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Resumo

Apresentamos um novo esquema WENO que generaliza o esquema WENO-Z com a
inclusao de um termo antidissipativo (sharpening). Este termo é uma simples funcao
dos indicadores de suavidade ja existentes na féormula do WENO-Z e permite alcancgar
resultados substancialmente mais precisos em regides da solugao contendo ondas de alta
frequéncia, sem alterar significativamente o custo computacional. Obtemos também uma
condigao assintotica suficiente para os parametros dos pesos, que fazem que o novo esquema
WENO alcance a ordem de convergéncia 6tima para solugoes suaves, independentemente
da existéncia de pontos criticos. Resultados numéricos usando o novo esquema indicam que
ter ordem de convergéncia total em pontos criticos nao é tao relevante para a resolucao de

esquemas WENO como se pensa atualmente.

Palavras-chave: esquemas WENO, esquemas essencialmente nao-oscilatérios, leis de
conservacao hiperbélicas, indicadores de suavidade, métodos de ordem alta, dissipacao

numeérica.






Abstract

We present a new WENO scheme, which generalizes the WENO-Z scheme by including a
sharpening (or steepening) term in its formula. This sharpening term is a simple function
of the smoothness indicators already present in WENO-Z formula, and it allows the
new scheme to achieve substantially sharper results in regions of the solution containing
high-frequency waves, with no significant additional computational cost. We also obtain a
sufficient asymptotic condition on the parameters of the weights, which makes the new
WENO scheme recover optimal accuracy for smooth solutions, regardless of critical points.
Numerical results with the new scheme indicate that having full accuracy at critical points

is not as relevant to the sharpness of WENO schemes as it is currently thought.

Keywords: WENO schemes, essentially non-oscillatory schemes, hyperbolic conservation

laws, smoothness indicators, high-order methods, numerical dissipation.
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Definitions

Definition 1. If f(z.) = f'(z.) = ... = f0)(x,) = 0 but ftY(z,) £ 0, 2. is said to
be a critical point of order n, of f(z). If f'(x.) # 0, z. is defined as a critical point of
order 0 of f(x).

Definition 2. The standard asymptotic symbols O(-), ©(-) and O(-) will be used with
their proper meanings:
e g(Axz) = O(Az") denotes an upper bound to g(Ax), that is, |[g(Az)| < CAz"™ for

some C > 0 as Az — 0.

e g(Ax) = Q(Az"™) denotes a lower bound to g(Ax), that is, |g(Ax)| > CAz" for
some C' > 0 as Az — 0.

.

=

£
I

O(Axz") denotes the exact order of g(Ax), that is, g(Az) = O(Az") and
g(Az) = Q(Az") as Az — 0.

Definition 3. The notation #(g(Ax)) denotes the order of g (as a function of Az), that

is, the power of Az in the leading term of the asymptotic expansion of g(Ax),
0(g) =n <= g(Az) = O(Az").
For instance, if g(Az) = 5Az* + Az® then 0(g) = 2.
Note that () has the following properties:
0(f-9)=0(f)+6(9), 0(f/g) =0(f) —0(g).
Also, if 6(f) # 0(g), or if O(f) = 6(g) but the leading order terms of f and g have the

same sign, then
0(f £ g) =min{0(f), 6(9)}-

Definition 4. For a grid spacing Az, grid point x;, and a given function ¢, we define the

following undivided finite difference operators:

VATH & p(xy) — ¢z — Ax) (Backward difference)
68%) & p(x; + Ax/2) — ¢p(x; — Ax/2) (Central difference)
AR ¢ & Gz + Ax) — o) (Forward difference)

For simplicity, the superscript Az will often be dropped.

Remark 1. Notice that if ¢(x;) = O(Az™) and ¢(z) is sufficiently smooth around z;, then
528%¢(z) = O(Az"™) (the same holds for V2% and AST).
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Introduction

Weak solutions of a system of hyperbolic conservation laws

du(x, t) -
S+ Ve f(ulx, 1) =0 "

u(x, 0) = up(x)

may develop discontinuities even when the initial condition uy(x) is smooth [1, 2, 3, 4].

Such discontinuities pose both analytical and numerical difficulties, namely:

Correct shock speed. The location and speed of jump discontinuities in genuine weak
solutions of (1) must satisfy the Rankine-Hugoniot conditions, which relates the shock
speed with the values of the solution at both sides of the jump [2, 3, 4]. Not every numerical
scheme produces solutions which converge to a genuine weak solution of the problem: the
shock speeds of resulting solutions may be wrong ([2, Chap. 12] has a good example).
In order to guarantee that all converging solutions converge to a genuine weak solution
(Lax—Wendroff theorem), the numerical scheme must satisfy a discrete version of the

conservation law. In other words, the scheme must be conservative.

Entropy solution. The problem (1) may have infinite weak solutions. Usually, only one of
them is physically relevant, viz. the limit solution of a modified Eq. (1) with an additional
viscosity term which vanishes in the limit. At least in the scalar case with convex and
smooth f, there exists an unique such solution, which is also the only weak solution which
satisfy some form of entropy condition [1, 4]. For this reason, it is called the entropy
solution. There are conservative numerical schemes whose solutions converge to a genuine
weak solution of (1) which nevertheless is not the physically relevant entropy solution ([2,
Eq. (12.50)] is a nice example). In order to assure convergence to the entropy solution, the
scheme should satisfy a discrete version of the entropy condition similar to the one which

occurs in the proof of Lax—Wendroff theorem [2].

Gibbs-like phenomenon. Even when the solutions of a numerical scheme converge to the
correct, entropy solution, they may present spurious oscillations near jump discontinuities,
which are similar to the Gibbs phenomenon of Fourier series [5, 6]. Godunov’s theorem
2, 7] implies that linear schemes with accuracy order greater than 1 are bound to generate
oscillations, in general. These oscillations are not only qualitatively wrong, but they do
not decrease in size when the grid is refined, they may be amplified as time goes on in
the case of nonlinear conservation laws, and they often lead to numerical instabilities [5].
Figure 1 exemplifies this: the solution of the Riemann problem of Lax (Section 2.5) by the
fifth-order upstream central linear scheme (Central5) noticeably oscillates near the two

jump discontinuities.



28 Introduction

Figure 1 — Numerical solution of the Riemann problem of Lax by the fifth-order upstream
central linear scheme (Centralb)

—O— Centralb

— — — Solution

0.5

O 1 1 1 1 1 1
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

(a) Zoom in the relevant region

1.36

—O&— Centrald

— — — Solution

1.34

1.32

1.28

1 1 1 1 J
0.19 0.2 0.21 0.22 0.23 0.24 0.25
(b) Zoom in the contact discontinuity

0.55

0.5

0.45

—O— Centralb

— — — Solution

0.4r

035 1 1 1 1 1 J
0.32 0.325 0.33 0.335 0.34 0.345 0.35

(¢) Zoom in the right shock

The figures show the density of the solution at t = 0.13. N = 800 points were used. CFL
=0.5.
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Figure 2 — Comparison between a first- and a fifth-order scheme
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(e) N = 1600 grid points

The figures show the density of the solution of the shock-entropy problem of Shu-Osher

at t = 1.8. CFL = 0.5.
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(f) N = 1600 grid points; zoom.
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A natural way to avoid all of these problems would be to use the linear, first-order
upwind scheme. However, first-order schemes are perhaps too dissipative — it takes a
considerable higher number of grid points in order to resolve fine smooth structures of the
solution in comparison to higher-order methods. Take, for instance, the archetypical Shu—
Osher shock-turbulence test (Section 2.5), a problem whose solution contains both shocks
and a high-frequency waves region. Figure 2 shows that WENO-Z, a fifth-order scheme,
already resolves most of the fine structures of the solution with N = 400 grid points, while
the upwind scheme does not resolve them even with N = 1600. This exemplifies a feature
of high-order methods: in problems involving both shocks and smooth structures, it is
more computationally efficient to use them than first-order methods [5, 8], even more so
in 2D and 3D [9].

Since Godunov’s theorem imposes a limitation on the order of linear schemes,
high-order schemes for hyperbolic conservation laws must employ some kind of nonlinear
approach. Examples of nonlinear approaches for reducing spurious oscillations are 1) adding
an artificial viscosity term which assumes larger values near the discontinuities, and 2)
applying a flux limiter in order to achieve the TVD property [5, 2, and references therein].
The TVD, MUSCL, and PPM schemes use these strategies. However, the parameter
controlling the size of the artificial viscosity term of the first approach is highly problem-
dependent; and, in the second approach, the flux limiters of TVD schemes necessarily makes
the scheme degenerate to first-order near critical points, and sometimes they drastically

alter the shape of the solutions.

A third approach was introduced by the ENO (essentially non-oscillatory) scheme
in [10, 11], and later improved and adapted to finite differences in [12, 13]. It consists in
dynamically choosing, out of a stencil S of 2r — 1 points, the substencil Sy of r points
in which the function is smoothest. In this way, if the solution is discontinuous in & but
not in a given substencil S, the scheme avoids interpolating across discontinuities of the
solution, which is the cause of the spurious oscillations. The resulting solution is essentially

non-oscillatory, that is, the size of the oscillations are O(Az?), for some ¢ > 1 [5].

The WENO (weighted ENO) scheme improves on ENO’s approach by always using
the information contained in the whole stencil S instead of picking the “smoothest” r
points substencil Sx. The way WENO operates will be detailed in the introductory Part I
of this thesis (particularly Chapters 1 and 2); but, in general lines, it assigns a nonlinear
weight wy, to the polynomial interpolations in each substencil Sy, £ =0, ..., r — 1, making
the final approximation a convex combination of the local approximations. This is done
in such a way that wy ~ 0 when &y contains a discontinuity, effectively emulating ENO’s
strategy of avoiding interpolations across discontinuities. Moreover, when S is smooth (that
is, when the solution is smooth in §), the wy are designed to recover the (2r — 1)th-order

of accuracy, which is the maximum allowed by a 2r — 1 points stencil (in contrast to
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Figure 3 — Numerical solution of the Riemann problem of Lax by the fifth-order WENO-Z
scheme
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The figures show the density of the solution at t = 0.13. N = 800 points were used. CFL
= 0.5.
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ENO’s rth-order in the same 2r — 1 points stencil). Figure 3 shows the numerical solution
of Riemann problem of Lax, this time by the fifth-order WENO-Z scheme. Notice how

this scheme resolves the jump discontinuities with no apparent oscillation near them.

The classical WENO weights, which were the first weight formula to be developed,
were introduced in [14] and later improved to its final form in [15], where the weights are

defined as:
N dy, A 673

ak:m, wk:m, k=0,...,r—1. (2)
Here, dj are constants called ideal weights (they are discussed in Section 2.2), [ are
smoothness indicators (Chapter 3), whose value is a function of the smoothness of the
solution in Sy (the smoother the solution, the smaller the value), p is the power parameter
and ¢ is the sensitivity parameter, which was originally introduced in the formula for
avoiding a division by zero. As all these values are non-negative, Eq. (2) gives wy > 0,
Si—bwr = 1. Because of the properties of 3y, it is immediate that wy is larger in the
substencils where the solution is smoother. The WENO schemes which use the classical

weights are discussed in Chapter 4.

In [6, 16, 17, 18] we helped develop the Zico weights formula,

T b (075
A A
()zk:dk 1—|—< )1, W = -1 > ]{3:0,...,’1“—1. 3
[ Br+e j=(1) O ®)
which is an improvement on the classical formula. The novelty in relation to (2) is the
introduction of the global smoothness indicator 7, which measures the smoothness of the
solution in the whole 2r — 1 points stencil S. This change in the formula made the WENO
have better accuracy properties and sharper solutions. The WENO schemes based on the

Zico weight formula are discussed in Chapter 5.

Yet another formula was introduced in [6]: the min weights. The formula is

P
akédklle( max(B, 7) )], wkéﬁiﬁ, k=0,...,7r—1 (4)

min(Sy, 7) + € 0y

These weights make the solutions even sharper than (3) (as seen in Fig. 4). However, the

resulting scheme is unstable (Fig. 5).

Part II deals with one of the motivations of this work, which was to find a WENO
scheme which was nearly as sharp as WENO-min without its unstable nature. This was

achieved through the new weights formula given by

p
akédk[1+<7+€> +A<Bk+€>], wkéﬁiﬁ, k’:O,...,T—l. (5)

which is called the Zico+ weights, because it generalizes the weights (3) by introducing

Br+e

P ) This term uses information which was already available

the sharpening term A (
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Figure 4 — Comparison between classical WENO, WENO-Z, WENO-Z+ and WENO-min
in the Shu—Osher shock-entropy test
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The figures show the density of the solution at ¢ = 1.8. A coarse grid with N = 200 points

(h) WENO-min; zoom.

was used. For all schemes, ¢ = 107% and p = 1. CFL = 0.5.
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Figure 5 — Comparison between classical WENO, WENO-Z, WENO-Z+ and WENO-min
in the Titarev—Toro shock-entropy test
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in (3) for increasing the contribution of the less smooth substencils. This may appear
undesirable at first, but in fact the less smooth stencils carry useful information which
should not be completely disregarded. By using them in a controlled way, the solution
gets sharper without affecting the stability and its essentially non-oscillatory character
(Figs. 4 and 5). The new parameter A has the task of controlling the size of the sharpening
term. Numerical results show that the new scheme is stable and sharper than the current
WENO schemes (Section 8.2.2), sometimes being even sharper than higher-order WENO-Z
schemes (Section 8.2.3).

The accuracy of the new WENO-Z+ scheme is analyzed in Chapter 9. It is a known
fact that WENO schemes may lose accuracy near critical points [19, 16]. But, by imposing
conditions on the parameters of the weights, it is possible to guarantee the optimal order
of accuracy 2r — 1 [20, 21, 22|. Here, we obtain sufficient asymptotic conditions on the
parameters €, p and A for optimal accuracy of WENO-Z+, similar to the ones deduced
in [22]. The issue of the relevance (or lack thereof) of the accuracy of WENO schemes at

critical points is briefly discussed in Section 9.5.

Finally, the Appendix A lists the values of all constants and terms which appear in
WENO schemes of orders 3 to 9, and the Appendix B contains the supporting theorems
used in Chapter 9, along with their proofs.

The first-time reader of this thesis should take a look at the definitions of the
classical and of the WENO-Z schemes at chapters 4 and 5 before going to chapters 6, 7
and 8, to get in touch with a more detailed account of the facts related in this introduction.
In order to better appreciate the numerical results, a look at the problems descriptions at
Section 2.5 is advised. For those interested in the accuracy analysis of the WENO schemes,
Chapter 3 describes some properties of the smoothness indicators [, an 7, which are
common to all the schemes under study. The analysis is all based on asymptotic properties
of the smoothness indicators, therefore, a prior look at the several asymptotic symbols O,
2 and O, described in the Definitions section (p. 21), is necessary for a clear understanding
of the analytical results. The smoothness indicators, along with their ratios, determine
the order of convergence of the WENO weights to the ideal weights, which in its turn
determine the accuracy order of the WENO scheme. In Section 2.2, a set of sufficient
conditions on the WENO weights for achieving optimal accuracy is developed; these must
be understood before going to Chapter 9, where the main theorem relating the accuracy

of the new scheme and the asymptotic properties of its parameters is stated and proved.
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1 Finite difference schemes for hyperbolic

conservation laws

Here we describe how a generic conservative finite difference scheme for hyperbolic conser-

vation laws works. More detailed accounts can be found in the references [5, 19, 6, 16, 22].

A hyperbolic conservation law is a system of first-order partial differential equations

in the form
o +V - f(ulx, t)) =

u(x, 0) = uy(x),

ou(x, t) 8u (x, t) i (u(x, t))

where u: RY x R — R™, ug : R? — R™ and f/ € C1(R™, R™). Moreover, Eq. (1.1) must

satisfy the following condition: define, for each f7, the m x m matrix

of] off
duq Oum
A J é . .
ot ... Ofh
ou Oum

We require that the matrix A £ a;A' + -+ + ayA? has only real eigenvalues and is
diagonalizable, for all ay,...,aq € R. Here, f is called the fluz.

In the finite difference approach we will be taking for solving Eq. (1.1), the spatial
partial derivatives gf are discretized in a dimension-by-dimension basis. In addition, the

system

ou(x, t) N ofi(u(x, t))  du(x,t) ou(x, t)
ot 8$j ot al'j

can be fully decoupled since A7 is diagonalizable. For these reasons, in our discussion it

+ Al (u(x, t)) =0

will be sufficient to consider the scalar case in one space dimension,
u+ f(u)e =u + f(u)u, = 0. (1.2)

Furthermore, for simplicity, only the case where f’(u) > 0 will be considered. In
the general case, the flux must first be split in its increasing and decreasing parts, e.g.

using the Lax—Friedrichs flux splitting:

pey 2 T a2 ). (13

Notice that

Trwzo Lrm<o and )+ = ),
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so that f*(u), and f~(u), have positive and negative velocities, respectively. Thereafter,
the discretization of both parts of the flux are done separately. It is sufficient to describe
how the approximation of a flux with positive velocity is constructed, since f*(u), and
f~(—u), are both fluxes with positive velocities (the approximation of f~(u), is done
by approximating f~(—u), and flipping the result). In the end, the results of both

discretizations are added to obtain a stable approximation to f(u),.

The details about the steps of characteristics decomposition (used for decoupling
the system), multidimensional discretization, and flux splitting, used by all numerical
schemes in the present work, can be found in [5] (here, we use Procedures 2.5 and
2.10 found there, with Lax—Friedrichs flux splitting, simple mean, full decoupling, and

dimension-by-dimension discretization).

1.1 Fixed stencil schemes

Consider an uniform grid defined by the points z; =i Az, 1 =0, ..., N, with intermediate
grid points Ty = (1 — %)Ax, i =20, ..., N+ 1. For now, let us not worry with the time
discretization of Eq. (1.2). Instead, for a fixed time ¢, consider the semi-discretized form of

Eq. (1.2) by the method of lines, which yields a system of ordinary differential equations

T— ax s Z—O,...,N ]_, (14)

where u;(t) is a numerical approximation to the point value u(z;,t). Our goal is to find
an Rth-order discrete approximation D, f to 0,f at z;, using a fixed stencil S; of R + 1
points around x;,

Si:{l’i,k,h ...,.Ti+l}, k+l:R—1

Since we assumed f'(x) > 0, for satisfying the CFL stability condition it is necessary that
S; should be an upwinding stencil. Therefore, we must have z;_; € S; (which is equivalent
to require that k& > 0).

In order to be conservative — a necessary condition for the Lax—Wendroff theorem
[2], which assures that a converging sequence of refined numerical solutions always converge

to a weak solution of (1.2) — D, f must have the form

fi+l - fi—l
Dof(e) =22 17 g N1, 1.5
fe) =" : (15)
where
fi+j = f(u(xifkféJrjvt)a R u(xi+lf%+j7t)) = f(xifk7%+j7 Ce xiJrlf%Jrj)
satisfies the consistency condition f (z, ..., z) = f(x) and f is Lipschitz continuous on

each argument [2, 13] (for simplicity of notation, from now on we will drop u and ¢t and

consider both f and f as a function of  only, since t is fixed).
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One way of achieving such approximation f is through the numerical flux function
h(x) [13, 5], which is defined by the implicit relation

o= [ mee (16)

This special function satisfies h(z) = f(x) + O(Az?) [13] and also the exact equality

. h<x+A2x> —h(a:— A;")

Az ’
whose proof is a simple Calculus exercise. Now, for i =0, ..., N — 1, we define f +1 and
f 1a s (R — 1)th degree polynomial interpolations of h(x) respectively at the stencils
S, 41 = {zi_k, ..., xi} and Si_% ={wi g1, ..., Tiri_1}, that is,
fier = hr + a0 A7 4 O(A2"), (1.7)

where the first asymptotic terms (a® fi(R)Ax ) are identical for f 1 because the grid is

uniform and §;_ 1 is just S, 1 shifted one point to the left [22] (notlce that, for upwinding,

we must have z; ; € §;_1 and z; € S +%). Immediately, we have
It follows that
fioy = Ficr iy —hioy +0(Az™)
D, i) = 3 2 = 2 2 Y ; O(A R
Flay == -~ /i) + O(AcR)
fori =0, ..., N—1, and, as a result, we have an Rth-order approximation D, f as desired.
For each ¢ =0, ..., N — 1, the polynomial approximation f +1 can be written as
R A
% Z f(@ickry) = f(@icks -y Ti1), (1.8)
where the coefficients ¢ff;, which are given by the closed-form formula [5]
R R
Z H (R—k—q)
R ll:O gé:[]l
R mg#m,
ij = Z R )
m=j+1 H ( o l)

=0
l#m

depend on the order R, the left shift parameter k£, and j, as the indexes imply, but not on
1, Az, or the original flux f. A table with values of ckRj up to order R = 6, and a more

detailed discussion about the formula of ¢ff;, can be found in [6].

Since it is true that Z] B ckj =1 for all R and k, it follows that f(xZ Ky - -y Titl)
is both consistent to the flux f and Lipschitz continuous on each argument. Therefore,

D, f is conservative, as required by the Lax—Wendroff theorem.
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1.1.1 Time discretization

The approach following Eqs. (1.4) and (1.5) frees us to choose any desired time discretization

scheme. For instance, one could use the Forward Euler scheme

Upt —ur fi (U) = fia (U
At N Az ’
the third-order strong stability-preserving explicit Runge-Kutta method (SSP-RK(3,3))

[5, 23]

At

U(l) =U" 4+ E []?H_%(Un) - f—%(Un)}
3 1 At 1 ?
U = ZU” + ZU(I) + 1AL [fwré(U(l)) - f‘—%(U(l))} (1.9)
1 2 2At 4 2
ntl _ Zpno 2@ L 220 TF @y F (@
Ut = U+ 30+ g iy UP) = iy 0],

the Adams—Bashforth methods, the ADER methods [24], etc. In this work, we use the

SSP-RK(3,3) (1.9) as a time integrator in all numerical simulations.

1.1.2 The fifth-order upstream central scheme

For the purpose of illustration, consider the following fifth-order approximation to h, e

fucs+ a 2fico = 13fic1 +4Tfi +27fip1 — 3five
i+% 60

This approximation uses the 5 points stencil centered around z;, and therefore has some

= hip1 +O(Aa”). (1.10)

level of upwinding for fluxes with positive velocity (that is, when f'(x) > 0). It follows

that
pUCS+ _ fUCs+
i+3 i-t =2f;i 3+ 15fi 9 —60f;_1 +20f; +30fi1 — 3fite

Az 60Azx

— f’(q;z) + O(Ax5).
(1.11)

It is easy to construct a version of (1.11) for fluxes with negative velocity (f'(x) < 0);

we just need to use a mirrored stencil, centered around z;;1, for approximating A, 1:
2

fuos- & —3fic1 +27fi + 47 fip1 — 13 fiio + 2fiys
i+% 60

The resulting difference is also a fifth-order approximation to f’(x;):

=hi 1+ O(Az”).

S = I 34,430 i)+ 20/, — 601 + 15fi — 2f
it+3 i-3  —9Ji-2 i—1 i~ i+1 i+2 T A3 o 5
o — e = f'(z;) + O(Az”).
(1.12)

When a method for selecting between (1.11) and (1.12) (e.g., a flux partition like
Eq. (1.3)) is used together with a time discretization method (e.g., Eq. (1.9)), the resulting
scheme is called the fifth-order upstream central scheme. This scheme is relevant as a basis

of comparison with fifth-order WENO schemes, as we shall see in the next sections.
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2 WENO schemes

In what follows, we will consider only fluxes with positive velocity (f'(z) > 0). For fluxes

with negative velocity, a simple mirroring and shifting of the stencils is sufficient [5].

The Rth-order WENO polynomial approximation le to the numerical flux h(z; +%)
2

(1.6) is built through a convex combination of r polynomial approximations of order r,

£0 £1 fr—1
2o Jiprs oo i’"+%, where
R=2r—1 (2.1)
(R is the scheme order and r is the substencil order, or simply, suborder). Each approxima-
tion fk, k=0, ..., r—1, uses a corresponding r points fixed substencil S;ﬂr% = {11k,
Ti—ri24k, - - -, Titk} out of a global stencil of R points, SH% ={Ti i1, Tirro, oo, Tizr1}

By Eq. (1.8), these polynomial approximations can be written as
2
o .
fi-i—% = Zci_l_kd f(xi—r—&—l—&-k-l-j) = f(xi—r+1+k7 Li—r+2+ky -+ > xi-‘rk)a k= 07 ceey T L.
j=0

The formulas of fl .’1; for orders up to R = 9 can be found in Appendix A; for higher orders,
2

these formulas can be found in [25, 26].

The WENO discretization DY f is defined as

W W
i—l

f_ 1 r—1
w A "ty 3 WA kE £k :
Da: f(xz) = #7 itd - ];:0: wi:&:%fi:ﬂ:%’ 1=0,..., N—1, (22)

where the nonlinear weights w*_, (often denoted wy, for simplicity) must satisfy the
2

following conditions:

Condition 1 (Convexity).
r—1
Zwkzl, wy >0, k=0,...,r—1
k=0

Condition 2 (ENO property). If Sp contains a discontinuity of f, but exists a substencil
Sc where the function is smooth, then wp = O(Axz?) for some g > 0, and we = O(1).

Condition 3 (Optimality). If f is smooth, then

DY f(z;) = f'(x;) + O(Az™), i=0,..., N—1.

Condition 1 is necessary for consistency and stability. Condition 2 implies that
contribution of discontinuous stencils to D}V f is small. Since the ultimate cause of

oscillations in discontinuous numerical solutions is the interpolation across discontinuities of
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Figure 6 — Stencil S;, 1 and substencils S, 1, S}, 1 and 87, 1 of a fifth-order WENO scheme
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the solution, condition 2 is the reason why WENO is essentially non-oscillatory. Condition
3 is for guaranteeing that, when the solution is smooth, the order of accuracy of DY f is
the maximum allowed one by the R 4 1 points stencil it uses (which is a union of S, 1
and Si_% ={%i_p, Ti_yi1, -+, Titr—2}). This includes the case where f contains smooth

extrema, which, as we shall see, is sometimes troublesome for WENO schemes.

2.1 The fifth-order WENO scheme

For the purpose of illustration, consider the WENO scheme of order R = 5. In this case, by
Eq. (2.1), the substencil order is r = 3. Therefore, we have 3 polynomial approximations

to Ry 1 of 2nd degree (see Appendix A),

o 2fia—Tfia +11f; n —Jiat5fit2fin po 2fi+0fiv1 — firo
i+% - 6 ) fZJr% - 6 ) fz+% - )
(2.3)
each using their correspondent substencil '5;1; ={Ti 2wk, Tis14k, Tizk), k=0, ..., r—1.
2

By Eq. (2.2), the WENO discretization is given by

o w
W\ _ ity i—3 W0 70 1 f1 2 72 . _
D f(z;) = , fii%—wii% ii%—f—wii% ii%—}—wii% i1 1=0,..., N—1.

Az

Figure 6 shows the global stencil S, 1 around z; and the substencils Sgr 1, Sz.lJr 1
2 2

and S? ;. Notice that f has a discontinuity on S ,, but is smooth on S! ; and §? ;. In
i+3 i+ i+35 i+

this case, Condition 2 imposes that wy = O(Axz?) (that is, wy is “small”) and, therefore,
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the contribution of the oscillatory approximation fgr L to Wi+ 1 is small, making the
2

solution essentially non-oscillatory.

2.2 ldeal weights and accuracy of WENO schemes

W

When the solution is smooth, the R points stencil WENO approximation f , must be of

i+3
order R by Condition 3. However, it is not immediate how fﬁ:; could achieve this, since,
2
by Eq. (2.2), it is a convex combination of fz.’i 1 k=0, ..., r—1, which are all rth-order

approximations to h(x). Fortunately, there exist some constants dy, which are called the

ideal weights, which satisfy
r—1
S diflis = hos + AR AL 4+ O(ALY), (2.4)
k=0 2 2

where, similarly to Eq. (1.7), the coefficient A® is the same for T 1 and z; 1 and does

not depend on k, and
r—1
ddp=1, d,>0, k=0,...,r—1 (2.5)
k=0

Therefore, the ideal weights satisfy the Conditions 1 and 3. In [21], the existence of ideal

weights for any given order R is demonstrated, and a closed-form formula is provided,

(")

The values of dj, for orders up to 9 are given in Appendix A; for higher orders, these

formulas can be found in [25, 26].

2.2.1 The fifth-order case

For fifth-order WENO,

Therefore, by (2.3), we have

doffys +difls + doffs =
2 2 2
L 2fico = Tfici +11f; n 3 —fic1 +5fi +2fiqa n 3 2fi +5fit1 — fito

~ 10 6 5 6 10 6
_ 2fie = 13fia +47fi +27fi11 — 3fire
60 ’
which is exactly the term f';icfr of the fifth-order upstream central scheme (1.10). Similar
2

relations hold for higher orders.
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2.2.2 Achieving the optimality condition

Virtually all existing WENO schemes adopt the same strategy (devised in [15]) for satisfying
the optimality condition, which consists on defining the nonlinear weights wy in such a
way that it approximates the ideal weights up to a convenient order. This is done by first

noticing that

r—1 r—1
W ik k £k
i+l = > dk’fii% + Z“&'i% - dk’)fii%
k=0 k=0

r—1
= sy + ATIATT 4 O(AT) + 3 (g = di) (hiay + VA0 + O(A2™))
k=0 2 2
= hie1 + ARfRACT 4 O(AZ")
r—1 r—1
+ 3 (Why —dap SV A+ 3 [(Why — di) O(Aa" )], (2.6)
k=0 k=0

which follows by Condition 1 and Egs. (1.7), (2.4) and (2.5). From Eq. (2.6), it is immediate
that if w” ;, — dj, is small, then ﬁvj:/l = hiy1 + AR FEAZR + O(Az™™), and this implies
the Condition 3.

Remark 2. Tt should be stressed that the O(Az"*!) term in Eq. (2.6) depends on & and is

different for T 1 and z this is why it must appear inside the summation.

1.
2+§7

Now, we will formalize the aforementioned strategy in two propositions. They

impose sufficient conditions on the size of wfi — dj, so that WENO achieves the optimal

1
3
order R for smooth solutions.

Proposition 1. If the nonlinear weights satisfy the condition
wfi% —dp = O(Az"), k=0,...,r—1, i=0,...,N—1, (2.7)

then the corresponding WENQO scheme satisfies the optimality condition (Condition 3).
Proof. By Eq. (2.5),

r—1 r—1
Wi = hoar + AR AT £ O(A") + 3 0(A2")ap £V Ax" + Y [0(A2") O(Aa" )]
2 k=0 k=0

= hig + ARfFAZT 4+ O(Az").
Therefore, by Eq. (2.2),

Py —hiy | ARJEACR - ARRASE (A
Ax Az Ax

DW= = f'(x:) + O(A2™),

and the scheme satisfies Condition 3. O
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Proposition 2. If the nonlinear weights satisfy the conditions
wh i —dy, = o(Az™1),

wk  — Wk, =0(A"),

1 1
+5 =3

ol
el
Il
=
<
|
\t—‘
~.
Il
=
|
\.P—‘

(2.8)

then the corresponding WENQO scheme satisfies the optimality condition (Condition 3).
Proof. By Eq. (2.5),

r—1
H= hi:l:% + ARfEAZ" 4 Z(Wfié - dk)aZfi(’")A;pT +O0(Az"™).

k=0

1
zi§

By Eq. (2.2), it follows that

r—1
h'+ —h. 1 Z(wiz_% - wf_%)CLZfl(T)Al_r
Wye tTy i—5 =0 )
r—1
> O(Axap 7 Aa
AR +0(A2") = fz) + O(A®).

2.3 Time integration and linear stability

Fifth-order WENO schemes are linearly unstable when coupled with forward Euler time
integration or second-order explicit Runge-Kutta methods, but are linearly stable when
used together with any third-order Runge-Kutta method [27] — in particular, the third-
order SSP-RK(3,3) method (1.9), which, for many years, has been the time integrator
of choice for combining with WENO schemes (see e.g. [15, 5, 19, 16], and many others).
For this reason, in this work we use the SSP-RK(3,3) method as a time integrator in all

numerical simulations.

Notice that, in order to achieve the formal order R in smooth solutions, one needs
to use At = CAz®? when coupling SSP-RK(3,3) with an Rth-order WENO scheme.
However, in all of the numerical tests which involve discontinuities, the effective accuracy
order is close to 1, no matter the power of Az in the expression of At [5]. Thus, we
use At = CAz™/3 in accuracy tests (whose solutions do not contain discontinuities) and
At = C Az in all other tests.

2.4 Analysis of WENO schemes

When analyzing WENO schemes, in most cases the work can be done in the z;, +%—centered
stencil S, 1= {Ti—rs1, Tirs2, ..., Titr—1} only. Since the grid index i is arbitrary, the

results are carried over to Si_% ={Tiy, Ti_ps1, -, Titr_2}, because Si_% is just SH%
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shifted one point to the left. For instance, in Proposition 1, it is sufficient to show that
—di, = O(Az"), k=0, ..., r —1 and arbitrary ¢; if this is true, it is evident that
—dp =0(Az"), k=0, ..., r— 1 also holds.

k
Wiy

wk

NI N=

There are exceptions where the analysis on S, 1 and Si_% must be done separately.
An example is Proposition 2, which has a condition on §;w”. In such cases, the subscripts
1+ % will be used for avoiding confusion. In all other cases, whenever the i subscript is

dropped, consider that we are doing the analysis in S, 1.

2.4.1 The discontinuous/continuous ratio: a relative measure of dissipativity

Let S be an R points stencil, and two r points substencils S¢ and Sp. Suppose S¢ is
smooth (that is, f is smooth in S¢), while Sp is not. Let’s call the ratio wp /we, between the
weights of a discontinuous substencil and a continuous one, the discontinuous/continuous
ratio. It is a measure of the dissipativity of a WENO scheme which we would like to

formally introduce in this work.

Consider w! and w!! two different weight definitions, corresponding to two different
schemes, WENO I and WENO II, respectively. If it can be shown that

1 11

wh Wl
2.9
wt T Wl (2.9)

whenever Sp is discontinuous and S¢ is continuous, this means that WENO 1 assigns
relatively more weight to discontinuous substencils than WENO II does. This may seem
undesirable at first, since the WENO schemes were designed for avoiding discontinuous
substencils via ENO property (Condition 2). However, the discontinuous stencils carry
useful information about the solution which should not be completely disregarded. Moreover,
the relative upwinding, which occurs when the weights of discontinuous substencils are
small, increases the dissipativity of the scheme. By increasing the weights of discontinuous
substencils, the upwinding process is softened and as a result WENO 1 is less dissipative
than WENO II. A less dissipative scheme gives sharper discontinuities. Likewise, in coarse
grids it resolves smooth, large gradient structures better, because at these numerical scales
the large gradients are detected as relative discontinuities. Of course, there’s a balance
here: the weights of discontinuous substencils cannot be too large, otherwise the resulting

scheme will be oscillatory and/or unstable.

So far, the numerical results corroborate that if two schemes I and II satisfy (2.9),
then WENO T has sharper results than WENO 11, in general.

2.4.2 Operation count

Throughout this work, we will count the operations done when computing a weight wy as

a labeled triple {-+, -x, -+}, where flops(wy) = {a+, bx, c+} denotes that it is necessary
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to do a sums (or subtractions), b products and ¢ divisions in order to compute wy. We
opted for doing so because, in some computer architectures, a division costs more than a

product, which in turn costs more than sums and subtractions.

Most weight formulas also involve powers. We prefer to not calculate the costs of a
power operation directly, since the cost vary with the power in question and the specific
implementation of the power operation (for instance, a power of two can be implemented
as a single product, or as a more generic (and costly) function which deals with any

power). Instead, whenever a power of p needs to be computed, we will denote its cost as
flops(pow (p)).

Some formulas also involve conditional expressions. These have a cost which is

architecture-dependent, and will be denoted as conditional().

2.4.3 Unnormalized weights

Virtually all WENO schemes in existence can be written in the form

(6773
Wy = ——, ag > 0, k=0,...,r—1, 2.10
g Zg;é%‘ " ( )

where oy, are the unnormalized weights. In this way, w; immediately satisfies the convexity

condition (Contition 1).

It also follows that the discontinuous/continuous ratio can be expressed in terms of

unnormalized weights: suppose Sp is discontinuous and S¢ is continuous, both substencils

of §. Then,
wp ap / ac ap
= r—1 r—1 = :
we j=0 & j=0 &) ac

Moreover, the ENO property (Condition 2) can be verified in terms of the discontinu-

ous/continuous ratio ap/a¢: suppose we have ap/ac = O(Az?) for some ¢ > 0. Then, as

Ax — 0,
ap ap 1 ap
ozt __w 1)
Y= ac+ap ac 14 22 ac
It follows that wp = O(Az?). As a result, we = ©(1) because of Condition 1 (which w
satisfies by (2.10)), and the ENO property is achieved. This can be summarized in the

following proposition:

Proposition 3. Suppose the weights of a WENO scheme are defined in terms of unnor-
malized weights, as in Eq. (2.10). If, for every S which has a continuous substencil S¢
and a discontinuous one Sp the relation ap/ac = O(Az?) holds, for some q > 0, then, as
Ax — 0, the WENO scheme satisfies the ENO property.

Since all WENO schemes studied here are defined in terms of unnormalized weights,

in most of times when comparing the operation count of two different schemes it will be
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sufficient to compare the costs of computing the unnormalized weights, since the cost of

the normalization (2.10) is the same for two WENO schemes of same order.

2.5 Testing WENO schemes

For numerically validating the schemes presented here, some standard tests found in the
literature are used. These tests are setups of two hyperbolic conservation laws: the linear

advection equation

up + uy =0, u(z, 0) = up(x), (2.11)
and the Euler equations of compressible flow for an ideal gas, in 1D
p pu p 1 p(z,0) po(z)
pu| + | put+p| =0, E = po— + §pu2, u(z,0)| = |up(x)
E|  |wE+D)], p(x,0) po(x)

Here, p is the mass density of the fluid; u is the velocity; £ is the total energy per unit
length; p is the pressure; and +y is the adiabatic index. For monoatomic gases, v = 5/3; for

diatomic, v = 7/5.

The tests can be grouped into three categories:

2.5.1 Stability tests
2.5.1.1 Interacting blast waves

This Euler 1D test was developed in [28] and consists in two interacting blast waves. The
strong shocks in the solution are computationally hard to solve; schemes with unstable
tendencies often fail to converge in this test. The domain is x € [0, 1] with reflexive

boundary conditions. The initial setup is

(1, 0, 1000), x < 0.1,
(po, uo, po) =4 (1, 0, 100), x> 0.9,
(1, 0,0.01), otherwise.
For this test, v = 7/5. The test is run up to the final time 7" = 0.038. Since there is no

known expression for the exact solution of this problem, the numerical solution by the

WENO-Z scheme with N = 8000 points (shown in Fig. 7) is used as a reference solution.

2.5.1.2 ADR analysis

We will follow the approach of [8] for applying a nonlinear version of the Approximate
Dispersion Relation analysis to the WENO schemes. The analysis is done this way: consider

a grid with N points, set
2mn

o= "N
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We then solve the advection problem (2.11) with the initial condition given by the discrete
wave ¢ m =0, ..., N — 1, using the WENO scheme being analyzed, up to a very
small final time 7" = 107'° (in order to make the error from the time integration negligible)
and periodic boundary conditions. The complex exponent of the amplification factor of
the numerical solution at ¢, is defined as i®(¢,). By making n =0, ..., N/2, we cover
all wavenumbers in the grid (0 < ¢, < 7). In this way, we get the amplification ® for all

wavenumbers. See [8, 29] for details.

Here, we will be using a grid with N = 2000 points for the ADR analysis, and
only the imaginary part of ®, which is related with the dissipation of the scheme, will
be considered. Ideally, Im(®) should be 0, but in practice Im(®) ~ 0 in a range of low
wavenumbers and decreases with ¢ for higher wavenumbers. The larger the range of
wavenumbers for which Im(®) ~ 0, and the larger the value Im(®) for higher wavenumbers,
the less dissipative is the scheme. Positive values of Im(®) means that the scheme is
actually amplifying the waves, which may be an evidence of instability. However, since the
WENO schemes are nonlinear, in practice some nonlinear mechanism may compensate for

this increase, though, and the scheme might as well remain stable.

2.5.2 Oscillation tests

These tests contain jump discontinuities in their solutions. Therefore, they are suited for

testing if a given WENO scheme is indeed essentially non-oscillatory in practice.

2521 GSTE test

The acronym stands for Gaussian-square-triangle-ellipse, which is the shape of the function
which is advected to the right [15]. The domain is « € [—1, 1] with periodic boundary, and

the initial condition of this linear advection test is

LIG(x, 8,2 — 0) + 4G(x, B,2) + G(z, B,z + 6)], x € [-0.8, —0.6]

L, r €[04, —0.2]
up(r) = 41— [10(x — 0.1)], z € [0, 0.2]

tF(z,a,a—0) +4F (v, ,a) + F(z,a,a+0)], x €[04, 0.6]

0, otherwise

G(z,pB,2) = e~ Pla=2)* F(z,a,a) = \/max(l —a?(x —a)?,0),

with z = —0.7, § = 0.005, 3 = (log2)/366%, a = 0.5 and a = 10. The exact solution at

final time 7" = 2 (which is exactly the initial condition) is shown in Fig. 8.
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Figure 7 — Reference solution of the interacting blast waves problem
7 T T T T T T T T T
6 - -
5 - -
4t i
3 - -
2 - -
1 - -
0 t t 1 1 T | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
The figure shows the density of the solution at T" = 0.038.
Figure 8 — Initial condition (and solution) of the GSTE problem
T T T T T T T T T
_02 | | | | | | | | |
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
The figure shows the solution at T'= 2k, k € N.
Figure 9 — Solution of Lax’s Riemann problem
1 6 T T T T T T T T T
1.4} -
1.2 .
1L i
0.8 i
0.6 i
04 .
02 | | | | | | | | |
-0.5 -0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.4 0.5

The figure shows the density of the solution at T" = 0.13.
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2.5.2.2 Riemann problem of Lax

This Riemann problem was introduced in [30]. The domain is x € [—0.5, 0.5] with free

boundary, the initial condition is

(0.445, 0.698, 3.528), z <0,
(0.5, 0, 0.571), x>0,

(:007 U, pO) =

the final time is 7" = 0.13, and v = 7/5. The reference solution at the final time is computed
using an exact Riemann solver [3], and it is shown in Fig. 9. It consists in a left rarefaction

wave, a central contact discontinuity and a right shock.

2.5.2.3 Riemann problem of Sod!

This other Riemann problem was introduced in [31]. The domain is x € [—5, 5] with free

boundary, the initial condition is

(]‘7 O’ 1)7 X S 07

(P0> Ug, Po) =
(1/87 0, 1/10), x>0,

final time is T'= 2, and v = 7/5. Again, the reference solution (Fig. 10) is computed by
an exact Riemann solver, and it also consists in a left rarefaction wave, a central contact

discontinuity and a right shock, albeit with a different shape.

2.5.3 Features tests

These tests involve both shocks and fine structures, and are used for testing the resolution
power of WENO schemes.

2.5.3.1 Shock-entropy wave? test of Shu—Osher

This test was introduced in [13]. The domain of this Euler 1D test is x € [—5, 5] with free

boundary, the initial condition is

(27/7, 44/35/9, 31/3), = < —4,
(1 +sin(bx)/5,0, 1), x> —4,

(:007 U, pO) -

final time is 7" = 1.8 and y = 7/5. Since there is no known expression for the exact solution
of this problem, the numerical solution by the WENO-Z scheme with N = 8000 (Fig. 11)

is used as a reference solution.

1
2

Also known in the literature as “shock tube problem of Sod”.
Also known in the literature as “shock-density” or “shock-turbulence”.
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Figure 10 — Solution of Sod’s Riemann problem

0.8

0.6

0.4
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-3 -2 -1 0 1 2 3 4 5
The figure shows the density of the solution at 7' = 2.

Figure 11 — Reference solution of shock-entropy wave problem of Shu-Osher

4

-3 -2 -1 0 1 2 3 4 5
The figure shows the density of the solution at 7' = 1.8.

Figure 12 — Reference solution of shock-entropy wave problem of Titarev—Toro

1.8

1.6

1.4

1.2

0.8

-5

-4

-3 -2 -1 0 1 2 3 4 5
The figure shows the density of the solution at T' = 5.
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2.5.3.2 Shock-entropy wave test of Titarev—Toro

This test, introduced in [32], is a variation of the Shu-Osher test, with a different initial
condition

(1.515695, 0.523346, 1.805000), =z < —4.5,

(,007 U, p()) =
(14 sin(207x)/10, 0, 1), x> —4.5,
and final time, T = 5. Again, the numerical solution by the WENO-Z scheme with

N = 8000 (Fig. 12) is used as a reference solution.

2.5.4 Accuracy test

WENO schemes may lose accuracy near critical points [19, 21, 22]. The goal of this test is
to evaluate the order of accuracy of the WENO scheme at critical points of different orders

(Definition 1), and see if the design order R is achieved or if the scheme loses accuracy.
The accuracy test consists on comparing the WENO discrete derivative DYV f (cf.

Eq. (2.2)) with the actual derivative f’ of a given function f(x) at the grid points x;,

i=0,..., N—1, with increasing grid sizes N. The L! error of D!V f, e;(N), is defined as

e1(N) = ;) ‘D;/Vf(%) — f'(z:)| Az.

Given M < N, the L' numerical order of accuracy (shortly, L' order) from M to N,

01(M, N), is given by
. 61( ) N
o1(M, N) = log (el(fN”)> /log ()

For this test, we use the family of functions

gn(x) = 1@ Dt g (21 1],

The functions g, () are normalized, so that ||g, || (_; ;) = 1. Moreover, g,(z) has a single

critical point of order n at x = 0 (except go(x), which has no critical points) [22].
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3 Smoothness indicators

So far, we have dealt with generic properties of WENO schemes, without going into
details about the actual weights formulation. Before we move on, we need to introduce
the smoothness indicators — mathematical objects which detect discontinuities in the
solution, and are used in the formulation of WENO weights for achieving the ENO property
(Condition 2).

Definition 5. Let f be a smooth by parts function defined in a collection of stencils

S = S[z;, Ax] fixed around a given point z;,
S[.ﬁEi, ASC] = {.I’,L + klASﬁ, x; + ]{IQAI', e, Tyt kmA.Z'}, kj € R, ki < ko <...<kp.

A smoothness indicator' p(f,8S) of order g, where g > 0, is a real positive function which

satisfies
O(Az?), if f is continuous at x;,

O(1), otherwise,

u(f,S) =

as Az — 0.

This means that u(f,S) gets smaller as Az — 0 if f is continuous at x;, but it

remains close to a fixed value (which depends on f) otherwise.

The smoothness indicators are defined in asymptotic terms, but in practice they are
used differently. Since, in numerical applications, we usually desire to run a problem only
once, we don’t get a sequence of grid spaces Az going to zero. Instead, the value of u(f,S)
is inspected for a fixed Az, and if it is “small”, then we may assume f is continuous in the
whole stencil S[x;, Az]; otherwise, if it is “large”, then it is probably has a discontinuity
somewhere inside said stencil (not necessarily at z;!). Here, “small” and “large” are to be
taken in relative terms — there is no threshold value under which the function is definitely

continuous.?

In this work we follow the convention of leaving the function being availed by u
implicit, since it will always clear by the context, and making p inherit any super /subscripts

of § as needed. For instance, u(f,Sg) will often be denoted pu.

1
2

Also commonly called “smoothness measurement” or “smoothness estimator”.
In fact, for each smoothness indicator u, it is usually not hard to construct a function f and a stencil
S such that f is discontinuous in S but p(f,S) = 0.
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3.1 A simple smoothness indicator

To elucidate how a typical smoothness indicator work, consider a smooth by parts function
f and the stencil S = {z;_1, z;, ;41 } around x;, where 2,41 = x; = Ax. Let us define
(recall Definition 4)

2 ((20z 2 o [ flwi) = flxia) ’
p e (522911])° A —( . ) ,

which is the square of the centered second-order finite difference approximation to f'(x;)Az.

We shall see that p is a smoothness indicator of order 2.

First, suppose f is C' on S. Taylor series around z; gives
= (Fe)Ae +0(A2%)" = (f(2,)?Ac? + O(Aa®) = O(Ad?).

In this case, it’s clear that u = O(Az?). But even when f is only continuous the same
result holds. Suppose, without loss of generality, that f has a discontinuity in the first
derivative at x; but is smooth elsewhere (since f is smooth by parts, this is always the

case as Az — 0). Then

f(z;) = f(@iwr) F f(@in1) Az + O(Az?),

and
= (fm) + f'(@in) Az + O(Aa®) — f(2) + /(i) Az + o<Ax2>>2
- 2
. . 2
- (f (M”;f (a:’_l)AerO(AxQ))
— (f (zis1) ;— ! (9(;21)> Az? 4+ O(Az®) = O(Az?).
Now, on the other hand, suppose f is discontinuous at x;. Then,
. lim, .+ f(2) =lim, .~ F@N\" ([f]. )
A = ( 2 ) = (2) = 6(),

as claimed.

Typically, smoothness indicators are powers of finite difference approximations
to derivatives (like this example), or more generally, combinations of such powers of
approximations. In the next sections we shall see some of the smoothness indicators used

in the literature.
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3.2 Forward differences

Let A™ [f;] be the nth-order undivided forward difference defined by (cf. Definition 4)

2O [f]1 = f;
A f] £ 207D fiy— ATV

Notice that A™ [f;] = O(Az™) if f is smooth (the order decreases to AM [f]
if f is continuous but has only m — 1 < n derivatives), and A™ [fi] = ©(1) if f is
discontinuous in the domain (a complete proof of this can be found in [6]).
Let
ST(Iz’) = {%‘—r+17 Lierg2y -y xi};
here, r is the substencil order as in Eq. (2.1). We define the Forward Differences smoothness

indicator as

r—1 J rfj) . 2
(f Sr 131 é Z (Z [fz—r-‘rl]) ) ) (31)

=1 J

For simplicity, we will denote F'D(f,S"(x;)) as F'D.

For suborder r = 2, the formula for F'D is
FD = (oW [fi1])” = (fi — fis1)? = (f))?Az® + O(Az),

and, for r = 3,

@ re M) [y
o (80 [fia])? ; (D ral)® | (e 5,2
IR — f )2
_ (fisa = fios) 2+ (fi = fie1) + (fi = 2fim1 + fiz2)?

= (f)?Az% + (f)* Az + O(Az®).

It is clear that FD is a smoothness measurement of order 2.

The forward differences are used by ENO schemes [11, 13], and was the first
smoothness measurement proposed for WENO [14]. But, as we shall see in the next section,
the smoothness indicator § of Jiang—Shu, which succeeded it, is more suitable for WENO

schemes in general.

3.3 The smoothness indicator 3 of Jiang—-Shu

By far, the smoothness indicator most currently used by WENO schemes is the Jiang—Shu
B, which was developed in [15]. Its use is so widespread that it can be considered the de

facto standard smoothness indicator for WENO schemes.
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Convention 1. Thorough this work, the symbol 5 we will be used for denoting the Jiang—
Shu smoothness indicator specifically; when speaking of a generic smoothness indicator,

the symbol g will be used instead.

Definition 6. The Jiang—Shu smoothness indicators of suborder r are given by

r— 2
B 2 Zlmz%l /x”% (dllf’“(x)> dz, k=0,...,r—1. (3.2)
=1 T 1 dx

Observe that 3 is a normalized sum of the L? version of the total variation of
all derivatives of the (r — 1)th degree approximation polynomial fk(ac) to the numerical
flux h(z) (see Section 1.1 for the definition of h(z)). As such, the less smooth h(z) is on
Sy, (the stencil where f¥(z) interpolates h(z)), the higher the total variation of f*(x) in

[xl;%, T; %] and, therefore, the higher the value of fy.

For the purpose of illustration, consider the case R = 5 (r = 3), which uses
the global stencil & = {x;_2, x;_1, T;, Tiv1, Tiyo} and substencils Sy = {x;_2, x;_1, 5},
S = {xi_1, x;, xip1} and Sy = {x;, i1, xi42}. These are the same stencils used by
fiftth-order WENO schemes for the polynomial approximations f and f Fk=0,...,7r—1
(cf. Section 2.1). Direct evaluation of Eq. (3.2) gives

Bo = 411 (fiio —4fi1 +3f)° + g (fiso —2fi1+ fi)°,

Io : (= fic1 + fir1)* + E (fior —2fi+ fin)?,

!
P2 = i (=3fi + 4fis1 — fir2)* + g (fi = 2fir1 + fir2).

When h(z) is smooth, Taylor series expansion shows that all of the above [ satisfy
13
B = (fide+O(A2”)* + (A" + O(A))", k=0,1,2,

and therefore 3, = O(Az?). On the other hand, suppose Sp (fixed at z;) contains a
discontinuity of h(x) at z;. Then, the total variation of fp () does not go to zero as

Az — 0, which implies Sp = ©(1). In sum, [ is a smoothness indicator of order 2.

Part of the success of By is due to the fact that it uses distinct formulas for

measuring the smoothness of each substencil, which makes it less sensitive to critical points
than the forward divided differences used in the original WENO [15].

Formulas of 8y, for orders up to R = 9 can be found in Appendix A; for higher orders,
these formulas can be found in [25, 26]. In Appendix B, some general and fundamental

properties of 5 that makes them so useful for WENO schemes are described.

3.4 The global smoothness indicator 7

The global smoothness indicator 7 is used by the WENO-Z scheme for measuring the

smoothness in the whole R points stencil S [6, 16, 17, 18]. It consists in a combination of
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R r 7 G(T)opt
32 [B—pl 3

5 3 [Bo— B 5

T 4 |+ 36— 3B — P 7

9 5 |Bo+261— 662+ 283+ i 8

11 6 [Bo+ B1— 802+ 883 — s — Bs| 9

13 7 |Bo+ 3681 + 1358, — 13583, — 36835 — Bs| 11

Table 1 — The global optimal order smoothness indicator 7 and its leading truncation
order 6(7),,, of the (2r — 1) order WENO-Z scheme.

the local smoothness indicators B, k=0, ..., r — 1, in such a way that it maximizes the

order of 7.

Table 1 shows the expressions of 7 for orders up to R = 13. 6(7),,, denotes the
optimal order of 7 for a given r, for smooth regions and in the absence of critical points.
We can see that the optimal order of 7 increases with r. In fact, for » > 3, it can be shown
that 6(7),, satisfies

0(7)

=1 |,

2

opt

This will be done in a future work.

Remark 3. In previous works [16, 18, 22|, we chose to include a subscript 7o,_; for letting
the dependency of 7 on the design order 2r — 1 of the scheme explicit. But now we have
opted to drop the subscript for clarity and consistency, mainly because dj and pu; have
formulas which also depend on 2r — 1 but most authors do not feel the need of adding a

subscript on them for making it explicit.






63

4 Classical weight schemes

4.1 Classical weight formula

The classical weight formula was developed in the original WENO paper [14], and it was
later revised and improved to the present form in [15]. The unnormalized weights a© are

defined as
a__

(e +€)P’

Here, dj, are the ideal weights (Section 2.2); puy is a smoothness measurement (Chapter

a k=0,...,r—1. (4.1)

3); € is the sensitivity parameter, originally a small positive constant introduced in the
formula to avoid a division by zero (since we could have p = 0); and p is the power

parameter. The classical weights w® are simply a normalization of a°,

w,?é& k=0,...,r—1, (4.2)

so that Z;;é wj = 1. The superscript “C” stand for “classical”, and for simplicity it will

be dropped when there is not a risk of ambiguity.

4.1.1 ENO property

Let us see how the weights (4.2) satisfy the ENO property (Condition 2). Suppose that
Sc is continuous and Sp is not. Hence, by Definition 5, uc = O(Ax?) for some positive ¢

and pp = O(1). So, we have

PN (TN R P
=0 =gy = 0e) + (), (4.3)

and the ENO property follows from Proposition 3. Moreover,

@ _ dp(po+e)
ag  dc (pp +€)P

WS = O(AzP?) + O(eP). (4.4)

Remark 4. The role of parameters ¢ and p are evident from Eq. 4.4: if, and only if,
is small enough, we have wf ~ O(Az"?) and the ENO property holds. Likewise, a big
¢ dominates the denominator of 4.1, interfering with p’s sensitivity to discontinuities —
hence the name “sensitivity parameter”. Also, from 4.4 is clear that the power parameter
p has the effect of amplifying the ENO property; that is, the bigger the p, the smaller the

weight of a discontinuous substencil.

L The superscript “JS” (for “Jiang—Shu”) is more common in the literature [19, 16]. Although the

contributions of Guang-Shan Jiang and Chi-Wang Shu [15] to the development of the classical WENO
scheme were crucial to its success, the pioneering work of Xu-Dong Liu, Stanley Osher and Tony Chan
[14] is equally important. The superscript “C” will be used to honor all 5 authors.
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4.1.2 Operation count

The cost of the unnormalized weights per substencil is
flops(ay) = {14, 0x, 1+} + flops(ux) + flops(pow(p)),
and the total cost per stencil is
flops(a®) = {r=£, 0x, r+} + rflops(ux) + r flops(pow(p)).
Therefore, the total cost of the normalized weights is

flops(w®) = flops(a®) + {(r — 1)£, Ox, r=}.

4.2 The original WENO scheme

The original WENO scheme was developed by Liu, Osher and Chan in [14]. It uses the
classical weights (4.1) coupled with the divided differences smoothness indicators (3.1),
and a different ©(1) term, Cy, instead of the ideal weights dj. The use of Cy doesn’t
change the result of Eq. (4.3) about the ENO property. But it does change the formal
order of accuracy: the original weights were designed for improving the ENO accuracy
order from r to r 4+ 1 only. For this reason, the original WENO is deprecated in favor of
the classical WENO scheme of Jiang and Shu, but it was nevertheless an important work

for its brilliant and pioneering ideas.

4.3 The classical WENO scheme (WENO-C)

The improved WENO scheme proposed by Jiang and Shu [15] was so successful that, for
years, it has become a synonymous with WENO. It is by far the most popular WENO
scheme, in terms of citations?. For this reason, in this work it shall be called the classical

WENO scheme, or WENO-C.

The scheme uses the classical formula (4.1) coupled with the smoothness indicator
B (Section 3.3), which was another innovation proposed by the authors. The final formula

reads
a

P — C = v
Brtep ral’
The classical WENO was later extended to orders higher than 5 in [25] and to even higher
orders in [26].

C
ay

k=0,...,r—1 (4.5)

WENO-C is a milestone in the history of the WENO schemes, but, as we shall see
in the next sections, it is too dissipative when compared with the newer, more improved

WENO schemes.
2 2533 as of April 2014, according to Google Scholar.
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4.4 The mapped WENO scheme (WENO-M)

The smoothness measurement 5 improved the accuracy of the WENO scheme near critical
points when compared to the original forward differences, but the classical WENO scheme
still lost accuracy near critical points. Andrew Henrick, Tariq Aslam and Joseph Powers

studied this issue in [19] and, as a solution, they proposed a mapping function g,

(dy + di — 3dpw + w?)w
d? — 2dpw + w ’

gr(w) = w € [0, 1], (4.6)

which has the following properties:

9x(0) =0, gx(1) =1,

gx is monotonically increasing in [0, 1].
Applying it to the classical weights (4.5), a new set of weights w™ is obtained,

o) £ gi(wy), w

E=0,....,r—1. (4.7)

The mapping (4.6) does not improve the accuracy of the classical WENO scheme
in the rare case where several derivatives of f vanish at the same point, meaning f is
very flat near the critical point. However, the mapped WENO is less dissipative than the
classical WENO (see Section 5.3). We wished to give an analytical prove of this fact via
discontinuous/continuous ratio, but due to time constraints we will have to leave this to a
future work. Nevertheless, numerical results show the discontinuous/continuous ratio of
the mapped weights (4.7) is larger than the classical weights’ (this was studied in detail in
[18, Section 5)).

4.4.1 Operation count

The operation count for the unnormalized mapped weights for the whole stencil can be
optimized to
flops(a™) = flops(w®) + {7r<, 4rx, r+}

which gives

flops(w™) = flops(a™) + {(r — 1)%, 0%, r=}
= flops(w®) + {(8r — 1)+, 4rx, 2r=},

a substantial cost increase.
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5 Zico weight schemes

5.1 Zico weight formula

In [6, 16], we helped develop a new weight formula. Its name, “Zico”!, is a homage to

Bruno’s then newborn son, which has the same name of the great Brazilian footballer.

The Zico unnormalized weights o” are given by

&iédk[1+<

and the Zico weights w?, like the classical ones (Eq. (4.2)), are just a normalization of o

p
MHH, k=0,...,r—1, (5.1)
k

aj

z A _

Wy = 1 k=0,....,7r—1
Jj=0""j

The superscripts “Z” stand for “Zico” and they will also be dropped when they can be
inferred from the context. The parameters € and p, the ideal weights dj, (Section 2.2)
and the smoothness indicator py, are completely analogous to the ones from the classical
weight formula (4.1). The novelty in formula (5.1) is the inclusion of the global smoothness
indicator v, a smoothness indicator (Definition 5) which measures the smoothness of the

whole stencil S. It has the same value on all substencils k =0, ..., r — 1.

Initially [16, Eq. 27], we have seen formula (5.1) as a simple modification to the

classical formula (4.1) through the artifact of a new “smoothness indicator” M, given by

(s + )P
(- €)P + P

s A ()P +rP| v\’
O"“_Mk_d’“[ (s + 2)7 ]_d’“[H(uwe”’ (53)

The formula ay, = dy,/M} seem analogous to Eq. (4.1), at least for the p = 1 case. This

M, = (5.2)

so that

view has influenced some recent works on new WENO schemes [33, 34]. Nevertheless, now
we would like to argue against the practice of classifying Eqs. (4.1) and (5.1) as a single

formula based on relations (5.2) and (5.3) above, for two reasons:

o M is not a smoothness indicator in the sense of Definition 5, so the analogy between
Egs. (4.1) and (5.3) is false. In fact, M = O(1) regardless of the smoothness of the
measured function, so one cannot say anything about the smoothness of a function
f by the value of Mj. As a matter of fact, calling M, a smoothness indicator is a

misnomer.

L IPA: ['ziku]
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o The WENO schemes which use the Zico weights have distinct accuracy and dissipative
properties than the ones which use the classical weights. They are so distinct that it

is more useful and precise to treat Eqgs. (4.1) and (5.1) as different weight formulas.

5.1.1 ENO property

To verify that the Zico weights satisfy the ENO property, suppose that S¢ is continuous
and Sp is not. Again, by Definition 5, uc = O(Az?) for some positive ¢, up = ©(1) and

also v = ©(1) (since S contains the discontinuity in Sp). Therefore,

po + P po+e\” O(Az?) +¢\" O(Az?) +¢\"
o@_dp< v )+<MD+5> _@(1>< o(1) )*( o(1) )

o de 14 <Mc+€)p - -, <0(qu) +a>”

v o(1)
— O(Az") + O(cP), (5.4)

and we have the same asymptotic result as the classical formula (Eq. (4.4)). Remark 4

about € and p also holds here.

5.1.2 Discontinuous/continuous ratio

We have seen from Egs. (4.3) and (5.4) that the discontinuous/continuous ratio of both
the classical and Zico formulas have exactly the same asymptotic behavior. But this does
not mean the ratios are equal: recalling that puc = O(Az?) < up = O(1) as Az — 0, we
have

oh dp (po+e)’ (up+e)P +vP _dp (pc+e)’  ap

ot do (pp+e)P (uc+e) +v? " do (up+e)p  ad’

Therefore, the discontinuous/continuous ratio is larger for the Zico formula than for the
classical one when the same parameters €, p and smoothness indicator pe are used. This
means the Zico formula assigns larger weights to discontinuous substencils than the classical
formula does. But the fact is the classical formula is too much dissipative to begin with,
and it leaves a lot of room for increasing the weights of discontinuous substencils while
remaining essentially non-oscillatory. Numerical results has shown that schemes based
on Zico weights are as robust and non-oscillatory as ones based on classical weights, but

remarkably less dissipative [18, 22].

5.1.3 Operation count

The cost of the unnormalized weights per substencil is

flops o = {2+, 1x, 1+} + flops(pu) + flops(v) + flops(pow(p)),
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and the total cost per stencil is

flops(a”) = {2r=, rx, r+} + rflops(uz) + flops(v) + 7 flops(pow(p))
= flops(a®) 4+ {r+, rx, 0=} + flops(v).

This gives

flops(w?) = flops(a®) + {(r — 1)+, 0x, r+}
= flops(a®) + {(2r — 1)+, rx, r=} + flops(v)
= flops(w®) + {r=, rx, 0=} + flops(v),

which is just a slight increase to the total cost of the normalized classical weights.

5.2 The Zico WENO scheme (WENO-Z)

The Zico WENO scheme was first described in [6, 16] and later expanded in [17, 18].
It uses the Zico weights (5.1) coupled with the smoothness indicators /3 of Jiang—Shu
(Section 3.3) and a combination of 5 as the global smoothness indicator 7 (Section 3.4).
The WENO-Z weights read

p
aiédkll—i-(ﬁk:_g)], w,ﬁézgalf 7 k=0,...,r—1. (5.5)
The WENO-Z scheme has better accuracy and dissipative properties than WENO-
C, thanks to the Zico formula (5.1). It is able to recover the optimal order of accuracy at
the same critical points that WENO-M does, but at a much smaller computational cost
(see [16, 18], and Sections 4.4.1 and 5.1.3). The numerical results show that WENO-Z and
WENO-M have comparable resolution power, while both are clearly less dissipative than

WENO-C, when the same parameters are employed (see the next section).

5.3 A comparison between classical and Zico weight schemes

In this section, we give a brief comparison between the aforementioned WENO-C, WENO-
M, and WENO-Z schemes.

Computational cost. WENO-C is the cheapest scheme (Section 4.1.2). The normalized
WENO-Z weights needs r sums and r multiplications more (Section 5.1.3), plus the cost of
the computation of the global smoothness indicator 7, which is not more than (r — 1) sums
and an absolute value operation (Section 3.4). The more computationally expensive scheme
is WENO-M, which has 8 — 1 sums, 4r products, and 2r divisions more than WENO-C
(Section 4.4.1). Recently, an independent study concluded, for fifth order, that WENO-Z
and WENO-M spend ~ 8% and ~ 20% more wall time than WENO-C, respectively [29].
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Accuracy. For fifth order, when ¢ = 107%° and p = 2 are used, WENO-C loses accuracy
at simple critical points (i.e., of order 1), while WENO-C and WENO-Z do not. Still, at

critical points of order 2, all three schemes lose accuracy [19, 16].

However, choosing a suitable ¢ corrects the accuracy of WENO-C and WENO-Z,
making the mapping procedure redundant. For WENO-C of any order and p, it is necessary
that ¢ = Q(Az?) (i.e., ¢ = Az?, with ¢ < 2) [21]. The downside is that ¢ = Q(Az?) is too
large, which makes WENO-C prone to oscillations [22]. For WENO-Z, a similar condition,
£ = Q(Amq(R’p)), is required; the difference is that the maximum allowed power ¢(R, p)
grows with both the order R and power parameter p [22]. As an illustration, for fifth order,
with p = 2, the condition is ¢ = Q(Axz*). This allows for much smaller ¢ than WENO-C

does, therefore avoiding oscillations.

Discontinuous/continuous ratio. The discontinuous/continuous ratio of WENO-Z is
strictly greater than that of WENO-C (Section 5.1.2). Numerically, it was indicated in
[18] that WENO-M has a greater discontinuous/continuous ratio than WENO-Z, which
indeed has a greater ratio than WENO-C. We don’t have an analytical proof of this yet.

Sharpness. For fifth-order, near shocks and general features of the solution, WENO-M is
the sharper scheme, followed by WENO-Z, with WENO-C being more dissipative than
the other two. However, for shock-entropy tests, WENO-Z gives sharper results in the
high-frequency waves region, followed by WENO-M and WENO-C. Figures 13 and 14

exemplify this general trend. More numerical results can be found in [18, 29].

Stability. For fifth-order, with p = 2, all three schemes are fairly stable in practice. With
p =1, WENO-M is sometimes unstable (e.g., in the interacting blast waves test).

In sum, WENO-Z is the most cost-effective scheme among the three in terms of
sharpness [29], and it also has better accuracy properties than WENO-C. The high cost
of WENO-M, and the high dissipativity of WENO-C, makes them less attractive option

nowadays.

5.4 Other schemes

Other WENO schemes which are based in the Zico formula (5.1), albeit with different
global smoothness indicators than WENO-Z’s 7 (Eq. (5.5)), can be found in the literature,
such as: the ESWENO (energy stable WENO) [20, 35], the WENO-NS [34], the mapped
WENO-Z [29], and many others. They generally achieve sharper results — and are costlier
— than WENO-Z. Our wish was to study them and compare their results with WENO-Z
and the new scheme we implemented, but, unfortunately, this was not possible due to

time constraints.
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Figure 13 — Numerical solution of the Gaussian-square-triangle-ellipse linear test by the
WENO-C, WENO-M, and WENO-Z schemes
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The figure shows a zoom in the square wave of the solution at t = 2. N = 200 points were

used. CFL = 0.5.

Figure 14 — Numerical solution of the shock-entropy problem of Shu—Osher by the WENO-
C, WENO-M, and WENO-Z schemes
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The figure show a zoom in the region of high-frequency waves of the density of the solutions
at t = 1.8. A grid with N = 200 points was used. CFL = 0.5.
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6 Towards a new WENO scheme

Besides the Zico weights, an experimental weight formula was also introduced in [6]: the

min weights. They were defined as

p min
Oézunédk l1+< I.naX(,Uk,V) > ] ’ w}znméfllcim’ ]{?:0, Y
min(ug, V) + ¢ o

This is similar to the Zico formula (5.1), but instead of having v in the numerator and
. in the denominator, it has max(uy, ) and min(uy, v), respectively (hence the name
“min”). This change made WENO-min scheme much less dissipative than the then-current
WENO schemes (WENO-C, WENO-M and WENO-Z). The results of the shock-entropy
test were particularly encouraging, as shown in Fig. 15. The grid with 200 points is not
enough for the other schemes to resolve the high-frequency waves of the solution, but

WENO-min already resolves them.

However, while the WENO-Z scheme was eventually published later [16], two issues
prevented WENO-min to enjoy the same fate. First, at the time we already knew it
was unstable and had an oscillatory tendency. The impressive results for the Shu—Osher
shock-entropy problem seemed too good to be true, and in fact they were: the Titarev—Toro

shock-entropy test, which has higher frequency waves in the solution and a longer final

Figure 15 — Numerical solution of the shock-entropy problem of Shu—Osher by the WENO-
min, WENO-C, WENO-M and WENO-Z schemes
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(a) Solution by the WENO-min scheme (b) Comparison of the schemes in the high-
frequency waves region of the solution

The figures show the density of the solution at t = 1.8. A grid with N = 200 points was
used. CFL = 0.5.
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Figure 16 — Numerical solution of the shock-entropy problem of Titarev—Toro by the
WENO-min scheme with a small grid
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The figures show the density of the solution at t = 5. A grid with N = 1000 points was
used. CFL = 0.5.

Figure 17 — ADR analysis of WENO-min scheme: imaginary part of ¢
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The higher the value of Im(¢), the less dissipative is the scheme. Positive values of Im(¢)
indicates instability. Here, 2000 wavenumbers were used.
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Figure 18 — Numerical solution of the shock-entropy problem of Titarev—Toro by the
WENO-Z+, WENO-C, WENO-M and WENO-Z schemes with a small grid
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(a) Solution by the WENO-Z+ scheme (b) Comparison of the schemes in the high-

frequency waves region of the solution

The figures show the density of the solution at ¢ = 5. A grid with N = 1000 points was
used. CFL = 0.5.

time, showed that the WENO-min solution greatly overshooted the expected solution
(Fig. 16). Similarly, the ADR analysis evidenced that WENO-min was unstable. Notice, in
Fig. 17¢, that WENO-min has a large range of wavenumbers for which Im(¢) is positive,
that extends from 0 to approximately 7/5. This means that WENO-min makes these
waves actually grow, which could lead to instability. The solution of WENO-min for the
Titarev-Toro problem grows very slowly with time, but only because it is a relatively
mild test. For the interacting blast waves problem, which involves strong shocks and
is computationally harder to solve, the numerical solution by the WENO-min scheme
actually blows up with N = 800.

The second issue is that, at the time WENO-min was developed, we wasn’t able to
explain why did it have such impressive results for the Shu—Osher test. We already knew
that replacing v and py by max(u, v) and min(ug, v) made the discontinuous/continuous
rate increase, and therefore the WENO-min was less dissipative than WENO-Z — but

this alone wasn’t enough to explain the shock-entropy results.

The motivation behind this part of the thesis was to find a way of achieving the
impressive results of WENO-min in a stable and essentially non-oscillatory manner. At
first, two existing techniques were employed in the attempt to stabilize WENO-min: the
monotonicity-preserving limiters of Suresh and Huynh [36, 25], and the energy stable
artificial dissipation operator of Yamaleev and Carpenter [20, 35], but the results were not

satisfactory. Then, after these attempts, a deeper understanding of the min formula led to
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the development of a new weight formula

p p Z+
Hi + € v+e =0 O

which we call the Zico+ weights, because it is a generalization of the Zico weights (5.1)

PrteE
v+e

The new scheme WENO-Z+ has remarkably better results on the shock-entropy problems
than WENO-C, WENO-M and WENO-Z (Fig. 18), and it passes the ADR analysis and

interacting blast waves tests for stability.

by the means of an addition of the sharpening term A ( )p to the Zico weight formula.

This Part is structured as follows: in Chapter 7, the WENO-min scheme is described.
In particular, in Section 7.2.1 it is explained why it is unstable. Finally, in Chapter 8, we
describe and study the WENO-Z+ scheme. Detailed numerical experiments with the new

scheme are shown in Section 8.2.
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7 The experimental WENO-min scheme

7.1 The min weight formula

The min weights [6] are defined as

apin 2 g |14 (maxtaev) N fninGu, v) £ 2)° +maxue 1)) g
min(ag, v) + ¢ (i (g, 7) + 27
Cdzunéralfim, k:O,...,T—l.
j=0 45
For p = 1 (which is typically the case), Eq. (7.1) simplifies to
a;"m:dk[ M TV ] (7.2)
min(pg, v) +¢

and the name of the scheme comes from the min operator in the denominator of Eq. (7.2).

Eq. (7.1) can also be written in a conditional form

Lo\?
dkll—i- (,uk—i-e?) ] =ap, if u <v,
min __

k p
dkll—i‘( His >], if,u,k>l/.
vV+e

This form is more convenient for operation counting, and also for understanding how the

(7.3)

WENO-min scheme works. This is discussed in Section 7.2. First, let us show some basic

properties of the min formula.

7.1.1 ENO property

To show that the min weights satisfy the ENO property (Condition 2), assume S¢ is a
continuous substencil and Sp is a discontinuous one. Therefore, as Ax — 0, min(uc, v) =
pe = O(Az?) for some ¢ > 0, and max(puc,v) = v = O(1). Also, because both up = (1)
and v = O(1), we have min(up,v) = O(1) and max(up,v) = O(1). So,

(min(uc, V) + 6>p N (min(,uc, v) + €>p (max(,up, V))p

ap dp \ max(uc,v) min(pp, v )—1—5 max (e, v)

ac  de min ,uc, P
)

(e e oy
o (O(A&f)%)

— O(Az™) + O(e?),
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Again, the min formula has the same asymptotic behavior as the classical (4.3) and Zico

(5.4) formulas and Remark 4 applies.

7.1.2 Discontinuous/continuous ratio

The weight W™ of the discontinuous substencil Sp is greater or equal to the Zico weight

w7, with same parameters €, p and smoothness indicators pu, v:

ap™ dp (min(uc,v) + )P 14 max(up,v) \"
ag™  de (min(uc,v) + )P + max(uc, v)P min(pp, v) + &

ZCLD (pe + )P -, v\’ :%;
de (pe +e)P +vp pip +¢€ o,

the last inequality holds because e < v as Az — 0, max(up, ) > v and min(up,v) < up.

This makes the min weights less dissipative than the Zico ones.

7.1.3 Operation count
Based on the conditional form (7.3), the operation count for each substencil is
flops(aj™) = {24, 1x, 1+} + flops(pow(p)) + flops(v) + flops(ux) + conditional()
= flops(af) + conditional(),
and for the whole stencil is
flops(a™™) = {2r4, rx, r+} +r flops(pow(p)) + flops(v) + r flops(uy) + 7 conditional()
= flops(a”) + r conditional().

Here, conditional() stands for the cost of the conditional operation in Eq. (7.3). So,
basically, the computational cost per stencil of the min weights is equal to the cost of Zico
weights plus the cost of r conditional operations, which is architecture-dependent. Finally,

the total cost of the normalized weights per stencil is

flops(w™™) = flops(a™™) + {(r — 1)=&, 0x, r+}
= flops(w”) + r conditional()
= flops(w®) + {r+, rx, 0=} + flops(v) + r conditional().

7.2 The WENO-min scheme

The WENO-min scheme is the min formula (7.1) coupled with the smoothness indicators
By of Jiang—Shu (Section 3.3) and the 7 global smoothness indicators (Section 3.4), the
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same smoothness indicators used by WENO-Z. Its formula is

min

p
O[Z””:dk [1+< maX(ﬁk; 7_) >1’ w;nin:aki k:(]’“'77n_]_. (74)

min(fy, 7) + ¢ T

Jj=0""J

The default values for the parameters are ¢ = 107 and p = 1.

7.2.1 Stability analysis

We have seen in Chapter 6 that the WENO-min has impressive results on the Shu—Osher
shock-entropy test when compared to WENO-C, WENO-M and WENO-Z (Fig. 15), but

it is ultimately unstable. The analysis in this section aims for explaining why.

Consider 5
z A T —7 A k
L £ , 7.5
T Bete Mg rte (7.5)
ng is the term which appears in the WENO-Z weight formula (cf. Eq. (5.5))
ay = di[1 + (n3)"], (7.6)

and 7, ? is its “inverse” (if we disregard ¢, that is). Eq. (7.4) is more conveniently written

in the conditional form

, A1+ )Pl = af, if B <,
Qi — al (mi)7] k B (7.7)

d[1 + (")), if By > 7.
If we had 8 < 7 all the time, then o™ = a7 and the WENO-min would be identical to
WENO-Z. Therefore, what distinguishes the min formula from Zico, the reason for the
great shock-entropy results and also for the instability of WENO-min, is the term 7, *,

which appears in the formula when g > 7.

Let us see how the terms 77 and 7, * work. From Eq. (7.5), the value of 7} is larger
in the substencils Sy where the solution is smoother, while the value of 7, * is smaller in
such substencils. Thus, n, ” works as the opposite of a smoothness indicator. This is the

ultimate cause of instability in WENO-min. The following example will illustrate this.
Consider f(z) = sin(4nz), defined on the uniform, periodic grid
x,=nlAzxr, n=0,...,12, (7.8)

and Az = 1/12. Let us define the “anti-Zico” weights as

—7Z
o =di[l+ (%)), wif=——k — k=0,...,7r—1 (7.9)

r—1 _—7>
j=0 %;

These are not useful as WENO weights, since they don’t satisfy the ENO property (assume

Sc continuous and Sp discontinuous):

O o) NP i N

ag”  de G\ O(Az?) \"
1+<T+5> 1+<@(1)—|—5)
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Figure 19 — Discrete approximations D*f and D~?f to the derivative of f(x) = sin(4nx)

fl@) A
« Grid points
--------- 7/(2)/Am
+ D?f(x)/4r
AN D~ Zf(x)/4r

zﬁ i
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-0.5

1

0 0.2 0.4 0.6 0.8 1

The exact derivative f'(x) (dotted line) and the discrete approximations D?f(x,) (blue
plus symbols) and D~%f(z,) (red triangles) are scaled by a factor of 1/4w for a better
view. The grid points are z,, = nAz, n =0, ..., 12, with Az = 1/12.

They nevertheless work for continuous solutions, since they approximate the ideal weights
when all substencils are continuous — a fact whose proof is given in Appendix C — and

defining them will be useful for illustration purposes.

Here, we will be working with schemes of order R = 5, but the same conclusions
are valid for any order. The fifth-order WENO-Z discrete derivative operator DZ is given
by

2
Z n+2 +1 Zwif1f:_,
D2 f(zy) 2 28 o

Similarly, the “anti-Zico” discrete derivative is defined as

Zw n+1 Zw Z1k 1
D" f(x,) & 2= ~ ['(xn) (7.11)

= f'(x,) + O(Ax"). (7.10)

(here, we are not concerned with the order of this approximation). Figure 19 shows
that D_?f(x,) surpasses f'(x,) = 47 cos(4rz,) at critical points of f'(z) (that is, x,, =
0, 0.25, 0.5, etc.), while DZf(z,) remains close, but under it. Since D_*f(x,) has a greater
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Figure 20 — Values of smoothness indicators 5 and 7 for f(x) = sin(4nz)

-1 o Grid points
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The solid black line is f(z), with grid points z,, = nAx marked by dots, wheren =0, ..., 12
and Az = 1/12. The markers show the smoothness indicators computed at the interfaces
Loyl = (n+1/2)Az,n=0, ..., 11.

sup norm than f’(x), this leads to instability when this process is iterated by a time
integrator. On the other hand, DZf(xz,) has a slightly smaller sup norm than f'(z), so
this indicates that iterating DZf(x,,) is stable in this case (due to the nonlinear nature of

DZ and D_”*, these are only indications, not established facts).

To understand why the approximation D_*f(x;) overshoots f'(z;) at z; = 0.5
and why DZf(x;) does not, let us examine the weights w” and w™*. Figure 20 shows the

7 all computed

smoothness indicators # and 7, and Figure 21 show the weights w” and w™
at the interfaces Tyl = (n + %) Ax,n =0, ..., 11. The first thing that stands out is how
the WENO-Z weights remain fairly close to the ideal ones in the whole domain, while the
“anti-Zico” weights oscillates away from them. In particular, at x, 1 (=~ 0.54), the weights
wy 2 and w, * are much greater, and w; ” is much smaller, than their ideal counterparts. In
other words, w; ?, the central weight, transfers “mass” to the lateral weights w;? and w, .

inJr 1 (x) and f12+ 1 (x) happen to be the two reconstruction polynomials with the highest
2 2
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Figure 21 — WENO-Z weights w” and “anti-Zico” weights w™” for f(z) = sin(4nrz)

0 0.2 0.4 0.6 0.8 1
(a) WENO-Z weights

0 0.2 0.4 0.6 0.8 1

(b) “Anti-Zico” weights

The blue dotted lines, the green dashed lines, and the red dash-dotted lines correspond to
the ideal weights dy = 0.1, d; = 0.6, and ds = 0.3, resp. The blue lines with circles, the
green lines with plus symbols, and the red lines with crosses correspond to the computed
weights — respectively, above, they are the WENO-Z weights w§, w7, and w?, and, below,
the “anti-Zico” weights wg”, wy?, and wsy “. The markers show the weights computed at
the interfaces z, 1 = (n+1/2)Az, n=0, ..., 11, with Az = 1/12.
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Figure 22 — Reconstruction polynomials fgr 1 (2), f21+ 1 (z), and fir 1(x) at the stencil S,
2 2 2

2 \
— @) |
o= Az‘o+1/2($) }
— ¢1+1/2(x) |
T —— ;2+1/2<x) }

_2\ ! ! ! ! ! ! ! !
03 035 04 045 05 055 06 065 0.7

The solid black line is f(z), with grid points marked by dots. The dash-dotted vertical

line marks the location of z;, 1 ~ 0.54.

Figure 23 — Reconstruction polynomials ﬁ.o_l(x), fll_ 1 (z), and ff_ 1(z) at the stencil S;_»
2 2 2

025 03 035 04 045 05 055 0.6

The solid black line is f(z), with grid points marked by dots. The dash-dotted vertical
line marks the location of z;, 1 & 0.46. Note that f° ,(z) and f'(z),_ 1 coincide.
2 =3 2
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values at = as Figure 22 shows, so

i+1o
2 . 2
—z,k fk rk
ZWH% it = defi+%'
k=0 k=0

This is so because fz0+ 1 (x) and fi_ 1 (x) are the polynomials with higher total variations
2 2

Z

around z; = 0.5. Similarly, at z; 1 (= 0.46), wy* and w; ” are greater than dy and dj,

resp., and they correspond to the polynomials with the lowest values at Ti L, fio_l (x) and
2

filfl(x) (shown in Figure 23). Therefore,
2

2

2
ZW;_Zikfik_l <> dpfF .
=0 2 7 k=0 :
Using Eq. (7.11), this gives
D7 f(xi) > f'(w;) + O(A2®) ~ f'(w:),

and this is why D, *f overshoots f’ at x; = 0.5. The same analysis applied to the WENO-Z
weights gives

D2 () < f'(as) + O(Aa%) ~ f'(a,).

In this example, the phenomenon is exacerbated because the grid (7.8) is coarse.
In particular, every 5 points stencil in this grid contains a critical point, which increases
the disparities of total variation between substencils. Nevertheless, this situation is typical,

although it happens at a smaller scale at finer grids.

Now, to understand why WENO-min is unstable, suppose f is smooth on a given
stencil §. Then, generally, [ is larger than 7 on each substencil of S, because the order
of 7 is higher than the order of 5. An exception is when f has a very flat critical point
in § — in this case, we may have gy < 7. But if f has only simple critical points like in

the example f(z) = sin(47x) above, then 5 > 7 in the whole domain (as Fig. 20 shows).

min — . —2Z

In such cases, by Eq. (7.7) « a~? in the whole domain; but, as we have seen, the

“anti-Zico” discrete derivative operator is unstable.

In conclusion, the term 1, * (Eq. (7.5)) is the ultimate responsible for the instability
of WENO-min. But there is a bright side to it: when the size of n, * is controlled, it acts
as a sharpening term (or steepening term) near critical points, smooth structures and
discontinuities, while keeping the scheme stable. It seems the right dose differentiates
a poison and a remedy. In the next chapter, we present a new scheme which uses the

sharpening properties of 1, ” to its advantage.
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8 A new improved WENO scheme

8.1 Designing a new weight formula

In the previous chapter we have seen that the min weight formula conditionally chooses
between two terms (cf. Eq. (7.5))

depending on the size of yy and v (cf. Eq. (7.7)),

min 77Z7 if Kk <v,
" = di[1 + (m)"], m=1{" (8.1)
e 2y if g > v,

Also, we have noted that while 7, * is the ultimate responsible for the instability of the

WENO-min scheme, it has potential as a sharpening term.

What if, instead of merely choosing between n7 and 7, *, we combined both terms
in the weight formula, but controlling the size of 7, % so as to make the scheme stable?
This idea led to a new weight formula, which generalizes and improves upon the Zico

weights. First, we will modify the terms nZ and 7, ” a bit, by defining the new terms

v+e _ Wi+ € _
nkéuk-Fé’ nklé e = (k) L (8.2)

In comparison to 7%, n;, %, the terms 7, 7 * have additional epsilons in their numerators.
This change is introduced for computational reasons: since 7, is the reciprocal of 7;, !, some
computations are simplified and the operation count decreases as a result (this is detailed
in Section 8.1.3). Also, we will see in Chapter 9 that this makes the weights have better

and more easily proven accuracy properties.

Now, we define the new weights as

_ v+e\’ +e
apt 2 dy [1+(77k)p+)‘77k1} = dy, [1+ (Mk+5> +)\<ﬁ:k+g>]» (8.3)
Z+
wﬁ*é%, l{:O,...,T—l.
=0 %

This is essentially the Zico unnormalized weight (5.1) with the addition of the sharpening
term An; ' inside the parentheses and epsilons in the numerators. For this reason, we call
this new formula the Zico+ weights. The new parameter X is used for controlling the size
of n; 1. It must be small enough so the scheme is stable and essentially non-oscillatory, but

large enough for effectively improving the sharpness of the solutions.
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Remark 5. Eq. (8.3) could be more generally written as
= di [L+ ()" + Ay )P

However, preliminary numerical results displayed instability when p, = 2. This happens
because the sharpening term 7, ' is too amplified in this case. For this reason, we are
fixing po = 1 in Eq. (8.3).

Now, let us show the properties of the new weights.

8.1.1 ENO property

As usual, consider S¢ continuous and Sp discontinuous. Assuming A = O(1) (that is, A

does not asymptotically grow with Ax), we have

<M0+€>p+ <MC+€>p+)\(MC+€)p(MD +¢)
ap dD

ap _dp \v+e Up + € (v + g)ptl
R e R )
(O(A@ff(ql))Jr €>p+ (O(A@iql))ﬂt €>p+o(1)(O(A$q(z)2r1>€)p9(1)
=06(1) T
O(Az?) + ¢\’ O(Az?) +e\7*
v (M) ron(*en )

= O(Az%) + O(<),

which is the same asymptotic expression as the other weight formulas studied so far.

Note that the asymptotic behavior does not depend on the new parameter A, given that

A= 0(1).

8.1.2 Discontinuous/continuous ratio

Their discontinuous/continuous ratio is

ap” _dp (pe+e)? (up +e)’ + (v +e)P + Mup +)P*! /(v +¢)
ag de (pp +e)P (pe+e)P + (v +e)P + Auc + )P /(v +¢)

This is greater than the discontinuous/continuous ratio of the Zico weights, if ¢ is small:

04? dD (ko +e)” (up+e)’ + (v+e)
c (up+e)P (po+e)P+ (v+e)p
p (e +e)’ (pp+e)P +v7 _ af
do (pp + ) ( )

(8.4)

po+ep+vr ab’

The inequality in (8.4) holds due to the following: for simplifying the notation, let
aj = (p; +e)P 4+ (v+e)? and b; = A(u; + )P /(v + ¢). Since ap, ac > 0,

aD+bD ap 1 —I—bD/CLD bD b
_— > — —>1 & 7>7 & bpag — beap > 0.
ac +bc ac 1 —|—bc/ac ap ac bte ¢t
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Hence, if bpac — beap > 0, Eq. 8.4 holds. Finally, since up > puc as Az — 0,

vV+e
A

= (up + )" (e + ) + (v + )| = (uc + )P [(up + ) + (v + )]
= (= ) + € (e + )" + [(up + €)™ = (e +) (v + 2

> 0.

(bpac — beap) =

Remark 6. The relation (8.4) is not a proof that af) /aZ" > a%/aZ, it is merely an

indication. However, since ¢ is usually very small, this is very often the case.

8.1.3 Operation count
From Egs. (8.2), (8.3),

_v+e
e + €

” A
M " = dy [1 + ()P + ] :

Nk

Hence, the flop count per substencil is

flops(af™) = {4+, 1x, 2=} + flops(pow(p)) + flops(v) + flops ()
= flops(aj) + {2+, 0x, 1+},

and the total cost per stencil is

flops(a”*) = {4r£, rx, 2r+} + r flops(pow(p)) + flops(v) + r flops(pux)
= flops(a”) + {2r+, 0%, r=+}.

Therefore, the Zico+ weights are a little costlier than the Zico weights. If, however, we had
used n? and 7, * instead of 1, and 1, ' in the definition of Zico+ weights, we would have

needed an extra product per substencil:

_ v\’ Lk
flops (dk [1 +77,§+)\77kz}) = flops <dk [14— (,Uk +€> +)\<V+€>D

= {4+, 2x, 2=} + 2 flops(pow(p)) + flops(v) + flops(4u)
= flops(af*) 4+ {0+, 1x, 0=} + flops(exp(p)).

The total cost of the normalized weights per stencil is

flops(w?”*) = flops(a®*) + {(r — 1)=&, 0%, r=}
= flops(w?) + {2r+, 0x, r+}
= flops(w®) + {3r=£, rx, r+} + flops(v).
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8.2 The new WENO-Z+ scheme

The WENO-Z+ scheme is composed by the Zico+ formula (8.3), using the local smoothness
indicators [ of Jiang—Shu (Section 3.3) and the 7 global smoothness indicators (Section
3.4). The default values for the parameters are ¢ = 107%° and p = 2. The value of parameter
A was empirically determined — for order R = 5 and p = 1 or 2, the choice \ = Az??
gives good results in terms of stability, mitigation of oscillations, steepness and resolution
power, at least for the standard tests. Preliminary tests show that, for higher orders, A
may assume constant values with no harm to stability. However, the research on the new
WENO with higher orders is still on its early steps, and it will be the subject of future

works. In this section, we focus on the 5th order WENO-Z+ scheme.

8.2.1 The parameter A

Here, we will show how the parameter A can be used to fine-tune the steepness of the
WENO-Z+ scheme. We have investigated the behavior of WENO-Z+ with three different
choices for the parameter A: Az, Az*? and Az. The higher the A, the greater the
contribution of the sharpening term 7, '; therefore, WENO-Z+ is expected to be the less

dissipative with A = Az'/? and more dissipative with A = Az, with A\ = Az?/3

giving
intermediate results. The results in this section empirically justify the choice A = Az?? as

a good compromise between stability and sharpness.

2/3 will work well in every situation.

Remark 7. There is no guarantee, however, that A = Ax
In some specific problems, the scheme may need more numerical dissipation in order to

maintain stability. In these cases, one should use a smaller \.

In all tests, ¢ = 1074 and p = 2 for all schemes.

Shock-entropy test of Titarev—Toro. Figure 24 compares the results of the Titarev—
Toro shock-entropy test with N = 1000 points for the 5th order WENO-Z+ scheme with
the three different values for the parameter A above, and the reference scheme WENO-Z.
The figure shows that \ = Az/? makes the wave greatly overshoot the solution, which is
an indication of instability. On the other hand, A\ = Az makes the scheme too dissipative:
the results are comparable to the simpler and less costly WENO-Z (Fig. 24d). The choice
A= A3 gives the best results, resolving most of the waves with a good approximation

to their amplitudes already with this relatively small number of points.

Shock-entropy test of Shu—Osher. Figure 25 shows the results of the Shu-Osher
shock-entropy test with N = 200 points. Figure 25a displays WENO-Z+ with A = Az%/?
alone, since, at this scale, the results with other choices for A are too similar. Figure
25b shows that WENO-Z+ is sharper than WENO-Z. It shows how A can be used as a
fine-tuner, in which a smaller A makes the WENO-Z+ sharper.
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Figure 24 — Numerical solution of the shock-entropy problem of Titarev—Toro by the
WENO-Z+ scheme with different A
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(a) Solution with A = Az'/2
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(b) Solution with A = Az?/3

o  WENO-Z+ (A = Axz)
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(¢) Solution with A = Az
1.8
1.6
o WENO-Z+ (A = Az?/3)
1.4 +  WENO-Z+ (A = Az'/?)
s WENO-Z+ (A = Azx)
1ol * WENO-Z
&L= — = Solution |
25 5 — .

(d) Comparison of the three choices of A and the WENO—Z-SCheme in the high-frequency waves
region of the solution

The figures show the density of the solution at t = 5. A grid with N = 1000 points was
used. For all schemes, ¢ = 107%° and p = 2. CFL = 0.5.
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Figure 25 — Numerical solution of the shock-entropy problem of Shu-Osher by the WENO-
Z+ scheme with different A
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(b) Comparison of the three choices of A\ and the WENO-Z scheme in the high-frequency waves
region of the solution

The figures show the density of the solution at t = 1.8. A grid with N = 200 points was
used. CFL = 0.5.
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Figure 26 — ADR analysis of WENO-Z+ scheme with different A\: imaginary part of ¢
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(a) Linear scale plot
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(b) Log scale plot of —Im(¢); positive values of Im(¢) were omitted
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(c) Log scale plot of Im(¢); negative values of Im(¢) were omitted. Zoom in the relevant region.

The higher the value of Im(¢), the less dissipative is the scheme. Positive values of Im(¢)
indicates instability. Here, 2000 wavenumbers were used.



94 Chapter 8. A new improved WENO scheme

ADR analysis. Figure 26 shows the results of the imaginary part of ¢, in linear (Fig.
26a) and log scale of negative (Fig. 26b) and positive values (Fig. 26¢), for the three
variations of WENO-Z+ and the reference scheme, the fifth-order upstream central scheme
(see Section 1.1.2), labeled Central5. The results are very similar, except for the lower
left corner in Fig. 26b, where Im(¢) assume positive values for A = Az'/? and A = Az?3.
The value of ¢ being positive means that the schemes actually make the waves at these
wavenumbers grow, instead of being dissipated, which indicates instability. We can see
that the positive interval is larger for A = Az'/? and smaller for A = Az*?3. However,

the positive interval for A = Az?/3

is small, as are the corresponding values of Im(¢). In
practice, the nonlinear nature of the WENO-Z+ weights compensate for this small positive
range, and WENO-Z+ with A = Az*? was stable and essentially non-oscillatory in all

standard tests.

Notice that both the range and amplitude of the positive part of Im(¢) are smaller
than in the WENO-min case (Fig. 17).

Interacting blast waves. For the interacting blast waves test with N = 800 points and
CFL = 0.5, WENO-Z+ is unstable with A\ = Az'/2, but it is stable with A = Az*® and
A = Auxz. Since the results are too similar for these two choices of A, the results are not

shown here.

Other tests. We have also run the Riemann problems of Lax and Sod and the Gaussian-
square-triangle-ellipse linear test. The results similarly show that A = Az?? occupy an

intermediate position between the less dissipative, A = Az!/?

, and the more dissipative,
A = Az, although the scale of the differences is very small in these problems. For brevity,

these results are not shown.

8.2.2 Comparison with other WENO schemes

Here, we compare the new WENO-Z+ scheme with the classical WENO, the WENO-M
and WENO-Z schemes. From now on, we will assume that the value of parameter A\ of

WENO-Z+ is Az?/? in all tests. All schemes use p=2and e = 1074, for a fair comparison.

Shock-entropy tests. Figure 27 shows the results of the shock-entropy problem of Shu-
Osher with N = 200 points, and Figure 28 shows the results of the shock-entropy problem
of Titarev—Toro with N = 1000 points. The results of WENO-Z+ are much sharper than

the others, especially in the Titarev—Toro test.

Interacting blast waves. Figure 29 shows a zoom in the results of the interacting blast
waves problem, with N = 200 points. In this problem, WENO-Z+ is not significantly less
dissipative than WENO-Z. In fact, WENO-M, WENO-Z, and WENO-Z+ give comparable
results, with WENO-C being more dissipative than the other three. It should be noted
that WENO-M with p = 1 is unstable for this test, while the other three schemes are not.
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Figure 27 — Numerical solution of the shock-entropy problem of Shu-Osher by the
WENO-Z+, WENO-C, WENO-M, and WENO-Z schemes
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The figure show a zoom in the region of high-frequency waves of the density of the solutions

at t = 1.8. A grid with N = 200 points was used. CFL = 0.5.

Figure 28 — Numerical solution of the shock-entropy problem of Titarev—Toro by the
WENO-Z+, WENO-C, WENO-M, and WENO-Z schemes
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The figure show a zoom in the region of high-frequency waves of the density of the solutions

at t = 5. A grid with N = 1000 points was used. CFL = 0.5.
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Figure 29 — Numerical solution of the blast waves problem by the WENO-Z+, WENO-C,
WENO-M, and WENO-Z schemes
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The figures show a zoom in the density of the solution at ¢ = 0.038. N = 200 points were

used. CFL = 0.5.

Figure 30 — Numerical solution of the Gaussian-square-triangle-ellipse linear test by the

WENO-Z+, WENO-C, WENO-M, and WENO-Z schemes
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The figure shows a zoom in the square wave of the solution at t = 2. N = 200 points were
used. CFL = 0.5.
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Gaussian-square-triangle-ellipse linear test. Figure 30 shows a zoom in the square
wave of the results of the Gaussian-square-triangle-ellipse problem, with N = 200 points.
In this test, WENO-M is the least dissipative, with WENO-Z+ and WENO-Z very close to
each other, and WENO-C coming behind, in order from the least to the most dissipative.

Other tests. We have also run the Riemann problems of Lax and Sod. The results follow
the same trend of GSTE test, that is, from the least to the most dissipative: WENO-M,
WENO-Z+, WENO-Z and WENO-C.

In conclusion, WENO-Z+ really stands out in the shock-entropy tests. In the other
tests, WENO-M is less dissipative, however at a much greater cost than WENO-Z+, which
comes in second place. The results show that, in problems which do not contain fine
structures (such as the ones found in shock-entropy tests), the increased cost of WENO-Z+

may not compensate for its use, since WENO-Z performs fairly close to it in those problems.

8.2.3 Comparison with WENO-Z of different orders

In this section, we will show that the sharpness introduced by the sharpening term 7!
on the Zico formula makes the results of WENO-Z+ comparable to, or even better than,
those of higher-order WENO-Z schemes in shock-entropy problems. As before, all schemes

use p =2 and € = 10749,

Figure 31 shows the results of the shock-entropy problem of Shu-Osher with
N = 200 points, and Figure 32 shows the results of the shock-entropy problem of Titarev—
Toro with N = 1000 points. They show that WENO-Z+ excels in this kind of problem,
having at least the resolution power of WENO-Z7 in the Shu-Osher test, and even
surpassing WENO-Z9 in the Titarev—Toro test.
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Figure 31 — Numerical solution of the shock-entropy problem of Shu—Osher by the
WENO-Z+, WENO-Z, WENO-Z7, and WENO-Z9 schemes
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The figure show a zoom in the region of high-frequency waves of the density of the solutions
at t = 1.8. A grid with N = 200 points was used. CFL = 0.5.

Figure 32 — Numerical solution of the shock-entropy problem of Titarev—Toro by the
WENO-Z+, WENO-Z, WENO-Z7, and WENO-Z9 schemes
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The figure show a zoom in the region of high-frequency waves of the density of the solutions
at t = 5. A grid with N = 1000 points was used. CFL = 0.5.
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9 Accuracy of the WENO-Z+ scheme

We now turn to the task of analyzing the accuracy properties of the new WENO-Z+

scheme.

The goal is to find constraints on the parameters of the weights of WENO-Z+ that
will assure that the nominal order R is always recovered for smooth solutions, regardless

of critical points, that is,

Wk — dk = O(AIT_I), (91&)
= O(Az"), (9.1b)

as it is stated in Proposition 2. For simplicity of notation, in this section we use Definition

4 to write, for any term 1,

5i¢ £ %r% - %ZJZ_%

9.1 Properties of ;.

In order to find the constraints on the parameters of the WENO-Z+ formula, we will
adopt the same general strategy we introduced in [22] for analyzing the accuracy of the
classical WENO and WENO-Z schemes. As such, we use the following properties of the
smoothness indicators (3, which were demonstrated in [22] and whose proofs are included

in Appendix B.

Corollary 7. At a critical point of order n., (Definition 1), fi can be decomposed as
a sum of a k-invariant (B) and a k-dependent (Ry) components, for k =0, ..., r —1,
namely:

Bk = B + Ry,

where, if ne, <r —1,
O(B) =2(ne, + 1), O(Ry) >nep+1r+1,
and, if nep, > 1 — 1,
B=0, 0(Ry)=2(ng+1).

In particular, 0(By) = 2(nep + 1), and the upper bounds Bj, = O(Ax*), B = O(Az?) and
Ry, = O(Az"™™) hold.

Lemma 9. Let

ot
kT Bye
where B and Ry, are given by Corollary 7. If ¢ = Q(Az?), then v, = O(Az"") and
divk = O(Az").
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9.2 The accuracy constraint

For the analysis of this section, it will be useful to redefine the WENO-Z+ weights so that

7 and ) have distinct accompanying epsilons:

+e )" Br+ep o
N P A 2 _ Tk k=0, ....r—1 (92
Qg kl +<ﬂk+€lg + Tte, , Wk 7«1 B s , T ( )

Let us define
Ry,

B—I—Eg’ B—i—&‘g'

A
Ve =

It should be noted that H (for “capital eta”, cf. Eq. (8.2)) is always positive and does not
depend on k.

Assumptions. Assume that p > 1, that 7 — 0, H — 0 and H/A — 0 as Az — 0,
and also that A = O(1) (that is, A does not grow with Az as Az — 0), so the following

manipulations are asymptotically valid.

Using Corollary 7, the unnormalized weights (9.2) can be rewritten as

T+e  \ B+ Ry +¢5
=d; |1 _ AN —mm+—
Ak ’“l +<B+Rk+€5> * ( T+e, )]

oM (7 + &) )
“%H N T NB+25)(B+ Ry +ep) Tk
A [H (T + &, )Pt
—d, 2| = 1
"H |\ + A(B + )P (1 + )P TR
A [H HPH
—d, 2| = 1
Tl P W e ”’“]
A H S L
—d o1+ = .
kH_ +)\+’7k+0< h )]

Hence, the normalized weights are given by

A H grt! H IS LA
1 14+ =
dkH[ +)\+’yk+0< )1 dk[ +/\+%+O< By )]

— A p+1 H r—1 HP+1
ZdHll-i- +’y]+0< ﬂ 1+A+Zdﬂj+o< A)

X {1 - (}; +§dﬂj> (PAI +Zdﬂ]>2+~--+O<HT)]

r—1 H2 H HP+1
:dk—de(’}/k—Zdj’Yj)+O(%§)+O</\2>+O<,Yk)\>+O< b\ )
7=0

r—1 H2
=t di (- Ty ) +oed) +o( B ). 93)
]:
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The last equality holds because
Hp+1 H2 —1 H2 . H2
O( A ) = O<>\2> O(HP™'\) = O(/\Q) O(1) (by assumption) = O(}@) '

Eq. (9.3) results in

r—1 ) H2 H2
wy, — dy, = pdy 'Vk_z;)dﬂj +O(7k)+o<)\2>zo(7k)+o<)\2>a
]:

r—1 2

5,H H*
5o = py (m -3 djém)+ i) + O( X ) O+ O <V> |

Jj=0

The last equality holds because 6(5; H) > 6(H). Therefore, if we have

Ve = O<A’IT)’
Sie = O(Az™™1),
H? .

conditions (9.1a)—(9.1b) are met.
By Lemma 9, if 5 = Q(Az?), then v, = O(Az" ") and &y, = O(Az"). For this

reason, let us assume 5 = Q(Ax?). To conclude the analysis, it is sufficient to find a

constraint on ., p and A\ so that

H2
The orders of H and H? /A% are given by

O(H) =p[0(7 + &) = 0(B + )] = p[0(7 + &) — b(ep)],

H2

9()\2> =260H) —20(\) =2p[0(1+¢e,) —b(ep)] —26(N).

In the first equality, (B + ¢3) = 0(c3) because B = O(Ax?) by Corollary 7, e5 = Q(Ax?)
and both B and eg are non-negative. Thus, the condition on the parameters translates to

r+26(\)

O(r+¢e;) > o

+0(ep). (9.5)

Now, there are two cases:

Case 1 (0(7) .
6(e;), that is,

> %ﬁ(/\) + 6(e5)). The order of 7 + ¢, is the smaller between 6(7) and

O(T +e,) = min{d(7), 0(¢,)},

and the order of 7 is the smallest when 6(7) = 6(7)_, (Section 3.4). Therefore, it is

sufficient to choose ¢, so that

opt

r+20()\)

>

+ 9(85).



102 Chapter 9. Accuracy of the WENO-Z+ scheme

Case 2 (6(7)

case, the argument of Case 1 shows that no choice of ¢, makes relation (9.5) hold.

< %;}A) +0(ep)). In the absence of critical points, 6(7) = 6(7), ,. In this

opt opt*

In sum, we have the following result about the accuracy of the WENO-Z+ scheme:

Proposition 4. The Rth-order WENO-Z+ weights (Eq. (9.2)) with given parameters p
and A satisfy the optimality condition (Condition 3) if

r+260(\)

€g = Q<A$2) and H(T)opt, O(e.) > o

+ (9(85) .

9.3 The fifth-order WENO-Z+ scheme

For the purpose of illustration, consider the R = 5 case, with p = 1, A = Az and
eg = Az?. The choice of p = 1 will make it easier to see the accuracy properties of

WENO-Z+ in practice. Let us verify which values of ¢, satisfy the conditions of Proposition

4. We have 2600) 3443 .
,
— 144 = +2=—.
2p 2 2 6

Since, for order 5, 0(7),,, =5 > 25/6, the condition on &; is

2
65 <0(e;) < +o0,

that is, €, can be as small as one desires.

9.4 Accuracy tests

In the following, we will test the accuracy of WENO-Z+ with four different sets of

parameters, which are described in Table 2.

Profile A D €g Er Optimal order?

I Az?? 1 107 107" No, £5 is too small
1T Az** 1 Az 107 Yes

11 Az?? 1 Az Az No, ¢, is too large
1A Az? 1 Az 107% No, ) is too small

Table 2 — Different profiles of WENO-Z+ for accuracy tests

Profile I is the standard set of parameters for the WENO-Z+ (cf. Section 8.2). Since €4 is

negligible, we expect its order of accuracy to be smaller than 5 at some critical points.

Profile II is the same as Profile I, except for e, which is changed to Az? s0 as to satisfy

Proposition 4.
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Profile III is an example for showing that ¢, cannot be too large, otherwise the accuracy

2
degrades. Here, 0(c,) =1 2 7"4—2]99()\)

Profile IV is another example, this time for showing that A cannot be too small. Here,

25
+0(ep) = 5 and we cannot apply Proposition 4.

r+26(N)
2p

3+4 11
+9(55):++2:2>9<T>

5 5

opt =

and, again, Proposition 4 cannot be applied.

We run the accuracy test (Section 2.5.4) with grid sizes N = {20, 40, 60, ..., 200}.

The computations were done with double precision.

Figure 33 shows the L' order (left column) and error (right column) as functions of
N, for the functions go(z), ¢g1(x) and go(z) (top, middle, and bottom rows, respectively),
where go(x) does not contain a critical point, and ¢;(x) and gs(x) contain a single critical
point of order 1 and 2, respectively. All profiles achieve the formal order of accuracy in
the test with go(z), evidencing that WENO-Z+ is indeed a fifth-order scheme regardless of
its parameters. However, only Profile II has optimal accuracy for the tests with g;(x) and
g2(z), which contain critical points. An interesting result is that Profile IV has the smallest
errors in this range of grid points, in spite of its order being smaller than 5. The smaller
errors of Profile IV can be due the fact that A is smaller, implying that the sharpening
term 7, ' (Eq. (8.2)) has a smaller contribution.

9.5 “Accuracy at critical points” versus “sharpness”

Still considering the profiles in Table 2, we run the Titarev—Toro shock-entropy test (Fig.
34). Interestingly, in the Titarev—Toro test, Profile I, which has the largest errors and
smallest orders in Fig. 33, has the second best results overall at the critical points of the
high-frequency waves, close to the first place, Profile II. On the other hand, Profile IV,
which has the smallest errors in Fig. 33, has the worst results here. It is clear that Profile
I performed better than Profiles III and IV in Fig. 34 not because of better accuracy

properties at the critical points (which it hasn’t), but because of the sharpening term (cf.

Eq. (3.2))
M= A (i’“i?) . (9.6)

From Eq. 9.6, we can see that the sharpening term gets smaller if A\ decreases or ¢,
increases. This is exactly what happens for Profile III (which has a larger e, than Profile I)
and Profile IV (smaller \). Also, although Profile II does have better accuracy at critical
points than Profile I, the better results in Fig. 34 may well be entirely due to the fact that
Profile II has a larger e5 than Profile I and therefore, by Eq. (9.6), this results in a larger

sharpening term.
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Figure 33 — Accuracy tests for the WENO-Z+ scheme with different parameter profiles
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The profiles are described in Table 2. The z axis corresponds to different grid sizes
N =[20, 200]. The error plots are in log-log scale.
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Figure 34 — Numerical solution of the shock-entropy problem of Titarev—Toro by the
WENO-Z+ scheme with different profiles of parameters
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The figure show a zoom in the region of high-frequency waves of the density of the solutions
at t = 5. A grid with NV = 1000 points was used. CFL = 0.5. The profiles are listed in
Table 2

9.6 Accuracy and spurious oscillations

Still using the same profiles, we run the Gaussian-square-triangle-ellipse linear test (Fig.
35). It is evident that Profile I is less oscillatory than the others. This is due to the
sensitivity parameter 3, which assumes the value 1074 for the Profile I and Axz® for the
other Profiles. As discussed in [22], the larger the value of the sensitivity parameter, the

more oscillatory the corresponding WENO schemes are.

So, which profile is most recommended? If the solution of a given problem is known
beforehand to be smooth, it may be more advisable to use Profile IT (with e5 = Ax?) so
as to recover the optimal order (and sharper results) at critical points, since in this case
the solution won’t suffer with spurious oscillations due to large 5. But then again, if the
solution is known to be smooth, one should be using a more computationally efficient
numerical scheme instead, e.g. spectral methods. The raison d’étre of WENO schemes
is dealing with discontinuous solutions while avoiding spurious oscillations. This is why

Profile I is the one we recommend for most cases.
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Figure 35 — Numerical solution of the Gaussian-square-triangle-ellipse linear test by the
WENO-Z+ scheme with different profiles of parameters
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The figure show a zoom on the top of the square wave at t = 2. A grid with N = 800
points was used. CFL = 0.5. The profiles are listed in Table 2.
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Conclusions

We introduced the WENO-Z+ scheme, consisting of the fifth-order WENO-Z with the
addition of a novel and simple sharpening term that is based on the ratio of its smoothness
indicators. This sharpening term increases the resolution of the scheme near critical points
of the solution in a controlled way. The new scheme was able to achieve significantly better
results than the classical WENO and WENO-Z schemes at tests combining shocks and
fine smooth structures like the shock-entropy tests of Shu-Osher and Titarev—Toro. In
some tests, it was even able to overcome the results of higher-order WENO-Z schemes,

showing much sharper profiles at high-frequency waves.

The accuracy of WENO-Z+ at critical points of the solution was also analyzed and
resulted in a condition that the parameter € has to satisfy in order to achieve the optimal
order of convergence. Nevertheless, the use of € violating this condition still maintain the
extra sharpness of WENO-Z+, evidencing that optimal accuracy at critical points is not
as relevant to the sharpness of WENO schemes as it is currently thought. The numerical
results indicate that the new scheme deserves further investigation with respect to its

higher-order versions and the analytical tuning of its set of parameters.
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APPENDIX A — Constants and expressions
used by WENO schemes from order 3 to 9

This appendix contains the expressions of the terms which appears in the formulation of
WENO schemes — the substencil approximation Jiﬁ% (Chapter 2), ideal weights dj, (Section
2.2), smoothness indicators 3 of Jiang—Shu (Section 3.3), and the global smoothness
indicator 7 (Section 3.4) — for all relevant k (k =0, ..., r — 1) and orders R = 3, 5, 7,
and 9.

A.1 Order 3

Table 3 shows the values of d;, and the expressions of the substencil approximation fl ’1 1
2
and the second-order approximation to f’(z;)Ax in the substencil Sy, denoted D¥.

kode ff D}
1 —fioi+3f;

0 g # fz fz—l
2 fit+fi

1 3 Tﬂ fiv1 — fi

Table 3 — Expressions of d, fi’il, and DY, for order R = 3 and varying k.
2

Bk can be written in terms of D¥, and 7 in terms of Sy, as

A.2 Orderb

Table 4 shows the values of dj, and the expressions of the substencil approximation
Jiﬂl and the third-order approximations to f'(x;)Ax and f”(x;)Ax* in the substencil Sy,
2
denoted D¥ and DE, respectively.
Br can be written in terms of D¥ and D%, and 7 in terms of Sy, as
13

Be = (D)’ + 5(D5)*, k=0,1,2,
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kode fiy D} D}
1 2fio—=Tfia+11fi  fio—4fio1 +3/i
E. i — 2fi- i
0 ; i fio=2fia 4 1
3 —fioa+0fi+2f; —Ji—1+ Ji
|3 Sha 52 —fiat o
5 6 2
3 2fi+5fiv1— fi —3fit 4 i1 — Ji
RSN R AL E TN

Table 4 — Expressions of dy, fi]j-l’ D¥, and D%, for order R = 5 and varying k.
2

A.3 Order7

Table 5 shows the values of d, and the expressions of the substencil approximation
fﬁ% and the fourth-order approximations to f’(z;)Axz, f"(z;)Az?, and f”(z;)Az® in the

substencil Sy, denoted DY, D5 and D%, respectively.
Br can be written in terms of D¥, D5 and D%, and 7 in terms of Sy, as

13 781
Be = (D)* + E(D§)2 + ﬁO(Dl?f)27 k=0,1,2,3,

T = |fo + 351 — 302 — Bs].

A4 Order 9

Finally, Table 6 shows the values of dj, and the expressions of the substencil approxi-
mation ff 1 and the fifth-order approximations to f(x;)Ax, f"(x;)Ax?, f”(x;)Az®, and
2
" (x;)Az" in the substencil Sy, denoted D¥, D¥, D and D%, respectively.
Br can be written in terms of DY, D5 and D%, and 7 in terms of 3y, as
13 781

B = (DR + 1o (DB + = (D)

1

360

32803

30240
T = B0+ 261 — 662 + 283 + .

DD} + (D¥)?, k=0,1,2 3,4,
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A.4. Order 9
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&w ,\M»M_.w U\H@ Uw
M HM.\.&I% —63fi_3+ Hwﬂ.\s.lw — Hmw.\wly + Hwﬂ\& w,\wlﬁ —16f;—3 + wm.\mlw — %w,\.@.lu + wm.\w 11f;_4 — m@\&lw + MH%.\.&IM —104f;_1 + wm.\m
126 60 12 12
10 =3fig +17fica —43fia +77fi + 12fia —Jfi—3+6fi—o —18fi_1+10f; + 3fi11 —ficg +4fica +6fic1 —20fi +11fi
63 60 12 12
10 2fio —13fi1 +47fi + 27fip1 — 3fiyo fice = 8fic1 +8fix1 — fire —fia £ 16fi-1 — 30fi + 16 fix1 — fir2
21 60 12 12
20 =3fic1 + 271 + 47 fis1 — 13 fige + 2fivs —3fi-1 —10fi + 18fix1 — 6fivo + fits 1fio1 —20fi +6fip1 + 4fiv2 — fixs
63 60 12 12
5 12fi + T i — A3five + 17 i3 — 3fiqa —25f; +48fi+1 — 36 firo +16fi13 —3fira 35fi —104fi11 + 114fi10 — 56 fi3 + 11fi14
126 60 12 12
Dk D}
3ficg —14fi_3+24f;_o —18fi_1 + 5f;
it fi-s mb 2 fi1 45/ fica—4fi3+6fio—4fia+fi
i—3—6fi_o+12f;_1 —10f; + 3f;
fizs = bfi2 MN - fi+3fin1 Jims —4fia+6fic1 —4fi+ fina
—f. |_| w 4 — M . IT .
fi-e 24 Hw firr + Jirz fice —4fi1 +6fi —4fit1 + fir
31+ 10f; — 12fis1 + 6fis0 — i
fi-1 Ji m.xtl fiva = Jirs Ji-1 —4fi +6fiy1 — 4fiv2 + fits
5+ 18 i1 — 24fiso + 14f515 — 3f:
Ji fi1 .WE firs = 8fira Ji—4fit1 +6fiyo — 4fiv3 + fita

Table 6 — Expressions of dy,

Fh Dy, DY, DY and D%, for order R = 9 and varying k.

1
i+’
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APPENDIX B - Properties of the

smoothness indicator /3

Let’s recall the definition of the smoothness indicator § (cf. Definition 6):

r—1 T 1 l R 2
Bk:ZAa:2l_l/ 2 <£Elfk(x)> de, k=0,...,7r—1. (B.1)
=1 Tl

For substencil order » = 3, we have seen that 5, can be written in a simpler form, as a

sum of powers of finite difference approximations to derivatives of f at z;,

Bo = i (fica —4fii +3f)° + E (fica —2fii1 + fi)7,
B = i (—ficr + fi)* + 12 (fior = 2fi+ firn)®,
B2 = i (=3fi + 4fis1 — fira)? + S (fi = 2fir1 + fis2)”. (B.2)

Notice that these expressions collectively satisfy

13

Br = (fIAz + O(Az*))* + 12

(flAz® +0O(A2*)?, k=0,1,2, (B.3)

the O(Az®) terms being different at each substencil Sy,. This allows us to write 8, in the

convenient—for—proofs form

B = ((J)°Aa® + O(AxY)) + <£(f£’)2A:r4 + omgﬁ))
= (e + D(rpast) +0(ad) = B + R

It is not immediate how, from the definition of (3, one obtains the more convenient
finite differences form (B.2), since Eq. (B.1) involves integrals of squares of derivatives
of f¥(x) — a polynomial related to f(z), indeed, but distinct from it. Until recently, we
had these convenient expressions for r = 2 and r = 3 only [15], the existing higher-order
expressions being rather long and not as useful for accuracy proofs [25, 26]. But in [22],
we achieved a result proving the existence of convenient expressions like (B.3) for any
suborder 7, and we gave such expressions to suborders up to r = 6. The result is stated as

follows:

Proposition 5. The smoothness indicators By, defined by (B.1), can be written in a

bilinear form as
r—1 r—1
B = (", C¢*) = 3 > Crndhioh, (B.4)
m=1n=1

where
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i) @ is a (r — 1) vector, whose elements

T, 1 dm N m
2 —mfk(x) dz = f] )Aq;m—i—O(AxT), m=1,...,r—1, (B.5)

Qﬁl =A™ / dx

X,
i—

[N

are the rth-degree polynomial approrimation to fi(m)Axm in substencil S. The

dependence of @* on k relies on the O(Az") terms only.

ii) C, the smoothness measurement matriz, is a (r — 1) X (r — 1) constant symmetric

positive semidefinite matri.

For instance, for r = 4, Proposition 5 implies that [, can be written as

B = Ci(fiAz + O(AzY))? + 2C1(fi Az + O(AzY)) (f/ Ax* + O(Az?))
+ Cor(fIIAz? + O(AxY))? 4 2Co5(f' Az? + O(Az™)) (f" Az® + O(Az?))
+ C3(f" Az’ + O(Axh))? + 2Cu3(fi Az + O(Az™)) (f]"Az® + O(Az?)),

and this allows us to write

ﬁk - (011<fi/)2A1’2 -+ chgfilfi//Al’B + CQg(fil/)2Al’4 -+ 2023f£/f{//AI5
+ O (f")?Aa® + 2003 1" Aa*) + O(Aa®) = B + Ry

The proof of Proposition 5 uses the following lemma about polynomials:

Lemma 6. Let p(z) be a polynomial of degree M and x; € R a given point. There exists
a (M +1) x (M +1) constant symmetric matriz A such that

Az [ T ) de = (v, AV (B.6)

Z—A:D/Q

where v is a vector whose elements are
Az M A ya 0,.... M B.7
Uy = Az —p(x)dx, m=0,..., M. )
xi—Ax/2 dl’mp( ) ( )
Proof. Without loss of generality, we may assume z; = 0. Consider p(x) a generic polyno-

mial of degree M, namely,

M
p(x) =Y apa™. (B.8)

m=0
Let a denote the vector of polynomial coefficients {a,,, m =0, ..., M} of p(z), and let v

be as stated by Eq. (B.7). By substituting Eq. (B.8) into Eq. (B.7), we notice that v,, is

in fact a linear form of a,

M
Uy = Z UpnnAz" M a,, (B.9)

n=0
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or v = UDa in a matrix-vector form, where the elements of the diagonal matrix D and of

upper triangular matrix U are

n!

T if m <n, and m + n is even,
Do = Az™ Uy = { (n—m 4 1)1207m (B.10)

0, otherwise,

respectively. Since the constant matrix U is an upper triangular matrix with positive

diagonal elements, U is invertible and, hence, Da = U~'v .

Moreover, by substituting Eq. (B.8) into the left-hand side of Eq. (B.6), one has a

bilinear form,

Ax/2 M M
Am/‘ (p())?de = > 3 Bp,Az™ 4,0, = (Da, BDa) £ (v, Av), (B.11)

—Az/2 m=0 n=0

where the elements of the constant symmetric matrix B are

1
, if m 4+ n is even,
By = { 2™ (m+n+1) (B.12)
0, otherwise,
and A = (U1)TBU! is a constant symmetric matrix. O

Now, we are ready to prove the proposition.

Proof of Proposition 5. In the definition of the smoothness indicators 55 (Eq. (B.1)),

S g [ (A 2
B => Az*~ / 2 <dlfk(a:)> dz,
=1 T i

i— L1
2

f* (z) is a polynomial of degree (r — 1), and it satisfies
FH(x) = h(z) + O(Az"). (B.13)

Therefore, by Lemma 6, there exist (r —[ — 1) x (r — [ — 1) constant symmetric matrices
A! such that ) )
Bk _ Z Amzzfz <Vk,l, szk,z> _ <uk,l’ Aluk,l> : (B.14)
=1 I=1

with the elements of vectors u®! given by

T, 1 dm+l
ull = Azl = Agcm”’l/ i g ffx)de, m=0,...,7r—1—-1.  (B.15)
T 1 xm

)

Let’s define a new vector ¢* as

Tird dm

oF :Axm_l/x dxmfk(x)dx, m=1,...,r—1 (B.16)
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Notice that uf! = gb’ﬁnﬂ, m=20, ..., r—1[1—1; or, in a matrix-vector form,

ut = Qgf with Qe = [Op-nxa-n Te-oxe)]- (B.17)

Substituting Eq. (B.17) into Eq. (B.14) gives
r—1

B=>(Q'¢* A'Q'¢F) £ (¢" Co*),  where C= S(QZ)TAZQZ. (B.18)
=1

=1

Supposing 1 <m < r — 1 and using Eq. (B.13) and Eq. (B.16), one has

dmfl N :EH_l dmfl xi_t,_%
k m—1 k m—1 r—m-1
or = Ax Wf (x) - = Ax dxm_lh(:c) o + O(Az" ™+
i—3 i-g
= fMAL™ + O(Az"), (B.19)

where the O(Az") term depends on f*(x) and therefore is different for each k, in general.
Finally, by Lemma 6 and Eq. (B.18), C is a constant symmetric positive semi-definite

matrix. ]

Corollary 7. At a critical point of order n., (Definition 1), B can be decomposed as
a sum of a k-invariant (B) and a k-dependent (Ry) components, for k =0, ..., r —1,
namely:

ﬁk =B + Rk7
where, if ne, <1 —1,
0(B) =2(nep + 1), O0(Rg) > nep+r+1,

and, if ne, > 1 —1,
B =0, 0(Ry)=2(ne+1).

In particular, 0(By) = 2(nep + 1), and the upper bounds By, = O(Ax?), B = O(Az?) and
Ry, = O(Az™1) hold.

Proof. By Proposition 5, one has
o= (9", Co*). ¢k, = (A" + O(A"), m=1, ... 11,

where C is the smoothness measurement matrix. We shall decompose the vector ¢* into a

sum of its k-invariant and k-dependent components, ¢ and ¢, respectively:
o8 = fIMAzm gl =gk — 9B m=1,... r—1. (B.20)
Since C is symmetric, one has

B = (¢7 + ¢™, C(p” + ¢™)) = (97, Co”) +2(d”, Co™) + (@™, Cop™™).
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Define
B2 (¢", CoP), R 22(¢” Co™)+ (¢, Co™). (B.21)
By construction, B does not depend on k.

Now, suppose z; is a critical point of order n, of f(x). One has

¢B = I AZm, i Nep < M e _ O(Az"), if neg, <r—1
0, if ne, > m O(Az"™ ) ifng >1r—1
which implies (by Eq. (B.21))
O(AL*"ee Y if g, <7 —1 O(Az™ ™) if n, <17 — 1
B = Ry = [l

0, if neg, >r—1 7 @(A;EQ("CP“)), if neg, >r—1 '

So far, the results in this appendix have only concerned about the z,, 1 -centered
version of the smoothness indicator [, = Bzﬁr%. However, in the analysis of the order of
accuracy of the WENO-C and WENO-Z+ schemes, the properties of its xifé—centered
counterpart 5?_ , must also be taken into consideration. Especially, the orders of the
centered differenées 0; B and 6; Ry, 0(0; B) and 0(9; Ry), respectively, play essential roles for

proving they satisfy the optimality condition via Proposition 2.

Corollary 8. The orders of 0; B and 6; Ry, satisfy the inequalities

Moreover, at a critical point z; of f(x) satisfying, f'(z;) =0, f"(z;) # 0 and f™(z;) # 0,
one has exactly

Proof. Now, assume that the only nonzero term in the first row and column of the
smoothness measuring matrix is C1, which is equal to 1. This fact, unproven in [22], will
be properly demonstrated in a future work. It follows, by Eq. (B.20), that the leading

order terms in B and Rj depend only on ¢%:
B = (22 +0(AzY), Ry =208 + O(Az™). (B.22)
Recalling from the definitions (B.5) and (B.20),
o = fide, ¢ = AFFD AL+ O(Az™).
Hence, one has

siof = (ff = fl)Ax = [IA2" + 0(A),
001 = (i = F)ANALT + O(Aa™?) = ALfT Y Aa™ 4 O(A™?).
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Finally, by Eq. (B.22),

6.8 = (07) — (oF — 8:67)" + O(Aa®) = ff Aa® — () Az + O(A2”),
6:Ri = 20701 — 20f — 867 (0" — 6i01™) + O(Aa"™?) (B.23)
= (7Y + FLED)2A78072 4 O(Aa™),

Which gives the desired results. ]

Lemma 9. Let

s i
Tk Bt

where B and Ry, are given by Corollary 7. If ¢ = Q(Ax2?), then v, = O(Az"") and
dive = O(Az").

Proof. Assume 6(¢) < 2. By Corollary 7, we have

Ry, O(Az™) _ O(Az™)

= = — = O(Ag" L
S By T O LD - o) OB

and
Ry, Ry, — 0, Ry, . (B -+ 8)52Rk — R0, B

(51' - - = .
= Bye B-6B+tec (B+e)(B+e—0,DB)

Using Corollary 8, for any critical point of order n., one has

0(0iy) = min{0(0; Ry.) + 0(c), O(Rx) + 0(6:B)} — 26(¢)
> min{0(J;Rx) — 2, O(Ry,) + 0(6;B) — 4} > r. O
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APPENDIX C - Properties of the anti-Zico
weights

The purpose of this section is to show that the “anti-Zico” weights of Section 7.2, which
violate the ENO property (Condition 3), nevertheless work for smooth solutions. This is

done by demonstrating that w, * = di + O(Az) and, therefore, w,* — di as Az — 0.

Proposition 10. Consider the “anti-Zico” weights w, *, defined as (cf. Eq. (7.9))

p —7Z

T+e =0

If the solution is smooth and does not contain a critical point of order ne, > 1 —1, and €

Z

is sufficiently small, the weights wy,* approach the ideal weights dj, as Az — 0.

BEY Tz_:dj(ﬁj)p-

If 3 = 0 then, by definition (C.1), wy? = dj for k=0, ..., 7 — 1; otherwise, we have

() £ ()

Proof. Let

B
d i
k T+ e

—7Z
wk - dk =

Now, by Corollary 7, for k = 0, ..., r—1 we have 8, = O(Axz?) (which implies § = O(Az?)),
and, importantly, 5, can be written as 8, = B + Ry, where B does not depend on k.

Moreover, since the solution is smooth and does not contain a critical point of order
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p > 1 —1, and ¢ is small, we have B = O(Ax) andjé O(Ax) at least. Thus,
s i
d . -1
(7 Bl I =170
F g <T+5> 1+ O(AxzP)
1+ [
(B + Ry)?
=d — 1] (1 4+ O(Ax?
Samrmy OB
i Ry, R}
1+pB+O<BQ>
= d, s — 1| (1+O(A2P))
R; R;
Zd <1+p +O< ))

(% - 1) (1+O(Az?)

= dy(1+ O(Az) — 1)(1 + O(Az")) = O(Az). O
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