sequence {w{} C L2, such that

IN

If the estimate

Trs
1:||wg||§2d >n// |w”|*dwdt, (3.4.47)

where w™ denotes the solution of (3.4.44) with wy replaced by wg. By (3.4.29) and
(3.4.47), {w"} is bounded in L*(0,T, H'(0, L)), hence also in H*(0,T, H2(0,L)) by
(3.4.44). Extracting a subsequence, we have by Aubin-Lions’ lemma that w™ converges
strongly in L?(0,7T, L*(0,L)). Thus, using (3.4.45) and (3.4.47), we see that wj is a
Cauchy sequence in L2, , and hence it converges strongly in this space. Let wy denote
its limit in L2,,, and let w denote the corresponding solution of (3.4.44). Then

xdx>
[lwollzz,, =1,
w" — w in L*(0, T, H*(0, L)).
But w? — 0 in L*(0,T, L*(0,v/2)) by (3.4.47). Thus w, = 0 in (0,7) x (0,2/2), and
hence w(t, x) = g(t) (for some function g) in (0,7") x (0,r/2). Since w satisfies (3.4.44),
we infer from w(t,0) = 0 that w = 0 in (0,7) x (0,v/2), and also in (0,7") x (0, L)
by Holmgren’s theorem. This would imply that w(0,2) = 0, in contradiction with
||wol|zz, = 1. Therefore (3.4.46) is proved, and (3.4.43) follows at once.
We are in a position to apply H.U.M. Let A(vr) = (L—x) " 'u(T,.) € LY, _,4,, where
u solves (3.4.36)-(3.4.38) with h = —p(z)v,. Then A : LY\, — Li, ., is clearly
continuous. On the other hand, from (3.4.42)

T
(M) o), = e, = [ @it > Clloly,

(L—a)da = —o)de
and it follows that the map vy — A(vr) is invertible in L%L_x) -

Define the map I': L?, , — L*(0,T,L*(0,L)) by I'(u1) = h := —p(x)v,, where v
is the solution of (3.4.39)?%.4.41) with vy = A™Y((L — z)7'uy). T is continuous from
L?*, , to L*(0,T,L*(0,L)), and the solution u of (3.4.36)-(3.4.38) with uy = 0 and
h L;IF(ul) satisfies u(T,.) = u;. To prove that I' is also continuous from L?,  into

T4z
L?T_t) 40,7, H'(0, L)), it is sufficient to prove the following estimate

(L—z)dx ’

T
AIW@MMT—wﬁSOWﬂ@
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for the solutions of (3.4.39)-(3.4.41) or, alternatively, the estimate

T
/ leol[3 tat < C1fuo 22 (3.4.48)
0 xraxr
for the solutions of (3.4.44). By Proposition 3.8,
T
| ol < Cllunli, (3.4.49)
This yields for wy € L*(0, L)
T
| Ml 0t < Cllunl (3.450)
0
Assume now that wy € D(A), and let vy = Awy = —wp 4zx — Wo . Denote by w (resp.

u) the solution of (3.4.44) issuing from wy (resp. ug). Then
AW = —~Wype — w, = u € L*(0,T, Hy(0, L)),
and we infer that w € L*(0,T,H*(0,L)). By interpolation, this gives that w €
L*(0,T, H*(0,L)) if wy € H}(0, L), with an estimate of the form
T
| ol it < Cllunlly (3.4.51)
0

The different constants C' in (3.4.49)-(3.4.51) may be taken independent of T" for 0 <
T < Ty. Thus, using Fubini’s theorem, we obtain

T T pT T
| sthoads = [ ([ o edse < ¢ [y < Clu,
t

This completes the proof of (3.4.48) and of Theorem 3.9. O

3.4.6 Exact controllability of the nonlinear system

Our aim is to prove the local exact controllability in L?,

L—x

4 Of system (3.4.2). Note

that the solutions of (3.4.2) can be written as
u = ur + up + ug,

where uy, is the solution of (3.4.3) with initial data ug € L*,  , u; is solution of
L—x

ul,t + ul,x + ul,mca: - ( (J:) )z in (07 T) X (07 L):
u1(t,0) =uy(t, L) = ulx( ,L)y=0 in (0,7, (3.4.52)
u1(0,2) =0 in (0, L)
with h = h(t,z) € L*(0,T; L*(0, L)), and uy is solution of
Ut + U2z + U2 zax = 9(E, T) in (0,7) x (0, L),
ug(t,0) = us(t, L) = ug,(t, L) =0  in (0,7), (3.4.53)

ug(0,2) =0 in (0, L),
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with g = g(t,x) = —uu,.
The following result is concerned with the solutions of the non-homogeneous system
(3.4.53).

Proposition 3.10. (i) Let H and V' be as in (3.4.15)-(3.4.16) If u,v € L*(0,T;V),
then wv, € L'(0,T; H). Furthermore, the map

(u,v) € L*(0,T;V)* = uv, € L*(0,T; H)
18 continuous and there exists a constant ¢ > 0 such that
Huvx”Ll(o,T;H) <c ||u||L2(0,T;V) ||U||L2(0,T;V) : (3.4.54)

(ii) For g € L'(0,T; H), the mild solution u of (3.4.53) given by Duhamel formula
satisfies

uy € C([0,T]; H)NL*(0,T; V) = G
and we have the estimate
\|ual|Loe 0,1y + ||u2l|L201,v) < CllgllLro7,m)- (3.4.55)

Proof. For u,v € V, we have

(%
lwvallr2, < lullzee || Z===Il02 < Clullv|[]lv-

rhed VL -z
This gives (i). For (ii), we first assume that g € C'([0,T], H), so that
uy € CH[0,T), H) N C°([0, T], D(Ay)).
Taking the inner product of us; = Asug + g with uy in H yields
(w2, u2)r < —Cllua| [y + C' w23 + (9, u2)m (3.4.56)

where C,C" denote some positive constants. Integrating over (0,7") and using the
classical estimate

||ual|Loe 0,1y < Cllgllro.1,m)

coming from semigroup theory, we obtain (ii) when g € C*([0,T], H). The general case
(g € L'(0,T, H)) follows by density. O

Let ©1(h) := u; and ©y(g) := ug, where u; (resp. ug) denotes the solution of (3.4.52)
(resp. (3.4.53)). Then ©, : L*(0,T;L*(0,L)) — G and ©, : L'(0,T;L*, , ) — G are
L—x

well-defined continuous operators, by Propositions 3.9 and 3.10.

Using Proposition 3.10 and the contraction mapping principle, one can prove as in
[34, 56, 62] the existence and uniqueness of a solution u € G of (3.4.2) when the initial
data ug and the forcing term h are small enough. As the proof is similar to those of
Theorem 3.10, it will be omitted.

We are in a position to prove the main result of Section 3.4, namely the (local) exact
controllability of system (3.4.2).
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Theorem 3.10. Let T > 0. Then there exists 6 > 0 such that for any ug, u; €
L*, . satisfying |lug|| 2 <0, w2, <4, one can find a control function
L—x

x

L—x LT—z %

h € L*(0,T; L*(0, L)) such that the solution u € G of (3.4.2) satisfies w(T,-) = uy in
0, L).

As in the linear case, the forcing term f = (p(x)h), is actually a function in
L7 (0, T, L?(0, L)) supported in (0,7) x (L — v, L).

Proof. To prove this result, we apply the contraction mapping principle, following
closely [62]. Let F denote the nonlinear map

F:L*0,T;V) =g,
defined by
F(u) =up + 010l (upr —up(T,-) + O(uu, ) (T, ) — O (uuy),
©; and O, are defined

)
—x

where uy, is the solution of (3.4.3) with initial data uy € L?
L
as above, and I" is as in Theorem 3.9.

Remark that if u is a fixed point of F, then u is a solution of (3.4.2) with the control
h =T(ur —un(T,-) + Oz(uu,)(T,-)), and it satisfies

uw(T,-) = ur,

as desired. In order to prove the existence of a fixed point of F, we apply the Banach
fixed-point theorem to the restriction of F to some closed ball B(0, R) in L%(0,T;V).
(i) F is contractive. Pick any u, @ € B(0, R). Using (3.4.34) and (3.4.54)-(3.4.55), we
deduce that for some constant C, independent of u, %, and R, we have

| F(u) — f(a)HLZ(O,T;V) <2CR|lu— ﬂHL?(o,T;V) : (3.4.57)
Hence, F is contractive if R satisfies
R<— (3.4.58)
ok 4.

where C' is the constant in (3.4.57).
(ii) F maps B(0, R) into itself. Using Proposition 3.7 and the continuity of the operators
I, ©1, and O, we infer the existence of a constant C’ > 0 such that for any u € B(0, R),
we have
IF@l oy < Cllluolls— +lurlls + B,
L—=z %" L—=z %"

Thus, taking R satisfying (3.4.58) and R < 1/(2C") and assuming that [[uo/;> ~ and

-z

|lur]| 2 . are small enough, we obtain that the operator F maps B(0, R) into itself.

dx

L—=x
Therefore the map F has a fixed point in B(0, R) by the Banach fixed-point Theorem.
The proof of Theorem 3.10 is complete. O
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3.5 Final Comments

Let us consider the following system

U + Uy + Uy + Uy = f in (0,7) x (0,L),
u(t,0) =u(t,L) = u,(t,L) =0 in (0,7), (3.5.1)
u(0,x) = ug(x) in (0, L),

where supp(f) C (0,7) x w with w = (l1,l2) C (0,L). When w is any open interval
in (0,L), system (3.5.1) is (locally ) null controllable in L?(0, L) with control inputs
f € L*(0,T) x (0,L)). The position of the support is represented in Figure 1.

Aw
t

Th————— e mmm i m ey

i Control Support

o : w L X
Fig. 1 - Null controllability: w is any subinterval of (0, L).

If I, = L (see Figure 2) and f takes the form f = (p(x)h), with h € L*(0,T; L*(0, L))
and supp(p) C w = (L — v, L), then system (3.5.1) is exactly controllable in time 7" in
L*, . Note that the state space is a strict subspace of L?(0, L), and that the control

L_zdm

inputs f are taken in L?(0,7, H=1(0,L)) N L%Tft)dt(o, T,L*0,L)).

Control Support |

L-gi L

0 w ¥

Fig. 2 - Exact controllability: w is a neighborhood of x = L

Finally, taking again w = (l3,ls) C (0,L), we derived a regional controllability
in time 7 for system (3.5.1), in the sense that we had exact controllability on the
interval (0,/;) and null controllability on the interval (I3, L), taking control inputs f €
L*(0,T; H (0, L)) with supp(f) C (0,T) X w, and initial data uo € L*(0, L) (see Figure
3). The issue whether u can also be controlled on (I, /) is open.
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Fig. 3 - Regional controllability: w is any subinterval of (0, L)
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Chapter 4

Controllability of Boussinesq
Equation KdV-KdV type on a
Bounded Domain

4.1 Introduction

The classical Boussinesq systems were first derived by Boussinesq, in [11], to describe
the two-way propagation of small amplitude, long wave length gravity waves on the
surface of water in a canal. These systems and their higher-order generalizations also
arise when modeling the propagation of long-crested waves on large lakes or on the
ocean and in other contexts. In [6], the authors derived a four-parameter family of
Boussinesq systems to describe the motion of small amplitude long waves on the surface
of an ideal fluid under the gravity force and in situations where the motion is sensibly
two dimensional. More precisely, they studied a family of systems of the form

Nt + Wy + (nw)x + QWyzy — bnac;rt =0, (4 1 1)
Wy + Ny + WWy + gz — dwmazt = 0. o
In (4.1.1), n is the elevation from the equilibrium position, and w = wy is the horizontal
velocity in the flow at height 6h, where h is the undisturbed depth of the liquid. The
parameters a, b, ¢, d, that one might choose in a given modeling situation, are required
to fulfill the relations
1 1 1

a+b:§(92—§), c+d:§(1—02)20, 0e0,1]. (4.1.2)
where 6 € [0, 1] specifies which horizontal velocity the variable w represents (cf. [6]).
Consequently,

1
a+b+c—|—d:§

As it has been proved in [6], the initial value problem for the linear system associated
with (4.1.1) is well posed on R if either C or Cs is satisfied, where

(Cy)  b,d>0,a<0, ¢c<O0;

(Cs) b,d>0, a=c>0.
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In mathematical studies, considerations have been mainly given to pure initial value
problems and well-posedness results [7]. However, the practical use of the above system
and its relatives does not always involve the pure initial value problem. Instead, the
initial boundary value problem often comes to the fore.

Recently, in [50], a rather complete picture of the control properties of (4.1.1) on
a periodic domain with a locally supported forcing term was given. According to the
values of the four parameters a, b, ¢, d, the linearized system may be controllable in
any positive time, or only in large time, or may not be controllable at all. These results
were also extended in [50] to the generic nonlinear system (4.1.1), i.e., when all the
parameters are different from 0.

When b = d = 0 and (C5) is satisfied, then necessarily a = ¢ = 1/6. Nevertheless, the
scaling  — x/v/6, t — t/+/6 gives an system equivalent to (4.1.1) for which a = ¢ = 1,
namely

When the model is posed on a bounded interval, Rosier and Pazoto, in [58], investi-

gated the asymptotic behavior of the solutions assuming that b =d =0and a =c = 1.
More precisely, the authors studied the following Boussinesq system of KdV-KdV type

{ M+ Wy + (MW) g + Weee =0 in (0,77) x (0, L),

Wy + Ny + WWy + Nyge = 0 in (()’T) % (0’ L), (4.1.4)

satisfying the boundary conditions

w(t,0) = wy,(t,0) =0 in (0,7,
w,(t,0) = agne(t, 0) in (0,7,
w(t, L) = agn(t, L) in (0,7, (4.1.5)
w,(t, L) = —aqn,(t, L) in (0,7),
Wep(t, L) = —ane(t, L) in (0,7),

and initial conditions
n(0,z) = no(x), w(0,z) =we(x) in (0,L). (4.1.6)

In (4.14), o, oy and ay denote some nonnegative real constants. The KdV-KdV
system is expected to admit global solutions on R, and it also possesses good control
properties on the torus [50].

Under the above boundary conditions, the authors observed that the derivative of
the energy associated with the system (4.1.4), with boundary conditions (4.1.5)-(4.1.6)
satisfies

dE

1 L
P (L, ) — ar [ne(L,t))* = g |00, ) ° — §w3(L>t) - / (nw)ndx
0

where

E(t) = 1/0 (n* + w?)dz.
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This indicates that the boundary conditions play the role of a feedback damping
mechanism, at least for the linearized system. Therefore, the following questions arise:

(i) Does E(t) — 0, as t — 4007

(ii) If it is the case, can we give the decay rate?

The problem might be easy to solve when the underlying model has a intrinsic
dissipative nature. Moreover, in the context of coupled systems, in order to achieve the
desired decay property, the damping mechanism has to be designed in an appropriate
way in order to capture all the components of the system. The main result of Rosier
and Pazoto provides a positive answer to those questions.

Theorem 4.1. ([58]) Assume that ag > 0, a; > 0 and oy = 1. Then there exist some
numbers p >0, C >0 and p > 0 such that for any (no,wo) € (L*(I))? with

1(n0; wo)ll 21y < -
the system (4.1.4)-(4.1.6) admits a unique solution
(n,w) € C(RT; (L(1))*) N C(RF; (HY(I))?) N L*((0,1); (H'(1))?),
which fulfills
17, 0) ()l z2ryy2 < Ce™ 1m0, wo)l p2(zyy2 » Yt 2 0,

e Mt
|

H(Wyw)(t)”(m(z)p < OW (Uo,wo)H(Lz(I))z, vt > 0.

To our knowledge, the boundary control of the Boussinesq system of KdV-KdV type
is completely open. The aim of this chapter is to investigate the control properties of
the following system

N+ wy + (Mw)y + Wepe =0 in (0,7) x (0, L), (4.1.7)
Wy + Ny + WWy + Ny = 0 in (0,7) x (0, L), o

with the boundary conditions

n(t,0) = ho(t), n(t, L) = ha(t) in (0,7),
w(t,0) = go(t), w(t, L) = g1(t) in (0,7), (4.1.8)
N:(£,0) = ha(t), we(t,L) = g2(t)  in (0,7

and the initial conditions
n(0,x) = no(x), w(0,z) = we(x) in (0,L). (4.1.9)

A similar problem was studied by Rosier [62] in the case of the KdV equation con-
sidering only one control,

{ U + Uy + Upgy + ULy = 0 in (0,7) x (0, L),

u(t,0) = u(t,L) = 0, u,(t,L) = gs(t)  in (0,7). (4.1.10)

It was shown that the exact controllability of the linearized KdV equation holds in
L*(0, L) if, and only if, L does not belong to the following (discrete) set of critical
lengths

2
N = {77%\//& YR+ E2 k€ N*}. (4.1.11)
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To begin with, we consider the linearized Boussinesq system

wy + Nz + Neza = 0 in (OaT) X (07 L)a

together with the boundary conditions (4.1.8) and the initial data (4.1.9).
The results established in this chapter show that, depending on the combination of
the controls g; and h;, two sets of critical lengths appear; namely N and the (new) set

R:—{W\/(%+2k>2+(%+2l)2 (;+2k)( +21) : k,leN*}. (4.1.13)

Introduce the space
X = {(n,w) € [H2(0, L) N HL(0, L)]” : 0a(0) = w,(L) = 0} : (4.1.14)

and let X’ denote the dual of X with respect to the pivot space L*(0, L)?. Some of the
main results in this chapter are stated in the following theorem.

Theorem 4.2. Let N, R, and X be defined by (4.1.11), (4.1.13), and (4.1.14), respec-
tively. Then the following holds.

(i) For any T > 0, L € (0,400)\N , (1o,
(H71(0,L))? there exist some controls hy, gy € L*
CY([0,T], (H71(0,L))?) of (4.1.12) and (4.1.8)~(
i=0,1, fulfills n(T,-) = nr and w(T,-) = wr in (

e (HY(0,L))* and (nr,wy) €
) such that the solution (n,w) €
), with hy = 0 and g; = 0 for

wo)

(0, T
4.1.9
0,L);

(it) For any T > 0, L € (0,4+00)\N, (10, wo) € (H~'(0,L))* and (nr,wr) €
(H7Y(0,L))?, there exists a control hy € L*(0,T) such that the solution (n,w) €
Co([0,T), (H7*(0,L))?) of (4.1.12) and (4.1.8)-(4.1.9), with h; = 0 and g; = 0 for
i=0,1and go =0, fulfills n(T,-) = nr and w(T,-) = wr in (0,L);

(i5i) For any T > 0, L > 0, (no,wo) € X' and (nr,wr) € X', there exist some
controls hy, g1 € L*(0,T) such that, the solution (n,w) € C([0,T], X’ of (4.1.12) and
(4.1.8)-(4.1.9), with h; =0 and g; = 0 fori = 0,2, fulfills n(T,-) = nr and w(T,-) = wr
n (0, L),

(iv) For any T > 0, L € (0,+00)\(N UR), (no,wo) € X" and (nr,wr) € X', there
exists a control g; € L*(0,T) such that the solution (n,w) € C°([0,T],X’) of (4.1.12)
and (4.1.8)-(4.1.9), with h; =0 and g; =0 fori = 0,2 and hy = 0, fulfills n(T,-) = nr
and w(T,-) = wr in (0, L).

Actually, a more complete picture of the control results obtained in this chapter are
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presented in following table.

Controls Properties

ho | hi | ha| go| g1 | 9o Spaces State Lengths
1100 x]0]0]x]|hygeL20,T) | (n,wo) e [H0,L) N
2l 0fo]«]olo]o] heL20,T) | (pw)e[H0,L]| N
3 0 * 0 0 * 0 h1,91 S L2(0,T) (7’]0,11]()) e X' 0
410]0]lo]O0][x]0]| g €L?0,7) (1o, wo) € X’ NUR
) * 0 0 0| x| 0] hopgr € LQ(O,T) (770,71)0) e X’ NUR
6 0[]0 x|0|x|0]hyg €L?0,7T) (1m0, wo) € X' N
7 0 * 0 0 0 * hl,gg < L2(0,T) (no,wg) c X' N
8 * * 0 0 0 0 | hg,h1 € L? (O,T) (no,wo) e X’ N
9 0 * * 0 0 0 | hi,hy € L? (O,T) (7’]0,100) e X’ 0
10[0]0][x[x|0]0]hy,gelLl?0,T) (1m0, wo) € X' N

Tablel. Controllability results for the linear system

To prove our control results, we use the classical duality approach based upon the
Hilbert Uniqueness Method (H.U.M.) due to J.-L. Lions [42], which reduces our control
properties to some observability inequalities for the adjoint systems. Next, to establish
the observability inequalities, we use the compactness-uniqueness argument due to E.
Zuazua (see the appendix in [42]) and some multipliers to reduce the problem to a
spectral problem. The spectral problem is finally solved by using a method introduced
in [62] and based on Fourier analysis and complex analysis.

Boussinesq system is more convenient than KdV as a model for the propagation
of water waves, as it is adapted to the wave propagation in the two directions, and
it is still valid after bounces of waves at the boundary. The initial value problem for
Boussinesq system is less developed than for KdV, probably because of the complexity
of the system. Nevertheless, it is striking that the control properties of Boussinesq
system are better understood than for KdV: indeed, the critical lengths for Boussinesq
system are explicitly given for any set of boundary controls, which is not the case for
KdV (e.g. the critical lengths are not explicitly known with a Dirichlet control at the
right point © = L, see [33]). This is probably due to the fact that + = 0 and z = L
(resp. w and 7)) play a symmetric role for the linearized Boussinesq system. The price
to be paid is the lack of the Kato smoothing effect in general, which makes the extension
of the control results to the nonlinear Boussinesq system delicate.

In what concerns the nonlinear problem, due to technical difficulties that come from
the lack of regularity of solutions, special boundary conditions are used. The issue of
the controllability of the nonlinear system (4.1.7) with the boundary conditions (4.1.8)
will be investigated elsewhere.

Thus, we consider the system
x (0, L),
< (0.L). (4.1.15)

N+ Wy + (M) + Weee =0 in (0,7T)
Wy + N + WWg + Ngze = 0 in (0,7)
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satisfying either the boundary conditions

n(t,0) =n(t,L) =n,(t,0)=0 in (0,7
w(t,0) =w(t,L) =0 in (0,7, (4.1.16)
wy(t, L) + anne(t, L) = ga(t) in (0,7,

or the boundary conditions

t in (0,7),
azn(t.0) +a3nx<t,L> w1, 0) = ho(t) 0 (0,T), (4.1.17)
walt, L) — as(n(t,0) = no(t, L)) = go(t)  in (0,T),

where «; are positive constant for ¢ = 1,2, 3, and the initial conditions
n(0,z) = no(x), w(0,x) =we(z) in (0,L). (4.1.18)

With (4.1.16) or (4.1.17), a global Kato smoothing effect similar to those for KdV
can be derived. As a consequence, a result similar to Theorem 4.2 can be established for
the system above. More precisely, the following results concerning the well-posedness
and the exact controllability of the above systems will be established:

Theorem 4.3. Let Xy = (L?(0,L))*, T > 0 and L € (0, +00)\N, where N is defined by
(4.1.11). Then, there ezists a constant § > 0 such that for any initial data (1o, wy) € Xo
and and final data (nr,wr) € Xy satisfying

1010, wo)llx, < & and || (nr, wr)llx, <9,
there exists a control gy € L*(0,T) such that the solution
(n,w) € C(0,T], Xo) 0 L0, T; (H'(0, L)) 1 H'(0, L; (H2(0, 1))?),

of (4.1.15) with (4.1.18) and the boundary conditions (4.1.16) satisfies n(T,-) = nr and
w(T,-) =wr in (0,L).

Theorem 4.4. Let T > 0 and L € (0,400)\N. Then, there exists a constant § > 0
such that for any initial data (ny,wo) € Xo and and final data (nr,wr) € Xy satisfying

10", <6 and ||(n',wh)]|, <0,

Xo
there exist two controls (ho, g2) € (L*(0,T))?* such that the solution
(.)€ C0,T), Xo) N E2(0, T (0, 1))?) 1 (0, L (H2(0, L)?),

of (4.1.15) with (4.1.18) and the boundary condition (4.1.17) satisfies n(T,-) = nr and
w(T,-) =wr in (0,L).

The second part of the work is devoted to the study of the exponential decay of E(t)
when g = hy = 0. In this case, the energy associated with (4.1.15) with boundary
conditions (4.1.16) (resp. (4.1.17)) satisfies

d L
GE =~ DF = [ o)nds
0
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(resp.
d

L
GE = —a O = as (. L) = | (rwndo)
0

Thus, as in [58], we obtain the following result:

Theorem 4.5. Assume that a1, s, a3 > 0 and L € (0,400)\N. Then, there exist
some numbers p >0, C >0 and p > 0 such that for any (ny, wo) € (L*(I))* with

1(n0s wo)ll 27y < s

the system (4.1.15) with boundary conditions (4.1.16) (or (4.1.17)) and initial condition
(4.1.18) admits a unique solution

(n,w) € C(RT; (L(1))*) N CR™; (H(1))*) N L*((0,1); (H(1))?),

which fulfills
10, w) ()l z2(ryyz < Ce™ (0, wo) [ z2(ryye » ¥ >0,

—ut

e
||(777w)(t)||(H1(I))2 < CW ||(77077~U0)||(L2(1))2 , Vt > 0.

4.2 Well-Posedness

4.2.1 Linear homogeneous system

In this section we study the existence of solution of the linear system

M+ Wy + Wepy =0 in (0,7) x (0, L), (4.2.1)
satisfying the boundary conditions
w(t,0)=w(t,L)=w,(t,L)=0 in (0,7), o
and the initial conditions
n(0,z) =n"(z), w(0,z) =w’(z) in (0,L). (4.2.3)

Let Xo = (L% (0, L))* endowed with the usual inner product and consider the operator
A:D(A) C Xy — Xo, where

D (A) = {(n.w) € (1 (0,0)" 1 (0) =w (0) = (L) = w(L) =, (0) = wy (L) =0},

and

A, w) = ( __?gz - :;if ) LV (n,w) € D(A). (4.2.4)



88

With the notation introduce above, system (4.2.1) can be now written as an abstract
Cauchy problem in X,

(na w)t =A (77, ’LU) ,
{ (n,w) (0) = (n°,w°). (4.2.5)

On the other hand, the adjoint of the operator A (denoted by A*) is give by

A" (p,¥) = ( :ﬁziizi ) , YV (p,0) € D(AY), (4.2.6)

where A* : D (A*) C Xy — X, with
D (A") = {(¢,1) € (H*(0,1))" ;0 (0) = ¥ (0) = ¢ (L) = ¥ (L) = . (0) = v (L) = 0}
Proposition 4.1. The operators A and A* are dissipative in Xj.

Proof. Consider (n,w) € D(A). By multiplying the first equation of the system (3.2.1)
by 7, the second one by w and integrating by parts in (0, L), we obtain

L L L
/ (Wy + Wy )ndx = — / wndr — / Wz N dx
0 0 0

L L L
/ (e + Nazo)wdr = —/ wnydx — / NeaWyd.
0 0 0

(A, w), (n.w)) x, = — / (nw)eds — 0.

Hence A is dissipative in Xy. Analogously, we deduce that

(A (@, ¥), (@, ¥)) x, = 0, V(p, ¥) € D(AY),
i.e., A* is dissipative in X. O

and

Therefore,

Since A and A* are both dissipative, A is a closed operator and the respective
domains D(A) and D(A*) are dense and compactly embedded in X, we conclude that
A generates a C° semigroup of contractions in Xy which will be denoted by (S())s>o.
Then, classical existence results give us the global well-posedness for (4.2.1)-(4.2.3):

Theorem 4.6. Let (n°,w®) € Xy. Then, there exists a unique weak solution (n,w) =
S () (%, w°) of (4.2.1)-(4.2.3) such that

(n,w) € C([0,T7; Xo) - (4.2.7)

Moreover, if (n°,w®) € D(A), then (4.2.1)-(4.2.3) has a unique (classical) solution
(n,w) such that
(,0) € C ([0, T]:D(4) N C* (0,7 Xo) (128)

Using the previous results and some interpolation argument, we derive the global
well-posedness result in each space [H*(0, L)]?, for s € [0, 3].
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Corollary 4.1. For any s € [0,3] and any (1°,w°) € [H* (0, L)]* the solution (n,w) of
(4.2.1)-(4.2.3) belongs to C([0,T]; [H*(0, L)]?).

Remark 4.1. Observe that due to the boundary conditions (4.2.2) we can not prove
the so-called Kato smoothing effect. Therefore, for the analysis of the controllability
properties, we consider more reqular initial data.

4.2.2 Adjoint System

In this subsection, we introduce the time-backward system associated to (4.2.1)-(4.2.2).
First we multiply the first equation of (4.2.1) by ¢ and the second one by v and
integrating in (0,7") x (0, L), i.e.,

T L
/ / (M + Wy + Wygy) drdt =0
o Jo

and
T L
/ / (Wi + Ny + Nage) Ydadt = 0.
o Jo

Assuming that the functions 7, w, ¢, ¥ are sufficiently regular, we obtain, after inte-
gration by parts,

T pL
0= / [n(_¢t - ¢ac - ¢xa:ac) + w (_@Z)t — Pz — (,Oxm;)] dxdt
0 0

L
+/0 [ + wily da

+
!

(w(t,L)p(t,L) —w(t,0)¢(t,0))dt

+
S

(Waa (t, L) ¢ (t, L) — way (t,0) ¢ (¢,0)) dt

!

(wy (t, L) pr (t, L) — wy (t,0) @, (£,0)) dt (4.2.9)

+
|

(w (t, L) paa (t, L) — w (t,0) e (,0)) dt

+

O\c\o\o\ﬂo\c\o\o\

(77, (t7 L) w (ta L) -n (t7 O) w (tv 0)) dt

+
~

(Maw (8, L) (£, L) — 12 (£,0) 40 (£,0)) dt

S

(1 (£, L) ¥y (t, L) = 1 (£, 0) 92 (£, 0)) dit

+
!

(n (8, L) Yaa (8, L) — 1 (£, 0) Yue (¢, 0)) dt.
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Having (4.2.9) in hands, we consider the following time-backward system

©r + Ve + Uiy =0 in (0,7) x (0,L), (4.2.10)
e+ Qo+ Poae =0 in (0,T) x (0, L), -
satisfying the boundary conditions
U (t,0) =1 (t,L)=v¢, (¢, L)=0 in (0,7), -
and the initial conditions
o (T,2) = ¢ (1), (T,2) =¥ () in (0,L). (1.2.12)
Remark that the change of variable t — T' — ¢ reduces system (4.2.10)-(4.2.12) to
Spt_wx_wmzxzo in (OaT)X (OaL)a
{ Ut — Pu — Paee =0 in (0,T) x (0,L), (4.2.13)
satisfying the boundary conditions
0 (t,0) =¢(t,L) = ¢, (t,0) =0 in (0,7) (4.2.14)
G(60) = (6 L) =y (L) =0 i (0,T), 2

and the initial conditions
0 (0,2) =¢%(x), ¥ (0,z) =4¢°(z) in (0,L). (4.2.15)
Thus, (4.2.13)-(4.2.15) is equivalent to

(. ¥) (0) = (&%, ¢°),

where A* is given by (4.2.6). Observe that the properties of the solutions of (4.2.13)-
(4.2.15) are similar to the ones deduced in Theorem 4.6 and Corollary 4.1. More
precisely, we have

Theorem 4.7. Let (¢°,¢°) € Xo. Then there exist a unique weak solution (p,1) =
S () (% 90°) of (4.2.18)-(4.2.15) such that

(¢, 9) € C([0,T]; Xo) - (4.2.16)

Moreover, if (¢°,4°) € D (A*), then (4.2.13)-(4.2.15) has a unique (classical) solution
(p, ) such that
(¢, 0) € C([0,T];D (A7) N C* (0, T Xo) . (4.2.17)

Using the previous results and some interpolation argument, we derive the global
well-posedness result in each space [H*(0, L)]?, for s € [0, 3].

Corollary 4.2. For any s € [0,3] and any (¢°,¢°) € [H* (0, L)]* the solution (p,v) of
(4.2.13)-(4.2.15) belongs to C([0,T); [H*(0, L)]?).
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4.2.3 Linear non-homogeneous system

Now we use the adjoint system to define our solution by transposition. Consider the
nonhomogeneous system given by

{Bimie=z) BOBI0D 4218
satisfying the boundary conditions
(2600, 1D =@ 0=kl 0D,
(t,0)=g0(t), w(t,L)=g1(t), wa(t,L)=g2(t) in (0,7),
and the initial conditions
n(0,2) =n°(z), w(0,z)=w’(z) in (0,L). (4.2.20)

From (4.2.9), (4.2.11) and (4.2.19), we have that
UZ/OL[nw+w¢] df—/OTg2(t)SOz(t,L)dt
+ /O ) (91 () Paa (£, L) — go () ¢aa (£,0)) dt + /0 Th2 (t) s (t,0) dt (4.2.21)
+ /O ' (hy (t) Y (8, L) — ho () s (2, 0)) dt.

We introduce the Hilbert spaces
H = [H}(0,L)]° (4.2.22)
endowed with the usual inner product and
X = {(n, w) € [H2(0,L) N HL(0,L)]” : 1, (0) = w, (L) = o} (4.2.23)
c [H?(0,L)]",

endowed with the inner product of [H2 (0, L)]*. Observe that the dual of the space H
is H' := [H* (0, L)]* and the duality pairing (-,-),,,..; is defined by

0,0 0,0 _ /0 0 0,0
((°w®), (9% 0 >>H’><H =’ >H*1(O,L)><H3(O,L) + (w1 >H*1(O,L)><H3(O,L)'
For the dual of the space X we denote
!/
X' = ({0 w) € [H2(0,L) 0 H 0,1)])" < e (L) =, (0) = 0})
and the duality pairing (-, -) v/, y is defined by

((°w0%) 5 (D% 0°)) wrexe = (17507 iy + (%0 4 -
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Replacing 7" by ¢ in (4.2.21) and considering h; (t) =0, g; (t) = 0, for ¢ = 0, 1 it follows
that

(@), w (), (@), () gwn = —/0 hy (5) ¥y (s,0) ds—l—/ogz () pu (s, L)dt
+ (0% (%)) e (4.2.24)

Now, considering hy = go = 0 in (4.2.21) and replacing T" by ¢, we obtain
(000 (0) (0 (0.0 Oy = [ o (5) s (5,00 ls = [ 1 (5) v (5. L)
xTx 70 d - xx ,L dt
+ [0 eur (.0 85— [0 ()0 1)

+ (% w°) , (% 4°)) g x (4.2.25)

Definition 4.1. i) Given T > 0, (1°,w°) € H' and (hy,g2) € [L*(0,T)), we call a
solution by transposition of (4.2.18)-(4.2.20) with h; = g; =0, for i =0,1, a function

(n,w) € C([0,T],H'), (4.2.26)
satisfying (4.2.24), where (¢,) is a solution of

O+ U+ Vowe =0 in (0,7) x (0,L), (4.2.27)
satisfying the boundary conditions
0 (t,0) =¢(t,L) = ¢, (t,0) =0 in (0,7) (4.2.98)
Y (t,0) = (t, L) =, (t,L)=0 in (0,T), o
and the initial conditions
o(T,x)=0, v(T,z)=0 in (0,L). (4.2.29)

i) Given T > 0, (n°,w°) € X' and (ho, go, h1, 1) € [L2(0,T)]*, we call a solution
by transposition of (4.2.18)-(4.2.20) with he = g2 = 0, a function

(n,w) € C([0,T],X"), (4.2.30)
satisfying (4.2.25), where (¢,1) is a solution of (4.2.27)-(4.2.29).
Remark 4.2. Observe that the maps
Zo: (¢ 0') €eHr— (0(t), 0 (t) € H
and
Ei: (0l Yh) € X v (0 (1), ¥ (1) € H,

are isomorphisms of Hilbert spaces for any t € R, therefore (4.2.24) and (4.2.25) define
(4.2.26) and (4.2.30), respectively, in a unique way.
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4.3 Exact Boundary Controllability For The Linear System:
Neumann boundary condition

This section is devoted to the analysis of the exact controllability property of the
linear system corresponding to (4.1.7) with boundary controls of Neumann type. More
precisely, given T' > 0 and (n°, w°), (n”,w”) := (n',w') € &, we study the existence of
controls (hg, g2) € ¥ such that the solution (7, w) of the system

Nt + Wy + Wayge = 0 in (O,T) X (0, L) ,
n(0,z) =n°(z), w(0,z) =w’(x) in (0,L),

satisfying the boundary conditions

(t,0) =0, n(t,L) =0, 0 (t,0) = ha (t) in (0,7)
{ w0 =0, w(tD) =0, e ltL) —an () in (0.T). (4.3.2)
satisfies
n(T,)=n", w(T,-)=w"inX. (4.3.3)

The spaces ¥ and X; will be defined later.

Definition 4.2. Let T > 0. System (4.3.1) is exact controllable in time T if for any
initial and final data (n°,w®), (n*,w') € I, there exist control functions (hs, g2) € ¥y
such that the solution of (4.3.1)-(4.3.2) satisfies (4.3.3).

Remark 4.3. Without loss of generality, we may study only the exact controllability
property for the case n° = w® = 0. Indeed, let (n°,w?), (n*,w') be arbitrarily in ¥ and
let (ha, go) € Xy be controls which lead the solution (p, ) of (4.5.1) from the zero initial
data to the final state (n',w') — S (T) (n°, w®) (we recall that (S(t))i>o is the semigroup
generated by the differential operator A corresponding to (4.5.1). It follows immediately
that these controls also lead to the solution (n,w)+5S (-) (n°, w®) of (4.5.1) from (n°,w®)
to the final state (n*, w').

From now on, we shall consider only the case n° = w® = 0. For the analysis of

the controllability we will consider several cases regarding the amount of controls on
(4.3.2).

4.3.1 Double control

In this section we study the exact controllability, in time 7', for the system (4.3.1)-
(4.3.2). We first give an equivalent condition for the exact controllability property:

Lemma 4.1. Let (n*,w') € ¥ := H'. Then, there exist two control (hy (t), g (t)) €
Sy = [L2(0, L)), such that the solution (n,w) of (4.5.1)-(4.3.2) satisfies (4.3.3) if and
only if

(') (08 0) :/0 (h2 (t) ¥ (t,0) — g2 (t) @u (£, L)) dt, (4.3.4)

for any (o', 9Y) € H, (p,1) being the solution of the backward system (4.2.10)-(4.2.12).
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Proof. The relation (4.3.4) is obtained multiplying the equations in (4.3.1) by the so-
lution (p, %) of (4.2.10)-(4.2.12) and integrating by parts. ]

For the study of the controllability property, a fundamental role will be played by
the following observability result

Theorem 4.8. Let N = {QW\/W ke N*}. Then, ¥ L € (0,+00) \N and V
T>0,3C(T,L) >0 such that

(et eh)|; <C / (lpw (8, L)” + | (£, 0)) dt, (4.3.5)

holds for any (¢',4') € H, where (¢,1) is the solution of (4.2.10)-(4.2.12) with initial
data (o', 9").

In order to prove Theorem 4.8, we need some basic estimates for the solution of
adjoint system (4.2.10)-(4.2.12). Therefore, the following result will be needed:

Lemma 4.2. For any (¢, ) solution of (4.2.10)-(4.2.11) with initial data (o*, ') € H,
there exists C' > 0 such that

16, D) 2o ey < C (" 901 ]| - (4.3.6)
Moreover there exist ¢y > 0, co > 0 and c3 > 0, such that
H (901>¢1) HH < (e, w)HLQ(O,T;H) ’ (4.3.7)
2 2 r 9
16e: OM2202,m0) < c2 {H(%‘Jl’?ﬂl)“(L?(o,L))z +/O [z (¢, L)] dt} (4.3.8)
and
2 2 r 9
10, V) 20,0y < 3 {H(Qpl,wl)H(mO’L»Q +/O v, (t,0)] dt}. (4.3.9)

Proof. Observe that the estimate (4.3.6) holds directly from Theorem 4.7 and Corollary
4.2 and, since

(¢, v) € C*([0,T]; H),
it follows that (¢ (t),% (t)) € H, for all t € (0,T).
Now, pick any U; = (o', 1) € (H3 (0, L))? and write U (£) = (n (t),w (£)) = S (t) U;.
Let V (t) = U, (t) = A*U (t). Then V is a mild solution of the system
V, = A*V
V(T) = A*U; € Xo,
and therefore ||V (t)||x, = [[Villx, Since V (t) = A*U (t), V1 = A*Uy, and the norms
1Ullx, + AUl x, and [[Ul[ (o 1) are equivalent in (H?3(0,L))?, we conclude that
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1T )l 30,002 = Uil (a3 (0,1))2- The fact that (4.3.7) is still valid for H*, 0 < s < 3,
follows from a standard interpolation argument, since H* = [H°, H?], /3

Now, we prove (4.3.8). We multiply the first equation of (4.2.10) by x1, the second
one by xy and integrate in (0,7") x (0, L), to obtain

L T

and
L T
[ [ @0 @t gt pumy ot =0
0 0

By integration by parts we have

L T 3 L T 1
/ / x@t¢dxdt+—/ / |¢x|2d:pdt——//|¢|2da€dt:0 (4.3.10)
o Jo 2Jo Jo 2
and
L T 3 b (T 1 (LT L (T
/ / xwtwd:cdt+—/ / |%|2dxdt—-/ / |g0|2dxdt——/ on (D)2 dt = 0.
o Jo 2Jo Jo 2 Jo Jo 2 /o

(4.3.11)
Adding (4.3.10) and (4.3.11) we infer that

// (lpal® + 00u]?) dadt = // (o), dadt + = // (lel* + |¥)?) dwdt
v5 [ e wyar

(4.3.12)
On the other hand, from the energy identity it follows that
L [T L L
[ [ st == [ gt @t @ da+ [ g (@) 00 (@) da
o Jo oL 2 2 0
< L/ (o' + [0']) do (4.3.13)
0
and
// (lol” + 1) = (0" ) | 120,002 + (4.3.14)

we can combine (4.3.12), (4.3.13) and (4.3.14) to obtain (4.3.8).
In order to prove (4. 3 9) we multiply the first equation of (4.2.10) by (z — L) ¢, the
second one by (z — L) ¢ and integrate by parts in (0,7") x (0, L), to obtain

3 L ,pT L T
1 L pT ) ) - £ T )
+ 2/0 /0 (Ipl” + [[°) daat 2/0 4, (0)] dt.

Now, using the arguments used in the proof of (4.3.8) we obtain the result. O
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With Lemma 4.2 in hands, we can prove Theorem 4.8.

Proof of Theorem 4.8. The change of variable ¢ = T' — ¢ transforms (4.2.10)-(4.2.12)
into (4.2.13)-(4.2.15). Hence, inequality (4.3.5) is equivalent to

1 )l < C’/O (lx (. L) + 1, (¢,0)[) dt, (4.3.15)

for any (¢° ¢°) € H, where (p,) is the solution of (4.2.13)-(4.2.15) with initial data
(%, 1%). First, observe that adding (4.3.8) and (4.3.9), we obtain

T
It o < e {16 + [ loa . LIF + 1 (L O)P) e},

where ¢ := max {cy, c3}. Then, from (4.3.7), it follows that

Il < eI o+ [ e @ DI 5 0 O ] 4310

Now we prove the observability (4.3.15). We proceed as in [62, Proposition 3.3].
Let us suppose that (4.3.15) does not hold. In this case, it follows that there exists a
sequence {(¢h,¥9)}, oy in H such that

[(en )l =1, (4.3.17)
T
/ |ona (t, L)|*dt — 0 in L* (0,T) (4.3.18)
0
and .
| e (RO dt = 010 12 0,7), (43.19)
0

where (¢,,,1,) is the solution of (4.2.13)-(4.2.15) with initial data (2, 9). From (4.3.6)
and (4.3.17), we obtain that {(¢n, ¥n)}, oy is bounded in L* (0, T; H) and from (4.2.13)

we have that {((¢n), , (¥n),)}, oy i5 bounded in L? (o, T (H2 (0, L))Q). Since

H <o Xo = [L2(0,1)]" < H2(0, L),

being the first embedding compact, it follows that {(¢n,¥n)},cy is relatively compact
in L? (0, T; Xy). Therefore, there exists a subsequence, still denoted by the same index,
such that

(90717 1%) — (805 w) in L2 (07 T; XO) .
Moreover, since {(¢n,¥n)}, oy is bounded in L* (0,73 H) N H! <0,T; (H2 (O,L))Z)

from Corollary 4 in [74] we obtain a subsequence satisfying

(s ) — (p,1) in C ([o,T] L (H (0, L))Q) , for any T > 0. (4.3.20)
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On the other hand, (4.3.16), (4.3.18), (4.3.19) and (4.3.17) together with compact
embedding H < (L?(0,L))* allow us to conclude that {(%,¢9)}, .y is a Cauchy
sequence in H. Therefore, at least for a subsequence,

(€9, 98) — (¢°,¢°) in H. (4.3.21)
In particular, from (4.3.20)
(p,9) (0) = lim (o, ) (0) = lim (g, ) = (¢",47) .

oo

As (p,0) € L* (0, T; H)NC ([O, T),(H (0, L))2>7 from Lemma 1.4 in [77] we deduce
that
(v, ¥) € Cu ([0,T]; H),

where C,, represent the space of weakly continuous functions form [0, 7] into H, and
(o, ) =S () (¢° ¥°). Furthermore, from (4.3.17) and (4.3.21),

(%) =1 (4.3.22)
and from (4.3.18) and (4.3.19) , we have that

T
0= lim mf{/o (|ne (8 L)|? + [t (£, 0)) dt}

n—-+o00

> / (s (£ L)+ [tha (1, O)) dt.

Then,
Hence, (p,1) is a solution of
Sot_dja:_wx:c:c:o in (O,T) X (O,L),
wt — Pz — Paaz = 0 in (0, T) X (O, L) s (4324)
p(0,2) =¢°(x), ¥(0,2)=y°(z) in (0,L),

satisfying the boundary conditions

{gp(t,O):gO(t,L):gox<t,O):O in(

0,T
Y (t,0) =1 (t,L) =1, (t,L) =0 in <o,T§ (4.3.25)

and, in addition,
¢u (L) =9, (+,0) = 0. (4.3.26)
Remark that (4.3.22) implies that the solutions of (4.3.24)-(4.3.26) cannot be identi-

cally zero. Therefore, the proof of the theorem will be complete if we prove the following
result:

Lemma 4.3. For any T > 0, let Ny denote the space of the initial states (¢°,¢°) €
H such that the solution (¢,v) = S (-) (¢, 0°) of (4.5.24)-(4.3.25) satisfies (4.3.26).
Then, for L € (0,400)\N, Nr = {0}, VT > 0.
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Proof. Let A be the operator

Alow) = (LTl ) o) e D),

with
D (4) = {(¢.0) € (H* (0,))" 50 (0) = ¥ (0) = 9 (L) = v (L) = 2 (0) = ¥, (L) = 0}

We prove that

1. dim (Nr) < 4o0;

2. NrCD (A) ;

3. A(Nr) C Nr.

Assertion 1 follows from the fact that B (0) is a compact subset of Nr. Indeed,
if {(©2,10)},en is a sequence in the unit ball {(¢°,¢") € Ny : [[(¢°,¢°)||; < 1}, we
can use the same argument used in the proof of Theorem 4.8 above to conclude that
{(¢2,¥0)}, cy has a subsequence converging in H, i.e., By (0) is a compact subset of
Nr. Hence, by Riesz” Theorem Nr is finite-dimensional.

In order to prove 2, we first observe that

T <1y, = NT2 C ]\/vT1 = dim (NTQ) < dim (NTl) .

Indeed, if (¢° ¢°) € Np,, then the solution of (4.3.24)-(4.3.25) satisfies (4.3.26) in
L*(0,73). In particular, as T} < T, the solution of (4.3.24)-(4.3.25) also satisfies
(4.3.26) in L*(0,Ty), then (¢",¢°) € Np,. Thus, the map T+ dim (Nr) defined in
R*, with values in N, is nonincreasing, which allows us to conclude that there exist
T, e > 0, such that

dim (N;) = dim (Np), Vt € [T,T + €] .

We prove that Ny C D (A). Let (¢°,¢°%) € Nr, (o, %) = S (+) (¢°, ") and 0 < t < e.
Since
(S (%0 ) =S (r+1) (¢°4)
e N

(7) :
for 0 <7 < T and (¢°, 2/10) NT, we obtain that S (¢) (¢°, %) € Np, and the
(corresponding) solution <<ﬁ > t) (p°, %)) satisfies

e (- )—1/)m( 0)=0in L*(0,L).

Then,
S (1) (¢, ¢°) — (¥°,9°)

€ Ny, (4.3.27)

for 7 small enough. Indeed,
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is a solution of the problem and satisfies

Moreover, note that

exist in H.

(@0’¢0) eD (A) < lim S (t) (‘Poﬂﬂo) — (9007¢O>

t—0t t

Now, we prove the existence of this limit in H. Set
My o= {(5,0) =S(r) (89°) 0 <r<T: (§,4°) € Ne}.

Observe that
My C C([O,T] ;H)
and if (p,¢) € My,
(p,0) € H' (O,T +e (H2(0, L))2> .

Therefore,
t1_1>10n+ (90 (t + ) v¢ (tt+ )) — (‘paw) — (@/ad)/) () c L2 <O,T; (H—2 (O,L))2> )

On the other hand, by (4.3.27)

(lt+-),0t+-) = ()
t

€ MT7

for 0 < t < e. Moreover, note that dim (M7) < 400, by the same arguments used to
prove that dim (Nr) is finite. So, My is a subspace of L? (0, T;(H2(0, L))2> which has
finite dimension. Consequently, Mr is closed in L? (0, T; (H=2(0, L))2> and (', ¢') €

My C C([0,T);H), ie.,
(0, 9) € CH([0,T]; H) .

Thus,
(9017 w/) (O) _ tlirg}r (()0 (t) 7w <t>t> — (()007 wo) _ tli%i S (t> (9007 w(;) — (@07 wo)

exist in H. Then, it follows that (©° ¥°) € D (A).
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Finally, we prove 3. As dim (Nr) < +o00 and Ny is a subspace of H, it follows that
Nr is closed in H. Then, if (¢°,4°) € Ny,

A (((po ¢0)) — lim S (t) (90071/}0) - (9007¢O) e Ny

t—+o00 t

therefore,
A (Nr) C Nrp,

which concludes the proof of 1, 2, and 3.

If Ny # {0}, the map (¢°, %) € CNy — A ((¢°, ")) € CNy (where CNy denote
the complexification of Np) has (at least) one eigenvalue. Hence, there exists A € C
and (©°,9°) € (H3(0,L))*\ {(0,0)} such that

)\(po — (wo /+ (¢0)/,/7
)

(£ (0)) = (" (1)) = .
= (0 (L)) = (4° (0)) =

To conclude the proof of the Lemma 4.3, we prove that this does not hold if L ¢ N.

(4.3.28)

Lemma 4.4. Let L > 0. Consider the assertion

(F)  3reC, 3(%¢°) e (H?(0,L))*\{(0,0)} such that
A’ = () + ()"
)

M = (¢ ) + ()" /
0 (0) = ¢ (L) = (£°(0))" = (¢* (L))’ =0,
W0 (0) = ¢ (L) = (¥° (L)) = (¥°(0)) =0

Then, (F) holds if and only if L € N.

Proof. Observe that setting v° := % + % and u® = ©° — ¢, it follows that (v°, u")
satisfies

- [ UO /—f_/(vo)m "
o =y L y |
10) =00 (L) = (1 (0) = (0 (L) =0

u® (0) =’ (L) = (u® (L))" = (u (0))" = 0.
Therefore, using the same argument of [62, Lema 3.5] the proof of Lemma 4.4 holds.
This completes the proof of Lemma 4.3 and also the proof of Theorem 4.8. n

The following theorem gives a positive answer for the control problem (4.3.1)-(4.3.2):

Theorem 4.9. Let T > 0 and L € (0,400) \N. Then, the system (4.3.1)-(4.3.2) is
exactly controllable in time T.
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Proof. Let us define the following functional
A 0t) = ! L) 0)I3
oY ) ~ 5 oz (-, )HL?(U,T) + |4 (-, )HL2(0,T)
L
— / (0" () ¢! (z) + w' (z) ' (2)) do (4.3.29)
0

where (¢!, 9') € H and (p,) is the solution of the backward system (4.2.10)-(4.2.11)
with initial data (!, ).

Let (@1, 1&1) € H be a minimizer of A. By differentiating A, we obtain that (4.3.4)

is satisfied with hy (t) = 9, (¢,0) € L*(0,T) and g» = ¢, (t,L) € L*(0,T). Hence, in
order to get the controllability result it is sufficient to prove that A has at least one
minimum point. But from (4.3.4) and (4.3.5), it follows that

1
A" 0") = 5 (les C Dz + 102 (0o

—A (0" (2) ¢ (z) +w' () ¥ (2)) da
>CH[(@h )| -

Hence, by Lax-Milgram Theorem, A is invertible and the proof of Theorem 4.9 is
complete. O

Remark 4.4. When (n°,w®) =0, H.U.M yields a (linear) continuous selection of the
control, namely

D (nhw') € (H')? — (9o (- L) 0 (L)) € (L*(0,7)),
where (p,v) denotes the solution of (4.2.10)-(4.2.11) associated to with (o', ) =
A ('t wh).
4.3.2 Single control

In this section we study the exact controllability, in time T, for the system (4.3.1)-
(4.3.2) with hy = 0. We first give an equivalent condition for the exact controllability

property:

Lemma 4.5. Let (p',w') € H'. Then, there exists a control go (t) € L*(0,L), such
that the solution (n,w) of (4.5.1)-(4.3.2), with hy = 0, satisfies (4.53.3) if and only if

(00" (28 ) s = — /0 g2 (t) g, (1, L) i (4.3.30)

for any (o', 9') € H, (p,1) being the solution of the backward system (4.2.10)-(4.2.12).

Proof. The relation (4.3.30) is obtained multiplying the equation in (4.3.1) by the so-
lution (¢, ) of (4.2.10)-(4.2.12) and integrating by parts. O
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For the study of the controllability property, a fundamental role will be played by
the following observability result:

Theorem 4.10. Let N = {QW,/W ke N*}. Then ¥V L € (0,+00) \N and ¥
T>0,3C(T,L)>0 such that
2 r 2
| (" )|, < C/ o (¢, L)|* dt, (4.3.31)
0

holds for any (¢',v') € H, where (¢,1) is the solution of (4.2.10)-(4.2.12) with initial
data (o', 9").

Proof. The change of variable t = T — t transforms (4.2.10)-(4.2.12) into (4.2.13)-
(4.2.15). Hence, inequality (4.3.31) is equivalent to

T
()| < C / o (1, L) dt, (43.32)

for any (¢°,¢°) € H, where (p,) is the solution of (4.2.13)-(4.2.15) with initial data
(", %), First, observe that by (4.3.7) and (4.3.8), we obtain

T
600y < e {6 e + [ o DIt

Now, we proceed by contradiction and argue as in the proof of Theorem 4.8. In this
case we obtain a solution (¢, ) of

¥t — wx - wzxaf =0 in (0, T) X (O, L) ,
VYt — Vr — Prza =0 in (0, T) X (O, L) ) (4333)
p(0,2) = ¢ (x), ¥ (0,2) =¢°(x) in (0,L),

satisfying the boundary conditions

t,0) =9t L) =, (t,0)=0 in (0,7),
{ zgt,oi Zi((t L)) Z(Zx ((t, L)) =0 in Eo,Tg, (4.3.34)

and, in addition,
0e (L) =0 (4.3.35)

and
(% ¥, =1. (4.3.36)

Remark that (4.3.36) implies that the solutions of (4.3.33)-(4.3.35) cannot be identi-
cally zero. Therefore, the proof of the theorem will be complete if we prove the following
result:

Lemma 4.6. For any T > 0 let Ny denote the space of the initial states (©°, %) €
H such that the solution (¢,v) = S(-) (¢, ) of (4.5.33)-(4.3.34) satisfies (4.3.35).
Then, for L € (0,400)\N, Nr = {0}, VT > 0.
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Proof. Let A be the operator

Alew) = (LTl ) o) e D),

with
D(4) = {(p.0) € (H*(0,1))" 50 (0) = (0) = ¢ (L) = ¥ (L) = . (0) = i (L) = 0}

Arguing as in the proof of Lemma 4.3, we conclude that Np verifies

1. dim (Nr) < o0

2. NrCD (A) ;

3. A(Nr) C Nr.

If Ny # {0}, the map (¢°,¢°) € CNy — A ((¢°,¢°)) € CNy (where CNy denote
the complexification of Nr) has (at last) one eigenvalue. Then, there exist A € C and

(¢°,0°) € (H*(0,1))*\ {(0,0)} satistying
Mg’ = [(1/10)' + (@0,

M0 = (¢ )'+( 9",
0 (0) =" (L) = (¢ (0))' = (¢* (1)) =0, (4.3.37)
W0 (0) = ¥° (L) = (¥° (1)) = 0.

To conclude the proof of the Lemma 4.6, we prove in the following lemma that
(4.3.37) does not hold if L ¢ N.

Lemma 4.7. Let L > 0. Consider the assertion

(F)  3reC, (% ¢0) € (H?(0,L))°\{(0,0)} such that

0 =)+ @],
M0 = [(p 0) +(¢°) ]
©°(0) = (L) = (¢
¥?(0) =" (L) = (¢° ( ))
Then, (Fy) holds if and only if L € N.

Proof. We use an argument which is similar to the one used in [62, Lema 3.5]. Assume

that (¢, ¢°) satisfies (F;) and let us denote by (¢, ) € (H2(R))> their prolongation
by 0 to R. Then,

{ —Np U U =Y (0) o+ (0) (00) = (D)o I DIR), g
—X '+ " = " (0) b0 — " (L) by n D'(R), B

A

where §,, and (,,)" denote the Dirac measure at x5. Note that the (F;) is equivalent to
the existence of complex numbers «, o, 3, v, 7/, A with (a, o/, 5,7v,7") # (0,0,0,0,0)
and (¢, 1) € (H? (R))” with compact support in [—L, L] such that

{ A9+ @+ ) + (@) =ad+B(G) +90r  nDR), 4
“Ae =) +(p=¥) +(p =) =ad = () +70r I D'(R). >
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Let us introduce the notation ¢ () = fOL ¢ (&) e7¢de and " (&) = fOL b (€) e d.
Then, taking the Fourier transform in (4.3.38) we obtain

—AG (&) + (i) ¥ (&) + (i€)* 9 (&) + " (L) e — " (0) — (i€) ¥/ (0) =0 (4.3.40)
and
—X (&) + (i€) ¢ (€) + (1€)> ¢ (€) — 9" (0) + ¢" (L) e € = 0. (4.3.41)
Then, adding (4.3.40) and (4.3.41) the follow identity holds
(=X + (i) + (i)%) (2(6) +D(©)) = (" (0) + ¥ (0)+(i€) ¥/ (0)+(=v" (L) = " (L)) e "%,
We denote

(" (0) + 4" (0)) + (i€) ' (0) + (=" (L) — " (L)) e”L?
—X+ (i€) + (i€)°

We also take the difference between (4.3.40) and (4.3.41) to obtain
(=2 = () = (1©)°) (£ (&) =¥ () = (=¢" (0) + " (O))+(i) v (0)+(—" (L) + ¢" (L)) e .

Here, we denote

(€)= (29 +9(9) =
(4.3.42)

(=¢"(0) + 9" (0)) + (i§) ¥/ (0) + (=0 (L) + ¢" (L)) e=™€
=\ = (i€) - (i€)’
Introducing the change of variable £ — —¢&, we have that

(=¢"(0) + 9" (0) = (&) ¥/ (0) + (=¢" (L) + ¢" (L)) €€

06 = (2©-9©) =

b (=¢) = Tt () 1 E) (4.3.43)
Setting A = ip, we write (4.3.42) and (4.3.43) as
; —iL¢
a(e) =itt é@f)_ﬁ ;‘J; (4.3.44)
and ! . ! iLE
b(—g) = LB (4.3.45)

&—&+p
Using Paley-Wiener theorem (see [79, Section 4, page 161]) and the usual character-

ization of H? (R) by means of the Fourier transform we see that (F;) is equivalent to
the existence of p € C and

((1{7 al? /87 77 ’y,) E C5\ (07 O’ 07 07 0) Y

such that .
o+ (i€) B+ ye Lt

& —&+p

f(&) =
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and .
_ o/ (i§) B+ e
E—E+p

g(&):

satisfies
a) f and g are entire function in C;

b) /R|f<£>|2(1+|£!2)2d£<ooand/R|g<£>F (14 1¢[%)° d¢ < oo;

¢) V€ € C, we have that |f (£)] < ¢ (1 + [€])" exp (ITm &) for some positive constants
c and k.

Remark that f and g are entire if and only if the roots po, p1 and us of @ () =
&3 — &+ p are roots of

ri(€) = a+ (i€) f+ye ' (4.3.46)
and |
ro (€)= — (i) B+ A< (4.3.47)
Furthermore, these roots are also roots of the sum of (4.3.46) and (4.3.47), i.e.,
s (&) == (a+d) +ye A eE (4.3.48)

Observe that if the roots of (4.3.48) are simple, a) holds if the roots of @ (£) are simples
and also roots of (4.3.48). Consequently, if a) is true, then b) and c¢) are satisfied.

The next steps are devoted to find the roots of (4.3.48) and to prove that they are
simple. Indeed, consider the equation s (£) = 0. Multiplying this equality by e'*¢, we
obtain that

o (6”‘5)2 +(a+a)e +y =0, (4.3.49)
ie., '
P (") =0,
where P denotes a polynomial function in e’*¢. Letting z = /¢, we have
P(x)=~2*+(a+a)z+7. (4.3.50)
The roots of P (z) are
1/2
—(a+a)+ ((a+a) = 4y
] Gt Ol ( : ) —47) (4.3.51)
2y
and L2
o +a) — +a 2 4~y
2y = —L2t ) (o : S —4m) T (4.3.52)
2y
Therefore, ' ' 4
P (e"™) =0« ™ =z or e = a,. (4.3.53)

Then, we deduce that the roots of s (&) lies in

2% 2%
Y= {§1+ L”T:kleN*}u{gﬁ Lﬂ: kQGN*}.
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Now, to conclude the analysis for f and g, we consider three cases:
Case 1: Suppose that @ (§) has three simple roots g, 1 and pg in Y. Then, f and ¢
are entire, i.e., they have the same simple roots, if

B =1 (0)=0. (4.3.54)

Thus, from (4.3.37), (4.3.54) and of Lemma 4.4 we conclude that (F;) holds if and
only if L € N.
Case 2: Suppose that @ (§) has a root of order three, namely, 1. In this case,

Q (o) = Q' (1o) = Q" (o) = 0. (4.3.55)
Then, py =0 and
Q (ko) =0 p=0.
If p =0, we obtain that
QE)=&—-¢=¢E+1)(E-1), (4.3.56)

which is a contradiction.
Case 3: Suppose that @ (§) has one double root g and a simple root ps. In this case,

Q (o) = Q" (1) = 0 and Q (p2) = 0. (4.3.57)
Then, from (4.3.57) we obtain

1 1
= —Or g = ———.
o= ="
If,UOZL
V3’
== (1o = o) = (1 1)— : (4.3.58)
p Ko Mo 3\/§ \/g 3\/§a cJ.

and, therefore, we obtain

Q(&):£3—5+%:(5—%)2<5+%). (4.3.59)

Consequently, we deduce that
2

M2 = —%-

is analogous and it will be omitted. Since g and ps are roots of

(4.3.60)

1
V3
Q (§), they g is also roots of r1, r}, ro and rj, furthermore, ps is also roots of r; and

9, where r; and ry are defined in (4.3.46) and (4.3.47), respectively. Here ' denotes the
derivative with respect to &. Thus,

The case pg =

a+izf+yexp (—iL\/%) =

0
4.3.61
i — (i) yexp (—z‘%%) =0, ( )
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o — i%ﬁ + v exp iL% =0

(4.3.62)
—if + (iL)~ exp iL\/%,; =0
and
a+1 (—l> B+ vexp (le) =0
V3 V3 (4.3.63)

o —i (—\%) B+ v exp (—z’L\%) =0.
Finally, we find L such that (4.3.61)-(4.3.63) are satisfied. Indeed, from the second
equations of (4.3.61) and (4.3.62), we get

1 1
=~Lexp | —iL— | =+'Lexp (iL— |, 4.3.64
B =vLexp ( \/g) 7' Lexp ( \/§> ( )
which give us that
1
"= ~yex (—22’1)—) . 4.3.65
Y exp 7 ( )

Replacing (4.3.64) and (4.3.65) in the first equations of (4.3.61) and (4.3.62), respec-
tively, we have

1 1 1
a+1—~vLex —L— ) +vex —L— 1 =0 4.3.66
/3P ( \/§> TP ( \/§> (4.3.66)

and
a — iifyL exp (—z’Li> + vy exp (—QiLL) exp (zLi) =0. (4.3.67)
V3 V3 V3 V3
Now, replacing (4.3.64) and (4.3.65) in (4.3.63) it follows that

a—+1 (—%) v L exp (—z’L\%) + v exp (zL\%) =0

N v e - (4.3.68)
o —1 (—7§> ~vL exp <—ZL7§> + vexp <—22L7§) exp (—2L7§> =0.
From (4.3.66) and (4.3.67), we obtain « and ¢/, i.e.,
1 1L

a=—yexp | —iL— —+1 4.3.69
e (it 75) (1) 1309

and ) .
o/ =~exp | —iL— | [ == — 1) . 4.3.70
ven (-it75) (5 310

Finally, replacing (4.3.69) and (4.3.70) in (4.3.68), it follows that

~ exp <—iL%> <_ng - 1) +yexp (zL%) =0 (4.3.71)
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and

~ exp <—iL%> (% - 1) + yexp (—QiL%) = 0. (4.3.72)

Thus, we have that v =0 or v # 0. If v = 0, the solution of (4.3.61)-(4.3.63) is the
trivial one, i.e., vy =+ = =a =0. If v # 0 we can add (4.3.71) and (4.3.72) to

obtain . . .
—2exp| —tL— ) +exp | 21L— | +exp | -4t L— | = 0.
P ( ﬁ) P ( ﬁ) P ( ﬁ)

Multiplying this equation by exp (42'1)\%) and denoting v := exp <3iL\/L§>, we have

¥ —24+1=0s (v-17°=0.

Since v = 1 is a root of P (v) = v? — 2v + 1, it follows that

1
l=exp|3iL— ).
b ( \/5)
Taking the modulus, it follows that L = 0.

Therefore, from the cases 1, 2 and 3 we deduce that (F;) holds if and only if L € N.
This completes the proof of Lemmas 4.6, 4.7 and Theorem 4.10. O

The following theorem gives a positive answer for the control problem (4.3.1)-(4.3.2)

Theorem 4.11. Let T > 0 and L € (0,400) \N. Then the system (4.5.1)-(4.5.2) is
exactly controllable, with hy = 0, in time T

Proof. Let us define the following functional

M) = 5llen Dl = [ 0 @ @)+ @0 @) e (@373

where (¢',9') € H and (p,) is the solution of the backward system (4.2.10)-(4.2.11)
with initial data (o', 91).
Let (@1, @/31> € H be a minimizer of A. By differentiating A, we obtain that (4.3.30)

is satisfied with go = ¢, (t,L) € L*(0,T). Hence, in order to get the controllability
result it is sufficient to prove that A has at least one minimum point. But from (4.3.30)
and (4.3.31), holds that

2
= CH|(eh -

Hence, by Lax-Milgram Theorem, A is invertible and the proof of Theorem 4.11 is
complete. O

At w') = . oz (- D)7z 0,y —/0 (n' (@) ¢" () +w' (2)¢' () do
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Remark 4.5. An important question is whether system (4.3.1)-(4.3.2) is exactly con-
trollable in time T > 0, where g = 0. Observe that, in this case it would be necessary
to prove an observability inequality of the type

T
I 0)s <C / i (1,0) 2 dt,
0

for any (o', ') € H, where (p,v) is the solution of (4.2.10)-(4.2.11) with initial data
(o', 1. Note that it can be done by using Lemma 4.2 together with the contradiction
argument used in the proof of the Theorem 4.10. Necessarily, we would have an impor-
tant difference in the proof of Lemma 4.7 since we would have the following assertion:

() 3recC, 3 (w, W) € (H? (0, L))*\{(0,0)} such that

Ap? = [(@°) + (¢° :ﬂ
wz[wo + (¢° }
0()=<P(L) (¥°(0)) =

0 (0) =0 (L) = (v° (L)) = (¢0())

Then (Fz) holds if and only if L € N'. In order to prove this result we can use the ideas
introduced to prove Lemma 4.7. Thus, the next result about the exact controllability of
the system (4.3.1)-(4.5.2) with go = 0 is also holds.

Theorem 4.12. Let T > 0 and L € (0,400) /N. Then the system (4.5.1)-(4.5.2) is
exactly controllable, with go = 0, in time T.

4.4 Exact Boundary Controllability For The Linear System:
Dirichlet boundary condition

This section is devoted to the analysis of the exact controllability property of the
linear system corresponding to (4.1.7) with boundary contgols of Dirichlet type. More
precisely, given T' > 0 and (n°, w°), (n”,w”) := (n',w') € &, we study the existence of

the controls (hg, go, h1,1) € Y, such that the solution (n,w) of the system
Mt + Wy + Wege = 0 in (OaT) (O L) )
n(0,2) =n°(z), w(0,z)=w’(z) in (0, L)

satisfying the boundary conditions

(t,0) = ho(t), n(t,L)="hy(t), n.(t,0) 0.7

{77(25 0) =go(t), n(t L)=g (1), Zﬂz(t,L):O in (0,7), (4.4.2)
satisfies

n(T,)=n", wl,-)=w'inX (4.4.3)

The spaces ¥ and ¥; will be defined later.
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Definition 4.3. Let T > 0. System (4.4.1) is exact controllable in time T if for any
initial and final data (n°,w®), (n*,w') € X, there exist control functions (ho, go, b1, 1) €
Y1 such that the solution of (4.4.1)-(4.4.2) satisfies (4.4.3).

We consider several cases regarding the amount of controls on (4.4.2).

4.4.1 Double control in L

In this section we consider (4.4.2) with hy = go = 0. We first give an equivalent
condition for the exact controllability property:

Lemma 4.8. Let (n',w') € ¥ := X'. Then, there exist two control (hy (t), g1 (t)) €
Sy o= [L2(0, L)), such that the solution (n,w) of (4.4.1)-(4.4-2) with hy = gy = 0,
satisfies (4.4.3) if and only if

<(7717 wl) ) (901’ w1)>X/><X - _/0 (hl (t) wa:x (tv L) + 251 (t) Pz (tv L)) dt? (444)

for any (p',9') € X, (p,v) being the solution of the backward system (4.2.10)-(4.2.12).

Proof. The relation (4.4.4) is obtained multiplying the equations in (4.4.1) by the so-
lution (g, ) of (4.2.10)-(4.2.12) and integrating by parts. O

For the study of the controllability property, a fundamental role will be played by
the following observability result:

Theorem 4.13. For any T > 0 and L > 0 there exist C = C (T, L) > 0 such that the
inequality

T

H@HWMiSCA(Wm@MF+Wm@LWMt (4.4.5)
holds for any (¢',¢') € X, where (¢,1) is the solution of (4.2.10)-(4.2.11) with initial
data (o', 9").

For the proof of Theorem 4.13, we need some basic estimates for the solution of the
adjoint system (4.2.10)-(4.2.12). Therefore, we prove the following lemma:

Lemma 4.9. For any (¢, ) solution of (4.2.10)-(4.2.11) with initial data (o*, V') € X,
there exist ¢y > 0, co > 0 and c3 > 0, such that

H (9017 ¢1) HX <1 (¢, @Z))”L?(O,T;X) ) (4.4.6)

||80m (tv L)H%Q(O,T) + ||1/’m: (t, L)H%Q(O,T) < ¢ H (9017 ¢1) ||§( (4‘47)
and ,
@z (8, 0) 1720 + l1tbza (8, 0) 12200y < 3] (" 0")|] - (4.4.8)
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Proof. Observe that (4.4.6) follows from the proof of (4.3.7).
In order to prove (4.4.7) we introduce p = p (z) € C? ([0, L]) satisfying

0, ifxel0,L/2
P@ =11 ifeehiin. (449)

Let us consider the functions

P (ta CL’) = p(l‘) ¥ (ta JZ) and IL (t’ l‘) =p (ZL‘) (0 (t,l’) )

which fulfill ~ _
Ui + Gz + Puzz = PP + PrzaP + 3PzaPz + 3P2Pra.

Now, multiplying the first equation of (4.4.10) by Ue, the second one by @, and
integrating in (0, L), we obtain

/ B (b, 2) D (1, 7) dx+/ B (b, 2) e (1,20 d:c+/ D (b, 2) e (1, 7) da
:/ WY (t, ) @/)m(, )d:v+/ Pz () Y (8, :B)wm(t x) dx

0

pm 2) Uy (£, 2) Vuw (£, 2) + po () Vs (£, 2) Vs (£, x)) d
(4.4.11)

and
L L L
/ Uy (t, @) Quy (t, ) do + / Ou (6, ) Pua (L, ) dx + / Pz (L, T) P (8, ) dx
0 0 0
L
) dx

:/0 Pz (m)@(tvx)gém (tax + ;
3 / (Pre (2) 9a (1,2) Baa (6,2) + pi (2) ps (,2) o (1, ) d.

Przz (T) @ (6, ) Pua (¢, ) da

(4.4.12)
We first analyze the terms on the left hand side of (4.4.11). From the boundary
condition and (4.4.9), we obtain, after integration by parts, (here we omit (t,z))

/OL@%/;M = ¢ty (t,x)‘j - /OL@M/;QC = —/OLgbtxqﬁz, (4.4.13)

Fosun [(3) - o
/OLzEmzzxz:/OL< T ) =3 |5

and

) . (4.4.15)
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A similar analysis can be done for the terms on the left hand side of (4.4.12):

L 5 L B
/ I/Jt@mr = _/ wtﬂﬁm (4416)
0 0
L L ~2
~ o~ SO.Z’ 1 ~ 2
z¥Prr — - = = 2| 4.4.17
/Ososo /0(2>m 5| Polemtl ( )
and
Lo 1 )
0

Then, from (4.4.13)-(4.4.18) the following identity holds

2 1 B 9
e e

/OL (@xl/;x)t + % | Goalyerl” + % ‘@z’m
= /OL {2 + Przath + 3 (Pra¥s + Potbaz)} 1;9390

L
+ / {20 + a2z + 3 P2z + P2uz)} Pua-
0

(4.4.19)
Integrating in the ¢ variable and estimating the right hand side terms, we deduce
that

T
2 2
| Gpalcsl + 1l )
2 2 2
< G (190300, + B0 oy + 1 01 )

2 2 2
+ Ch (H‘PHL?(O,T;H%O,L)) + llellcorsmo,n) + 1(#" W)HH) :
(4.4.20)
Note that, (¢,) is the solution of (4.2.10 )-(4.2.11) with initial data (o', ') € X, in

particular,
(0,9) € L*(0,T3 X)),

therefore,

T
/0v (’gpxx‘x:LF + ‘wxmlx:LIQ + ‘¢m|I=L‘2) dt S C || (gpl’ wl) Hi( :

Thus, (4.4.7) holds.
Finally, observe that modifying the function p = p (z) € C3 ([0, L]) by

1, ifzel0L)2
plr) = { 0 ifzc {3[1/{1,][1]. (4.4.21)

the same calculations above ensures that (4.4.8) holds and the Lemma is proved. [

With Lemma 4.9 in hands, we can prove Theorem 4.13.
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Proof of Theorem 4.13. The change of variable t = T' — t transforms (4.2.10)-(4.2.12)
into (4.2.13)-(4.2.15). Hence, inequality (4.4.5) is equivalent to

T
()| <C /O (Iaw (8 L)* + [t (£, L)[?) dt, (4.4.22)

for any (¢° ¢°%) € X, where (p,) is the solution of (4.2.13)-(4.2.15) with initial data
(¢°,9°).

We assume that (4.4.22) is not true. Then, there exists a sequence { (¢}, ¥9)}, .y € X
such that

[(em o)l =1, (4.4.23)
lnze (- D) [32iqzy — 0, as n — o0 (4.4.24)
and
2
"¢n,mx ('7 L>HL2(0,T) — 07 asn — oo (4425)

where (p,,1,) € Z := L?(0,T; X) is the solution of (4.2.13)-(4.2.15) with initial data
(@Y, 40). Let us denote

Y = 12 (0, T; (H/* (0, L))2> nco ([O,T] (" (0, L))2> .

We show that there exist some positive constant ¢; such that, V (v, ) € Z solution
of (4.2.13)-(4.2.15), one has

6o 0 < ex (e (D) a0y + e (D)o )

2
e (16 )5+ 1 ) o) - (4.4.26)
For that purpose, we differentiate the equations in (4.2.13) with respect to = to obtain
Ptz — ¢xw - ¢x:ca:x =0 in (O, T) X (0, L) R
{ wt:c = Pz — Prazx = 0 in (O, T) X (0, L) . (4427)

Now, multiplying the first equation of (4.4.27) by z1,, the second one by z¢, and
integrating in (0,7") x (0, L), we obtain, after integration by parts,

o= [ [wveasy [ [t [ v 000
vi w3 [ (1.4.28)

0—/ / TPrapr + //sox /0 w3 (L)
[ ewenmy [w-3[ [a. e

and
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Therefore, adding (4.4.28) and (4.4.29) and using Young inequality, we get
3 [T L
S| ) / / (vpat00), / / soxw?
2Jo Jo
L 2
[Paz (L) + e (L)) + 5 e )
0

(L)
| 0aw (L)° + |0 (L)) (4.4.30)

# [ (5 OF + L1 OF)

From (4.4.8), (4.4.6) and the embedding (H™/* (0, L))2 < (H' (0, L))*, we can bound
the last term in the inequality above, as follows

+2/0(
+%/OT(

T
/O g |Yaw (0) 7 dt < ecs || (°, 4°) Hi < eczen ||(, @/))Hiz(o,T;X) ;

and T
1
[ (51 OF 4 3o WF ) ar < Cle )l
0

for some C' > 0. Therefore, from (4.4.30), we get

T L ) ,
/0 /O (2 +02) < C (Ieww (5 Daoiry + 1w (Do)
+C (Il + 1) Gmonye) . (443D)

for some C' > 0. Thus, (4.4.26) follows.

Now, since X is compactly embedded in (H/* (0, L))2 N(H" (0, L)) one may extract
a subsequence of {(¢,,¥n)}, ey converging strongly to (¢,v) in Y. Moreover since the
embedding X < (H' (0, L))” is compact, from (4.4.23) we deduce that {(e0, ¥} en
converges to (¢°,10) in (H' (0, L)) at least for a subsequence. Denote such subse-
quences by the same index. From Lemma 4.9 and (4.4.24)-(4.4.26), we deduce that the
sequence { (@2, ¥2)} _y is a Cauchy sequence in X. Hence, it converges to (¢°,¢") € X
and (see the proof of Theorem 4.8) (¢, 1) € C°([0,T]; X) is a weak solution of (4.2.13)-
(4.2.15) satisfying

©(0,-) = ¢ and ¥ (0,-) = " (4.4.32)

and

(%) || = 1. (4.4.33)
On the other hand, (4.4.7) allow us to conclude that

(90n>;m ('a L) — Paz ('7 L) and (¢n)m ('7 L) — %z ('a L) ;
as n — 00. Then, from (4.4.24) and (4.4.25) we obtain ¢, (-, L) = ¢4, (-, L) = 0.
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Hence, (p,1)) is a solution of

Sot_q/}x_wxmmzo in (O,T) X <O,L),
YVt — Qo — Paza =0 in (0,7) x (0,L), (4.4.34)
p(0,2) =¢"(x), ¥ (0,2)=v¢°(z) in (0,L),
satisfying the boundary conditions
0 (t,0)=¢(t,L) =9, (t,0) =0 in (0,7)
{ G(L0) =0 (t L) = ¢, (L) =0 in (0,T), (4.4.35)
and, in addition,

Remark that (4.4.33) implies that the solutions of (4.4.34)-(4.4.35) cannot be identi-
cally zero. Therefore, the proof of the theorem will be complete if we prove the following
unique continuation result:

Lemma 4.10. Let (¢°, %) € X. Then if

0, Y) is a solution of (4.4.34)-(4.4.35 0 0
) (p, ) gatisﬁeﬁ ?4.4.36j } =y =9 =0 (4.4.37)
Proof. Let Nr be the space of initial data (©°,¢°) € X such that the corresponding
solution of (4.4.34)-(4.4.35) satisfies @y (+, L) = ¥y, (-, L) = 0 in L? (0, L). The space
N7 has the following properties:
1. dim (NT) < +00;
2. NrCD (A) ;
3. A(Ny) C Ny, where A is the operator

Ay = (Tl ) e e D),
with

D(4) = {(p.0) € (H*(0,1))" 50 (0) = (0) = ¢ (L) = ¥ (L) = . (0) = s (L) = 0} .

The proof of 1,2 and 3 is very similar the proof of Lemma 4.3, therefore it will be
omitted. Thus, the unique continuation principle (4.4.37) does not hold if and only if
Np # {0} or, equivalently,

there exists A € C and (p, ) € Np, such that (p,1) # 0 and A (p, ) = X (p, ).

(4.4.38)
Note that (4.4.38) means that there exists a nontrivial solution (p,) of the system

—Ap+ ¢ +¢" =0 in (0,T) x(0,L),

—AMp+ @'+ =0 in (0,T) x(0,L),

satisfying the boundary conditions
(s0 s -go im0 non i)
(0) =9 (L) =y (L) =¢" (L) =0 in (0,7).

Thus, to conclude the proof of Lemma 4.10, the following result is needed.

(4.4.39)



116

Lemma 4.11. If (A, p, %) is solution of (4.4.39)-(4.4.40), then
o= =0. (4.4.41)

Proof. Let us remark that A = 0 is not a solution of (4.4.39)-(4.4.40). Indeed, A = 0
implies that (p, ) is the solution of

v +y9" =0 in (0,T ),
{ 80/ _|_ ()0/// — 0 in (O, T) ’ (4442)
satisfying the boundary conditions (4.4.40). But, the unique solution of this problem
is ¢ =1 =0, hence A = 0 is not a solution of (4.4.38).

Now, we introduce the Fourier transforms of ¢ and ),

o (&) :/0 ¢ (x) e dx and 1 (€) :/0 Y () e ™ d.

Thus, ¢ and lﬁ are entire functions.
By multiplying the first and the second equations in (4.4.39) by e~*¢ and integrating
by parts, we obtain

{ =A@+ (i€ + (i€)°) & = (i&) v/ (0) + " (0),
—A + (i€ + (i€)°) ¢ = — (i€) ¢’ (L) e + ¢ (0) .

Denote @ (€) := ¢ (€) + ¥ (£) and 9 (€) := ¢ (€) — 1 (€). Thus, setting A = ip

!

e

(&) v (0) + 9" (0) — (i€) ' (L) e + 9" (0)) (4.4.43)

and
3(6) = —— (i) (0) + & (0) + (i€) ' (L) e — " (0)).
ip— i€ — (i€)

Now, we consider the change of variable £ — —&, to obtain that

b
&—E+p

Denote a = (¢ (0) + ¢ (0)), B = ¥/ (0), ¥ = —¢/ (L) and o/ = (~¢ (0) + 4" (0)).
Adding (4.4.43) and (4.4.44), we get

0(=¢) = (= (@) ¥ (0) + " (0) — (i€) ' (L) e = " (0)) . (4.4.44)

I b(—€) = —— (a+d + 2wi€ cos =N (€)
O +0 (=) = g, (o + Wik eos (LE)) := oz
and
G(€) = 0 (~€) = o (0 — o + 2B + vi€ (~20)sin (£€)) = 2 &)
S Q)



117

where are have used that

e +e W . e —e W
COsY = ———o—— and siny = —
i

Remark that «, 3, v and o determine uniquely ¢ and 1& and, consequently, ¢ and .
Moreover, @ and v are entire if and only if @ (§) + 0 (=€) and u (§) — 0 (—&) are entire.

Therefore, the next steps are devoted to the analyze the roots of r1, 7, and () defined
above. Necessarily, 4 4+ v and 4 — ¥ are entire if the roots of ry, ry are also roots of Q.
First, observe that

{ a+ o +2vicos (LE) =0 N 2vig cos (L) = —(_a —/F o)
o — o + 2Bié + vi€ (~2i) sin (LE) = 0 2wig sin (L) = “— +20¢

(4.4.45)
or, equivalently,
4 (vi€)? cos® (LE) = (a+ o)’
{ 4 (VZ£)2 sin2 (Lg) _ (a _ O/)2 + 45252 + %55 (Oé _ O/) ‘ (4446)

Therefore, adding the identities in (4.4.46) and using the basic relation cos? (L) +
sin? (L¢) = 1, we obtain that

(8% +v%) & + @ﬁg +aa’ = 0. (4.4.47)

Taking (4.4.47) into account, we obtain a contradiction. Indeed, (4.4.47) allows us
to conclude that r; and ry have, at least, two roots, unless

pE+1v? =0,
/
(o = Vg _o, (4.4.48)
ad =0.

From the first equation of (4.4.48) we have that § = +iv. We analyze the case 5 = iv,
since the case § = —iv is similar. If 5 = iv, by the second equation of (4.4.48), it
follows that

(a—a')v=0. (4.4.49)

If v =0, then § = 0 and, therefore, ¢/ (0) = ¢’ (L) = 0. Thus, (¢,%) is a solution of
the system

{_Mﬂrwurw:o in (0,7) x (0, L), (4.4.50)

0, T
M+ +¢" =0 in (0,7)

satisfying the boundary conditions

{ p(0)=¢(L)=¢'(0)=¢ (L) =¢" (L) =0 in (0,T) (445)
Y ()= (L)=4¢'(L)=4¢'(0)=¢"(L)=0 in (0,T A

Then, (¢,%) =0, for all L > 0, which concludes the proof.
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Now, we consider the case v # 0. Thus, from (4.4.49) we get @ = ¢ and from the
third equation of (4.4.48) its follows that « = o/ = 0. Returning to the system (4.4.45)
the following identities holds

€cos (LE) =0, £ cos (LE) =0,
{ 2i%¢ — 2i%sin (L&) =0 { £ (1 —sin(LE)) = 0. (4.4.52)

The roots of (4.4.52) are { =0 or L = g + 2km, k € N*.

Recall that the idea we have in mind is to check if the roots of r; and ry are the
roots of @, i.e.,

Q(0) =0,

0 <l N k:_w) 0 (4.4.53)
2L L

If @(0) = 0, then, necessary p = 0 and, therefore @ (§) = £(§ +1) (£ —1). Thus,
the roots of @ (§) are o =0, u3 = 1 and pus = —1. We will show that these roots can
not be simultaneously roots of (4.4.52). Indeed, replacing £ = p1; = 1 we have

cos (L) =0,
sin (L) = 1.
Then,
L= g 4 %y, for ki € N, (4.4.54)

If £ = py = —1, then

[amlp=y

ie.,

L= —g + 2kyr, for ky € N*, (4.4.55)

which contradicts (4.4.54).
Lastly, we consider L = g + km, k € N*. Then,

Ly = g +kym k€ N¥, for i = 0,1,2, (4.4.56)
where p; are the roots of @ (). Observing that such roots satisfy

o + p1 + p2 =0,

it follows that 3
T
7+7T(k'0—|—]€1+k2) :O,

which is not possible, since kj,k2,k3 € N*. Then, (4.4.56) not are root of @ (&).

Thus, v = 0 and (4.4.50)-(4.4.51) holds, for all L > 0. This allow us to conclude
that (¢,1) = (0,0). This complete the proofs of the Lemmas 4.10 and 4.11 and the
Theorem 4.13.

[
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The following theorem solves the control problem (4.4.1)-(4.4.2) with hg = go = 0:

Theorem 4.14. Let T' > 0 and L > 0. Then, the system (4.4.1)-(4.4.2) is exactly
controllable, with hg = go = 0, in time T

Proof. Let us define the following functional
A (@1,¢1) - % (H%x ('7L)||i2(O,T) aall| ('»L)Hi?(o,T))
[ @@t e @) (1.4.57)
where (¢!, 9') € X and (p, ) is the solution of the backward system (4.2.10)-(4.2.11)
with initial data (!, ¢!).

Let ((,51, 1$1> € X be a minimizer of A. By differentiating A, we obtain that (4.4.4)

is satisfied with hy = 9., (t, L) € L*(0,T) and g1 = ¢ (t, L) € L*(0,T). Hence, in
order to get the controllability result it is sufficient to prove that A has at least one
minimum point. But from (4.4.4) and (4.4.5), holds that

1
A ("8 = 5 (1w (3 DIEaoiry + 10w (D a0))

L
- [ 0@t @ e @) v @) ds
0
> CH|(" o) [l -
Hence, by Lax-Milgram Theorem, A is invertible and the proof of Theorem 4.14 is
complete. O
4.4.2 Single control in L

In this section we consider (4.4.2) with hy = go = h; = 0. The following lemma gives
an equivalent condition for the exact controllability property:

Lemma 4.12. Let (n*,w') € X'. Then, there exist one control g, (t) € L? (0, L), such
that the solution (n,w) of (4.4.1)-(4.4.2) with hg = go = h1 = 0 satisfies (4.3.3) if and
only if

T
(" w"), (@' 0") gy = —/ 91 (t) P (t, L) dt, (4.4.58)
0
for any (', 91) € X, (p,v) being the solution of the backward system (4.2.10)-(4.2.12).

Proof. The relation (4.4.58) is obtained multiplying (4.4.1) by the solution (p,1) of
(4.2.10)-(4.2.12) and integrating by parts. O

For the study of the controllability property, a fundamental role will be played by
the following observability result
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2 2
W fom R e (1459
and
1 1 > 1 1 .
R=qm[{5+2k) +(5+2) +{5+2k)(5+2):kleN 5. (4460)

Then, ¥ L € (0,400)\(NUR) andV T >0, 3C (T, L) > 0 such that

Theorem 4.15. Let

T
(Y| < C‘/O | 0ua (£, L)|? dt, (4.4.61)

for any (o', ') € X, where (p,v) is the solution of (4.2.10)-(4.2.12) with initial data
(' 9.

Proof. The change of variable ¢ = T — ¢ transforms (4.2.10)-(4.2.12) into (4.2.13)-
(4.2.15). Hence, inequality (4.4.61) is equivalent to

T
() <€ [ttt L (102

for0 an%f (¢, %) € X, where (¢,1) is the solution of (4.2.13)-(4.2.15) with initial data
v \77\% a)tssume that (4.4.62) not is true. Then, there exists a sequence {(¢}, ¥9)}, .y € X
such that
(e[ =1 (4.4.63)
and
|l en,zz (- L)||iQ(O’T) — 0 as n — oo, (4.4.64)

where (p,,1,) € Z is solution of (4.2.13)-(4.2.15) with initial data (©2,42%). Let us
denote ) )
Y = 2 (O,T; (H74(0,L)) ) nee ([O,T] (H' (0, 1)) ) .

We show that there exist a positive constant ¢; such that: V(p,1) € Z solution of
(4.2.13)-(4.2.15), one has

2 2 2
1o I < ex (Ims C DZaomy + 102+ 10 o) - (4465)
For that purpose, we use the multiplier method. Multiplying the first equation of

(4.2.13) by (z — L) 1., and the second one by (z — L) ¢,, and integrating in (0,7") x
(0, L), we obtain

L
/ ) / (@ = L) thuw (01 — Yo — Yua) dzdt = 0 (4.4.66)
0 0
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and

/ / T — L) rz (Yt — 00 — Paaz) dxdt = 0. (4.4.67)
We first analyze the terms in (4.4.66):

/OT/OL@_L)wmsot:/OT (:U—L)i/fx%‘oL—/OT/OL%%—/OL/OT@—L)%@M
[ [ [ [ v —/L/Tx L)t
[ [t [ ek [0 @
[ [ @

—/OT/OL<w—L>wmw——/( ) //rw\
:——/ w3 ( //Owr (4.4.69)

[ e = [ (55 ) [
:——/ 02, //w Lo @an)

Replacing (4.4.68)-(4.4.70) into (4.4.66) it follows that

//w P dwdt = -—/ e t0|dt——/ b (£, 0 dt
/¢ (1,0) thas (£, 0) dt + > //lw|dazdt // v — L) yorndadt.

(4.4.71)

and

Now, we analyze (4.4.67):

//stow/ngpwo//gmb//xL
[ [l [ [eul s [ etrww aam
[ [ @
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[ [ e noav=- [ ()] 3 [ [ ek
/ / |al” (4.4.73)

—/OT/OL@:—Lw,omsomZ—/OT ("”2L)|<,om| //|%|
=—§/OTV@M(O)‘2+§/O /0 loaal?. (4.4.74)

Replacing (4.4.72)-(4.4.74) into (4.4.67) we get

/ / |Paa|” dadt = ——/ |@ua (t,0)]? dt—l—/ ©u (t, L) oz (t, L) dt 0.475)

/ / "Pw‘ da?dt—/ / x — L) dxdt.

Therefore, adding (4.4.71) and (4.4.75) and using Young inequality, is follows that

/ / (Ipwz]® + [P )dxdt</ <i¢x (t, 0)+5¢m (t, 0)) dt

+2/ (e (&, L)* + lpa (£, L)) dt + 5 // ol dzdt (4.4.76)

// Y| dxdt—// x — L) huipy), ddt.

Arguing as in (4.4.30) and (4.4.31), (4.4.65) follows.
Hence, proceeding as in the proof of the Theorem 4.13 we obtain (¢, 1) solution of

and

—%:—wmx:() in (O,T) X (O,L)7
Yy — Pz — Pz =0 in (0,7) x (0,L), (4.4.77)
p(0,2) =¢"(z), ¥(0,2) =¢%(x) in (0,L),
satisfying
[ ")l x =1, (4.4.78)
,0)=p(t, L t,0)=0 in (0,7),
{ i% £,0) = i( L)) — o, <(t,L) 0 i (O,T; (4.4.79)
and

Pz (- L) = 0. (4.4.80)

Remark that (4.4.78) implies that the solutions of (4.4.77)-(4.4.80) cannot be identi-
cally zero. Therefore, the proof of the theorem will be complete if we prove the following
result:
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Lemma 4.13. For any T > 0 let Ny denote the space of the initial states (¢°,¢°) €
X such that the solution (p,v) = S () (%, V) of (4.4.77)-(4.4.79) satisfies (4.4.80).
Then, for L € (0,400)\ (N UR), Nr = {0}, VT > 0.

Proof. Let A be the operator

Ay = (Tl ) e e D),

with
D (4) = {(.4) € (H* (0, 1)) (0) = .0) = ¢ (1) = ¥ () = 0, (0) = (1) =0}

Using the same argument of the proof of Lemma 4.3, Ny verifies

1. dim (Nr) < 4o0;

2. NrC D (A) ;

3. A(Ny) C Ny.

If Ny # {0}, the map (¢°,4°) € CNy — A ((¢°,4°)) € CNy (where CNy denote
the complexification of Np) has (at least) one eigenvalue. Hence, there exist A € C,

(¢°, 4°) € (H3(0,L))*\ {(0,0)} such that
A’ = [<w0>’ + (9",

w0 = [(@) + ()],
410 =) = (A 0) = (1)) =0 (1.4.81)
90) = () = (0 (L)) =0,

To conclude the proof of Lemma 4.13, we prove that this does not hold if L ¢ N.

Lemma 4.14. Let L > 0. Consider the assertion
(Fo)  3reC, 3 (% ¢ e (H*(0,L))*\{(0,0)} such that

A? = [(0) + ()],
o= (@) + () ], )
P (0) = ¢* (L) = (¢°(0))' = (900 (L))" =0,
W0 (0) =0 (L) = (v° (L)) =
Then, (F3) holds if and only if L € N UR.

Proof. We use an argument similar to the one used in [62, Lema 3.5]. Assume that

(¢, 4°) satisfies (F,) and let us denote by (¢, ) € (H?(R))? its prolongation by 0 to
R. Then,

—Ap " =" (0) 8 + 147 (0) (0 o) —¢"(L)6;, inD(R),
{ —Mp+ ¢+ " =" (0) 6o — &' (L) (d1.) in D' (R), (4.4.82)

where 4, and (,,)" denote the Dirac measure at . Note that the (F) is equivalent to
the existence of complex numbers «, o, 8, v, 7/, A with (a, o/, 5,7,7") # (0,0,0,0,0)
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and (p,v) € (H? (R))* with compact support in [—L, L] satisfying

{ N+ V)+ @ +9) + @+ 9)" =ad+ B (%) +vL++ (0r)  inD(R),
A=)+ (=) + (e —v)" = a6 — B (6) +70L+7'(6r) in D’(ﬁ) )

We introduce the notation ¢ (§) = fOLgp(ﬁ) e~ dz and 1 (&) = fOLw (€) e~ ™¢d.
Then, taking the Fourier transform in (4.4.82) we obtain

—AG (&) + (i) ¥ (&) + (1€)* 9 (&) + " (L) e — " (0) — (i€) ¥/ (0) =0 (4.4.84)
and
— X (&) + (i) ¢ (&) + (i€)° ¢ (€) — " (0) + (i) ¢’ (L) e £ = 0. (4.4.85)
Adding (4.4.84) and (4.4.85) it follows that
(=X + () + ()®) (2(6) + 9 (&) = (" (0) + " (0)) + (i€) ' (0)
— " (L) e ™ — (i€) ¢ (L) e 5.

Then, we denote

(¢ (0) + 4" (0)) + (&) ¥’ (0) — ¥ (L) e ™" — (i&) ' (L) e ™
— A+ (i€) + (i€)°
(4.4.86)

Now, taking the difference between (4.4.84) and (4.4.85) the following identity holds

(=X = (i) = (i€)®) (#(€) = (€)= (—¢" (0) + ¥ (0)) + (i€) ' (0)
(L) e 4 (i) ¢ (L) e,

i(€) = (2 +9(9) =

We denote

N A /" 7 / N 67”@ i / e*iLg
b (€)= (¢)(£)—¢(£))=( ©"(0) + (0))+(§_);b_(0()i§)f(§g)3 + (i€) ¢ (L) |

In the identity above, consider the change of variable £ — —¢ and the new function

(¢ (0) + 4" (0)) — (i) ¥/ (0) — ¥ (L) €' — (i6) ' (L) e

0 (=€) = SNt 66 1) (4.4.87)
Setting A = ip it is possible to write (4.4.86) and (4.4.87) as
a(g) =2 TP +£ze__§i;7/ (i) e (4.4.88)
and o — (i€) B+ ye's + 4/ (i€) e'té
0(—€) =i S . (4.4.89)

& —&+p
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Using Paley-Wiener theorem (see [79, Section 4, page 161]) and the usual character-
ization of H?(R) by means of their Fourier transforms we see that (F) is equivalent
to the existence of p € C and

(a7 al? /67 77 7/) E C5\ (07 07 07 07 0)

such that +(i€) B + yeiE 4 (i) e~iLt
i e yus)e
f (5) 63 _ f _|_p
and o/ — (i€) B+ 7€'t + o (i) €'t
g (f) = B —E4p
satisfies

a) f and g are entire function in C;

b>/er<>| (1+\51)ds<ooand/rg (1+1¢2) de < oo

¢) V€ € C, we have that |f (€)] < ¢(1+ [€])* exp (1Tm €) for some positive constants

c and k.
Remark that f and g are entire if only if the roots jig, 1 and po of Q (€) := &3 —E+p
are roots of

r1(€) = a4 (i) B+ ye " 4o/ (i) e (4.4.90)
and A A
ry (€) = o — (i) B+ ve't 44/ (i€) <. (4.4.91)
In particular, f and g are entire if and only if f + ¢ and f — ¢ are entire, where
{ f+g:= (a+a’)+2(7+7’i§)cos(L§') . (4.4.92)
f—g:=(a—a)+2(i&) B+ (v +7 (i) (—2i) sin (L) .
ety —iy W _ oW
Here we use that cosy = % and siny = i

If the roots of (4.4.92) are simple, a) holds if the roots of £ — £ + p are simples and
also roots of (4.4.92). Observe that if a) is true, then b) and c) are satisfied. We find
the roots of (4.4.92) and prove that they are Simple:

2.+ ~i€) cos (LE) = ~ (ar+ )
{ 21+ vig)sin (£6) = C= ) 4 96

or, equivalently,
4 (y + 7€) cos? (LE) = (a + o)?
Ay 4 /i) sin? (L) = — (o — o + 46262 + 5 56 (0 — ).

Therefore, adding the identities in (4.4.93) and using the basic relation cos? (L) +
sin? (L€) = 1, we have

(ﬁ2 + (7’)2) &+ <—(a - ¥V 277’%’) ¢+ (a0’ =9%) = 0. (4.4.94)

(4.4.93)
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Taking (4.4.94) into account, we obtain a contradiction. Indeed, (4.4.94) allow us to
conclude that (4.4.92), at least, two roots, unless

B+ () =0,
(a—a)

i
aa/ — 2 = 0.
From the first equation of (4.4.95), we obtain 5 =7/ and § = —iv’.

We analyze the first case, since the second is analogous and it will be omitted. If
B =17/, the second equation of (4.4.95) give us that

MB —27vyi=0= ((a — ') — 2vi)y' = 0. (4.4.96)

Now, we consider two cases:
a) If v/ =0, then 8 = 0. Thus, from (4.4.90) and (4.4.91) we have

_a+76*iL5
and [ et
_arrer

Then, [62, Lema 3.5] ensures that 4/ = § = 0 and, (F2) holds if and only if L € N.
b) If 4/ # 0, the third equation of (4.4.95) and (4.4.96) give us that (observe that

a,a #0)
— A~/ ;
a— o = 2yi - a =« +2722,
ao/ = 2 o=
C(/
Thus,
72 / . / . N2
pvinle +27vi e (o +iy)" =0
and, therefore
o = —iy and a = 7. (4.4.97)
Returning to (4.4.92) and replacing (4.4.97), f + g can be written as
[+9=2(y+~i&)cos (LE). (4.4.98)

Let us find the roots of f + g. Note that if 2 (y + /i) cos (L&) = 0, then
i
- __ 4.4.99
e--2 (44.99)
or

Le = g +km, k€ N*. (4.4.100)
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As previously mentioned we suppose that, the roots of f+ g are (also) roots of @ (£).
Then, we consider pg, 1 and s three simple roots of @ (§) and introduce

A= {/‘LOHMDMQ yes is root of Q (5)7 for i = 07 172} :

We consider two cases:

v
) ——¢&A:
) Z'y/ ¢ ’
1) -L e A
iy
The case I ensures that -

with k; € N* for ¢« = 0,1,2. Then, ug, 1 and us satisfies

L(p1 = po) = (k1 — ko) m

and
L(pz — ) = (ka2 — k1) 7.

Denoting Iy = k1 — kg and Iy = ky — k1, from the relations above, we get

l
1y = —1L7T + o, b € N7 (4.4.102)
and I I +1
+
Mo = 277"' + ur = % + Uo, ll,lz € N*. (44103)

On the other hand, we know that

(& — o) (€ — ) (€ —p2) =& —E+p,

since we are assuming that pg, gy and ps are simple roots of ). Thus,

to + 1+ pe =0, (4.4.104)
pop + flopz + pape = —1, (4.4.105)
o1 flo = D. (4.4.106)

From (4.4.102), (4.4.103) and (4.4.104) it follows that

2 2L, +1
3uo+<l2—z ll)ﬂzO:tho:—( 1; 2) m, for 1,1, € N*. (4.4.107)

But if the roots of @ (§) has the form (4.4.101), from (4.4.107) we obtain

201 +1 T
_< 13 2)7r:§+/f0-

This equality does not hold since [; and [, are natural numbers different from zero.
Therefore, we conclude that the roots of @ (§) are not given by (4.4.100).
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The case II ensures exactly the opposite situation, that is, —,l/ € A. Remember
i

that we are analyzing the case in which 5 = 47/, thus (4.4.97) holds. Thus,

f+9=2(y+~"&)cos (LE) (4.4.108)
and
f—g=2i(y++4€) (1 —sin (LE)). (4.4.109)
If we denote
_ 7
Mo = —-—
iy
and pg, p1 and pe the simple roots of @ (§), then
p # H2 # fo- (4.4.110)
On the other hand, py and pg must be the roots of (4.4.108) and (4.4.109), i.e.
2(v+7'ip) cos (Lpa) = 0,
2i (v +7'ip) (1 = sin (Ly)) = 0,

and .
2(v +7'ip2) cos (Lps) = 0,
2i (v +7'tp2) (1 = sin (Lpo)) = 0.

But from (4.4.110),

cos (Lpy) =0,

sin (Luy) =1,
and

cos (Lug) =0,

sin (Lps) = 1.

From these relations it follows that
1
L,Uq:g—i-Z/{IlT(, k‘l EN*@Mlz%(i‘i‘Z/{l) s k‘l e N*

and

1
L,ugzg—l—Qking, ]’CQEN*@MQZ%<§+2]€2>,]€QGN*.

Note that (4.4.104) ensure that pg = —pu; — po and from (4.4.105) we obtain the
relation
— (1 + p2)* + iz = =16 p13 + p3 + papn = 1. (4.4.111)

Now, replacing p; and ps in (4.4.111) we obtain

1 21 21 1

with k’l, k’Q € N* and k‘l 7é kﬁg.
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Again using the relation (4.4.104), replacing pq and po, we have that

™

fo = L(1+2(k1+k2)),

with pg # p;, for i = 1, 2. Therefore, chosen v and 7’ such that

T
T Mo,
iry
(F2) holds if and only if L € (M UR). This completes the proof of the Lemmas 4.13
and 4.14 and Theorem 4.15. [l

The following theorem solves the control problem for (4.4.1)-(4.4.2) with hg = gy =
hl = 0:

Theorem 4.16. Let T > 0 and L € (0,400)\ (N UR). Then, the system (4.4.1)-
(4.4.2) is exactly controllable, with hg = go = hy = 0, in time T.

Proof. Let us define the following functional

1 L

M) = S e Dl — [ (0 @6 @0+ 0! 00! @) ds - (@44112
where (o', 9!) € X and (p,%) is the solution of the backward system (4.2.10)-(4.2.11)
with initial data (o', 91).

Let (@1, @/A)l> € X be a minimizer of A. By differentiating A, we obtain that (4.4.58)

is satisfied with g; = ¢, (t,L) € L*(0,T). Hence, in order to get the controllability

result it is sufficient to prove that A has at least one minimum point. But from (4.4.58)
and (4.4.61), holds that

1
A" 0") = 5 (les C Dz + 102 (02
L

—A (0" (2) ¢ (z) +w' () ¥ (2)) da

= CH|(N ) -

Hence, by Lax-Milgram Theorem, A is invertible and the proof of Theorem 4.16 is
complete. O

Remark 4.6. An important is whether system (4.4.1)-(4.4.2) is exactly controllable in
two situations: i) hy = g1 = 0 and i) go = h1 = g1 = 0. Observe that, for the first
case, it would be necessary to prove that, for any T > 0, there exist C = C (T,L) > 0,
such that

T
0015 <C [ (o (6O + o (1 OP) .
holds for any (¢',9) € X, where (p,1)) is the solution of (4.2.10)-(4.2.11) with initial

data (', "), For the second case, it would be necessary to prove that

m%wﬁscl<wm@w%w
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for any (o, ') € X, where (p,v) is the solution of (4.2.10)-(4.2.11) with initial data
(o', ). Note that both inequalities can be obtained following the same steps of the
proof of Theorems 4.13 and 4.15. Necessarily, we have to treat new spectral problems.
However, considering the change of variable t — T —t and x — L — x, we obtain the
following problem

ﬁt + Wy + Wege =0 m (0, T) X (O, L) 5
Wi + Mg + Moz = 0 in (0,T) x (0,L), (4.4.113)
ﬁ(T,Hf) :ﬁT (33'), lT)(T,:C) =w’ (33) in (O,L),
satisfying the boundary conditions
0 (t, 0)—0 N, L) =ho(t), 7, (L) =0 in (0,7)
T AR S ] )
for the first case, and
7(t,0) =0, 7(t L) =ho(t), 7 (t,L) =0 in (0,T)
{ B (1,0) =0, (1, L) = 8 @, (1,0) = 0 in (0.T), (44.115)

for the second case. Thus, the exact controllability of (4.4.1138)-(4.4.114) is obtained if

we prove that
|2 T )
|(e9)], </ (lsaxm(t,L)l +
X 0

for any (@0,1/;0) € X, where <g571/1> 15 the solution of

~ 2
s (1,1) ) dt,

Bt + Vp + Voew = 0 in (0,T) x (0,L),
Yy + Pp + Poza =0 in (0,T) x (0,L), (4.4.116)
¢ (0,2) =¢° (z), w(0,z)=4¢"(x) in (0,L),

satisfying the boundary conditions
@(t,O):@(t,L):@x(t,L):O in (0,7),
W (t,0) = (t,L) =1, (t,0) =0 in (0,7T),

forT >0 and L > 0. In order to obtain the controllability result for (4.4.113)-(4.4.114)
1t 1s necessary to prove that
9 T
<c /
X 0

(%)

for any ((,50,1/;0) € X, where <g5,1/~)) is the solution of (4.4.116)-(4.4.117), for T >

0 and L € (0,00)\ (N UTR). Therefore, we transfer the problems of the Dirichlet
condition on zero for the Dirichlet condition on L. This is exactly what was done in
Theorem 4.15 and Lemmas 4.13 and 4.14. Then, the following theorems holds:

(4.4.117)

~ 2
e (1, 1),
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Theorem 4.17. Let T' > 0 and L > 0. Then, the system (4.4.1)-(4.4.2) is exactly
controllable, with hy = g, =0, in time T = 0.

Theorem 4.18. Let T' > 0 and L € (0,400)\ (N UR). Then, the system (4.4.1)-
(4.4.2) is exactly controllable, with go = hy = g1 =0, in time T = 0.

Remark 4.7. Note that due to change of variable described in Remark 4.6, Theorems
4.17 and 4.18 show that the solution of the systems can be driven from any instant T
to the zero initial data.

4.4.3 Double mixed control of Dirichlet type

In this section we consider (4.4.2) with go = hy = 0. We first give an equivalent
condition for the exact controllability property:

Lemma 4.15. Let (n',w') € X'. Then, there exist two control (ho(t), g1 (t)) €
[L? (O,L)]Q, such that the solution (n,w) of (4.4.1)-(4.4.2) with go = hy = 0, satis-
fies (4.4.3) if and only if

('), (o)) = /0 (o (1) s (1,0) — g1 (8) pun (£, D))t (44.118)

for any (o', Y1) € X, (p,) being the solution of the backward system (4.2.10)-(4.2.12).

Proof. The relation (4.4.118) is obtained multiplying the equations in (4.4.1) by the
solution (¢, ) of (4.2.10)-(4.2.12) and integrating by parts. ]

For the study of the controllability property, a fundamental role will be played by
the following observability result:

Theorem 4.19. Set N' and R defined as in Theorem 4.15. Then, for T > 0 and
L € (0,400)\ (N UR), there exist C = C (T, L) > 0 such that the inequality

H(g&l,zbl)Hi( < C/O (Ize (8 L) + [tbes (£, 0)[) dt, (4.4.119)

holds for any (¢!, 9') € X, where (p,1)) is the solution of (4.2.10)-(4.2.11) with initial
data (o', 9").

Proof. The proof follows closely the proof of Theorem 4.15, therefore we omitted the
details. The change of variable ¢ = T' — ¢ transforms (4.2.10)-(4.2.11) into (4.2.13)-

(4.2.15). Hence, the proof of inequality (4.4.119) is equivalent to the proof of the
inequality

T
() |5 < C /0 (I (8, L)* + [ths (£, 0)]?) dt, (4.4.120)

for any (¢°,¢°%) € X, where (p,) is the solution of (4.2.13)-(4.2.15) with initial data
(¢, ¥%).
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We assume that (4.4.120) is not true. Then, there exist a sequence {(¢%,9¥2)}, o €
X such that

[(eh )l =1, (4.4.121)
HSOTL,I:L" ('7 L>||iZ(O,T) — O, as n — 0 (44122)

and
[z (- 0) [ 320.) — 0, as m — 00 (4.4.123)

where (p,,1,) € Z is the solution of (4.2.13)-(4.2.15) with initial data (¢%,4?). Let us
denote

Y = L2 (o, T (H7 (0, L))2> neo ([O,T] (H (0, L))2> .

We show that there exist some positive constant ¢; such that: ¥V (¢, ) € Z solution
of (4.2.13)-(4.2.15), one has

||(907,¢)||2Z S Cl <||SOZ‘:E ('7L)||22(07T) + ||w1‘x ("O)HiQ(O,T))
+a (H(%WH@ + ] (°,2°) H(HI(O’L))Q) . (4.4.124)

For that purpose, we use the multiplier method. Multiplying the first equation of
(4.2.13) by (x — L) ¥4, the second one by (z — L) ¢, and integrating in (0,7") x (0, L),

we obtain
// ol divdt = —5/ e (1,0) dt——/ [ (1,0)] dt

/wx (t,0) Yue (8, O)dt+z/0T/ Wx| dxdt—// x — L) Yppppdrdt

(4.4.125)
and

L T T

Hence, proceeding as in the proof of the Theorem 4.13 we obtain (¢, ) solution of

(4.4.126)

— Yz — Yuzz =0 in (0,7) x (0,L),
Vi — P — Paze =0 in (0,7) x (0,L), (4.4.127)
p(0,2) =¢"(x), ¥ (0,2) =9y’ (x) i (0,L),
satisfying
(%) ||l =1, (4.4.128)

{ z(t,og = i(t,L) =:(10) =0 in (8% (4.4.129)
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and
Puz (L) = thza (+,0) = 0. (4.4.130)
Remark that (4.4.128) implies that the solutions of (4.4.127)-(4.4.130) cannot be

identically zero. Therefore, the proof of the theorem will be complete if we prove the
following result:

Lemma 4.16. For any T > 0 let Ny denote the space of the initial states (¢°,°) € X
such that the solution (p,v) = S () (°, %) of (4.4.127)-(4.4.129) satisfies (4.4.130).
Then, for L € (0,+00) \ (N UR), Npr = {0}, VT > 0.

Proof. Let A be the operator

Alew) = (LTl ) o) e D),

with
D(4) = {(p.0) € (H*(0,1))" 50 (0) = (0) = ¢ (L) = ¥ (L) = . (0) = s (L) = 0} .

Using the same argument of the proof of Lemma 4.3, N verifies

1. dim (Nr) < o0

2. NrCD (A) ;

3. A(Ny) C Ny.

If Nr # {0}, the map (¢°,¢°) € CNy — A ((¢°,¢°)) € CNr (where CNr denote
the complexification of Nr) has (at last) one eigenvalue, hence there exist A € C,

(%, 4°) € (H3(0,L))*\ {(0,0)} such that
2ol
0 — S00 /+ ('00 n 7
#(0) = (L) = (& (0)) = (" (L)' =0, B
¥0(0) =7 (L) = (¥° (L)) = (¥°(0))" = 0.
To conclude the proof of the Lemma 4.16, we prove that this does not hold if L ¢ N
Lemma 4.17. Let L > 0. Consider the assertion
(Fs)  IAeC, 3(e%¢°) e (H?(0,L))°\{(0,0)} such that
A® = [(0) + (19",
Mo = [ + ()], ”
A(0) = (L) = (¢ 0)) = (#* (1)) =0,
¥ (0) =¢° (L) = (¥° (L)) = (¥°(0))” = 0.
Then, (Fs) holds if and only if L € (N UR).

Proof. We follows the argument used in [62, Lema 3.5]. Assume that (¢°,¢°) satisfies
(F5) and let us denote by (¢, ) € (H2 (R))” its prolongation by 0 to R. Then,

{ g = (0) (Bo) — ¥ (L)6, i D' (R), 04132
M " = (08— ¢ (L) (6) i D' (R), .
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where 6,, and (6,,)" denote the Dirac measure at zy. Note that the (F3) is equivalent
to the existence of complex numbers «, 3, v, 7/, A with («, 5,7,7") # (0,0,0,0) and
(p,1) € (H?(R))* with compact support in [~ L, L] satisfying

{ Ao+ v)+ W+ o) + W+ )" =ad+ 8(6) + 0L+ (d.) in D' (R),
A=)+ (=) + (=) = —ady — B (&) + 76, +7'(62) in 7(1’ ElRl)S'S)

We introduce the notation ¢ (§) = fOL @ (&) e~ dx and U &) = fOL Y (€) e dy.
Then, taking the Fourier transform in (4.4.132) we obtain that (see (4.4.86) and (4.4.87))
( p ) _ 9"(0) + (i) ¥ (0) — " (L) e™™E — (i) ¢ (L) e ¢

—A+ (i6) + (i€)’ |

(4.4.134)
—¢" (0) + (i) ¥’ (0) — " (L) e + (i€) ¢’ (L) e~
—A — (i€) — (i€)’
For © consider the change of variable ¢ — —¢ and the new function

—p" (0) = (€)W (0) = 0" (L) € — (i) ' (I) e

06 = (2 -$(9) =

(=€) = W (4.4.135)
Setting A = ip we can write (4.4.134) and (4.4.135) as
ﬁ@)zia+«%w823{zi;v@®e%“ (4.4.136)
e — — (i€) B+ e 4 o (i) it
(=€) =i J 2 . (4.4.137)

&—E+p
Using Paley-Wiener theorem (see [79]) and the usual characterization of H? (R) by

means of Fourier transforms we see that (F3) is equivalent to the existence of p € C
and

(Oé, 6’ 77 ,y/) G C4\ (07 07 O’ O)

such that , ‘
Fe) = OO+ e 44 (i) e
& —E&+p
e —a — (i) B + et + o (i) et
satisfies

a) f and g are entire function in C;

mAU@WO+M¥@<mmmAM®FuHWf%<w
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c) V€ € C, we have that |f (£)] < ¢ (1 + [€])" exp (ITm &) for some positive constants

c and k.
Remark that f and g are entire if and only if the roots pg, 1 and us of @ (§) =
& — € + p are roots of

r(E) 1= o+ (i€) B+ ye 4 o (i€) eI (4.4.138)
and . .
o (&) i= —a — (i€) B+ ye't 4+ 4/ (i€) <. (4.4.139)
In particular, f and ¢ are entire if and only if f 4+ g and f — g are entire, where
{ fHg:=2(y+7if)cos(LE) Ny (4.4.140)
f=9:=2a+2(i&) f + (v +7'(i&)) (—2i) sin (LE) .
e —iy W_ o=y
Here we use that cosy = ere” and siny = R

5

If the roots of (4.4.140) are simple, a) holds if the roots of @ (§) are simples and also
roots of (4.4.140). Observe that if a) is true, then b) and c) are satisfied. We find the
roots of (4.4.140) and prove that they are simple:

{ 4 (7 +7'i€)" cos® (L&) = 0

4 (7 ++i€)? sin? (LE) = —4a® + 4€26% + ?ﬁfa. (4.4.141)

Therefore, adding the identities in (4.4.141) and using the basic relation cos? (L) +
sin? (L¢) = 1, we have

Taking (4.4.142) into account, we obtain a contradiction. Indeed, (4.4.142) allows
us to conclude that (4.4.142), at least, two roots, unless

52 + (7/>2 =0,
af+vy =0, (4.4.143)
a®+792 =0.

From the first equation of (4.4.143) we obtain § = iy and f = —iv'.
We analyze the first case, since the second case is analogous and it will be omitted.
If B =i/, the second equation of (4.4.143) give us that

af+vy =0= (ai +7)y =0. (4.4.144)

Now we consider two cases:
a) If v/ =0, then § = 0. Thus, from (4.4.138) and (4.4.139) we have

iLg

o+ ye~

T~ -
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and :
—a + ettt

A

Then, [62, Lema 3.5] ensure that for 4/ = § = 0 and (F3) holds if and only if L € N.
b) If 4/ # 0, the second and the third equation of (4.4.143) give us that a = i, since
f =iv'. Then from (4.4.140) we obtain that

f+g=2(y+7i) cos (LE)
and
f=g=2i(y+~i§) (1 —sin (LE)).
Therefore, the conclusion of the Lemma 4.17 follows exactly as the conclusion of Lemma

4.14. Thus, (F3) holds if and only if L € (M UTR). This completes the proof of the
Lemmas 4.16 and 4.17 and Theorem 4.19. [

The following theorem solves the control problem (4.4.1)-(4.4.2) with go = h; = 0:

Theorem 4.20. Let T > 0 and L € (0,400)\ (N UR). Then, the system (4.4.1)-
(4.4.2) is exactly controllable, with go = hy =0, in time T.

Proof. Let us define the following functional
A9 =5 (e 6 Doy + s (0 o)
_ /0 ' (" (2) " (z) + w' (2) ¥ () da, (4.4.145)
where (o', 9') € X and (p,) is the solution of the backward system (4.2.10)-(4.2.11)
with initial data (!, ).

Let (gbl, 1/A)l> € X be a minimizer of A. By differentiating A, we obtain that (4.4.118)

is satisfied with hg = 1., (£,0) € L?(0,T) and g; = .. (t,L) € L*(0,T). Hence, in
order to get the controllability result it is sufficient to prove that A has at least one
minimum point. But from (4.4.118) and (4.4.119), holds that

1
A (@la@Dl) = 5 (HSOM (': L)HiQ(O,T) + ||¢a::v ('a0)||2L2(0,T)>

—A (0" (2) ¢ (z) + w0 () ¥ (2)) da
> C7H| (¢ Y-

Hence, by Lax-Milgram Theorem, A is invertible and the proof of Theorem 4.20 is
complete. O

Remark 4.8. In this section we prove the controllability of the system (4.4.1)-(4.4.2)
with go = hy = 0. Observe that, if we consider hy = g1 = 0, the problem of con-
trollability is reduced to prove the following observability inequality: For T > 0 and
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L € (0,400)\ (N UR), there exist C = C (T, L) > 0 such that the inequality

(e 0% < C/O (1an (£, 0)[* + [thye (£, L)[?) dt, (4.4.146)

holds for any (¢!, 9') € X, where (p,1)) is the solution of (4.2.10)-(4.2.11) with initial
data (o', 1), The proof follows exactly the same steps of the previous one, so it will
be omitted. Thus, we also have the following theorem:

Theorem 4.21. Let T > 0 and L € (0,400)\ (N UR). Then, the system (4.4.1)-
(4.4.2) is exactly controllable, with hg = g1 = 0, in time T

4.5 Exact Boundary Controllability For The Linear System:
Mixed boundary condition

This section is devoted to the analysis of the exact controllability property of the linear
system corresponding to (4.1.7) with mixed boundary controls. More precisely, given
T > 0 and (n° w°), (n7,w”) := (', w') € £, we study the existence of the controls
(h1, g1, ha, g2) € X1 such that the solution (1, w) of the system

nt+wx+wxxx20 in (O7T) X (O,L),
Wi + Ny + Nz = 0 in (0,7) x (0,L), (4.5.1)
n(0,2) =n"(z), w(0,2) =w’(z) in (0,L1),
satisfying the boundary conditions
w(t,0)=0, w(t,L)=g1(t), we(t,L)=¢g2(t) in (0,7), e
satisfies B
n(T,)=n", w(T,-)=w"inX. (4.5.3)

The spaces ¥ and ¥, will be defined later.

Definition 4.4. Let T > 0. System (4{.5.1) is exact controllable in time T if for any
initial and final data (n°,w°), (n',w') € X, there exist control functions (hy, g1, ha, g2) €
Y1 such that the solution of (4.5.1)-(4.5.2) satisfies (4.5.3).

For the analysis of the controllability we will consider several cases regarding the
amount of controls on (4.5.2).
4.5.1 Double control

In this section we consider (4.5.2) with hy = ¢go = 0. We first give an equivalent
condition for the exact controllability property:
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Lemma 4.18. Let (n',w') € ¥ := X'. Then, there exist two control (g, (t),hs (t)) €
S = [L2(0, L)), such that the solution (n,w) of (4.5.1)-(4.5.2), with hy = go = 0,
satisfies (4.5.3) if and only if

<(n17 wl) ) (9017 1/)1)>X’><X - _/0 (hZ (t) ¢x (tv O) + an (t) Prx (ta L)) dt (454)

for any (o', 91) € X, (p,) being the solution of the backward system (4.2.10)-(4.2.12).

Proof. The relation (4.5.4) is obtained multiplying the equations in (4.5.1) by the so-
lution (¢, %) of (4.2.10)-(4.2.12) and integrating by parts. O

For the study of the controllability property, a fundamental role will be played by
the following observability result:

Theorem 4.22. For any T > 0 and L € N there exists C = C (T,L) > 0 such that
the inequality

Wﬁw%&SCA(wm@DV+MﬁﬁWMu (4.5.5)

holds for any (¢',¢') € X, where (¢,1) is the solution of (4.2.10)-(4.2.11) with initial
data (o', 9").

Proof. The change of variable ¢ = T — ¢ transforms (4.2.10)-(4.2.12) into (4.2.13)-
(4.2.15). Hence, inequality (4.5.5) is equivalent to

MwWW&SCA(wm@mF+MﬁmWMu (4.5.6)

for any (©°,4%) € X, where (p,) is the solution of (4.2.13)-(4.2.15) with initial data
(%, 99).

We assume that (4.5.6) does not holds. Then, there exists a sequence {(¢, 90)}, o €
X such that

[(en )|l =1, (4.5.7)
om0 (- D202y — 0, as n = o0 (4.5.8)
and
2
Hwn,m ('7 O)HL2(07T) — 0, asn — o0 (459)

where (p,,1,) € Z is the solution of (4.2.13)-(4.2.15) with initial data (¢%,4?). Let us
denote ) ,
Y = L2 (o,T; (H"4(0,L)) ) n o ([O,T] (H' (0, L)) ) .

We show that there exist some positive constant C' such that: V (p,%) € Z solution
of (4.2.13)-(4.2.15), one has

60 15 < € (Ilows (- DIZaoiry + 1 (O a0y + 120 + 116 %) a2
(4.5.10)
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For that purpose, we use the multiplier method. Multiplying the first equation of
(4.2.13) by (x — L) .y, the second one by (z — L) ¢,, and integrating in (0,7") x (0, L),

we obtain
// (bra? izt = —5/ e (1, 0) dt——/ [ (£,0)” dt

/z/)x (t,0) ¢y (t,0) dt + = // |¢z| dxdt—// xr — L) ypredadt

(4.5.11)
and

L T T
/ |pue| ddt = —5/ |0 (t,0)]? dt—/ 0z (t, L) ue (t, L) dt

/ / "Pw| dmdt—/ / x — L) 0 dxdt.

Hence, proceeding as in the proof of the Theorem 4.13 we obtain (¢, ) solution of

(4.5.12)

— e — Yupe =0 in (0,7) x (0,L),
Yy — Yo — Paze =0 in (0, T) X (O, L) ) (4513)
0 (0,2) =¢°(z), ¥ (0,2) =¢"(z) in (0,L),
satisfying
(%00 || = 1, (4.5.14)
@(t.0)=¢(t,L)=p,(t,0)=0 in (0,7)
{ Y (t,0) =y (L) =4, (t,L) =0 in (0,T), (4.5.15)
and, in addition,
Pua (L) =, (-,0) = 0. (4.5.16)

Remark that (4.5.14) implies that the solutions of (4.5.13)-(4.5.16) cannot be identi-
cally zero. Therefore, the proof of the theorem will be complete if we prove the following
result:

Lemma 4.19. For any T > 0, let Ny denote the space of the initial states (¢°,1°) €
X such that the solution (p,0) = S (-) (@, V) of (4.5.13)-(4.5.15) satisfies (4.5.16).
Then, for L € (0,400) \N, where N is defined by (4.4.59), Nr = {0}, VT > 0.

Proof. Let A be the operator

Ay = (Tl ) i) e D).

with
D (A) = {(.0) € (H*(0, 1)) (0) = 0.(0) = ¢ (1) = ¥ () = . (0) = (1) =0}

Using the same argument of the proof of Lemma 4.3, N verifies
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1. dim (NT) < +00;

2. NrCD (A) ;

3. A(Nr) C Nr.

If Ny # {0}, the map (¢°,¢°) € CNy — A((¢°,¢")) € CNy (where CNy denote
the complexification of Nr) has (at last) one eigenvalue, hence there exist A € C,
(¢°,9°) € (H*(0, L))"\ {(0,0)} such that

o= oy o)

0 _ QOO /+ 900 7 ’

00 (0) = @ (L) = (" (0)) = (¢° (L))" =0 (4.5.17)
0 (0) = 40 (L) = (¥° (L)) = (& (0))

To conclude the proof of the Lemma 4.19, we prove that this does not hold if L ¢ N.
Lemma 4.20. Let L > 0. Consider the assertion

(F)  3reC, 3(¢%¢°) e (H*(0,L))*\{(0,0)} such that

= [ + 0.
w0 = [ + ()], ,,
P (0) = ¢ (L) = (¢° (0))" = (¢° (L))" =0
U0 (0) =40 (L) = (v° (L)) = (¥° (0)) = 0.
Then, (Fy) holds if and only if L € N.

Proof. We follow the argument used in [62, Lema 3.5]. Assume that (©°,¢°) satisfies
(F3) and let us denote by (¢, ) € (H2 (R))? its prolongation by 0 to R. Then,

{ gt U = (008~ (D)d D (R), (45.18)
S+ " = ()8 — ¢ (L) (01) D' (R), >

where 6,, and (8,,)" denote the Dirac measure at zo. Note that the (F,) is equivalent
to the existence of complex numbers «, o/, v, 7/, A with («, /,v,7") # (0,0,0,0) and
(¢, ) € (H? (R))” with compact support in [—L, L] satisfying

{ “Me ) () (4 )" —ado+ L+ (0) i DR), )
“Ae=)+ (=) +(p—¥)" =add+y5L+7(6r) InD'(R).

We introduce the notation ¢ (§) = fOLgp(f) e~ dz and 1 (&) = fOLw (&) e~ dy.
Then, taking the Fourier transform in (4.5.18) we obtain that
() - VO v D i (1)
—A+ (i6) + (i€)’

(4.5.20)

_ ("0 9" (0) — 9 (L) e+ (i) f (L) e
— (i¢) — (i€)’
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For v consider the change of variable £ — —¢ and the new function

(=¢"(0) + 9" (0)) =¥ (L) e — (i) ¢/ (L) e

i (—¢) = e (4.5.21)
Setting A = ip we can write (4.5.20) and (4.5.21) as
—iLE I (s —1
a(g) =it 55 —2‘1(;5) < (4.5.22)
and o + yeltt 4+ 4" (if) et
(=€) =it il . (4.5.23)

&€—-&+p
Using Paley-Wiener theorem (see [79]) and the usual characterization of H? (R) by
means of their Fourier transforms we see that (F;) is equivalent to the existence of
p € C and
(o, &/, 7,7") € CH\ (0,0,0,0)

such that e ' ie) e
a+ye Sy (1) e
J(§) = 4.5.24
© e (4524
and ’ iLE /( f) iLE
o +yes + (i) e
g(&) = 4.5.25
© e (4.5.25)
satisfies

a) f and g are entire function in C;

m4u<ﬂu+m)%<wmm/m (1+1¢2) dé < oo

¢) V€ € C, we have that |f (€)] < c(1+ |€])* exp (1Tm €) for some positive constants

c and k.
Remark that f and g are entire if and only if the roots pg, 1 and us of @ (§) =
&3 — & 4 p are roots of

1 (€) i= a4 ye Lt 4 4 (i€) e Mg

and ' .
ry (§) :=a' + et 4 o/ (i) e'Le

In particular, f and g are entire if and only if f + ¢ and f — ¢ are entire, where

{ f+g:= (oz—i—o/)—l—?(v%—y”i&)cos.([{g) (4.5.26)
f=g:=(a—a)+(y+1§) (—2i)sin (L) .

iy —iy W oW
Here we use that cosy = ere” and siny = e

21
If the roots of (4.5.26) are simple, a) holds if the roots of @ (&) are simples and also
roots of (4.5.26). Observe that if a) is true, then b) and c) are satisfied. We find the
roots of (4.5.26) and prove that are simple. We analyze the following cases:
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Case I: Q) (§) has a simple roots.
Let us consider the system

{ (a4 o) +2(y+~"i&) cos (LE) =0
(= a') + (v +7'i€) (=2i) sin (L) = 0

or, equivalently,
1;¢\2 2 _ 12
Ay 7€) cos™ (LE) = (a+ ) (4.5.27)
4 (v +1"€) sin” (L§) = — (a—o')".
Therefore, adding the identities in (4.5.27) and using the basic relation cos? (L) +
sin? (L&) = 1, we have

~ (V)2 +297'i + (v* — ad) = 0. (4.5.28)

Taking (4.5.28) into account, we obtain a contradiction. Indeed, (4.5.28) allow us to
conclude that (4.5.26) has, at least, two roots, unless

()" =0,
7Y =0, (4.5.29)
(72 — aa’) = 0.

From the first equation of (4.5.29) we obtain 7/ = 0 and from (4.5.24) and (4.5.25) it
follows that

ot yet
and ! o il
_a +e

Then, [62, Lema 3.5] ensure that (F;) holds if and only if L € N.

Case II: @ (&) has a root of order three.
If @ (§) has a root of order three, namely, pg, then

Q (o) = Q" (o) = Q" (o) =0,

and, therefore,
po=0=Q(0)=p=0.

Thus, Q (§) = £(§+1)(€ —1). This is a contradiction, because @ (§) has a root of
order three.
Case III: @ (&) has a double root.

In this case, we consider pg = p1 and o roots of @ (§). By previous computations
(see Lemma 4.7), we obtain

1 2 2

ey = —, = —— and = — 4530
Ho =t = i 5 adr=o ( )

1 2 2
—andp=——= (4.5.31)

Mo:m:—%,ﬁbzz\/g 33

or
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We analyze the case wherein the roots are given by (4.5.30). In this case py = g
and o should be roots of (4.5.24) and (4.5.25), that is

1 1 1
a+vyexp | —iL— | + ’(i— exp | —iL— | =0,
8 p( \/g) 8 \ég p

1

1 1
—(iL)vexp | —iL— ) + ~iex (—z’L—>+ /(— exp | —iL— | =0,
(L)~ p( \/g) y'iexp i) 5o 7

(4.5.32)
o +yex (iLi)+ '(zi ex iLi =0
Y exXp /3 g 3 p /3 ) 15,33
aL) (.L1>+,, (.Ll) ,<Le Y, (4.5.33)
iL)vexp [ 1L— iexp | iL— | — — Jexp |iL— ) =0,
7 eXp /3 Y p 3 v /3 p /3
and
+fyep<iL2)+’y’<i2)ep(iL2 0
a X — —i— | ex — | =0,
V3 3 V3 (4.5.34)

o + yexp (—iLﬁ) + 7 (—z%> exp (—z’L% =0.

Finally, we obtain that the solution of this system, i.e., find L such that (4.5.32)-
(4.5.34) are satisfied. From the second equation of (4.5.32) and second equation of
(4.5.33), we obtain the following system in function of v and ~/

L)y exp <_z'Li> +Aliexp <—¢Li> +o (i) exp (-iLi 0

or, equivalently,

L

L3 & 291=0
iy ++1i—~ 1 — | =0
(1L)y+7'i— Ve

Then, v = 4" = 0, and using (for example) (4.5.34), we have that &« = o/ = 0. Thus,
the system (4.5.32)-(4.5.34) has a trivial solution. The case wherein py = py and po
are of the form (4.5.31) is analogous.

Thus, we conclude from Cases I, IT and III that (Fy) holds if and only if L € N.
This completes the proof of Lemmas 4.19, 4.20 and Theorem 4.22. O]

The following theorem solves the control problem (4.5.1)-(4.5.2) with hy = go = 0:

Theorem 4.23. Let T > 0 and L € (0,400)\N. Then the system (4.5.1)-(4.5.2) is
exactly controllable, with hy = go = 0, in time T
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Proof. Let us define the following functional
A1) = 5 (w6 D gy + 1 ¢ Ol
_ /O 0 @) 9 () + 0! (@) (@) da (4.5.35)
where (o', 9!) € X and (p,) is the solution of the backward system (4.2.10)-(4.2.11)
with initial data (!, ).

Let (@1, 1/31> € X be a minimizer of A. By differentiating A, we obtain that (4.5.4)

is satisfied with hy = 1, (¢,0) € L?(0,T) and g1 = ¢ (t, L) € L*(0,T). Hence, in
order to get the controllability result it is sufficient to prove that A has at least one
minimum point. But from (4.5.4) and (4.5.5), holds that

1
A (¢ 0") = 5 (Ieee Dy + e (Ol )

—A (0" (2) ¢ (z) + w () 9! (2)) da
>CH[(@h )| -

Hence, by Lax-Milgram Theorem, A is invertible and the proof of Theorem 4.23 is
complete. O

Remark 4.9. In this section we prove the controllability of the system (4.5.1)-(4.5.2)
with hy = go = 0. Observe that, if we consider gy = hy = 0, the problem of con-
trollability is reduced to prove the following observability inequality: For T > 0 and
L € (0,400) \N, there exist C = C (T, L) > 0, such that the inequality

W¢WW@SCA(MﬁJW+wm@Mﬂﬁ, (4.5.36)

holds for any (¢',¢') € X, where (¢,1) is the solution of (4.2.10)-(4.2.11) with initial
data (o', '), The proof follows exactly the same steps of the proof of Lemmas 4.5 and
4.4, so it will be omitted. Thus, the following theorem holds.

Theorem 4.24. Let T > 0 and L € (0,400)\N. Then the system (4.5.1)-(4.5.2) is
exactly controllable, with g1 = he =0, in time T'.

4.6 Nonlinear Problem

This section is devoted to the study of the nonlinear problem (4.1.7), namely,

{nt+w$+(nw)x+wxm:0 in (0,7) % (0,L), (4.6.1)

Wy + Ny + WWy + Nyzw = 0 in (0,7) x (0,L).

Observe that with the boundary conditions (4.1.8), the Kato smoothing effect does not
holds. Therefore, we consider the solution of the system (4.6.1) satisfying the following
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boundary conditions

n(t,0) =0, n(t,L)=0, n,(t,0)=0 in (0,7) (4.6.2)
w(t,0) =0, w(t,L)=0, w,(t,L)+am, (t,L)=g2(t) in (0,7), e
and
n(t,L)=0, n.(t,0) =0, asn(t,0)+ aszn, (t, L) + we, (t,0) = ho (t)  in (0,7
w (tv 0) = 07 (t> L) = 0 <t7 L) — a3 (77 (ta O) — Nz (ta L)) = 92 (t) n (O’ T) )
(4.6.3)
where «; are positive constants for ¢ = 1,2, 3, and the initial conditions
n(0,z) =n"(z), w(0,z) =w’(z) in (0,L). (4.6.4)
4.6.1 Well-Posedness in X|.
We study the existence of solutions of the linear system corresponding to (4.6.1)
N+ Wy + Wepy =0 in (0,7) x (0, L), (4.6.5)
satisfying, initially, the following boundary conditions
w(t,0) =0, w(t,L)=0, w,(t,L)+am, (t,L)=0 in (0,7), e
and the initial conditions
n(0,z) =n"(z), w(0,z) =w’(z) in (0,L). (4.6.7)

Let Xo = (L2(0,L))* endowed with the usual inner product and consider the oper-
ator A:D(A) C Xo — Xo, where
(

_ Jw) € (H(0,L))*51(0) =w (0) =5 (L) =w (L) =1, (0) =0
D(4) = { ang w, (L) + amx?L) =0 ! } ’
and
A(n,w) = ( __Igz - j?” > ¥ (n,w) € D(A). (4.6.8)

With the notation introduce above, system (4.6.5) can be now written as an abstract
Cauchy problem in X

(n,w), = A(n, w),
4.6.9
Lo 20y (469)
On the other hand, the adjoint of the operator A (denoted by A*) is give by
A" (p, ) = ,V(p, ) € D(AY), 4.6.10
()= (LTl ) Ve e D) (4.6.10)

where A* : D (A*) C Xy — X, with

o _ [ (o) € (H*(0,L))% ;9 (0) = (0) = ¢ (L
D(A7) = { and ¥, (L) — a1, (L) =0
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Proposition 4.2. The operators A and A* are dissipative in Xj.

Proof. Consider (n,w) € D (A). By multiplying the first equation of the system (4.6.5)
by 7, the second one by w and integrating by parts in (0, L), we obtain

L L L
/ (—Wy — Wygy) ndx = / wndx + / WypNpdx
0 0 0

L L L
0 0 0

(A, w) (1, 0)) g, = / (news), dx = 1, (L) w, ()

= - |77:v (L)|2 <0.

and

Therefore,

Hence A is dissipative in Xy. Analogously, we deduce that

(A (0,9) s (9, 0)) x, = —u | (L)[* <0, ¥ (g, ¢) € D (A7),
i.e., A* is dissipative in X. O

Since A and A* are both dissipative, A is a closed operator and the respective
domains D (A) and D (A*) are dense and compactly embedded in X, we conclude that
A generates a C semigroup of contractions in X, which will be denoted by (S (£)),s-
Then, classical existence results give us the global well-posedness for (4.6.5)-(4.6.7):

Theorem 4.25. Let (n°,w°) € Xo. Then, there exists a unique weak solution (n,w) =
S () (n°,w°) of (4.6.5)-(4.6.7) such that
(n,w) € C([0,T]; Xo) - (4.6.11)

Moreover, if (n°,w®) € D(A), then (4.6.5)-(4.6.7) has a unique (classical) solution
(n,w) such that
(n,w) € C (0,7 D (A)) N CH (0,T; Xo) (46.12)

Additional regularity results for the weak solutions of (4.6.5)-(4.6.7) are proven in
the next theorem.

Theorem 4.26. Let (n°,w°) € Xy and (n,w) = S (-) (n°,w°). Then, for any T > 0

/O (In° @) + [w° ()] - / (In (T, ) + [ (T, ) ") da oy
=201 [ e (P
and
2l (P @F e @Fde =5 |7 [ o

T
+a1/ (T —t) |, (t, L) dt.
0
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Moreover, there exist a positive constant C' = C (T, L) such that

[(n, w )||L2(0T(H1(0L) <OH(77 w)HXO- (4.6.15)

Remark 4.10. Observe that Theorem 4.26 reveals a Kato smoothing effect, this s
possible due to damping in the boundary condition of Neumann type.

Proof of Theorem /.26. Let C denote a positive constant which may vary from line
to line. Pick any (n°,w®) € D (A). Multiplying the first equation of (4.6.5) by 7, the
second one by w, adding the two obtained equations and integrating over (0,7") x (0, L),
we obtain after some integrations by parts (4.6.13). The identity may be extended to
any initial state (n°, w°) € Xy by a density argument. Multiplying the first equation of
(4.6.5) by (T — t)n, the second one by (T — t)w, and integrating over (0,7") x (0, L) we
derive (4.6.14) in a similar way. Let us proceed to the proof of (4.6.15). Multiply the
first equation of (4.6.5) by zw, the second by zn, integrate over (0,7") x (0, L). After
some integrations by parts and using the boundary conditions (4.6.6), we obtain that

/ / w? +n?) dzdt = / / z (nw), / / w? +n?) dxdt
L(a?+ (4.6.16)
+

2 /O| (t, L) dt

/T/L (w? + n?) dadt < 2/T E(0)dt = 2TE (0), (4.6.17)

Observe that,

where
1 /L
E(t):§/0 (w? + 1?) d

is the energy associated of the system (4.6.5). Furthermore,

_/OT/OLx(mU)t——/Oan(T,x)w(T,x)dx—i—/OLa:nO(x)wO(:c)da:
SL/OL (!n(T,x>|2+2lw<T,x>|2> dHL/OL (|n0|2+2!w°\2> i

L 012 012
< LE(T) + L/ (M) dr < 2LE (0), (4.6.18)
0

since F (t) is decreasing. Thus, from (4.6.16)-(4.6.18), we obtain that

T pL L ) ) T
g/ / (w? + n2) dwdt < 2TE (0) + 2LE (0) + (M)/ o e (6. D) di.
0 0 0

2@1
(4.6.19)
Then, (4.6.15) follows from (4.6.19) and (4.6.13). O
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Now, we prove the same properties for the system (4.6.5) with the boundary condi-
tions

n(t,L)=0, n,(¢t,0) =0, asm(t,0)+ asn, (t,L) +w., (¢,0) =0 in (0,7)
{ 0 w(t,L) =0, w,(t,L) —az(n(t,0)—n,(t,L))=0 in (0,7),
(4.6.20)
and the initial conditions (4.6.7). Consider the operator A : D (A) C Xy — Xj, where

_ [ (pw) € (H*(0,1))*;w(0) = n (L) = w (L) = n, (0) =0,
D) = { Ly () 5 e (0 o . (2)— 0 e 03) =0 )
and A*: D (A*) C Xy — X, where
DA = { (p,9) € (H3(0,1))";4(0) = (L) = ¢ (L) = ¢, (0) = 0, }
a2 (0) = (asps (L) + ¥ra (0)) = 0 and ¢ (L) — a3 (0 (0) + 2 (L)) = 0
Proposition 4.3. The operators A and A* are dissipative in Xg.

Proof. Consider (n,w) € D (A). By multiplying the first equation of the system (4.6.5)
by 7, the second one by w, integrating by parts in (0, L) and using the boundary
conditions (4.6.20), the following holds

<A (U»w) ) (naw»xo = —Qy |77 (O)|2 — Q3 }775 (L)} < 0.

Hence A is dissipative in Xy. Analogously, we deduce that

(A" (0,9) (9, 0)) x, = =2 |0 (0)]° = az |, (L) <0,V (p,9)) € D (A7),
ie., A* is dissipative in Xj. n
Then, classical existence results give us the global well-posedness for (4.6.5) with

boundary conditions (4.6.20) and initial conditions (4.6.7):

Theorem 4.27. Let (n°,w®) € Xo. Then, there exists a unique weak solution (n,w) =
S (-) (n°, w°) of (4.6.5) with boundary conditions (4.6.20) and initial conditions (4.6.7)
such that

(n,w) € C([0,T]; Xo) - (4.6.21)

Moreover, if (n°, w°) € D (A), then (4.6.5) with boundary conditions (4.6.20) and initial
conditions (4.0.7) has a unique (classical) solution (n,w) such that

(n,w) € C([0,T];D(A) N C* (0,T; Xo).

Additional regularity results for the weak solutions of (4.6.5) with boundary condi-
tions (4.6.20)-(4.6.7) are given in the next theorem:

Theorem 4.28. Let (n°,w°) € Xy and (n,w) = S (-) (n°,w°®). Then, for any T > 0

L

/OL (|770 (@‘2 + Jw® (@]2) dx — /0 (‘7] (T, x)‘Q + |w (T, x)|2) du

T (4.6.22)
=2 (aaln (O + aaln. (1. D))
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and

L @P @)= [ o ) daa .

T
+[ - (a2 (0 + s e (1, D)) dr
0
Moreover, there exist a positive constant C' = C (T, L) such that
w°
(" w°) |, - (4.6.24)

Remark 4.11. Observe that Theorem 4.28, as Theorem 4.26, reveals a Kato smoothing
effect. This is possible due to damping in the boundary condition of Neumann-Dirichlet

type.

Proof. To obtain (4.6.22) and (4.6.23) we proceed as in the proof of Theorem 4.26. Let
us proceed to the proof of (4.6.24). Multiply the first equation of (4.6.5) by zw, the
second by zn, integrate over (0,7) x (0, L). After some integrations by parts, we have

that
// (w2 +n?) dzdt = // z (nw), // (w? + n?) dadt
(4.6.25)

+§/ In. (¢, L)] dt + 2/ lw, (¢, L)] dt.

Using the boundary conditions (4.6.20) we obtain

[(n, w )HLZ(OT (H1(0,L))%) =

S e npa=53 [ o) -
- L [ (P + e (0P 20 0 (1)) a

< Lo / (I (O)F + n. (D)) dt.

Thus,

5/ (e (6 D) + o (1, D))t = Lo / O e+ (§ " La%) / e (D)

2/ 0

La
— [ azln(0)]*dt
Q9 0

L T )
+ | =— + Lag as |n (L)|" dt
2003 0

<K / (0 [ () + as . (L)[?) dt,  (4.6.26)

Lo L
where K = max {ﬂ (— + Lag) }
(65) 2043
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Note that

T pL T
/ / (w? + ) dzdt < 2/ E(0)dt =2TE(0), (4.6.27)
0 0 0
where
1 L
széé (w? + 1?) d

is the energy associated to the system (4.6.5). Furthermore,

_iﬁifgmw%:—AZWGWMMﬂxMx+AamW@w%@dx

<L/L<mme+mwﬂmP>m+L/ﬂCmf+m%>dr
- 2 2
0 0

L 0|2 02
< LE(T)+ L/ (W) dr < 2LE (0) (4.6.28)
0

since E (t) is decreasing. Thus, from (4.6.25)-(4.6.28), we obtain that

3 (T (L T
5/ / (w? + ) dedt < 2TE (0) + 2LE (0) + K/ (az |1 (0) + as ns (L)[?) dt.
o Jo 0
(4.6.29)
Then, (4.6.24) follows from (4.6.29) and (4.6.22). O
4.6.2 Adjoint System

This section is devoted to study the properties of the adjoint system of (4.6.5), namely

) x (0, L),

90t+¢x+¢xam::0 in (O,T X
{¢HW%+%MZO in (0.7) x (0,1). (4.6.30)
satisfying the boundary conditions
0 (t,0) =¢(t,L) = ¢, (t,0) =0 in (0,7) (4.6.31)
¢(t70):¢(taL):07 wz(t,L>_@1<ﬂm(t7L):0 n (O’T)a o

and the initial conditions

o(T,) = ' (1), $(Tox)=0' (&) in (0,L). (46.32)
Remark that the change of variable ¢t — T — ¢ reduces system (4.6.30)-(4.6.32) to

¢t_¢z_¢xmx =0 in (OaT) X (07L)7
satisfying the boundary conditions
0 (t,0) =¢(t,L) = ¢, (t,0) =0 in (0,7) (4.6.34)
¢(t70):¢(757[/):07 wr@?L)_algpx(trL):O in (O7T)7 o
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and the initial conditions

p(0,2) =¢" (), ¢(0,2)=¢°(x) in (0,L). (4.6.35)
Thus, (4.6.33)-(4.6.35) is equivalent to

{ (p,1), = A" (¢, ) ;
(0,9) (0) = (¢°,9°),

where A* is given by (4.6.10). Observe that the properties of the solutions of (4.6.33)-
(4.6.35) are similar to the ones deduced in Theorem 4.25 and Theorem 4.26. More
precisely, we have

Theorem 4.29. Let (¢°,9°) € Xo. Then there exist a unique weak solution (p,v) =
S () (0%, ¢°) of (4.6.33)-(4.6.35) such that

(,0) € C(10,T); Xo) 0 L2 (0,75 (H (0,1))°) (4.6.36)
and the following estimates holds

1o ) 2 0,2,m1 0,102 < 1 1" ) 5, - (4.6.37)

L

/OL <|s00 (@) + [¢° (@,2) da —/0 (¢ (T, 2) + | (T,2)) da
= 2a1/0T | o (zf,L)|2 dt

—/ (16 @) + 100 @) da = - / / o+ [0[?) dadt s

oy / (T — 1) |a (¢, L) dt.

where ¢; and aq s a positive constants.

Remark 4.12. As in Theorems 4.27 and 4.28, we can extend the result of the above
theorem to the boundary conditions given by (4.6.20).

(4.6.38)

and

4.6.3 The nonhomogeneous system

Now we use the adjoint system to define our solution by transposition. Consider the
nonhomogeneous system given by

N+ We + Weee =0 in (0,7) x (0, L),
{ W+ o + e =0 in (0,7 x (0, L), (4.6.40)
satisfying the boundary conditions
n(t,0) =0, n(t,L)=0, n,(t,0)=0 in (0,7) (4.6.41)
w(t,0)=0, w(t,L) =0, w, (t,L)+am, (L) =g (t) in (0.7), *6
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and the initial conditions

n(0,z) =n"(z), w(0,z) =w’(z) in (0,L). (4.6.42)
From (4.2.9), (4.6.34) and (4.6.41), we have that

L T T
0= [ ot wilido— [wo(t LoDyt [ e 0)0 1) d
0 0 0,

L T T
= [ e+ wl? dw—/ we (6,1) o0 (8, 1) d /m ) (arps (1 L)) dt
o f 0
- / e + wyl d — / oo (6, L) [wy (1, L) + oy (1, L)) d.
(4.6.43)
Therefore, 5 .
0= de — [ @, (t, L dt. 4.6.44
/O[Werw] . /so(t ) go (1) dt (4.6.44)

Definition 4.5. Given T > 0, (n°,w°) € Xy and g, € L*(0,T), we call a solution by
transposition of (4.6.40)-(4.6.42), a function
(n.w) € [L*((0,T) x (0, 1))]", (4.6.45)

satisfying

t

/0 (n(8) @ (t) +w () (t)) de = —/0 ¥z (5, L) g2 (s) d8+/0 (n"¢ (0) +w" (0)) dz,

where (p,1) is a solution of

O+ e+ Vewe =0 in (0,7) x (0,L), (4.6.46)
satisfying the boundary conditions
@ (t,0) =9 (t,L) =, (t,0) =0 in (0,T) (4.6.47)
¢<t70):¢(t7[’):07¢ (7L) Ql@x(t,L):O n (O7T); o
and the initial conditions
o(T,z)=0, v(T,z)=0 in (0,L). (4.6.48)

4.7 Exact Boundary Controllability Results: The Linear Sys-
tem With Boundary Damping

This section is devoted to the analysis of the exact controllability property for the linear
system (4.6.5) with boundary control of Neumann type. More precisely, given T > 0 and
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(n°,w?), (", w”) = (n*,w") € Xy, we study the existence a control g, (t) € L*(0,T),
such that the solution (7, w) of the system

Nt + Wy + Wygy = 0 in (O,T) X (0, L) ,
n(0,2) =n(z), w(0,2)=w’(x) in (0,L),

satisfying the boundary conditions

n(t,0)=0, n(t,L)=0, n,(£,0) =0 in (0,7) 47.9)
w(t,0) =0, w(t, L) =0, w, (£ L)+ (L) = o (8) in (0.7, *T
satisfies
n(T,)=n', w(T,)=w"in L*(0,L). (4.7.3)

From now on, we shall consider only the case n° = w® = 0.

4.7.1 Single Control of Neumann type

In this section we study the exact controllability, in time 7', for the system (4.7.1)-
(4.7.2). We first give an equivalent condition for the exact controllability property:

Lemma 4.21. Let (n',w') € Xy. Then, there exist a control go (t) € L?(0,T), such
that the solution (n,w) of (4.7.1)-(4.7.2) satisfies (4.7.3) if and only if

/0 (n'e" +w'y') do = —/0 w0, (t,L) go (t) dt + /0 (¢ (0) + w’ (0)) dz, (4.7.4)

for any (p',9Y) € Xo, (p,9) being the solution of the backward system (4.6.30)-
(4.6.32).

Proof. 1dentity (4.7.4) is obtained multiplying the equations in (4.7.1) by the solution
(p, 1) of (4.6.30)-(4.6.32) and integrating by parts. O

For the study of the controllability property, a fundamental role will be played by
the following observability result:

Theorem 4.30. Let N = {2W\/w ke N*}. Then, ¥V L € (0,+00) \N and V
T>0,3C(T,L)> 0 such that

('), <€ [ les Pt (475)

holds for any (o*, 1) € Xo, where (p,1)) is the solution of (4.6.50)-(4.6.32) with initial
data (o, 91).

Proof. The change of variable ¢ = T — ¢ transforms (4.6.30)-(4.6.32) into (4.6.33)-
(4.6.35). Hence, inequality (4.7.5) is equivalent to

)i, <€ [ ot L i 476)
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for any (p°,¢°) € Xy, where (p,1)) is the solution of (4.6.33)-(4.6.35) with initial data
(¢°,9%). To prove the observability (4.7.6), we proceed as in previous cases. Let us
suppose that (4.7.6) does not hold. In this case, it follows that there exists a sequence

{(¢n; wﬁ)}neN in Xy such that

1(envm)lly, =1 (4.7.7)
and
T
/ | on.z (t, L)\2 dt — 0in L?(0,T), as n — oo, (4.7.8)
0
where (©,,%,) is the solution of (4.6.33)-(4.6.35) with initial data (©%,?%). From
Theorem 4.29 we obtain that {(¢n, %)}y is bounded in L? (O,T; (H' (0, L))2> and

from (4.6.33) we have that {((¢n),, (¥n),)}, cn 18 bounded in L? (O, T;(H2(0, L))2>.
Since

neN

(H'(0,L))* <5 [L?(0,L)]* < (H2(0,L))*,
being the first embedding compact, it follows that {(¢n,¥n)},cy is relatively compact
in L2 (0,T; Xy). Therefore, there exists a subsequence, still denoted by the same index,
such that
(ns %) — (p,¥) in L?(0,T; Xo) .
Moreover, by Theorem 4.29 and (4.7.8), we see that {(¢),¥0)},cy is a Cauchy sequence
in Xy, hence for some pair (¢°,1°) € Xy, we have that

(#h:tn) — (¢°,4°%) in Xo. (4.7.9)
From (4.6.39) and (4.7.8) we infer that
0 (t,L) =0 (4.7.10)
and
[ ¢") ||y, = 1. (4.7.11)
Hence, (p,1)) is a solution of
th_ww_d)m:a::o in (O,T) X (O,L),
Yy — Pz — Pazz =0 in (0, T) X (O, L) ) (4712)
p(0,2) =¢ (), ¥ (0,2) =¢°(¥) in (0,L),

satisfying the boundary conditions

@(tv()) :(p(t,L) = Pa <t70> =0 n (O7T> (4713)
¢(t70) :w(tv L) =0, wr <t7L> — 1Py (t7 L) =0 in (O7T)7 o
and, in addition,
0x (- L) =0. (4.7.14)
Remark that (4.7.11) implies that the solutions of (4.7.12)-(4.7.14) cannot be identi-

cally zero. Therefore, the proof of the theorem will be complete if we prove the following
results: O
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Lemma 4.22. For any T > 0, let Ny denote the space of the initial states (°,¢°) €
Xo such that the solution (@,) = S (-) (@°, V) of (4.7.12)-(4.7.13) satisfies (4.7.14).
Then, for L € (0,+00) \N, Nr = {0}, VT > 0.

Lemma 4.23. Let L > 0. Consider the assertion

(A)  IneC, 3(0°) € (H?(0,L))*\{(0,0)} such that

Then, (A) holds if and only if L € N.

The proofs of Lemmas 4.22 and 4.23 follow exactly the same techniques used in [62,
Lemma 3.4] and in Lemma 4.7, so it is omitted. Thus, with the Lemmas 4.22 and 4.23
in hands, Theorem 4.30 follows.

The following theorem gives a positive answer for the control problem (4.7.1)-(4.7.2):

Theorem 4.31. Let T > 0 and L € (0,400)\N. Then the system (4.7.1)-(4.7.2) is
exactly controllable in time T

Proof. Let us define the following functional

1 L
A" ¢7) = 5 llea ( Dliz2m) —/O (n' () ¢ (z) +w' (2) 9" (2)) dz (4.7.15)
where (¢!, 1) € Xy and (@, ) is the solution of the backward system (4.6.30)-(4.6.32)
with initial data (o', 91).
Let <g§1, 1&1> € Xy be a minimizer of A. By differentiating A, we obtain that (4.7.4)

is satisfied with go € L?*(0,T). Hence, in order to get the controllability result it is
sufficient to prove that A has at least one minimum point. But from (4.7.4) and (4.7.5),
it follows that

M0 = 5lee Dl = [ (0 @) () + 0! (090" () da
> CH[(eh )5,

Hence, by Lax-Milgram Theorem, A is invertible and the proof of Theorem 4.31 is
complete. O

4.7.2 Double Control Mixed Type

This section is devoted to the analysis of the exact controllability property for the linear
system (4.6.5) with mixed boundary controls. More precisely, given T > 0 and (n°, w°),
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(nT,wT) = (n',w!) € X, we study the existence of controls hg, g, € L?(0,T) such
that the solution (n,w) of the system

Nt + Wy + Wyga = 0 in (O, T) X (0, L) ,
W + Ny + Naga = 0 in (O, T) X (0, L) , (4716)
n(0,2) =n°(z), w(0,z)=w’(z) in (0,L),

satisfying the boundary conditions

{ n(t, L) =0, n.(t,0) =0, asn(t,0)+ asn (t,L) + we (£,0) = ho(t) in (0,7)
w (t’ 0) =0, w (t7 L) =0, w, <t7 L) — a3 (77 (tv O) — Nz (tv L)) — 92 (t) in (O’ T) )
(4.7.17)
satisfies
n(T,)=n', w(T,")=w"in L*(0,L). (4.7.18)

From now on, we shall consider only the case n° = w® = 0.

Definition 4.6. Given T > 0, (n°,u°) € X, and (ho,g2) € (L2(0,T))°, we call a
solution by transposition of (4.7.16) with boundary condition (4.7.17), a function

(n,w) € [L*((0,T) x (0, L))]?, (4.7.19)
satisfying

/0 (n () (t) +w (t) ¢ () do = —/0 (0 (5,0) ho (s) + @ (s, L) g2 (s)) ds

+A(wwm+w%m»m,

where (v, 1) is a solution of (4.6.46) with boundary condition

{ ® (t7 L) = Pz (tv O) =0, a3 (90 (t’ 0) + Pz (t’ L)) - 1/% (ta L) =0 n (07 T)
1/} (t’ O) = ¢ (t7 L) = O} Qo (t’ O) — Q3P (tv L) - wx:c (t, O) =0 in (Oa T) ’
(4.7.20)
and initial conditions
o(T,z)=0, v(T,z)=0 n (0,L). (4.7.21)

Definition 4.7. Let T > 0. System (4.7.16) is exact controllable in time T if for
any initial and final data (n°,w°), (n',w') € Xy, there exist controls functions hy, gy €
L?(0,T) such that the solution of (4.7.16)-(4.7.17) satisfies (4.7.18).

We first give an equivalent condition for the exact controllability property:

Lemma 4.24. Let (n*,w') € Xy. Then, there exist two controls go (t) , he (t) € L*(0,T),
such that the solution (n,w) of (4.7.16)-(4.7.17) satisfies (4.7.18) if and only if

A wwhmwwwmz—A (0 (£.0) ho (£) + g (1 1) g2 (£))

+ /O (n°¢ (0) + w4 (0)) dz, (4.7.22)
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for any (p',9Y) € Xo, (p,9) being the solution of the backward system (4.6.30)-
(4.6.2).

Proof. 1dentity (4.7.22) is obtained multiplying the equations in (4.7.16) by the solution
(p, 1) of (4.6.30)-(4.6.32) and integrating by parts. O

For the study of the controllability property, a fundamental role will be played by
the following observability result:

Theorem 4.32. For any T > 0 and L € N there exists C = C (T, L) > 0 such that
the inequality

T

[ <€ [ (et P + 1o 0)) (1.7.23)
holds for any (o', ') € X, where (p,1) is the solution of (4.6.30)-(4.6.52) with initial
data (o', 9").

Proof. The change of variable t = T — ¢ transforms (4.6.30)-(4.6.32) into (4.6.33)-
(4.6.35). Hence, inequality (4.7.23) is equivalent to

\Wﬂww;SCA(MﬁJW+m@w5M (4.7.24)

for any (p°,¥°) € Xy, where (p,1)) is the solution of (4.6.33)-(4.6.35) with initial data
(%, 9°).

We assume that (4.7.24) does not holds. Then, there exists a sequence {(¢%, ¢n)},cn €
X such that

[ (en )l x, = 1. (4.7.25)
lpna (-, L)”iz(oj) — 0, asn — oo (4.7.26)
and
2
lon (O 20y — 0, as m — 00 (4.7.27)

where (¢,,,1,) is the solution of (4.6.33)-(4.6.35) with initial data (©2,19). Hence,
proceeding as in the proof of the Theorem 4.30 (see also Remark 4.12 ) we obtain
(i, 1) solution of

¥t — %« - wmzx =0 in (0, T) X (O, L) ,
VYt — Vo — Przz =0 in (0, T) X (0, L) ) (4728)
90(07‘7:) :900 (*T)v ¢(07$) :TPO (I) n (O,L),
satisfying
), = 1. 4720

{ gp(t, L) = Yz (t70) = 07 as (gp <t7 O) + Pz (tvL)) —% (taL) =0 in (07T
(1 ¢( ):Oa a2()0(t?0>_053§0x (tv )_wcm (t,()) =0 in (07T>7
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and, in addition,

0o (L) =¢(-,0)=0. (4.7.31)
Therefore,
£0) =t L) =0, (t,0) =0, (t,L)=0  in (0,T

Remark that (4.7.29) implies that the solutions of (4.7.28)-(4.7.31) cannot be identi-
cally zero. Therefore, the proof of the theorem will be complete if we prove the following
result:

Lemma 4.25. For any T > 0, let Ny denote the space of the initial states (°,¢°) €
Xo such that the solution (¢,0) = S (-) (@°, V) of (4.7.28)-(4.7.30) satisfies (4.7.31).
Then, for L € (0,4+00) \N, where N is defined by (4.4.59), Ny = {0}, VT > 0.

Proof. The proof is very similar to the one of [62, Lemma 3.4] and so it is omitted.
Then, to finish the proof of the theorem we need to prove the following lemma:

Lemma 4.26. Let L > 0. Consider the assertion
(A1) 3AeC, I (00 € (H?(0,L))*\{(0,0)} such that

A = (") + ()],
©°) + (¢°)

)\wo _ [( ) 0 ///] » /
#(0) = ¢" (L) = (¢"(0)) = (¢" (L)) =0,
Y0 (0) =¢° (L) = (¢° (L)) = (¥°(0))" = 0.

Then, (Ay) holds if and only if L € N.

Proof. We use an argument which is similar to the one used in [62, Lema 3.5]. Assume
that (¢°,10) satisfies (F}) and let us denote by (p,1) € (H2(R))® their prolongation
by 0 to R. Then,

{ —Ap+ ¢+ 9" =9 (0) (do) —¢" (L) dr  in D'(R), (4.7.33)
—Mp+ @'+ " =" (0) do — ¢" (L) 0 in D' (R), -

where §,, and (,,)" denote the Dirac measure at . Note that the (A;) is equivalent to
the existence of complex numbers «, o, 8, v, 7/, A with (a, o/, 5,7,7") # (0,0,0,0,0)
and (¢, 1) € (H? (R))? with compact support in [—L, L] such that

{ ATV + (@) + () =ad+5(00) +90,  mD(R), g
A=)+ (=¥ +(p—¥)" =ad—B) +70r WD [R).
Let us introduce the notation ¢ (§) = fOL ¢ (€) e édx and ¥ (§) = fOL Y () e 8 dy.
Then, taking the Fourier transform in (4.7.33) we obtain
—AP(§) + (i€) ¥ (&) + (i€)° & (&) +w" (L) e ™ = (i€) ¥/ (0) = 0 (4.735)

and

~

—\ (&) + (i) ¢ (&) + (1)’ ¢ (&) — " (0) + ¢ (L) e7 ¢ = 0. (4.7.36)
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Then, adding (4.7.35) and (4.7.36) the following identity holds

~

(—A+ €+ (i€)°) (£ () + 6 (€)) = ¢ (0) + () ¥/ (0) + (—u" () — ¢ (L)) €725,
We denote
" (0) + () ¥ (0) + (=¢" (L) = ¢" (L)) e
=\ (i) + (i€)°
We also take the difference between (4.7.35) and (4.7.36) to obtain
(<A = (i) = (i&)®) (#(6) = (€)) = ¢ (0) + (1) ¥ (0) + (~v (L) + ¢" (L)) e "5,
Here, we denote

~ A i / o I oiLE
0= (20~ 1) - “F OO EETE I

Introducing the change of variable £ — —&, we have that

o () = 2O = () 0) + (=" (L) + ¢ (L) e

i(€) = (2 +9(9) = (4.7.37)

. — (4.7.38)
—A+ (i) + (i€)
Setting A = ip, we write (4.7.37) and (4.7.38) as
N a+ (i€) B+ ye Lt
w(&) =1 4.7.39
(6 =it (4.7.39)
. ' — (i) B+ et
R o — (1 + v'et
(=€) =1 . 4.7.40
(-6 =it (4.7.40)
Then, the proof is obtained proceeding as in Lemma 4.7. Thus, the Lemma 4.25 and
Theorem 4.32 hold. O

The following theorem gives a positive answer for the control problem (4.7.16)-
(4.7.17):

Theorem 4.33. Let T' > 0 and L € (0,+00) \N. Then, the system (4.7.16)-(4.7.17)
15 exactly controllable in time T

Proof. Let us define the following functional
1 1
A (‘Pla @Z}l) = B ”% ('v L)HiQ(O,T) + 9 ||90 ('7 O)Hi?([),T)
L
- [t @9 @)+t @)t @) da (1.7.41)
0

where (¢!, 1) € Xy and (@, 1) is the solution of the backward system (4.6.30)-(4.6.32)
with initial data (!, ).
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Let <gb17 1[)1> € Xo be a minimizer of A. By differentiating A, we obtain that (4.7.22)

is satisfied with hg, go € L?(0,T). Hence, in order to get the controllability result it
is sufficient to prove that A has at least one minimum point. But from (4.7.22) and
(4.7.23), it follows that

1 1
A (S01a¢1) = B ¢z ('7L)||iQ(O,T) + 9 I ('»0)||22(0,T)

- / (' (@) @ (z) + ' (2) ¥ (2)) da
>C7H|(@h )|

Hence, by Lax-Milgram Theorem, A is invertible and the proof of Theorem 4.33 is
complete. O]

4.8 Boundary Controllability Result: The Nonlinear System

Now we can study the controllability of the nonlinear system (4.6.1), satisfying the
boundary conditions

{n(tvO):oa n(tvL):Oa nx(ta ): inE

0,7)
w(t,O):O, w(t’L):()? wﬂﬁ(vL +a1nz(t L)—QQ() in (0,7 (481)

1),

and the initial conditions
n(0,z) =n°(z), w(0,z) =w’(z) in (0,L). (4.8.2)

Let U = ( w), (S (t))t>0 the semigroup generated by the linear part of the sys-
tem (4.6.1), U° = (n°,w®) and N (U) = ((7771))3; ,wwy). Then, system (4.6.1) with
boundary conditions (4.8.1)-(4.8.2) may be recast in the followmg integral form

{U(t):AU+N(U),

U(0) — 00, (4.8.3)

with the boundary conditions (4.8.1). Then, the solution of (4.8.3) has the form

Ut)=S@t)U°+ /Ot S(t—s)N(U(s)). (4.8.4)

Using the Kato smoothing effect established in Theorem 4.26, we prove that (4.8.4) is
locally well posed in the space Xj.

Theorem 4.34. For any (n°,w°) € Xy, there exist a time T > 0 and a unique solution
(1, w) € € (0.7]; Xo) 0 L2 (0,; (H' (0, 1))

of (4-8.4)-
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Proof. For any (f,g) € L' (0,T; Xo), consider the problem

{nt+wx+wxm—f in (0,7) x (0,L),

satisfying the boundary conditions (4.8.1)-(4.8.2). Since problem (4.8.5) has a regular
solutions, we can consider smooth initial data and conclude the next estimates by

density arguments. A density argument yields that (n,w) € L? <0, T; (H* (0, L))2>.
First, observe that

(1) () = S () (') + [ S (=) (£ )9 (s ) s

where (S (t)),s, is defined by Theorem 4.27. Therefore, from Claims 1 and 2 below,
there exist a constant C' = C' (T') > 0 such that

T
(7, w)HC([O,T};XO) + H(mw)”m(oj;(Hl(O,L))?) <C { H (7707“’0) HXO ""/0 1(f, 9 x, ds} :

(4.8.6)
Indeed, remark that solution of the problem (4.8.5) can be written as
(n,w) = (N1, w1) + (92, ws),
where (71, w;) and (12, we) are solutions, respectively, of
771,15 ‘|‘ wl,x + wl,ac:m = O iIl (07 T) X (O, L) ) (4 8 7)
wl,t + nl,z + nl,ccazaz =0 in (07 T) X (Oa L) ) o
satisfying the boundary conditions
m (t, O) = O, T (t, L) = 0, M, (t, 0) =0 in (O, T)
w1 (t, O) = O, w1 (t, L) = 0, ’LU17x (t, L) + 041771736 (t, L) = g2 (t) n (O, T) s
(4.8.8)
and the initial conditions
m (0,z) =n?, wy (0,2) =w? in (0,L), (4.8.9)
and ‘
UpK; + W2z + W2 gz = f mn (07 T) X (07 L) ) (4 8 10)
w2,t + 772,$ + 7]2,19337 =g iIl (07 T) X (07 L) 9 o
satisfying the boundary conditions
12 (ta O) - Oa T2 (tv L) = 07 2,z (t7 0) =0 n (07T) (4 8 11)
ws (t,0) =0, wy(t,L) =0, way (t, L) +aine, (t,L) =0 in (0,7), o

and the initial conditions

n2(0,2) =0, wy(0,2) =0 in (0,L). (4.8.12)
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Therefore, for the system (4.8.7)-(4.8.9), using the Theorem 4.26, we have that
[ (1, wl)”c’ ([0,7):X0) T (1, w1>HL2(0T (H'(0,L))? < ¢ H (7717 wl) HX

For the system (4.8.10)-(4.8.12), we prove that
Claim 1. There exist C' > 0 such that

(72, w2)HC’([0,T];X0) < C|(/, Q)HLl(o,T;XO) . (4.8.13)
Indeed, note that

t
(w2 ()= [ (= 5)(f.9) (s, ) s
0
where (S (t)),5, is Co-semigroup defined in Theorem 4.27. Remark that

HX[O,t]S<t_5) (f.9) (s HX < O£, 9) (s:)llx,

where X denotes the characteristic function. Thus, by Lesbesgue’s Theorem, we have
that
(12, w2) € C([0,T7]; Xo) . (4.8.14)

Furthermore,

2, w2) (), < /Hfg My ds < 109l s s (48.15)

Therefore, from (4.8.14) and (4.8.15), Claim 1 holds.
Claim 2. There exist C' > 0 Such that

H(U2aw2)HL2(0T(H1(0 L))?) < C|(f, )HLl(o,T;XO)- (4.8.16)

Indeed, we proceed as in the proof of Theorem 4.26. Multiplying the first equation of
(4.8.10) by zws, the second one by x1n, and integrating by parts in (0,7") x (0, L), we
obtain that

T
[ Wd—Hmﬂ)Mﬁ<—WUngmww+3Mﬁwﬁmm&)

2L
2 L1 N ) .

Then, from (4.8.15), we get

rorr 2 2 T 2
/0 /o (‘772,:;:’ + \wz,x\ )dl’dt < <L+ §> H(fa g)HLl(O,T;Xo)7

e., (4.8.16) holds.
Now, we prove that (4.8.4) has a unique solution. For this, we consider the map T'
defined by

(TU) (t) = S (t) U0+/0 S(t—s)N(U(s))ds,



163

where (S (t)),5 18 Co-semigroup defined by Theorem 4.27 and N (U) = (- (nw),, , —ww,).
We prove that ' has a unique fixed point in By (0) C E := L? (O, T,(H' (0, L))2>,

where Bpg (0) is the closed ball of radius R in E endowed of your usually norm. We
started proving the following result:
Claim 3: There exists a constant K > 0, such that

IN (W) = N Ul < K (100,02 + 100 y) 102 = Ul

(4.8.17)
for all Uy, Us € (H* (0, L)),
Indeed, observe that
Hw%“H(o,L) < HwHLOO(O,L) H%”H(O,L) <C HwHHl(O,L) H77HH1(0,L) ) (4.8.18)

for all (n,w) € (H* (0, L)), with C' > 0. Therefore, if U; = (1, w1) and Uy = (12, ws),
we have that

IN(U) = N (Ua)|%, = [((n2w3),, — (mwn),  wows e — wiwn g )|I,
< w2 (22 — 771@)”%2(0@ + [Ime (w2 — wl)”iz(o,m
+ [[m2 (w2, — wn x)\|i2(oL + [wie (m — 772)\|i2(o,L)
+ [Jwae (w2 — w1)||L2(0 )+ llw
<C? <||771||H1(0,L) + ||w1||H1(0L

+ C?

—

2
W x — wl,x) ||L2(0,L)
2
lwa — w1l310,1

2 2 2
H772HHl(0,L)+H'LUZHHl(OL [Jwa — leHl(O,L)

2 2 2
+C? ||771HH1(0,L)+lenHl(OL 72 — 771||H1(0,L)

+C?

V\_/\_/\ v

2 2 2
72l 72 ©orn T ||w2||H1 (0,L) 72 — 771||H1(0,L)

2
10 0097 + 102 10,2002 ) 1T = Dol o 1y

M~ N

= (C?
Therefore,
IN (@) = N ), < € (10l oy + Wllaron?) 10 =Vl
that is, Claim 3 holds.

Now, let 7" > 0, R > 0 to be real numbers (specified later) and consider the open
ball of radius R, Bg (0) C E. From Claim 3, we obtain that

T T
| IN @it < K [ 10101yt = CIUI < CR < o

thus,
N(U) e L'(0,T; Xo).
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Therefore, by (4.8.6), the map I'U € E. Observe that Claim 2 ensures that

‘/OtS(t—S)N(U(S))ds SC/OTHN(U(S))HXOds.

E
Thus,

|wwususwaE+C£\me@m%ds

T
IS O+ KC [ 101y s
=[SO U+ EKC U3

Taking R = 2||S () U°||; we obtain, from Theorem 4.26, that R < C(T) 1T, -
Furthermore,

R s It 0 1 0
ol < 24 ker < 2 ket o0, v (2 L KCT(T) |U HXO) R,
where K,C' > 0. Thus, as C (T) < K\/T, for K > 0, it follows that, for 7' > 0 small

enough, I' is a map in Bg (0) — Bg (0).
Finally, let Uy, Us € Br (0) C E. From Claim 2, we have that

[P0y = TUs| g < CIIN (U (s)) = N (U2 (5))ll

=0 [T IN @) - N O 6Dy, s
<O [ (1080 + 102lm0) 105 = Cllo s

T
< QRKC/O \Un — U2H?H1(O,L))2 ds

<2RKCNT||Uy — Uy|, .

Therefore, for R > 0 small enough, I" is an contraction in Bg (0) in itself. Then, by
Banach fixed-point Theorem, there exist a unique solution U € E of (4.8.4). Moreover,

|W@h¢wwmﬂu+/nmwwNwww%w
<[00, + [ IN @ 6Dl s

gwmm+KAuww@WWM&

Thus,

t
2
||UH0([0,T};X0) = max ||U () HXO = HUOHXO + K max/ ”U(S)”(E”(O,L))2 ds

te[0,T] t€[0,7] Jo

= 0|5, + K IUII% < oo,
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that is, U € C'([0,T]; Xo) and the proof ends. O
We may now prove the main result of this chapter.

Theorem 4.35. Let T > 0 and L € (0,+00) \N, where

2 2
N:{Qm/% bl e N*}

Then, there exists a constant & > 0 such that for any initial data and final data
7%, w® nt wt € L* (0, L) verifying

(s w?) ||, <6 and || (", )], <6,

there exist one control g, (t) € L? (0,T) such that the solution

(n,w) € C([0,T], Xo) N L2 (o, T (H' (0, L))2> nH (o, L; (H2 (0, L))2> ,

of
e+ wy + (M), + Wage =0 in (0,T) x (0,L),
w(t,0) =0, w(t, L) = 0 wy (t, L —l— ang (t,L)=go(t) in (0,7),
n(0,2) =n°(z), w0, ) w’ (z) in (0,L),
(4.8.19)

verifiesn (T,-) =n', w (T,-) = w'.

Proof. To prove this result we apply a fixed point argument for a suitable map. First,
we define
U (L(0,L)° — L%*(0,7)
Uinhw') = g(),

where g9 (t) is a control given by Theorem 4.31 which lead the solution of (4.8.19) from
the initial data (0,0) to the final state (n', w?).

More precisely, if (¢',4!) € Xy is the minimizer of the functional A defined in
Theorem 4.31 and (i, 1) is the solution of the backward system (4.6.30)-(4.6.32) with
initial data (o', 91), then gy (t) € L*(0,T) is given by

92 (t) = @ (t, L) .

Since A (¢!, %!) < A(0,0) = 0, from observability inequality (4.7.5) we deduce that ¥
is continuous.
First, we consider the following functional spaces

z =12 (0,T; (H' (0, L))2>
v =1r'(0,T;(L2(0,L)) )
G=C ([o,T] (L2 (0, L))2> N L2 <O,T; (H' (O,L))2> .
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Now, we define the operator F : Z — G by

r (777 w) =010V ((7717 wl) -5 (T) (7707 wO) + O (_fv _g) (T7 ))
+S () (7707100) + 62 (f7 g) :
Here (f,g9) = — ((qw), ,ww,), the maps ©; : L?*(0,7) — G and O, : Y — G are
defined, respectively, by
©1(g2) = (m, w1),
where (171, w;) is the unique solution of (4.8.7)-(4.8.9), and

©2 (f,9) = (2, wa),

where (72, w2) is the unique solution of (4.8.10)-(4.8.12).
Remark that, if (n,w) is a fixed point of f, then (1, w) is a solution of (4.8.19) and
satisfies

n(T,z) =n"w(T,z)=w,

that is, system (4.8.19) is controllable by (n*, w!).
We prove that there exists 6 > 0, small enough, such that if

1", w?) ||, < 0 and |[(n", "), <&,

the map F has a fixed point. To do this, it is sufficient to show that there exists R > 0,
with the following properties:

s (BR (0)) c Br(0) C Z;
2. There exist a constant ¢ € (0,1) such that

IF (n,w) = F (), w)llg < cll(n,w) = (0, @)llg, ¥ (n,w), (7, @) € Br (0),

where Bg (0) is the closed ball of radius R in Z. Since ©1, O2 and ¥ are continuous
(see proofs of Theorems 4.34 and 4.30), there exists positive constants ki, ko and ks
such that

l[SH (92)”g <k H92HL2(0,T) )

102 (f,9)llg < E211(f, 9)ly (4.8.20)

R4 (nlawl)H(LQ(O,T))Q < ksl(n", wl)H(LQ(O,T))Q :

Let R > 0 (R will be chosen latter on) and let (n,w) € Bg (0) C Z. We have that

lF (m.w)llg < [ (", w®) |, + Fuks || (0, w0") = S(T) (n°,0") + €2 (= f, —9) (T, )|,
+ k2 [[(f: 9)lly
< 6+ 2kiksd + kikoksC' || (n,w) |12 + C'ha || (n, w) |17
< 8+ 2k k36 + (kiks + 1) C'ho R2. (4.8.21)

Therefore, f <BR (0)) C Bg (0) for any R > 0 such that

(14 2k1k3) 0 + (kiks + 1) C'kyR* < R. (4.8.22)
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On the other hand, as

F(nw) = F 0.0) = 0: ((£.9) = (£.9)) + €10 (02 ((£,9) - (1,9))
we obtain

1 (n,w) = F (7, @)lg < koC" || (n,w) = (7, @)l + krkaksC' || (n,w) = (7, )]lg
< 2kyC'R (1 + kska) || (n, w) — (7, @) - (4.8.23)

Hence, F is a contraction if R verifies
Now, if R satisfies (4.8.24), by choosing

5 R
© 2(1 + 2kiks)’

we have that (4.8.22) also holds. Thus, for every (n°, w°), (n', w') such that
0.0
1’ w”)l, < & and [[(n" "), <6,
the map F has a fixed point and the proof ends. n

Now, we study the controllability of the nonlinear system (4.6.1), satisfying the
boundary conditions

{ n(t, L) =0, n,(t,0) =0, asn(t,0)+ asn, (t,L) + we (£,0) = ho(t) in (0,7)
w(t,0)=0, w(t,L)=0, w,(t, L) —asz(n(t,0)—n.(t, L) =g2(t) in (0,7),
(4.8.25)
and the initial conditions
n(0,2) =n’(z), w(0,z) =w’(z) in (0,L). (4.8.26)

Indeed, let U = (n,w), (S (t)),s, the semigroup generated by the linear part of the sys-
tem (4.6.1) given by Theorem 4.27, U = (n°,w°) and N (U) = — ((qw),, , ww,). Then
(4.6.1) with the boundary conditions (4.8.25)-(4.8.26) may be recast in the following
integral form

{ U(t)= AU+ N (U), (4.8.27)

U(0)=0"
with the boundary conditions (4.8.25). Then, the solution of (4.8.27) has the form

U(t) =S (t) U°+/tS(t— )N (U (). (4.8.28)

Using the Kato smoothing effect established in Theorem 4.28 and the same ideas of the
proof of Theorem 4.34 the following theorem holds:
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Theorem 4.36. For any (n°,w®) € Xy, there exists a time T > 0 and a unique solution
(1, w) € C([0,7]: Xo) 0 L2 (0,T: (H' (0, 1))

of (4.8.28).

With the result of solution of the nonlinear system in hands, we have an affirmative
answer to the problem of control with the boundary conditions (4.8.25). This answer
is given by the following theorem:

Theorem 4.37. Let T > 0 and L € (0,+00) \N, where

2 2
W fom R e

Then, there exists a constant 6 > 0 such that for any initial data and final data
n°, w ntwt € L? (0, L) verifying

I "), < 8 and || (0", 0], <0,
there exist two controls (ho (t), g2 (t)) € (L2 (0,T))° such that the solution

(n,w) € C([0,T], Xo) N L2 (o, T; (H' (0, L))2> nH (0, L; (H2 (0, L))Q) ,

of
(M + wy + (M), + Wegy =0 in (0,T) x (0,L),
n(t,L)=0, n.(¢,0)=0 in (0,7,
asn (t,0) + asn, (8, L) + wey (8,0) = ho (t)  in (0,7), (4.8.29)
w(t,0)=0, w(t,L)=0 in (0,7,
Wy (t7 L) — Qs (77 <t7 0) — Nz (t7 L)) = g2 (t) in (07 T) )
( 7(0,2) =1°(2), w(0,2)=u’(x) in (0,L),

verifies n (T,-) =n', w(T,-) = w.

Observe that the proof of the Theorem 4.37 is similar to the proof of Theorem 4.35,
so it is omitted.

4.9 Stabilization of Boussinesq System

In order to study the exact controllability problem it was very important to obtain
a gain of regularity for the solution, that is, to get the Kato smoothing effect. This
result was obtained due to the choice of the boundary condition, that is, we consider
the following system:

x (0,L),
< (0.L). (4.9.1)

e+ wy + (M), + Waeey =0 in (0,7)
Wi + Ny + WWy + Npgw = 0 in (0,7)



169

satisfying two boundary conditions:

{n(t,O):O, n(t, L) =0, n,(t0)=0 in (
w(t,0) =0, w(t,L)=0, wy(t,L)+an, (t,L) =g2(t) in (

and
n(t,L)
w (t,0)

where «; are positive constants for ¢ = 1,2, 3, and the initial conditions

n(0,2) =n°(z), w(0,z2) =w’(z) in (0,L). (4.9.4)

If we look at the above system (4.9.1) with boundary conditions (4.9.2)-(4.9.4) or
(4.9.3)-(4.9.4) with hg (t) = g2 (t) = 0, another problem that arises in this context is
related to the asymptotic behavior of the solutions for ¢ sufficiently large. This question
is entirely relevant because the energy associated of the linear system corresponding to
(4.9.1) is negative in both cases. Indeed, under the above boundary conditions, if we
multiply the first equation of (4.9.1) by 7, the second one by w and integrating by parts
over (0, L), we obtain, respectively, that

d

L
GE= ol L~ [ ), nda
0

Nz (tv 0) =0, asn(t,0)+ asne (t, L) + we, (t,0)
t t

0, ho(t) in (O,T
0, w(t>L):0> wx(7L>_a3(77(aO)_77x(taL)) 0, T

92 (t) in ( )

and
d

L
GE = el OF ~aslna . L) = [ (), nd,
0

where E (t) = L [ (n* + w?) dz is the total energy associated to (4.9.1) and a; > 0,
for « = 1,2,3. This indicates that the boundary conditions play the role of a feed-
back damping mechanism, at least for the linearized system. Therefore, the following
questions arise:

1. Does E(t) — 0 as t — +00?

2. If it is the case, can we give the decay rate?

We will now give positive answers to these questions.

4.9.1 The Linear Problem

In this section we make use of the estimates derived in the previous sections to obtain the
exponential decay of the linear problem associated to (4.9.1)-(4.9.3) when hy = go = 0.
More precisely we consider the system

N+ Wy + Weey =0 in (0,7) x (0, L), (4.9.5)
Wi+ N + e =0 in (0,7) x (0,L), .
satisfying, initially, the following boundary conditions
w(t>0) :07 Uj(t, L) :07 Wy (tvL)+a1nI (ta L) :O in (OaT)7 o
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and the initial conditions
n(0,2) =n° (&), w(0,z)=u(z) in (0,L). (4.9.7)

We are in a position to prove the exponential stability of the linearized system with
boundary conditions (4.9.6).

Theorem 4.38. Assume that a; > 0 and L € (0,+00) \N, where

2 2
W fom R e

Then there exist two constants Cy, o > 0, such that for any (n°, w°®) € Xy, the solution
of (4.9.5)-(4.9.7) satisfies

10 (8) 1w (1), < Coe™ || (%, )|, - ¥ > 0. (49.8)

Proof. Observe that, using (4.9.6) and the classical argument, we only have to prove
the following observability inequality:

T
HWWW&SCmAVMMWﬁ. (4.9.9)
Indeed, if (4.9.9) is proved, we have that
() - B©) < -2,
C
that is,
E(0) E(T)
E(T)<FE -—><F -
<50 -2 <p@)-EL
Then,

Therefore, the semigroup associated of system (4.9.5)-(4.9.7) decays exponentially.
Now, we prove (4.9.9) through several steps.
Step 1: (Compactness-Uniqueness Argument)

The proof is very similar of the result of controllability, more precisely, Theorem
4.30. Therefore, we will omit the details. Again, we argue by contradiction. If (4.9.9)

is not true, there exist a sequence {(n,w)}, o in Xo such that

L T
1= }|(n2,w2)||§(0 = / <‘n2‘2 + |w2|2) dx > nozl/ 1 (t,L)|2dt. (4.9.10)
0 0
From Theorem 4.26 and (4.9.10) we obtain that

{(Nn,wn)}, ey is bounded in L? (O,T; (H' (0, L))Z)
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and (4.9.5) ensures that {((m.),,(wn),)}, oy is bounded in L? (O,T; (H~2(0, L))2>

Hence, applying Aubin’s lemma, we see that there exists a subsequence, still denoted
by the same index, such that

(D, wp) — (n,w) in L*(0,T; X,).

Moreover, by (4.6.14) and (4.9.10), we see that {(n),w?)}, oy is a Cauchy sequence in
Xy, hence for some pair (p°, ¥°) € Xy, we have that

(nn,wy) — (n°,w°) in Xo. (4.9.11)
Clearly, (n,w) =S (-) (n°,w°) and we infer from (4.9.10) that
ne (t,L) =0 (4.9.12)
and
| (% w®) on =1. (4.9.13)

Step 2: (Reduction to a Spectral Problem)
We will use a similar argument to that used in Lemmas 4.22 and 4.23.

Lemma 4.27. For any T > 0, let Ny denote the space of the initial states (n°, w") € X
such that the solution (n,w) = S () (n°,w°) of (4.9.5)-(4.9.7) satisfies (4.9.12). If
Nr # 0 for some T > 0 and L € (0,400)\N, then there exist A € C and (n°,w) €
(H3(0,L))* with (n°,w°) # (0,0), such that

P ) = o
A + (%) + ()" =
n°(0) =n° (L) = (n° (0))" = (4.9.14)

w® (0) =w’ (L) =0
(w® (L)) = a1 (" (L)) = 0.
Proof. The proof of Lemma follows exactly the same techniques used in [62, Lemma
3.4] and in the Lemma 4.22, so it is omitted.
To obtain the contradiction, it remains to prove that a triplet (\,7° w°) as above

does not exist.
Step 3: (Nontrivial Solution for the Spectral Problem)

Lemma 4.28. Let A € C and (n°,w°) € (H3(0,L))* fulfilling (4.9.14). Then n° =

w® = 0.
Proof. The proof of Lemma is given by Lemma 4.23. O]

The exponential stability for the case of the linearized system with boundary condi-
tions (4.9.3), when hg = go = 0, is similar, therefore, it is omitted. Indeed, note that
we need to prove the following observability inequality:

T
|WﬂwN;§0/(%mmmf+%mﬁLWMu (4.9.15)
0

for as,a3 > 0. The proof of (4.9.15) follows of Lemmas 4.25 and 4.26. Thus, the
following result holds:
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Theorem 4.39. Assume that as, a3 > 0 and L be as in Theorem 4.38. Then, there exist
two constants Cy, pg > 0, such that for any (n°,w®) € X, the solution of (4.9.5) with
boundary condition (4.9.3), when hy = go = 0, and initial conditions (4.9.7) satisfies

[(n(t),w ()], < Coe ™ | (no,wO)HXO, vt > 0. (4.9.16)
Definition 4.8. For 0 < s < 3, let X, denote the collection of all functions (n,w) €
(H* (0, L))? satisfying the s-compatibility conditions:
n(0)=w0)=n(L)=w(L)=0, when 1/2 < s < 3/2
1(0) =w(0) =n (L) =w(L) =7 (0) = w (L) + crn (L) = 0,
when 3/2 < s < 3.

X, 1s endowed with the Hilbertian norm

2 2
1, w)llx, = Il 0,0y + [l

Now, we use Theorem /.38 and some interpolation argument to prove an exponential
stability result in each space X, for 0 < s < 3.

Corollary 4.3. Let ay and L be as in Theorem 4.38. Then, for s € |0,3], there
exists a constant Cs > 0 such that for any (n°,w°) € X, the solution (n(t),w(t)) of
(4.9.5)-(4.9.7) belongs to C (R*; X) and fulfills

[ (t),w ()], < Coe ™ | ('r]o,wo)”XO , Vit > 0. (4.9.17)

Proof. Observe that, for s = 0, from Theorem 4.38, the result is true. We prove the
case s = 3. Consider (n°,w’) = U° € X3 := D (A) and define

U(t) = (n(t),w(t)=5()U"

where (S (t)),sq is Co-semigroup generated by Theorem 4.25. Then, if V' (t) := U, (t),
we have that

2
H(0,L) *

V, = AU, = AV,
V(0) = AU (0) = AU, ==V, € X,.

Therefore, by Theorem 4.38, there exists constants Cy, pig > 0, such that
IV @)l x, < Coe™™" Vol » for t > 0.
As V = AU and V) = AUy, we obtain that
AU (1) x, < CpeHot AU y, , for t > 0.

Since, ||U]y, and [|U]y, + [[AU||x, are equivalent on X3, we conclude that for some
constant C5 > 0 we have that

Uy, < Cse™™" (Uolly, + 1AVl x,) = Cse™" Vo, -

for all £ > 0. This proves (4.9.17) for s = 3. The fact (4.9.17) is still valid for 0 < s < 3
follows by a standard interpolation argument, since

X, = [Xo. Xal,



173

Remark 4.13. Observe that in [58], the authors consider system (4.9.5) with three
dissipations in the boundary conditions. In this case it is possible to obtain the decay
with less amount of damping. On the other hand, this fact is closely linked with the
appearance of the critical set for the length L.

Remark 4.14. Another problem cited would be the stabilization of the system (4.9.5)
with boundary condition (4.9.3), when hy = go = 0, and initial conditions (4.9.7).
The Theorem 4.39 gives us a positive answers to the exponential decay of the system,
but observe that adding two dissipation in the boundary conditions, there exist a set of
critical values for L. Proceeding as in the proof of Corollary 4.3 it is possible to prove
the stabilization in X of the system (4.9.5) with boundary condition (4.9.3), when
ho = g2 = 0, and initial conditions (4.9.7).

4.9.2 Well-posedness and Exponential Stability

Now we return our attention for the nonlinear system (4.9.1), satisfying the bound-
ary conditions (4.9.2)-(4.9.4) when hg = go = 0. Let U = (n,w), (S ()) -0 the
semigroup generated by the linear part of the system (4.9.1), U° = (n° w
N({U) = - ((nw), ,ww,). Then, system (4.9.1) with boundary conditions (4.9.2)-
(or (4.9.3)-(4.9.4)) may be recast in the following integral form

{ U(t) = AU + N (U),
U (0) = U°,

") a
(4.9, )

(4.9.18)

with the boundary conditions (4.9.2)(or (4.9.3)). Then, the solution of (4.9.1) has the
form

U(t) =S (t) UO+/tS(t— )N (U (s)). (4.9.19)

Using the Kato smoothing effect established in Theorem 4.26, Theorem 4.34 ensure the
local well-posedness in the space Xj.

As cited in [58], due to a lack of a priori Xg-estimate, the issue of the global existence
of solutions is difficult to address. However, the global existence together with the
exponential stability may be established for small initial data. To that end, the Kato
smoothing estimate and the exponential decay rate in X; are combined with a pointwise
(in time) estimate. Therefore, using the same argument in [58], we can guarantee the
existence and global exponential decay of the system (4.9.1) with boundary conditions
(4.9.2)-(4.9.4) (or (4.9.3)-(4.9.4)). More precisely, it is possible to prove the following
Lemma:

Lemma 4.29. For any pu € (0, o), there exist a constant C' = C (u) > 0 such that for
any U° € X,
0 e
1S U° s, < O7 1Uolly, » ¥t > 0. (4.9.20)

Proof. See [58, Lemma 3.2]. O
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Finally, with the previous Lemma, we are in a position to prove the well-posedness
and the exponential stability for solutions issued from small initial data in X;. Fix a
number p € (0, po), and let us introduce the space

F= {U: (n,w) € C (R*; X1);

U (t)HLoo(R+;X1) < OO}

endowed with its natural norm. Then, the next Theorem, proven in [58, Theorem 3.3,
follows:

Theorem 4.40. There exists a number ro > 0 such that for any (n°,w°) € X, with
(1%, w°)|lx, < 71, the integral equation (4.9.19) admits a unique solution (n,w) € F.



Chapter 5

Conclusion and perspectives

5.1 Conclusion

The chapter 4 was devoted to the study of a coupled system introduced by Gear and
Grimshaw in 1984 to model the interactions of two-dimensional, long, internal grav-
ity waves propagation in a stratified fluid. It was proved by Chaves and Davila (see
[25]) that, by introducing periodic boundary conditions the solutions are considered in
[H(0, 1)]?, for any s positive integer. Moreover, the authors also give a simpler deriva-
tion of the conservation laws discovered by Gear and Grimshaw, and Bona et al [8].
With this result in hand, we studied, introducing a symmetric dissipative mechanism in
both equations, the exponentially decaying of the total energy associated to the system
is derived (Theorem 2.2). The proof is based on the construction of a Lyapunov func-
tion and several identities deduced from the infinite family of conservation laws which
characterize this system.

The chapter 5 was devoted to the study of the controllability properties of Ko-
rteweg de Vries equation (KdV). The equation was first derived by Boussinesq [10] and
Korteweg-de Vries [39] as a model for the propagation of water waves along a channel.
The equation is also a very useful approximation model in nonlinear studies whenever
one wishes to include and balance a weak nonlinearity and weak dispersive effects.
In particular, the equation is now commonly accepted as a mathematical model for
the unidirectional propagation of small amplitude long waves in nonlinear dispersive
systems. While a lot of research has been devoted to the initial value problem, the
boundary value problem and the controllability properties have received much less at-
tention. Some of the most important results in this direction have been obtained in
the paper [62] where the boundary controllability properties of the KdV equation have
been studied. We studied the null and exact controllability problem with a distributed
control on a bounded domain. The null controllability result, given in Theorem 3.1, is
first established for a linearized system by following the classical duality approach (see
[28, 42]), which reduces the null controllability to an observability inequality for the
solutions of the adjoint system. To prove the observability inequality, we derive a new
Carleman estimate with an internal observation in (0,7") X (I1,l2) and use some inter-
polation arguments inspired by those in [32], where the authors derived a similar result
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when the control acts on a neighborhood on the left endpoint (that is, /; = 0). The null
controllability is extended to the nonlinear system by applying Kakutani fixed-point
theorem. Nextly, an exact controllability property is studied in Theorems 3.2 and 3.3.
In both cases, as for the boundary control, the localization of the distributed control
plays crucial a role in the final results. While in the first theorem the exact controlla-

bility property holds in a weighted space L? , in the second one only a “regional

(L_m)d:v’

controllability” result can be established.

In chapter 6, we studied the controllability and stabilizability properties of a Boussi-
nesq systems. The classical Boussinesq systems were first derived by Boussinesq, in
[11], to describe the two-way propagation of small amplitude, long wavelength gravity
waves on the surface of water in a canal. These systems and their higher-order general-
izations also arise when modeling the propagation of long-crested waves on large lakes
or on the ocean and in other contexts. In [6], the authors derived a four-parameter
family of Boussinesq systems to describe the motion of small amplitude long waves on
the surface of an ideal fluid under the gravity force and in situations where the motion
is sensibly two dimensional. In the first part of this chapter we studied the boundary
controllability properties of the system. The controls belong to L?*(0,7) and may be in
number of two or one, the total number of boundary conditions being six (Theorems
4.2). The technique of proof is inspired by the study of the controllability properties
for the KAV equation developed by Rosier in [62]. More precisely, the controllability of
the linear systems is shown by reducing the problem to a unique continuation principle
for the eigenfunctions of the corresponding differential operator. As in the case of the
KdV equation, in order to ensure this unique continuation property, the length of the
interval can be taken any positive real number excepting a countable set of values ex-
plicitly described in each case. We note that, to prove the controllability property for
the nonlinear system, special boundary conditions have to be chosen in order to ensure
the so called Kato smoothing effect and a higher regularity of the solutions (Theorems
4.3 and 4.4). In the last part of this chapter, a stabilizability property was derived.
The chosen boundary conditions ensure the non increasing property of the associated
energy and, finally, its exponential decay (Theorem 4.5).

5.2 Perspectives

Based on the work developed in this thesis, some questions arise naturally. We will
therefore describe in this section some problems that we can interest thereafter.

5.2.1 New damping mechanism

It would be possible to reduce the dissipation in the system studied in the Chapter 47
More precisely, one could add a single dissipative mechanism in one equation? It was
noted that with the approach used here (Lyapunov Method) would not be possible to
obtain similar results in this case. Then, a natural idea is to consider first a local damp-
ing mechanism as in [72] where the same problem was addressed for the KdV equation.
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We expect that such mechanism acting in both equations of the Gear-Grimshaw system
give as the exponential decay of the energy, but this is an issue entirely open.

5.2.2 Internal Controllability for the Korteweg-de Vries Equation

In chapter 5 of this thesis was proven one result of "regional controllability” for the
Korteweg-de Vries equation. More specifically, it was possible to show a controllability
in the right side of the spacial domain. The issue whether u can also be controlled
exactly on (ly,[3) is open.

5.2.3 Controllability for the non linear Boussinesq System in critical cases

In chapter 6, we prove the boundary controllability of the linear system of the Boussi-
nesq system of KdV-KdV type. More precisely, we show that the controllability follows
when L ¢ N or L ¢ R. But, in [17], the authors shows that the non linear KdV
equation is exactly controllable in critical cases. A natural question would be, if the
techniques used by the authors can be used to obtain a similar result for the Boussinesq
system of KAV-KdV type. The application of this method to this system is a completely
open problem.



Bibliography

1]
2]

[3]
[4]

[5]

[6]

Ablowitz, M., Kaup, D., Newell, A. and Segur, H., Nonlinear-evolution equations
of physical signifcance, Phys. Rev. Lett. 31 (1973), 125-127. 1

Adams, R. A., Sobolev Spaces. Academic Press, New York, San Francisco London,
Ist edn (1975). 56

Airy, G. B., Tides and waves. Encyclopedia Metropolitana, 5, 1841. 2

Alarcon, E., Angulo, J. and Montenegro, J. F., Stability and instability of solitary
waves for a nonlinear dispersive system, Nonlinear Anal. 36 (1999), 1015-1035. 1

Bergh, J. and Lofstrom, J., Interpolation spaces. An introduction. Grundlehren der
Mathematishen Wissenschaften, No. 223. Springer-Verlag, Berlin New York 1976.
48

Bona J. J., Chen M. and Saut J.-C., Boussinesq equations and other systems for
small-amplitude long waves in nonlinear dispersive media. I. Derivation and linear
theory, J. Nonlinear Science, 12 (2002), 283-318. 15, 81, 176

Bona J. J., Chen M. and Saut J.-C., Boussinesq equations and other systems for
small-amplitude long waves in nonlinear dispersive media. I1. The nonlinear theory,
Nonlinearity 17 (3) (2004) 925-952. 15, 82

Bona, J.L., Ponce, G., Saut, J.C. and Tom, M. M., A model system for strong
interaction between internal solitary waves, Comm. Math. Physics 143 (1992), 287—
313. 9, 10, 22, 23, 30, 175

Bona, J. J. and Smith, R., The initial value problem for the Korteweg-de Vries
equation, Philos. Trans. Roy. Soc. London, A 278 (1975), 555-604. 9, 23

Boussinesq, J. V., Théorie de lintumescence liquide appelee onde solitaire ou de
translation, se propageant dans un canal rectangulaire. 2, 11, 43, 175

Boussinesq, J. V., Théorie générale des mouvements qui sont propagés dans un
canal rectangulaire horizontal, C. R. Acad. Sci. Paris, 72 (1871), 755-759. 14, 81,
176

Brezis, H., Functional Analysis, Sobolev Spaces and Partial Differential Equations,
Springer New York Dordrecht Heidelberg London, 2010.

178



179

[13] Capistrano-Filho, R. A., Komornik, V. and Pazoto, A., Stabilization of the Gear-
Grimshaw Sytem on a periodic domain, arXiv:1303.4759[math.AP] 24 Sep 2013. 8,
21

[14] Capistrano-Filho, R. A., Rosier, L. and Pazoto, A., Internal controllability for the
Korteweg-de Vries equation on a dounded domain , arXiv:1401.6833 [math.AP] 27
Jan 2014. 11, 21

[15] Capistrano-Filho, R. A., Rosier, L. and Pazoto, A., Controllability of Boussinesq
equation KdV-KdV type on a bounded domain - Preprint 2014. 14, 21

[16] Cerpa, E., Exact controllability of a nonlinear Korteweg-de Vries equation on a
critical spatial domain, STAM J. Control Optim. 46 (2007), 877-899. 12, 44

[17] Cerpa, E., and Crépeau, E., Boundary controllability for the nonlinear Korteweg-de
Vries equation on any critical domain, Ann. I.H. Poincaré, 26 (2009), 457-475. 12,
44, 177

[18] Cerpa, E., and Crépeau, E., Rapid exponential stabilization for a linear Korteweg-
de Vries equation, Discrete Contin. Dyn. Syst. Ser. B, 11 (2009), no. 3, 655-668.

[19] Coron, J-M., Control and Nonlinearity, Mathematical Surveys and Monographs,
American Mathematical Society, Vol. 136, 2007. 4, 5, 6

[20] Coron, J.-M. and Crépeau, E., Exact boundary controllability of a nonlinear KdV
equation with a critical length, J. Eur. Math. Soc., 6 (2004), 367-398. 31. 12, 44

[21] Coron, J.-M. and Rosier, L., A Relation Between Continuous Time-Varying and
Discontinuous Feedback Stabilization, Journal of Mathematical Systems, Estima-
tion, and Control, 4 (1994), 67-84.

[22] Datko, R., Uniform asymptotic stability of evolutionary processes in a Banach
space, STAM J. Math. Anal., vol. 3, p. 428445, 1972. 7

[23] Davila, M., On the unique continuation property for a coupled system of KdV
equations, PhD Thesis, Institute of Mathematics, Federal University of Rio de
Janeiro, Brazil, 1994. 9, 22, 23

[24] Davila, M., Um sistema acoplado de equagoes tipo Korteweg—de Vries, Proceedings
of the 8th SEDIP, Sao Joao del-Rei, 1994, 40. 9, 22, 23

[25] Déavila, M., Ezisténcia e unicidade de solugdes periddicas para um sistema acoplado
de equagoes tipo Korteweg—de Vries, Vertentes 14 (2000), 110-119. 9, 22, 175

[26] Davila, M., Estabilizagao de um sistema acoplado de equagoes tipo KdV, Proceed-
ings of the 45° Seminario Brasileiro de Analise, Florianopolis, 1997, Vol. 1, 453-458.
9, 22, 23

[27] Davila, M. and Chaves, F. S., Infinite conservation laws for a system of Korteweg—
de Vries type equations, Proceedings of DINCON 2006, Brazilian Conference on
Dynamics, Control and Their Applications, May 22-26, 2006, Guaratingueta, SP,
Brazil (four pages). 9, 10, 22, 23, 24



180

[28] Dolecki, S. and Russell, D. L., A general theory of observation and control, STAM
J. Control Optimization 15 (1977), 185-220. 4, 13, 45, 175

[29] Gardner, C. S., Greene, J. M., Kruskal, M. D. and Miura, R. M., Method for solving
the Korteweg-de Vries equation, Phys. Rev. Lett., 19 (1967), 1095-1097.

[30] Gardner, C. S. and Morikawa, G. K., Technical report. Courant Institute of Math-
ematical Sciences. New York University. Report No. NYU 9082, 1960. 3

[31] Gear, J. A. and Grimshaw, R., Weak and strong interactions between internal
solitary waves, Stud. Appl. Math. 70 (1984), 235-258. 9, 22

[32] Glass, O. and Guerrero, S., Some ezxact controllability results for the linear KdV
equation and uniform controllability in the zero-dispersion limit, Asymptot. Anal.
60 (2008), no. 1-2, 61-100. 12, 13, 44, 45, 46, 47, 48, 49, 56, 175

[33] Glass, O. and Guerrero, S., Controllability of the Korteweg-de Vries equation from
the right Dirichlet boundary condition, Systems Control Lett. 59 (2010), no. 7,
390-395. 12, 19, 44, 85

[34] Goubet, O., Shen, Jie., On the dual Petrov-Galerkin formulation of the KdV equa-
tion on a finite interval, Adv. Differential Equations 12 (2007), no. 2, 221-239. 14,
46, 65, 69, 71, 77

[35] Kenig, C. E., Ponce, G. and Vega, L., A bilinear estimate with applications to the
KdV equation, J. Amer. Math. Soc., 9 (1996), 573-603. 11, 43

[36] Kramer, E., Rivas, 1., and Zhang, B.-Y., Well-posedness of a class of initial-
boundary-value problem for the Kortweg-de Vries equation on a bounded domain,
ESAIM Control Optim. Calc. Var., to appear.

[37] Komornik, V., Ezact Controllability and Stabilization. The Multiplier Method, Col-
lection RMA, vol. 36, Masson—John Wiley, Paris—Chicester, 1994. 8

[38] Komornik, V., Russell, D. L. and Zhang, B.-Y., Stabilisation de I’ equation de
Korteweg—de Vries, C. R. Acad. Sci. Paris S er. I Math. 312 (1991), 841-843. 10,
24

[39] Korteweg, D. J. and de Vries, G., On the change of form of long waves advancing
i a rectangular canal, and on a new type of long stationary waves, Philos. Mag.,
39 (1895), 422-443. 2, 11, 43, 175

[40] Laurent C., Rosier L., Zhang B.-Y., Control and stabilization of the Korteweg-
de Vries equation on a periodic domain, Comm. Partial Differential Equations 35
(2010), 707-744. 11, 12, 13, 24, 44, 45

[41] Linares, F., and Pazoto, A. F., On the exponential decay of the critical generalized
Korteweg-de Vries equation with localized damping, Proc. Amer. Math. Soc. 135
(2007), no. 5, 1515-1522.



181

[42] Lions, J.-L., Contrélabilité exacte, perturbations et stabilisation de systémes dis-
tribués. Tome 1, vol. 8 of Recherches en Mathématiques Appliquées [Research in
Applied Mathematics], Masson, Paris, 1988. 4, 6, 19, 45, 74, 85, 175

[43] Lions, J.-L., Ezact controllability, stabilizability and perturbations for distributed
systems, STAM Review 30 (1988), 1-68. 4, 13

[44] Lions, J. -L., and Magenes, E., Probléms auz limites non homogénes et applications.
Vol 1, Travaux et Recherches Matheméatiques, No. 17, Dunod, Paris, 1968. 4, 48

[45] Liu, K., Locally distributed control and damping for the conservative systems, STAM
J. Control Optim., vol. 35, n 5, p. 1574-1590, 1997. 8

[46] Massarolo, C. P., Menzala, G. P., and A. F. Pazoto, On the uniform decay for
the Korteweg-de Vries equation with weak damping, Math. Methods Appl. Sci. 30
(2007), 1419-1435.

[47] Megan, M., On the stabilizability and controllability of linear dissipative systems in
Hilbert space, S. E. F., Universitatea din Timisoara, 1975. 8

[48] Mercado A., Osses A., Rosier L., Inverse problems for the Schrédinger equation via
Carleman inequalities with degenerate weights, Inverse Problems 24 No. 1(2008),
015017, 18 pp. 52

[49] Micu S., Ortega J. H. and Pazoto A. F., On the controllability of a nonlinear
coupled system of Korteweg-de Vries equations, Commun. Contemp. Math., 11 (5)
(2009), 799-827. 1

[50] Micu S., Ortega J. H., Rosier L. and Zhang B.-Y., Control and stabilization of a
family of Boussinesq systems, Discrete Contin. Dyn. Syst., 24 (2009), 273-313. 15,
16, 82

[51] Miura, R. M., The Korteweg-deVries equation: a survey of results, SIAM Rev. 18
(1976), 412-459). 10, 11, 23, 43

[52] Miura, R. M., Gardner, C. S. and Kruskal, M. D., Korteweg-de Vries equation
and generalizations. II. Existence of conservation laws and constants of motion, J.
Mathematical Phys. 9 (1968), 1204-1209. 10, 23

[53] Nina, D., Pazoto, A. F. and Rosier L., Global stabilization of a coupled system of
two generalized Korteweg-de Vries type equations posed on a finite domain, Math.
Control Relat. Fields 1 (2011), 353-389. 1, 3, 4, 18, 21

[54] Pazy. A., Semigroups of linear operators and applications to partial differential
equations, vol. 44 of Applied Mathematical Sciences, Springer-Verlag, New York,
1983. 6

[55] Pazoto, A. F. and Souza, G. R., Uniform stabilization of a nonlinear dispersive
system, Quart. Appl. Math., to appear. 9, 22



182

[56] Perla-Menzala, G., Vasconcellos, C. F. and Zuazua, E., Stabilization of the
Korteweg-de Vries equation with localized damping, Quart. Appl. Math., 60 (2002),
pp. 111-129. 77

[57] Pazoto, A. F., Unique continuation and decay for the Korteweg-de Vries equation
with localized damping, ESAIM Control Optim. Calc. Var., 11 (2005), pp. 473-486.
32

[58] Pazoto, A. F. and Rosier, L., Stabilization of a Boussinesq system of KdV-KdV
type, Systems & Control Letters 57 (2008), 595-601. 15, 16, 21, 82, 83, 87, 173,
174

[59] Rivas, I., Usman, M., and Zhang, B.-Y., Global well-posedness and asymptotic be-
havior of a class of initial-boundary-value problem of the Korteweg-de Vries equa-
tion on a finite domain, Mathematical Control and Related Fields 1 (2011), 61-81.

[60] Rayleigh, (Strutt. J.W.) On waves. Phil. Mag., 1:257-271, 1876 2, 3

[61] Rosier, L.. A survey of controllability and stabilization results for partial differential
equations, JESA. Volume 41 — no 3-4/2007, pages 365 to 411

[62] Rosier, L., Ezact boundary controllability for the Korteweg-de Vries equation on a
bounded domain, ESAIM Control Optim. Cal. Var., 2 (1997), 33-55. 12, 14, 17,
19, 44, 46, 47, 64, 71, 74, 77, 78, 83, 85, 96, 100, 103, 123, 126, 133, 136, 140, 142,
155, 158, 171, 175, 176

[63] Rosier, L., Exact boundary controllability for the linear Korteweg-de Vries equation
on the half-line, SIAM J. Control Optim. 39 (2000) 331-351.

[64] Rosier, L., Control of the surface of a fluid by a wavemaker, ESAIM Control Optim.
Cal. Var. 10 (2004), 346-380. 12, 14, 44, 46

[65] Rosier, L. and Zhang, B.-Y., Control and Stabilization of the Korteweg-de Vries
Equation: Recent Progresses, Jrl Syst Sci & Complexity (2009) 22: 647-682 12, 44

[66] L. Rosier, B.-Y. Zhang, Null controllability of the complex Ginzburg-Landau equa-
tion, Ann. Inst. H. Poincaré Anal. Non Linéaire 26 No. 2 (2009), 649-673. 52

[67] Rosier, L. and Zhang, B.-Y., Global stabilization of the generalized Korteweg-de
Vries equation, STAM J. Control Optim. 45 (2006), no. 3, 927-956.

[68] Russell, J. S.. Report on waves. Fourteenth meeting of the British Association for
the Advancement of Science, 1844.5. 1

[69] Russell, D. L., Controllability and stabilizability theory for linear partial differential
equations: recent progress and open questions, SIAM Rev., vol. 20, n 4, p. 639-739,
1978. 8

[70] Russell, D. L., Computational study of the Korteweg-de Vries equation with lo-
calized control action, Distributed Parameter Control Systems: New Trends and
Applications (ed. by G. Chen, E. B. Lee, W. Littman, and L. Markus), Lecture
Notes in Pure and Appl. Math., Marcel Dekker, New York, 1991, 128: 195-203.



183

[71] Russell, D. L. and Zhang, B.-Y., Controllability and stabilizability of the third order
dispersion equation on a periodic domain, STAM J. Control Optim. 31 (1993), 659
676.

[72] Russell, D. L. and Zhang, B.-Y. Ezact controllability and stabilizability of the
Korteweg-de Vries equation, Trans. Amer. Math. Soc. 348 (1996), 3643-3672. 12,
13, 44, 45, 176

[73] Saut, J. -C. and Temam, R., Remarks on the Korteweg-de Vries equations, Israel
J. Math. 24 (1976), 78-87. 9, 23

[74] Simon, J. , Compact sets in the LP(0;T; B) spaces, Analli Mat. Pura Appl. 146
(1987), 65-96. 96

[75] Slemrod, M., A note on complete controllability and stabilizability for linear control
systems in Hilbert space, STAM J. Control, vol. 12, p. 500-508, 1974. 8

[76] Stokes, G. G.. On the theory of oscillatiory waves. Trans. Camb. Philos. Soc,
1:8:441-55, 1847. 2

[77] Teman, R., Navier-Stokes equations, North-Holland, Amsterdam, 1984. 97

[78] Temam, R., Sur un probléme non linéaire, J. Math. Pures Appl. 48 (1969), 157
172.

[79] Yosida, K. Functional Analysis, Springer-Verlag, Berlin Heidelberg New York
1978, 104, 125, 134, 141

[80] Zabcezyk, J., Mathematical control theory: an introduction, Systems & Control:
Foundations & Applications, Birkhduser Boston Inc., Boston, MA, 1992. 5, 6, 8

[81] Zabusky, N. J. and Kruskal, M. D., Interaction of ”solitons” in a collisionless
plasma and the recurrence of initial states. Phys. Rev. Lett., 15:240-243, Aug 1965.
3

[82] Zeidler, E., Nonlinear functional analysis and its applications I, Springer-Verlag,
New York, 1986. 61

[83] Zhang, B.-Y., Some results of nonlinear dispersive wave equations with applications
to control, Ph. D. thesis, University of Wisconsin-Madison, 1990.

[84] Zhang, B.-Y., Unique continuation for the Korteweg-De Vries equation, STAM J.
Math. Anal., 23 (1992), 55-71.

[85] Zhang, B.-Y., Ezact boundary controllability of the Korteweg-de Vries equation,
SIAM J. Cont. Optim., 37 (1999), 543-565. 12, 44

[86] Zuazua, E., Controlabilidad exacta y estabilizacion la ecuacion de ondas, Textos
de métodos matematicos 23, Universidad Federal do Rio de Janeiro, 1990.

[87] Zuazua, E., Propagation, observation, and control of waves approximated by finite
difference methods, STAM Rev., vol. 47, n 2, p. 197-243 (electronic), 2000. 6



	General Introduction
	Historical review of the wave of translation
	Controllability and stabilization for PDEs - Methods Used
	Internal control problem
	Boundary control problem

	Controllability and observability
	Concepts of Controllability
	Adjoint operators
	Controllability tests

	Stabilizability
	Problems and Main Results
	Stabilization of the Gear–Grimshaw system
	Controllability for the Korteweg-de Vries equation
	Controllability of Boussinesq Equation KdV-KdV type



	Stabilization of the Gear–Grimshaw system on a periodic domain
	Introduction
	Some technical lemmas
	Proof of Proposition 2.1 for n=0
	Proof of Proposition 2.1 for n=1
	Proof of Proposition 2.1 for n=2
	Proof of the proposition for n3

	Internal Controllability for the Korteweg-de Vries Equation on a Bounded Domain
	Introduction
	Linear estimates
	The linearized KdV equation
	The modified KdV equation
	Energy Estimates


	Null controllability results
	Null controllability of a linearized equation
	Carleman inequality with internal observation
	Internal observation

	Null controllability of the nonlinear equation
	Proof of Theorem 3.1

	Proof of Theorem 3.3.

	Exact controllability results
	The linear system
	Well-posedness in L2xdx
	Well-posedness in L2(L-x)-1dx
	Non-homogeneous system
	Controllability of the linearized system
	Exact controllability of the nonlinear system

	Final Comments

	Controllability of Boussinesq Equation KdV-KdV type on a Bounded Domain
	Introduction
	Well-Posedness
	Linear homogeneous system
	Adjoint System
	Linear non-homogeneous system

	Exact Boundary Controllability For The Linear System: Neumann boundary condition
	Double control
	Single control

	Exact Boundary Controllability For The Linear System: Dirichlet boundary condition
	Double control in L
	Single control in L
	Double mixed control of Dirichlet type

	Exact Boundary Controllability For The Linear System: Mixed boundary condition
	Double control

	Nonlinear Problem
	Well-Posedness in X0.
	Adjoint System
	The nonhomogeneous system

	Exact Boundary Controllability Results: The Linear System With Boundary Damping
	Single Control of Neumann type
	Double Control Mixed Type

	Boundary Controllability Result: The Nonlinear System
	Stabilization of Boussinesq System
	The Linear Problem
	Well-posedness and Exponential Stability


	Conclusion and perspectives
	Conclusion
	Perspectives
	New damping mechanism
	Internal Controllability for the Korteweg-de Vries Equation
	Controllability for the non linear Boussinesq System in critical cases



