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On the Growth Rate of Periodic Orbits

Walter Britto Peganha Alves

Orientador: Alexander Eduardo Arbieto Mendoza

Resumo

O objetivo deste trabalho é estudar a relacdo entre a taxa de crescimento dos pontos
periédicos e a entropia topolégica. Em 1970, Bowen [Bow70] provou que para sistemas Axioma
A, a taxa de crescimento dos pontos periédicos coincide com a entropia topoldgica. Dez anos
depois, Katok [Kat80] mostrou que se f é um difeomorfismo de classe C'** (« > 0) numa var-
iedade compacta, entao para qualquer medida hiperbdlica f-invariante a taxa de crescimento
dos pontos periédicos é maior ou igual que a entropia métrica. Em particular, se f é um difeo-
morfismo de classe C'T em uma superficie, entao a taxa de crescimento dos pontos periédicos
é maior ou igual que a entropia topoldgica. O teorema que apresentaremos nessa dissertacao é
uma extensao desse resultado de Katok para o caso de campos de vetores C! genéricos.



On the Growth Rate of Periodic Points

Walter Britto Pecanha Alves

Advisor: Alexander Eduardo Arbieto Mendoza

Abstract

Our goal in this thesis is to study the relationship between the growth rate of the periodic
orbits and the topological entropy. In the early 70’s, Bowen [Bow70] proved that for Axiom
A systems, the growth rate of the periodic orbits equals to the topological entropy. A decade
later, Katok [Kat80] showed that if f is a 1T (o > 0) diffeomorphism on a compact manifold,
then for any f-invariant hyperbolic measure the growth rate of periodic points is larger than
or equal to its metric entropy. In particular, if f is a C'™® surface diffeomorphism, then the
growth rate of periodic points is larger than or equal to its topological entropy. The theorem
presented here extends Katok’s result for C! generic vector fields of any dimension.
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Chapter 1

Introduction

1.1 History and basic concepts

1.1.1 History

What is a dynamical system?

A dynamical system is all about the evolution of ”something” over time. To create a
dynamical system we simply need to decide what is the "something” that will evolve over
time and what is the rule that specifies how that ”something” evolve with time. In this way, a
dynamical system is simply a model describing the temporal evolution of a system. As examples
of dynamical systems, we have the mathematical models that describe the swinging of a clock
pendulum, the flow of water in a pipe, and population growth.

A little bit of history

The concept of a dynamical system has its origins in Newtonian Mechanics, but a lot of
what is considered dynamical systems today was developed by the French mathematician Henri
Poincaré. Poincaré published two classic monographs, one called "New Methods of Celestial
Mechanics” (1892-1899) and the other called ”Lectures on Celestial Mechanics”(1905-1910). In
them, he successfully applied the results of his research to the problem of the motion of three
bodies and studied in detail the behaviour of the solutions(frequency, stability, asymptotic, and
so on). These papers included the so called Poincaré Recurrence Theorem, which states that
certain system will, after a sufficiently long but finite time, return to a state very close of the
initial state.

Another very important person to the development of dynamical systems is the Russian
mathematician Aleksandr Lyapunov, he developed many important approximations methods.
His methods, which he developed in 1899, make it possible to define the stability of sets of
ordinary differential equations. He created the modern theory of the stability of a dynamical
system.



In 1913, the American mathematician George David Birkhoff prove the Poincaré’s ” Last
Geometric Problem”, the special case of the three-body problem, a result that made him world
famous. In 1927, he published his Dynamical Systems. Birkhoff’s most acclaimed result has
been his 1931 discovery of what is now called the ergodic theorem. Combining insights from
physics on the ergodic hypothesis with measure theory, this theorem solved, at least in principle,
a fundamental problem of statistical mechanics. The ergodic theorem is also of great importance
in dynamics.

The American mathematician Stephen Smale also made significant advances, one of his

most famous contributions is the Smale horseshoe that jumpstarted important researches in
dynamical systems. He also outlined a research program carried out by many others.

1.1.2 Basic concepts

Let X be a compact metric space and f : X — X a homeomorphsm. This generates a family
of homeomorphisms, called iterates of f, written as

fr=fof--of
o =id
f—n:(fn)—l

For any = € X, the set {f"(z),z € Z} is called the orbit of  under f, denoted by O(x),
or simply by &(x). Any two orbits are either identical or else disjoint. A point x € X is called
periodic if there is n > 1 such that f"(z) = x. The minimal positive integer that satisfies
this equality is called the period of x. The orbit of a periodic point is called a periodic orbit.
Periodic points of period 1 are just fixed points.

A subset A C X is called invariant under f if f(A) = A.

Given z € X, the positive orbit z, f(x), f?(x),- - - generally do not converge. Nevertheless
many subsequences of it do. A point y is called an w-limit of z if there exists a subsequence
n; — +oo such that f"(z) — y. The set of w-limit points of z is called the w-limit set of x,
denoted by w(z). Reversing time defines the a-limit set of z. A simply proof shows that the
w- limit is a nonempty, compact, and invariant set.

A point x € X is called positively recurrent if x € w(x). In other words, z is positively re-
current if its positive orbit accumulates on x itself. Analogously we define negatively recurrent.
Positively or negatively recurrent points are both called recurrent.



1.2 Topological entropy

In this section, we define topological entropy as a non negative real number representing the
asymptotic average of the exponential growth of the number of distinguishable orbit segments.
This concept will be studied more carefully in chapter 4.

Consider a homeomorphism f : X — X of a compact metric space.

Let d be a metric on X. It induces a family of metrics {d,} on X given by

dn(z,y) = max d(f'(z), f'(y))

0<i<n-—1

where each metric d,, measures the distance between the orbit arcs {z,- - -, f* !(x)} and

{y, - )}

Definition 1.2.1 Letn € N, and ¢ > 0. A subset E C X is said to be (n,e)-separated with
respect to fif x,y € E, x # vy, implies d,(z,y) = [ Jnazx ld(fi(ilf), fi(y)) > e.

We denote by S,,(¢) the cardinality of the (n, £)-separated set with respect to f of maximum
cardinality. It is easy to see that if €1 < &9, then S, (g2) < S, (e1).

Later in chapter 4, we will see that

Sn(e) < 00 (1.1)

Definition 1.2.2 Let X be a compact metric space. The topological entropy of f : X — X is
the number

1
hiop(f) = lim lim sup - log S, (¢)

=0 psoco

1.3 Examples

In this section, we present some examples in order to understand the relation between the
topological entropy and the growth rate of the periodic points.



1.3.1 The shift map

Let 3 = {0, 1} be the set of all sequences formed by the symbols 0 and 1, that is

2y = {{wi}iZo 2 € {0, 1}}

We define the shift map as
o:35 = X5

{2320 = o({i}Z0) = {zin1}Zo

That is, the image of the sequence {x;}:2, is obtained omitting the first digit and shifting
the other digits to the left.

Given z = mox; - - and y = 41y - -~ sequences in X3, we define

[e.o]

dwy) =3 vl

2z
1=0

Observe that, since |z; —y;| always equals to 0 or 1, the above series converges. The function
d: Y3 — R defines a metric in 3 .

Note that the maximum distance is attained in the points {0} = {0,0,- - -} and {1} =
{1,1---}. The maximum distance is

d(1,0):i%:2

=0

In the space ¥ two sequences are close if, and only if, the first n entries of the sequences
coincide, more precisely, let x,y € X5

1
T =y, Vi <n&dzy) < 7

Indeed, if x; = y;, Vi < n, then



T

Conversely, if z; # y; for some i < n, then

- |$z - yil
d(z,y) = Z T oi
1=0

v

V4
22l g

Since n > 1.

Denote by Fiz(o™) the set of the points with period n. That is,
Fiz(o") ={zx € X5 : 0" (z) = x}
Observe that, if a point # € X3, then it has the form

T = Tol1X2L3 * * - Tp-1LoL1X2X3 * * * Tp—1LoL1X2L3 * * " Tp—1 * **

Therefore, #Fiz(c™) = 2".

A natural question is: what is the growth rate of the periodic points? The growth rate is
given by

1 1
lim —log #Fiz,(0) = lim —log2" = log 2

n—oo M n—oo 1

Is well known from the ergodic theory, that the topological entropy of the 2 symbols shift
map is given by hyy,(0) = log 2.



Thus, in the shift case we have hyp(0) = lim, o %log #Fix(c™). In other words, the
topological entropy and the growth rate of the periodic points coincide.

1.3.2 The tent map

Now, let us take a look at another example.

Consider the map fs : [0, 1] — [0, 1] given by

2z, H0<axz<]
f2(x>_{2(1—x), ifl<r<l

This map is called the tent map, it is an example of an expansor map in a interval. The
graph of f, appears in figure 1.1.

0 1

B3 |=

Figure 1.1: The Tent Map

The tent map stretch the interval [0, 1] over the intire interval [0,1], and folds the interval

(%, 1] back over the interval [0, 1]. The fixed points of f; are the points x = 0 and x = % Figure
1.2 indicates that f3 and f3 have, respectively, four and eight fixed points.

o
|
I
s
=
|
N
e

Figure 1.2: Iterates of the tend map



That is, f5 has four points with period two and eight points with period four. Proceeding by
induction, we obtain # Fiz(f3) = 2". As in the shift case, we have hy,(f2) = log2. Therefore,

.1 .
hiop(f2) = lim - log #Fix(fy)

1.3.3 Anosov diffeomorphism

Suppose A € GL,(R), where GL,(R) is the set of all n x n invertible matrices with real entries.
We say that A is hyperbolic if each of its eigenvalues \; € C satisfy |\;] # 1. We call a
eigenvalue \; contracting if |A;] < 1 or expanding if |)\;| > 1. Similarly, a matrix A is called
contracting(expanding) if its eigenvalues are contracting(expanding). Given a hyperbolic matriz
A € GL,(R), we can split the domain of A into the direct sum of two A-invariant subspaces E*
and E* ie., R" = E° @ E", where E° and E" are the generalized eigenspaces corresponding
to the contracting and expanding eigenvalues of A respectively. It follows that A restricted to
E* is contracting, and A restricted to E* is expanding. This gives us a direction on which A is
contracting and another on which A is expanding.

Now consider a hyperbolic A € GL,(Z). We have that A(Z™) = Z". Quotienting R" by Z",

A induces a map
Aiax+Z— Alz)+Z

on the torus T™ = R\ Z" to itself. Note that A is a diffeomorphism of T".

Given a diffeomorphism f : M — M, we say that a compact invariant subset A C M is
hyperbolic, if there is a continuous splitting, invariant under the action of the derivative, that
is, Df(z)|p; = E},y and Df(z)|py = E},, for every z € A, and there are constants C' > 0
and A € (0, 1) such that for every n > 0

IDf™ (@)l < O and  [[Df7"(2)|g]] < CA"

Now, let us return our attention to the diffeomorphism A:T" — T" defined above.

We Claim that this is hyperbolic. Indeed, the space R™ is hyperbolic with respect to the
matrix A € GL,(Z). Thus, we can consider a splitting of R™ into subspaces E2 and E¥. Since
the tangent space of R" is naturally identified with R™ for all x € R", we can pass this splitting
to the tangent space of the coset of x in T", giving a new splitting under A.

The diffeomorphism induced by a hyperbolic matrix A € GL,(Z) is called hyperbolic toral
automorphism.



Let z € T™. If z is a fixed point for g, then it satisfies

Alz) = Alx)+Z ==

That is, if

(A-D(z) €z

where [ is the identity map.

For obtaining the cardinality of the set of fixed points of ,ZL we need to check how many
points in (A—1I)(T™) lie on the lattice Z". Since there is exactly one in the fundamental domain
[0,1)™ of the n-torus, one can see that this just corresponds to the volume of the parallelepiped

(A —=1I)([0,1)"), ie, #Fix(A) = |det(A — I)|. Since the fixed points of A" are the periodic
points of A with period n, one has #Fix(A") = |det(A™ — I)|.

In truth, hyperbolic toral automorphism fall into a more general class of objects called
Anosov diffeomorphism. Now, we give the precise definition of Anosov diffeomorphism.

Definition 1.3.1 A diffeomorphism f : M — M on a compact manifold is called Anosov if M
15 hyperbolic.

Example (Arnold’s Cat Map)

Consider the following matrix in GLy(Z)

2 1
= (1)
One can easily see that det(A) = 1.

A number A € C is an eigenvalue of A < det(A — M) = 0. A simple calculation shows
that its eigenvalues are #ﬁ Therefore, A is a hyperbolic matrix, and according to what we

saw previously, A induces an Anosov toral automorphism A, and in particular A is an Anosov
diffeomorphism.

In next chapter we will see that

htop(g) = lim llog 4 Per,(A)

n—oo N,



One may ask if the the topological entropy always is equal to the the growth rate of the
periodic points. The next example will answer this question.

1.3.4 The identity map

Consider the identity map I : [0, 1] — [0, 1]

Since any point is periodic, we have

1
lim —log # Per,(I) = 0o

n—oo M

Observe that for any pair of points z,y € [0, 1]

di(x,y) =d(x,y)
d2(z,y) = max{d(z,y),d(I(2)),d(I(y)} = d(z,y)

dula,y) = o {d(I'(2), T(y)} = d(z,y)

Therefore, given € > 0

for any n € N. Thus

1
hiop(1) = 21_1}(1) lim sup — log #5,,(¢)

n—oo N

1
hiop(I) = il_I}n lim sup — log #51 (¢)

n—oo N

=0
Since log #51(¢) is constant.

Then, for the identity map we have

1
hiop(I) < lim —log # Per,(I)

n—oo N

9



So, a reasonable question is: Under which condition does the equality holds? Is it still
holding for continuous time?

Our purpose in this work is to give a satisfactory answer to these questions.

In the discrete case, under certain conditions, one has that the growth rate of the periodic
orbits is indeed equal to its topological entropy. We have the following:

Theorem A: Let f : X — X be an expansive homeomorphism on a compact metric space.
If f has the shadowing property, then #Per,(f) < oo and

hiop(f) = limsup % log(#Per,(f))

n—oo

However, the same result is not valid for continuous time dynamical systems. In this case
one can only guaranties that the growth rate of the periodic points is larger than or equal to
the topological entropy.

Let M be a compact manifold. Next theorem is the main result of this work.

Theorem B [WYZ19]: There exists a residual set Z# C 2 (M) such that for any X € X,

one has

hap(X) = higy(X2) < limsup 7 log(#Pr (X))

T—o00

In the next chapters, we will define all the objects that are necessary for the proof of the
above theorems.

10



Chapter 2

Presentation of the main theorem and
proof of Theorem A

In the previous chapter, we see that the growth rate of the periodic points can differ of the
topological entropy. We are interested in finding conditions to have equality. The following
theorem give us such conditions.

Theorem A: Let f : X — X be an expansive homeomorphism on a compact metric space.
If f has the shadowing property, then #Per,(f) < oo and

hiop(f) = lim sup % log(#Per,(f))

n—oo

The idea behind the proof of Theorem A is the following: For the inequality hym,(f) >
lim sup,,_,, = log(#Per,(f)), the expansivity will force the set Per,(f) to be (n,¢)-separated,
and then, the result will follow from the fact that S, (¢) is the (n,e)- separated set with max-
imum cardinality. For the inequality h,(f) < limsup,_,., = log(#Per,(f)), we cover X by
dynamical balls with radius smaller than the expansivity constant. By the pigeon principle
together with the shadowing property, we will obtain periodic shadows, and espansivity plus
separability will imply that the period is smaller than n, and then, the result will follow.

Before proving the above theorem, we give some important definitions.

Definition 2.0.1 A dynamical system f : X — X is expansive, if there is a constant v > 0
such that, for every pair of different points © # y in X, there is an integer m such that
d(f™(x), f™(y)) > 9. The number § > 0 is called an expansive constant of f.

As an example of an expansive system, we have the hyperbolic diffeomorphisms. Indeed,
let A be a hyperbolic set for a diffeomorphism ¢g. Let 5 > 0 be given by the theorem of the
stable manifold (see for instance [Wen16]), and suppose d(f’(x)), f/(y)) < v, ¥ j € Z. Thus,
r € W5(y) and x € Wg(y). This implies » = y.

11



Let § > 0. We call a sequence {z,}”_ in X a d-pseudo-orbit of f if, for every n € Z,

d(f(rn), Tny1) <0

Figure 2.1: §-Pseudo Orbit

We say a point y € X e-shadows a pseudo-orbit {z,}> _ if, for every n € Z,
d(f"(y),zn) <&

Definition 2.0.2 A dynamical system f : X — X s said to have the shadowing property if,
giwen € > 0 there is 0 > 0 such that every d-pseudo-orbit can be e-shadowed.

Observe that if we also assume that f is expansive with expansive constant v , then the
shadow is unique. Indeed, Let 0 < ¢ < 5 and consider the d-pseudo-orbit {z,}> , where 0 is
given by the shadowing property. Suppose that z; and z, are shadows, then by definition

A(f (1), 2n) < g Vn e Z
and

d(f"(z2), xn) < Vn € Z

By the triangle inequality
e €
A" (o2), £1(22)) S A (o)) + (M) m) < S+ S S eS8, VneZ

and it follows from expansivity that z;==z5.
Now, let us return our attention to the example of the subsection 1.3.3 (Arnold’s Cat Map).

12



We have seen that the matrix

()

induces a hyperbolic diffeomorphism A : T? — T2

Is well known by the hyperbolic theory that hyperbolic sets have the shadowing property,
and since it also is expansive, it follows from Theorem A that

~ 1 ~
hiop(A) = lim — log #Per,(A)

n—oo N,

More generally, for any Anosov diffeomorphism, the topological entropy equals to the growth
rate of the periodic orbis.

Let € > 0 be given, and suppose that f is expansive with the shadowing property. Let

{x,}7_ be a periodic d-pseudo-orbit, where ¢ is given by the shadowing. There is m > 0 such
that x, = x,.., for all n € Z. Then, {z,} is e-shadowed by a point z, that is

d(f"(2),z,) <e, VneZzZ

that is

d(f"™(2), Tnym) <&, Vn€Z

But since x,, = Tp4m

d(f""(2), 0) = d(f"(f"(2)),20) <&, Vn €L

In other words, f™(z) also e-shadows {z,}. By the uniqueness of the shadow, f™(z) = z,
meaning z is periodic.

We just proof that a periodic-pseudo-orbit can be shadowed by a periodic orbit. Moreover,
the shadow has the same period.

Now, we will give the proof of the Theorem A.

Proof of Theorem A: Let § be an expansive constant for f. Let ¢ < g, we will show that

the set Per,(f) is (n,e)-separated. First, observe that the set Per,(f) is (n,¢)-separated, and
since S, (¢) is the (n,e)-separated set of maximum cardinality, we have

13



Sn(e) > Per,(f)

This implies

1 1
10g(Su(e) 2 — log(#Pera(/))
taking limits on both sides we obtain

hiop(f) > limsup % log(#Per,(f))

n—oo

For the reverse inequality, let ¢ < §, and denote by E,(¢) the (n,¢c)-separated set with
maximum cardinality. We have that

X = U B(x;,n,e)

zi€En(g)

Pick a point z € X. Then, x € B(z;,n,¢) for some i. If z is not a fixed point, expansivity
implies that there is j, € N such that f'(z) ¢ B(wi,n,e). That is f7'(z) € B(wi, ,n,¢),
for some 2;, # ;. Analogously, there is j, € N such that f72(f7'(z)) € B(wi,,n,e¢), for
some &, # x;,. Thus, if = is not a periodic point, we can construct an infinite sequence
sy = {f™(x),k € N} C X. By the pigeonhole principle, there is some B(z;,n,c) with infinite
points of sy. By compacity, s; has a accumulation point belonging to B(z;,n,e). Then, for
every 6 > 0 one can construct a periodic d-pseudo-orbit {z;} through the limit point of s;. By
the shadowing property, since f is an expansive map, there is a unique periodic point p, such
that d(x;, f7(p,)) < e, for all j € Z. Moreover, the separability implies that 7(p,) < n, where
7(p,) is the period of the point p,. Therefore, Per,(f) > S,(e). This implies

hiop(f) < limsup % log(#Per,(f))

n—oo

U

This result was originally proved by Bowen [Bow70] in the setting of Axiom A systems . For
a C (o > 0) diffeomorphism f on a compact manifold, and any f-invariant Borel probability
measure with non-zero Lyapunov exponents, Katok [Kat80] showed that the upper limit of the
growth rate of the periodic points is larger than or equal to its metric entropy, i.e.,

h,(f) < limsup % log(#Per,(f))

n—oo

14



where p is a hyperbolic measure.

In this work, we are concerned about the case of vector fields. Assume that M is a bound-
aryless compact smooth manifold and let 2™'(M) be the space of all C'' vector fields on M
with the C' norm. Note that 2! (M) is a banach space. A vector field X € 271 (M) generates
a flow X,. Let

4P(X)= Y )

z€Perp(X)
where 7(z) is the minimum period of x and Perp(X) ={z e M : 0 <n(x) <T}
Now, we will state the main result of this text

Theorem B [WYZ19]: There exists a residual set Z C 2 (M) such that for any X € X,
one has

Piop(X) 1= hyop(X1) < limsup % log(#Pr(X))

T—o00

Strategy for the proof

First, we give the precise construction of the residual set Z. So, the prove is divided in two
cases:

Case 1: The generic vector field is not star. In this case, since it can be approximated
by vector fields, each one them having a non-hyperbolic periodic orbit, we emulate Example
1.3.4 (identity map). To do so, we apply the Franks Lemma together with the definition of the
residual set Z to prove that the growth rate of the periodic orbits is infinite, and then, larger
or equal to the topological entropy.

Case 2: The generic vector field is star. In this case, we emulate the proof of Theorem
A. If X is star, Shi-Gan-Wen [SGW14] proved that every X;-invariant ergodic measure p is
hyperbolic, then we prove that the Oseledec splitting with respect to i is a dominated splitting.
After that, we apply Liao’s Shadowing Lemma [Lia81a] to prove that if the hyperbolic Oseledec
splitting is a dominated splitting, then the growth rate of the periodic orbits is larger than or
equal to the topological entropy, and then the result follows from the variational principle.
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Chapter 3

Star Flows

A vector field X € 21(M) is called a star vector field or a star flow, if it satisfies the star
condition, i.e., there exists a O neighborhood % of X such that every critical element of every
Y € % is hyperbolic. The set of C?* star vector fields in M is denoted by 27*(M).

The notion of star systems came up from the study of the stability conjecture. A classical
theorem of Smale [Sma70] (for diffeomorphism) and Pugh-Shub [PS70b] (for flows) states that
Axiom A plus the no-cycle condition implies the Q-stability. Palis and Smale [PS70a] conjec-
tured that the converse also holds, which has been known as the (2-stability conjecture. In the
study of the conjecture , Pliss, Liao and Mané noticed an important condition called by Liao
"the star condition”. As defined above, the star condition looks quite weak because, though it
is a robust property, it is only concerned with critical elements, and the hyperbolicity consid-
ered is not in a uniform way. Indeed, the Q-stability implies the star condition [Fra71,Lia79].
Thus whether the star condition could give back Axiom A plus the no-cycle condition be-
came a striking problem, raised by Liao [Lia81b] and Mané [Man82]. An affirmative answer
to the problem would contain the Q-stability conjecture. For diffeomorphsm, Aoki [Aok92]
and Hayashi [Hay92| proved that the star condition indeed implies Axiom A plus the no-cycle
condition. For flows, there are counterexamples if the flow has singularities. For instance, the
geometric Lorenz attractor [Guc76], which has a singularity is a star flow, but it fails to satisfy
Axiom A. In fact, Liao [Lia81b] and Mané [Man82] raised this problem for nonsingular star
flows, and hence it was solved by Gan-Wen [GW06] proving that nonsigular star flows do satisfy
Axiom A plus no-cycle condition.

An important feature of star vector fields, is that they are in a certain way source of

hyperbolicity, as we will see in subsection 3.5.2. Moreover, the hyperbolicity is in a uniform
way.

3.1 General Definitions

Let X be a C*! vector field on a compact boundaryless Riemannian manifold M, and denote by
X, : M — M the flow generated by it, that is £ |,—o X;(z) = X(x) for every x € M. Since M
is compact this flow can be defined for every ¢t € R. The flow X; has the following properties:
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o Xo(x) = x for every x € M.
o X, s(r) = Xy 0 Xs(x) for every t,s € R and every x € M.
o (X;)'(x) = X_4(x) for every t € R and every x € M.

e For every t € R the application X, : M — M is a C*-diffeomorphism.

These properties tell us that the application

RxM-—-M
(t,z) — Xy(z)

defines an action of the group (R,+) on M. Just as in group actions, we define the orbit of a
point © € M as the set of points O(z) = {X;(z) : t € R}.

A point ¢ € M is called a singularity of X, if X (o) = 0. Note that a singularity is just a
fixed point for the flow X; generated by the vector field X.

An orbit @(z) is periodic, if there exists p € €/(z) and T' > 0 such that Xp(p) = p. In this
case O(x) = {Xi(p) : 0 <t < T} and p is said to be a periodic point. The smaller 7" > 0 that
satisfies Xr(p) = p is called the period of p, and denoted by m(p). The set of periodic points is
denoted by Per(X). The set of critical points of X is defined by

Crit(X) = Per(X) U Sing(X)

3.2 Hyperbolicity

Recall that a periodic point p is hyperbolic for a diffeomorphism f : M — M, there is a
continuous splitting T,M = E; & EJ, of the tangent bundle over p, invariant under the action

of the derivative, that is, Df(p)|p; = E},) and Df(p)lgy = E},), and there are constants

C' >0 and X € (0,1) such that for every n > 0

1Df(p)

<COX' and |[DfT(p)|gyll < CA”

2
Next, we define the concept of hyperbolicity for critical points of a vector field.

Definition 3.2.1 A singularity o is hyperbolic if for every eigenvalue A of DX (o), we have
Re(X) # 0.
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For periodic orbits, we need the concept of Poincaré map associated to such orbit.

Let O(p) be a periodic orbit for X € 21(M). Consider a cross section ¥ through p. The
orbit of p crosses ¥ again at the time 7(p). By continuity of the flow X, the orbit through
x € X sufficiently close to p also returns to X after a time close to m(p). Thus, in a sufficiently
small neighborhood V' C ¥ of p, one can define a map P : V — ¥ that associates each point
xz € V to a point P(z), where P(x) is the first point of the orbit of  to return to ¥. This map
is called the Poincaré map associated to > and .

(5l

Figure 3.1: Poincaré Map

Definition 3.2.2 A periodic point p € M is hyperbolic with respect to X € Z (M) if every
eigenvalue X\ of DP(p) satisfies |\| # 1.

3.3 The linear Poincaré flow

Let X € 21(M?) and denote the normal bundle of X by

N:UNI

zeM\Sing(X)

where N, = {v € T,M :v L X(x)}. That is, N is the (d — 1)- dimensional subbundle over
M \ Sing(X) orthogonal to the vector field direction.

For the flow X, generated by X, its derivative DX, : TM — T'M is called the tangent flow,
that can be described as
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DX(z,v) = (Xi(z), DXi(x)(v))

In other words, we have a dynamics X; that acts on the base space M and we have the
derivative that acts on the fibers T, M.

Obviously N is not invariant by the action of the derivative DX;, but we can force this
invariance taking the orthogonal projections 7, = T, M — N,, and defining the the linear
Poincaré flow

Pt(.lt) : NI — NXt(x)
v = (DX (x)(v))

That is, it is the orthogonal projection of DX;(x)(v) on Ny, along the flow direction
X(Xi(x)).

Figure 3.2: Linear Poincaré Flow

The linear Poincaré flow can also be written as

(DXi(2) (), X(Xi(x)))
||X (Xe(2))]]?

Bi(z)(v) = DXy (x)(v) — X(Xi(x))

One can also define the rescaled linear Poincaré flow

vy — X@I
B @)0) = g @)

Now, let us now investigate some properties of the linear Poincaré flow. First observe that

DXy(z)(v), X (Xo(z)))
|| X (Xo(x))][?

Po()(v) = DXo(x)(v) — | X(Xo(#))

by the flow property, one has
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Py() () = v — %xw

and since v and X (x) are orthogonal, we have
Fo(z)(v) =v
that is, Py = Id. Also observe that
P is(z)v = m(DXyps(z)v) = m1(DXy(Xs(2))v)
by the chain rule,
DX (Xs(z))v = DXy(X(2))DXs(z)v
but we can write DX, (x)v = (DX (z)v) + (DX (x)v)*
where (DX,(x)v)¥ is the component of DX, (z)v along the flow direction. Thus
DX (X (x))v = DX((X,(2))[r(DX (x)v) + (DX (2)v)"]
= DX;(X,(2))m(DXs(x)v) + DX4(Xs(2)) (DX (x)v)*
Then
(DX (X, (2))m(DX(x)v) + DXy (Xo(2)) (DX (2)v) ™)
(DX (X (2) (DX (2)v)) + m(DX, (X, (2)) (DX (2)0)™)
and since the flow direction is invariant under the action of the derivative, we have
T(DX(X,(2))(DX,(2z)v)*) = 0

thus,

Frps(w)v = m(DX;(X(2))m (DX (2)v))
= P,(Xs(z))Ps(x)v
= P, o Py(z)v
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Now, since P_,o P, = Py = Id = P, o P_; it follows that
Py=(P)"

Since P, satisfies this group property it can be regarded as a flow, which justifies its name.

Now, let us see what is the relation between the linear Poincaré flow, and the Poincaré map.
First, observe that for a non periodic point, we can also define the Poincaré map. Indeed, let
x € M\ Sing(X), and fix a time ¢ € R, so that X;(z) # x. Considering small cross sections X,
through # and X, ;) through X,(x), it follows from the tubular flow theorem, that the map
P : ¥, — Yx,(z), which for each y € X, associates the first point that the orbit of y hits Xx, )
is a C! diffeomorphism. This map is called the Poincaré map from = to X,.

An important observation is, if the cross sections are chosen conveniently, then the derivative
of the Poincaré map coincides with the linear Poincaré flow. More precisely:

For each regular value x € M, and any 6 > 0, denote
N.(6) = N, N B(0,§) ={v e N, : ||| <}
where B(0,9) is the open ball centred at origin with radius ¢ in T, M.

Proposition 3.3.1 Let x € M\ Sing(X) and Xi(x) as above. There is § > 0 such that, taking
Yy = exp, (N (0)) and Ex,(z) = expx,2)(Nx,(@)(0)) as cross sections, one has that the derivative
of the Poincaré map P : X, — Xx,@) at 0 equals to the liner Poincaré flow Py : Ny — Nx,(a)-
That s

DP(0) = P,(x) (3.1)

Proof. Take 0 > 0 small enough so that the exponential map exp, is a diffeomorphism under
its image, and consider the map % : Nx,(»)(0) x R — M, given by h(v, s) = X (expy,,)(v)). In
exponential coordinates, reducing ¢ if necessary, one can represents the Poincaré map by

P=nohloXo0 exPz|n,(5) : Na(8) = Nx,(2)(9)
where 7 : Nx, () X R = Nx,(») is the canonical projection. Thus, by the chain rule
DP(0) = D(moh™") o DX;(exp.(0))Dexp,(0)

Since, exp,(0) = x and Dexp,(0) = I, where [ is the identity. Therefore, for any w € N, (9)
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DP(0)w = D(mroh™ ") o DX;(z)w € Nx,(2)(0)

That is, DP(0)w is the orthogonal projection of the vector DX,(z)w € Tx, M. that is,
DP(0) = Pi(x).
U

3.4 Generic Dynamics

One of the main purpose in dynamics is to try to obtain properties that are valid for most
systems. But what do we mean by most systems? Let O,, C 2™'(M) be open and dense in the
C'-topology. By the Baire’s theorem, we have that Z = () O,, is dense in 2™'(M). We call

neN
such set a residual subset of 2°1(M), in other words, a residual is an intersection of open and

dense subsets. We say that a property is generic if it is valid on residual subset of 27'(M).
The great advantage of obtaining generic properties is that the intersection of residual subsets
is a residual.

As an example of a C'-generic dynamical system, we have the family of Kupka-Smale
systems. Recall that a system is said to be Kupka-Smale, if every critical element is hyperbolic
and if W*(orb(x;)) is transversal to W"(orb(xz)) for every x1, x5 € Crit(X).

Theorem 3.4.1 (Kupka-Smale) There exits a residual set KM € 2'(M) such that every
X € KM is a Kupka-Smale vector field.

The Kupka-Smale systems have a great importance for the theory. By definition they
are source of local hyperbolicity, since every critical element is hyperbolic, it follows from the
Hartman-Grobman theorem that in a small neighborhod of every critical element, the dynamics
is linear. This also leads us to the local stability of the system near to these points. Moreover,
the above theorem tells us that the family of the Kupka-Smale systems is in a certain sense big.

3.5 Definition of star flow

The Kupka-Smale theorem states the the hyperbolicity of every critical element occurs in a
residual set. So, is natural to study such systems whose all critical elements are hyperbolic
robustly. This lead us to the following definition:

Definition 3.5.1 We say that a vector field X € Z°Y(M) is star if there exists a neighborhood
U of X such that if Y € % and y € Crit(Y'), then y is hyperbolic.
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The reason behind the definition of star flows is not just as an extension of the Kupka-Smale
systems, its definition is motivated by the structural stability theory.

An important class of examples of star systems is generated by Axiom A systems without
cycles. Before defining the axiom A systems, recall that a compact invariant set A is hyperbolic
for the vector field X € 271(M), if there exists a continuous splitting TA\M = E* ¢ (X) & E*
invariant by the action of DX, and constants C' > 0 and A > 0 such that for every x € A, and
every t > (

|DX,(x)

ms|| <Ce™ and ||DX_y(z)|pu]| < Ce™™

Remark: The definition of hyperbolicity for flows implies that every singularity contained
in A must be isolated in A. It is due to the continuity of the splitting, which implies in the
continuity of the dimension of the fibers. The dimension of each fiber has to be locally constant,
and this is clearly false if we have a singularity accumulated by periodic orbits (or regular orbits)
in the hyperbolic set.

We say that a vector field is Axiom A if the non-wandering set {2(X) is hyperbolic, and
satisfies

Q(X) = Crit(X)

We say that a vector field X € 271(M) is structurally stable if there exists a C! neighbor-
hood % of X such that for each Y € %, there is a homeomorphism h : M — M that takes

orbits of X in orbits of Y preserving orientation, that is, if p € M and § > 0, there exists € > 0,
such that for 0 <t < 9§, h(X;(p)) = Yy (h(p)) for some 0 < t' < e.

One can consider only the asymptotic part of the system.

Definition 3.5.2 We say that a vector field X € 21 (M) is Q-stable if there erists a C*
neighborhood % of X such that for eachY € % , there is a homeomorphism h : Q(X) — Q(Y)
that takes orbits of X in orbits of Y preserving orientation, that is, if p € Q(X) and 6 > 0,
there exists € > 0, such that for 0 <t <, h(X¢(p)) = Yy (h(p)) for some 0 < t' < e.

On both cases, the map h is called a conjugation. In other words, a vector field is structurally
stable ({2-stable) if there is a neighborhood on which every vector field is conjugated to it.

Next, we will state the Franks lemma, this lemma shows us that the star condition is in-
timately related to the Q-stability. In [Fra71], Franks proved in the setting of diffecomorphism
that Q-stability implies the star condition. For that, Franks created a lemma for obtaining a
perturbation of the original diffeomorphism by means of its derivative. Moreover, the pertur-
bation obtained is linear in exponential coordinates. Here, we state it for singularities and for
periodic orbits in the flow setting.
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Theorem 3.5.3 (Frank’s lemma for singularities) Let X € 2 (M) and o € Sing(X). Then,
for every C-neighborhood % of X, there exist 6 > 0 and € > 0 such that if L : T,M — T,M
is a linear map satisfying ||DX (o) — L|| < 6, then there exists Y € % and r > € such that

V(@) = (Do e2pa) o Locap; (0), € Bilo)
Y(z) = X(z), ze€ M\ B, (o)

Now, consider a regular point x € M. Let ¥ be a cross section at p. A tube of radius ¢
centred at p is the image of B.(p) N ¥ by the flow action.

Theorem 3.5.4 (Frank’s lemma for periodic orbits) Let X € 21 (M), p € Per(X), and
P : Y — X be the Poincaré map associated to p, where ¥ is a suitable cross section. Consider
a C'-neighborhood % of X. Then, given € > 0 there exist & > 0 such that if L : N, — N, is a
linear isomorphism satisfying ||DP(p) — L|| < 0, then there exists Y € % such that

o Y(x) = X(z), if v does not belong to the tube centred at p with radius €.
o p € Per(X).

o I[f Py : X — X is the Poincaré map forY, then

Py(x) = exp, o Loexp,*(x), if v € B-(p) N .

Py(x) = P(z), if v ¢ B.(p) N X, for r > ¢ sufficiently close to e.
With this version of the Frank’s lemma, one can prove the following:

Proposition 3.5.5 If X € 21 (M) has a non-hyperbolic critical element, then X is not struc-
turally stable.

For the proof, we recommend the reader to see [ASS|. Similarly, one can prove Frank’s
Lemma for the case on which the critical point is a singularity.

The above proposition tells us that a structurally stable vector field can only have hyperbolic
critical elements. Since structural stability is an open property, this implies that all structurally
stable vector field has the star property. However, during the proof we only use the conjugation
with sufficiently small vector fields to prove that a vector field with infinitely periodic orbits of a
certain period can not be conjugated to a vector field that possesses only finitely many periodic
orbits with such a period. However, this prevents these vector fields to be €2-conjugated. Thus,
we have the following result:
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Theorem 3.5.6 Fvery Q)-stable vector field has the star property.

Now, let us return our attention to the stability conjecture. Recall, that is is concerned
about to answer the following question:

Q-stability = Axiom A plus no cycle condition?

By theorem 3.5.6, one can try to solve the conjecture by using star flows. Next theorem,
due to Gan-Wen [GWO06] give a positive answer when the flow has no singularities.

Theorem 3.5.7 FEvery non-singular star flow is Axiom A without cycles.

However, if the flow has singularities, then not necessarily the conjecture holds. Next, we
give some examples to illustrate that. All examples mentioned below are pictorial, for more

details see [ASS]

3.5.1 Some Examples

Exemple 1: Loss of Hyperbolicity

Our first example, is the most famous example of star flow that fails to be Axiom A, the
Lorentz attractor. Since it has two singularities that can be approximated by periodic orbits,
and since for a hyperbolic set the singularities must be isolated, we have that the non-wandering

set is not hyperbolic.
A k ‘.“__ _
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Figure 3.3: Lorentz Attractor
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FExample 2: Existence of cycles

This first example describes a star flow that is Axiom A with cycles. Figure 3.4 shows the
example. Here, we are considering a 3-manifold, and the vector field is Morse-Smale far from
the part represented in the picture. We have three singularities o1, 09,03, all of them with
index 2. We also have three sinks, pi, p2, p3. The cycle is formed so that the unstable manifold
of one of the singularities goes to the stable manifold of the other, according to the figure.
The torsion together with the sinks p; are used to prove that the whole cycle is wandering.
For instance, note what happens when we evolve the ball B in the figure. The ball is divided
in three parts, one of them goes to oy, since is contained on its unstable manifold. The part
By, goes to p1, and due to the A\-lemma, by follows the unstable manifold of o, and due o the
torsion, it goes to the sink ps. This shows that there is no recurrence in B. A similar argument
can be used in the other connections. Thus, this example is Axiom A with cycles. For this
example to be star, one just need that the singularities are Lorentz-like. Then, the maximal
invariant set that contains the cycle sectional hyperbolic, and since we are in dimension three,
this implies the star property inside the maximal invariant. Finally, since outside of the open
set that contains the cycle the vector field is Morse-Smale, we also have the star property. The
same argument can also be done in higher dimension. For dimension two, see the example of

Li and Wen [LW95].

Figure 3.4: Existence of Cycles

Ezxample 3: Q(X) # Per(X)

Here, we have an example of a star flow on which the closure of the periodic points differs of
the non-wandering set. As the previous one, far from the figure the dynamics is Morse-Smale
on a 3-manifold. Now, we have a singularity o with index 2, a periodic orbit &'(q) that s saddle
type, and two singularities oy and o9 that are sinks. Again, we have a torsion in the unstable
manifold of ¢;. Also note that the unstable manifold of o; goes to the stable manifold of the
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periodic and vice-versa. Similarly to the previous example, one can prove that the closure of

the recurrent points differs of the non-wandering set. In particular Q(X) # Per(X). By the
same argument used in the previous example, we have that the system is star.

Figure 3.5: Q(X) # Per(X)

3.5.2 Domination

A weaker form of hyperbolicity is the domination property. Now we will present some results
about domination which will be important for this work.

Definition 3.5.8 Let X be a Ct-vector field on M and A be a compact invariant set. We say
that a DX-invariant splitting

T"\M =FE&F
on A is a dominated splitting, if there are constants C' > 1, > 0 such that

IDX; |, [1IDX i py,,, | < Ce™ Ve A, VE>0 (3.2)

Next, we present another way to write equation (3.2) . Recall, if A is a linear map, then
m(A) := ||A7||7! denotes the mini-norm of A.

Since X 4(z) = (X;(z))7!, it follows that (3.2) is equivalent to

1DXe [e, [I(DXe [p,) 7 < Ce™ Vo €A, V>0
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and since

1
DX, |p) | = ——o——

we have that (3.2) is equivalent to

DX, |e, ||

W28 | 0™ yp e A, VE>0
m(DX,|r) = =

Definition 3.5.8 is equivalent to say that there exists T" > 0 such that

DXz |, DX 1 | [ < 5 Vo e A (3.3)

N —

Indeed, if (3.2) holds, since Ce™ — 0 as t — oo, there exists to > 0 such that for every
T > to, we have ||DXr |g, |[[|DX_7 |r_,, || < Ce " <1/2. To see that (3.3) implies (3.2)
we only have to consider

1
\ = flog(Q) and C = ( sup ||DX; | H)( sup ||DX_; |p H)
te[0,7)

te[0,7)

Now, let us see what does domination means. Consider a vector v € T, M with € A. Then
v can be written as v = vg, + vg,, where vg, € F, and vy, € F,. Suppose both coordinates of
v are nonzero. By the chain rule, one has

k k+1
|1 DXr()vm, ||| DX yr(@)or, || = || [ [ DX (Xgjyr(@))vme| ||| [ ] PX-r(Xejyr(@))vr.
j=1 =2
by domination
k k+1
1
[ PXr(Xmjyr(@))vie ||| [ [ DX -2 (X—emiyr(2))vra|| < %
j=1 =2
Then, since |[[DX_ |ry,,, || = m, we have
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[ DX (z)ve,|| ok
|[DXyr(7)vg, ||

In other words, it means that the coordinate vp grows much faster than the coordinate vg,
which means that the vector DXy (z)v is converging to the direction F' in the future. If we
did the same for the past we obtain that that the vector is converging to E. Thus domination
has the property to take any vector to F' in the future and to F in the past.

In the beginning of this subsection, we presented domination as a weaker form of hyperbol-

icity. To see that, let A be a compact invariant set for X € 271(M). By definition of hyperbolic
set, there is a splitting TAM = E* @ (X) & E* and two constants C' > 0, A > 0 such that

IDX,

me|| < Ce™ and ||DX_4|p|| < Ce™™

Let E¢ = (X) @ E*. If a vector v belongs to Ty M, then it can be written as v = v* + v°,
where v* € E*, v¢ € E°¢, and v¢ = vX 4+ v Since M is compact, there is K > 0 such that
(X (x))|| < KV xe M. Thus

1DX(z)v[| < Ce™||v"]]

and
DX _(Xi(2)v°]| = [[DX (X (2)) (v +0*)]|
= [|DX (X ()™ || + || DX (X ())v"]
= [|X ()| + [| DX _(Xy(2))v"]
< K+ CeM||v]
Hence

DX ()] ][ [[ DX (X ()|

Xt ()

| < Ce™M(K + Ce ™) < Ce ™

For some constant C' > 0. Therefore, hyperbolicity implies domination.

29



Definition 3.5.9 Let A C M \ Sing(X) be a compact X;-invariant set. We say that the
linear Poincaré flow P, is hyperbolic over A if there are a P-invariant continuous splitting
Ny = E* @ E" of the normal bundle and constants C' > 0, A > 0 such that

|Pi(2)|ps|] < Ce™ and ||Py(z)|pu|| < Ce™ Vo eA, t>0
Now, we introduce the concept of domination for the linear Poincaré flow.

Definition 3.5.10 Let A C M \ Sing(X) be an X;-invariant set. We say that the linear
Poincaré flow P, has a dominated splitting over A, if there exist a P;-invariant splitting N =
E & F of the normal bundle, and constants C > 1 and A > 0 such that for allt > 0 and for all
x € A\, one has

1P | Pl ]| < Ce™

As in the case of the actual flow, the above relation is equivalent to say that there exists
T > 0 such that

1 Prl e, [N P-r| o || < 1/2

Next, we give two criteriums of hyperbolicity for the linear Poincaré flow. First, assuming
that A is compact, we have the following

Lemma 3.5.11 Suppose that A C M \ Sing(X) is a compact set. Let Ny = E @& F be an
P,-invariant splitting. If there is Ty > 0 such that for all x € A there are 1 < t(x), s(x) < Ty
such that

1
and ||P—8(x)|F|| < 2

N —

[Pyl ]| <

then, the linear Poincaré flow is hyperbolic over A.

Proof. For every T, it follows from the chain rule that

[|1Pr(z)|ell = [|Pa—t@)+i@) (@)]£]]
= || Pr—i(2)(Xt(2)(2)) . Prga) (7)| |
| Pr—t(2) (Xe(a) ()| E]] || Pra) (7) | |

<
1
< §||PT—t(x)(Xt(x)(9U))|E||
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Proceeding by induction, we obtain

%]
1Erlell < (5) " IPraXiColel]

where [ > 0,7 — | < Ty and [.] denotes the entire part. By compacity, one has

C = max{||P;(2)|g|| : x € A, s € [0, TH]} < ©

Therefore,

1
In@lsl<c(3) = ce

For some A > 0. Similarly we obtain an estimative for the subbundle F.
O

The following theorem asserts the equivalence between the hyperbolicity of A as a nonsin-
gular compact invarian set of X and the hyperbolicity of the linear Poincaré flow over A.

Theorem 3.5.12 (Hyperbolic Lemma) Let X € 2 1(X) and A be a nonsingular compact in-
variant set. Then A is hyperbolic if and only if A is hyperbolic with respect to the linear Poincaré

flow.

For a proof, see for instance [BM]

3.5.3 Liao’s Inequalities

Let us return our attention to the star flows again. Recall that, by definition there exists a
neighborhood % of X such that all periodic orbits of a vector field Y € % are hyperbolic.
A priori it does not seem to imply any kind of uniform strength of contraction and expansion
on the periodic orbits. However, the star property is sufficient to guarantee this. Moreover, it
guaranties domination on the closure of the periodic orbits.

Denote by N7 the normal projection of the subspace EJ for j = s,u where z is a point on
a hyperbolic periodic orbit. For a given subspace A C N,, where N, = (X (z))*. Define

n(X,Af) = sup log||Pxu(u)ll and (X, A8)= inf log||Py.(u)]
ueA,||A||=1 ueA,||Al|=1
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Theorem 3.5.13 (Liao’s Inequalities) Let X € 2*(M). Then there exists a C'-neighborhood
U of X, together with two uniform constants n > 0 and Ty > 1, such that for every Y € %
one has:

1. Whenever x is a point on a periodic orbit of Y in % and Ty < t < oo, then

1

2. Whenever O is a periodic orbit of Y with period w(0), x € €, and whenever an integer
m > 1 and a partition 0 =ty < --- < t; = mn(O) of [0, mn(O)] are given, with ty, —tx_1 > w(0)
fork=1,2,--- 1. Then

1
mm(0)

-1 -1

U (Y7 N;(tk(z) ) thrlftk) < -n and mﬂ'(ﬁ) Z 77+<Y7 N)Uétk(z) ) thrlftk) > n (35)

k=0 k=0

Let us explain the meaning of these inequalities.

We have that if the linear Poincaré flow is dominated, then there are constants C' > 0 and
A > 0 such that

1Pl L[ Pl 1] < Ce™

Xyl =

N3

but

1

P = —
H t | m(Pt|Nu)

Nuw

Then from the domination inequality, assuming C' = 1, we obtain

1
PIN®|| ——— < e M
|| t| H m(Pt|Nu) =

which implies
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m (P ) || INC[7F > e

Dividing both sides by 1/t and taking logarithms,

1 1
Zlog[m(Pt|Nu).||Pt N _1] > zlog(e’\t)

By logarithm properties and the definition of n, and 7_,

llog(m(Piy-)) — toa(llPx-)] = 5l (X, N2 1) — (X, N2, 1)] 2 A

By taking A = 21 we obtain the first item of the theorem. Indeed, everything we did can be
done in the reverse direction, that is, from the first item of the theorem we can obtain uniform
domination for the linear Poincaré flow on periodic orbits of star flows. Moreover, we obtain
uniform domination in a neighborhood of the system.

Now, let us see what the second inequality of the theorem means. Suppose that x is a
periodic point satisfying the inequalities of the second item. Then we have

1
mn(0)

-1
n-(Y, N)s(tk(z) tepi—t,) < -

k=0

Which implies

-1

k=0
By taking the exponential on both sides and using the definition of 1_ we obtain

||PY,( S 6—nm7r(ﬁ)

NS

Ytk(l')H Nz

tet1—tk)

By applying the chain rule we obtain
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1 Brr(o)|ngll < 1P a-e I, |1+ - [P Il < e~ (@)

Thus, we can see that the inequality of the second item of the theorem actually implies that
there is some uniform contraction for the linear Poincaré flow along periodic orbits. Similarly
one can see that there is some uniform expansion for the linear Poincaré flow.

By the above considerations, taking t; — tx—1 = 7(€), one has that the inequalities (3.4)
and (3.5) can be rewritten as

||PtYNS —ont
MW Wl -2ty > Ty Ve e O 3.6
(P ) = ° (3.6)

-1

s ]
Ty To
H | Pr, N @] < e, H m(PC}‘/O’N“(Xi’;O(x))) > Need (3.7)
i=0 =0

3.6 The Extended Linear Poincaré Flow

One of the main difficulties of studying flows is the existence of singularities. In this section, we
introduce a tool that allows us to study hyperbolic like properties of sets with singularities. in
the previous section, was introduced a key tool to study hyperbolic like properties of nonsingular
flows, the linear Poincaré flow. But as we saw, it is only defined on regular orbits. Using ideas
from Liao [Lia96] and Li-Gan-Wen [LGWO05] we define the extended linear Poincaré flow which
allow us the better understanding of the dynamical properties near singularities.

Denote by SM = {e € TM : ||e|| = 1} the unit sphere bundle of M and let 7 : SM — M
be the bundle projection defined by 7(e) =z if e € SMNT, M = S, M. The tangent flow DX,
induces a flow ®; : SM — SM given by

D) = DX
Dy (z)(e) IDX,(z)(e)||

For every e € S, M. Let

Ne={veTyoM :v Le}

34



be the normal space of e. Denote

“/VZL/KS'M: UNe

eeSM

Then .4 is a dim(M)-1 vector bundle over the basis space SM.

Definition 3.6.1 We define the extended linear Poincaré flow Wy : Ng i — Ny, m by

\Ilt(ezra U) = ((I)t(em>7 Hq’t(ex)(DXt(x)U))

Here, g, (e, (DX (x)v)) denotes the orthogonal projection of the vector DX;(x)v over the
unit vector ®;(e,).

X))

Sur M

Figure 3.6: Extended Linear Poincaré Flow

Since W, is an orthogonal projection, it is given by the following formula

DX, (x)(v), ®,(z)(e))

B0 = DX (a)(0) — PRI

Oy (z)(e) veE N, ee€S.M

Now, let A be a compact invariant set. We define its transgression by

A = {X@)/[IX(@)[] - x € A\ Sing(X)}
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Remark 1: A is a compact P;-invariant set.

Indeed, Since A is a closed subset of a compact set, it is a compact set. For invariance, we
shall prove ®,(A) = A. Let e € ®,(A), there exists ¢ € A such that e = ®(e). By the definition

of A, there is {z,} C A\ Sing(X) such that lim,_,e Hﬁg“;” = ¢. Then,

|| X ()|
X(zn)
— im DXi(xn) ||X<xn>||)
n—00 X(zn)
D) (i) |
1
_ i X DXy(xn) (X (2n))
n=00 e | [D X (@) (X ()

e X (X))
2% X (X))

Thus, e € A. This proves @t(K) C A . For the other inclusion, let e € A. We shall
prove that there is € € A such that e = ®,(e). Since e € A, we have that there is a sequence

{z,} C A\ Sing(X) such that lim,_, X(x"§|| = e. Taking subsequences if necessary, we may

[1X(
assume that lim,, . % converges to a unit vector € € A. Thus

B ) X(Xft(xn))
u(€) = 2 ( o |X((Xt<(:z:n))))l)
‘ X(X_t(z,
i q)t(ux(xt(xn))\l)
 DX(X 4(xn))) (\éﬁi:iéiziiiu)
= lim X(X_t(x
2 IDX ) itz |
= lim X(zn))

Therefore, ®,(A) = A.

Remark 2: 1f x € A\ Sing(X), then by the continuity of X, for any sequence {z,} C

il o 2 as n — oo, In other words, on A

[1X (@)l

A\ Sing(X) converging to = we have

36



there is only one unit vector associated to a regular value, the unit vector along the vector field
direction.

If . € A\ Sing(X), then it follows from remark 2 that

S;MNA = Ng,m

:E

= N, and (I)t(a,’)( X(2) > _ X (o))

HX x)ll’ (1 X ()] X (¢ ()]

Thus, for any v € Ng, s one has

(DXi()(w) %> X (X, ()

Uy(z)(v) = DXy(x)(v) — H || X (X:(2))]|
z))||

= Pi(z)(v)

|6

In other words, the extended linear Poincaré flow W, over the subset {X(x)/|| X (z)|| : = €
A\ Sing(X)} € SM coincides with the linear Poincaré flow P, over A\ Sing(X).

Hereafter, we only consider the extended linear Poincaré flow restricted to the set A.

Lemma 3.6.2 The extended linear Poincaré flow W, varies continuously with respect to the
vector field X, the time t and the vector v.

Lemma 3.6.3 If Na\sing(x) = E®F is a dominated splitting with respect to the linear Poincaré
flow P; on an invariant set A, then the_extended linear Poincaré flow admits a dominated

splitting </1/A\Smg SM =E & F where E and F are the lifts of E and F' respectively.

Proof. By the definition of dominated splitting, there are constants C' > 1 and A > 0 such
that for any € A\ Sing(X) and any fixed ¢ > 0, one has

1B, | Pl ]| < Ce™

Thus, by the previous lemma, we have that on the set I' = {X(z)/|[[X(2)]| : @ € A\
Sing(X)} C SM the above inequality is still holding for the lifts £ and F. Thus, the bundles

E and F can be extended on the closure of I', which is A.
O
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Chapter 4

Ergodic Theory

As we mentioned in the introduction, one of the main historic motivations for the dynamical
systems theory was the n-body problem. This is an example of ordinary differential equations
with the following remarkable property: If one considers the flow generated by the equations
solutions and consider, by instance, the evolution of a cube through this flow, then its volume
will not change through time, though its shape may change. using this property, Poincaré
proved his well-known recurrence theorem, which asserts that to most of the initial data, the
system returns to a condition arbitrarily close to the initial one.

In this chapter we review some crucial results on ergodic theory.

4.1 Ergodic Theory

Let 4 be the Borel o-algebra of M and X € 2*(M). A probability measure p on (M, %)
is called a Xi-invariant measure if for any A € % we have pu(A) = u(X_(A)), for all t € R.
Denote by .# the set of all X;-invariant borelian probability measures. It is known from the
theory that .# is a nonempty compact set for the weak*-topology.

Let 9, be the Dirac measure on (M, %) associated with z. that is

1, sexeA
51(14):{0, sex €A

As consequence of the compactness of .# we have the following theorem.

Theorem 4.1.1 Let x € M. Then any accumulation point for the weak*-topology of the set

of the probability measures
1 [T
{T /0 (5)(5(35) ds}
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is a X¢-tnvariant measure. In particular we have that # (X)) is nonempty.

Similarly, a continuous map f : M — M is said to be f-invariant with respect to pu if
w(A) = u(f~1(A)) for any A € Z. such as in the continuous case, .# is a nonempty compact
set for the weak*-topology.

One property that is enjoyed by all measure-preserving transformations is recurrence:

Theorem 4.1.2 (Poincaré’s Recurrence Theorem) Let f : M — M be a measure preserving
transformation of a probability space (X, B,n). Let E € B with m(E) > 0. Then almost all
points E return infinitely many often to E under positive iteration by f (i.e there exists F C E
with m(E) = m(F) such that for each v € F there is a sequence ny < ny < - - - of natural
numbers with f™(x) € F for each i).

Remark: The above theorem is false if a measure space of infinite measure is used. An
example is given by the map f(z) = = + 1 defined on R with the Lebesgue measure m. In
this case, there is no subset of positive measure such that its positive iterates return to itself
infinitely often times, since the set of recurrent points is just {0} and m({0}) = 0.

Ergodicity

Let (X, %, 1) be a probability space and f : X — X be a measure-preserving transforma-
tion. If f~Y(B) = B for B € %, then also f~1(X \ B) = X \ B and we could study f by
studying the two simpler transformations f|p and f|x\p. If 0 < u(B) < 1 this has simplified
the study of f. If u(B) =0 (or (X \ B) = 0) we can ignore B or (X \ B) and we have not
significantly simplified f since neglecting a set of zero measure is allowed in measure theory.
This raises the idea of studying those sets that cannot be decomposed as above and of trying to
express every measure-preserving transformation in terms of these indecomposable ones. The
indecomposable transformations are called ergodic.

Definition 4.1.3 Let (X, A, 1) be a probability space. A measure-preserving transformation f
of (X, %, ) is called ergodic if the only members B of % with f~*(B) = B satisfy u(B) = 0
or u(B) = 1.

Remark 4.1: 1If (X, %, p) is probability space and f : X — X is a measurable-preserving,
then

f is ergodic < whenever ¢ is measurable and (po f)(z) = f(z) V x € X then f is constant
a.e.

For a proof, see for instance [Wal82].
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Analogously, if ¢ is an X;-invariant probability measure, we say that u is ergodic if for every
B € % such that X_,(B) = B then p(B) =0 or 1.

As mentioned in the introduction, the first major result in ergodic theory was proved by
G.D. Birkhoff. Now we will state it.

Theorem 4.1.4 (Birkhoff’s Ergodic Theorem). Suppose p is a f-invariant probability mea-
sure. Then, p-a.e. x € M and for every ¢ € L'(11) we have that the limit

@ (r) = lim — Zso Y

n—oo N

always exist. Moreover, p* € L'(u) and

/w*duz/ pdp
M M

As an application of the theorem we have the following:

If u is ergodic, then

s0*=/ edp
M

Indeed, by the theorem we have
1 n—1
¢ () = lim Zow(f (2))
‘7:

¢ (f(z)) = lim — Zso (f (=

n—oo M

Subtracting one equation from the other, we obtain

(1) — 9" (f()) = lim ~(p(x) — o(f"(x)) =0

n—oo N,

Since ¢ € L'(u). This implies p*(x) = ¢*(f(x)). Therefore, it follows from [Remark 4.1]
that ¢* is constant. Thus,
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w*u(M)=sO*/ duz/ w*du=/ pdu
M M M

and since u(M) = 1, one has

s0*=/ pdp
M

Since in this work we are dealing with flows, we will use the ergodic theorem when f = X
for some fixed T' > 0.

4.2 Entropy of a Measure-Preserving Transformation

In 1958 Kolmogorov introduced the concept of entropy into ergodic theory, and this has been
the most successful invariant so far. The definition of entropy of a measure preserving transfor-
mation f of (X, %, i) is in three stages: the entropy of a finite sub-o-algebra of 4, the entropy
of the trasnformation f relative to a finite sub-o-algebra, and, finally, the entropy of f.

Thoughout this section (X, %, u) will denote a probability space.

Definition 4.2.1 A partition of (X, %, 1) is a disjoint collection of elements of B whose union
15 X.

Given a partition £ = {Aq, - - -, Ay}, define the set

f_lg = {f—1A17 Y f_lAk}

Further, given two partitions £ = {A,- -+, Ay} and n = {By,- - -, By}, we define their
refinement as

With these two constructions, we may define the following refinement:

n—1
\ frg=¢vftev v e
1=0

The entropy of a partition £ is defined as the number
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H(E) = = n(Ai)log u(As)

=1

The measure theoretic entropy with respect to a partition £ is defined as
1 n—1
h(f,€) = lim HH< \_/O f 5)
Finally, the measure-theoretic entropy is defined as
h,u(g) = Slgp hu(fa f)
4.3 Topological Entropy

Adler, Konheim, and McAndrew [AKM65] introduced topological entropy as an invariant of
topological conjugation. To each continuous transformation f : X — X of a compact topologi-
cal space a non-negative real number or co, denoted by hy,(f) is assigned. Later Dinaburg and
Bowen gave a new but equivalent definition. In this section we give the definition of topological
entropy using separated sets. This was done by Dinaburg and Bowen, but Bowen also gave
the definition when the space is not compact. we will give the definition when X is a compact
metric space.

Let d be a metric on X. It induces a family of metrics {d,} on X given by

dy(2,y) = max d(f'(z), f'(y))

0<i<n—1

where each metric d,, measures the distance between the orbit arcs {z,- - -, f*"*(z)} and
{y,--+, f"1(y)}. So, for each fixed n > 1 we define the dynamical ball with center x and radius
r as

B(z,n,r)={y € X : d,(z,y) <r}

that is, it is the open ball in the metric d,,

Definition 4.3.1 Let n € N, and ¢ > 0. A subset E C X is said to be (n,e)-separated with
respect to fif x,y € E, x # vy, implies d,(x,y) =: JJnax 1d(fi(x), fi(y)) > e.
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We denote by S,,(¢) the cardinality of the (n, ¢)-separated set with respect to f of maximum
cardinality.

Remarks
e 5,(¢) < .

o If £; < &y then S, (1) > Sn(e2).

The second item of the above remark is easy to see. For the first item, denote by E,(¢) the
(n,e)-separated set of maximum cardinality. We claim that

U B(z,n,¢)

xEER ()

covers X. Indeed, if not, one can find a point y € X such that y ¢ B(x,n,e) for every
z € E,(¢). Hence, by the definition of E,(¢), for each x € E,(¢) there is 0 < j < n — 1 such
that d(f7(y), f(z)) > ¢, that is, y € F,(¢), which is a contradiction. The claim is then proved.
Now, suppose S,(¢) = oco. Since X is compact, there are points z1,--- ,zx € E,(e) such that
X = Ule B(z;,n,e). For the pigeonhole principle, this i such that B(x;,n,e) contains more
than one point of E,(¢). Contradicting the separability of E,(¢). Therefore, S,(¢) < oo.

Definition 4.3.2 We define the topological entropy of f as the quantity

1
hiop(f) = lim lim sup — log S,, (¢)

=0 posco N

As an example of the calculation of the topological entropy, consider an isometry f : X — X.
Then, d,, = d; for all n € N so that S,,(¢) = Si(¢) and then hy,(f) = 0.

Remark: Katok defined the metric entropy h,(f) of an f-invariant ergodic measure p as

1
h,(f) =lim lim —log Sy (e, 0)

e—>0n—oo N

where S,,(¢,0) is the minimal number of e-balls in the d,, metric covering the set of measure
larger than or equal to 1 — 4.

Theorem 4.3.3 (Variational Principle): Let f : X — X be a continuous map of a compact
metric space. Then hyy(T) = sup{h,(T) : p € A (X)}.
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Remarks:

L. h(f) = sup{h,(f) : p € &(X)}, where & denotes the set ergodic measures.

2. h(f) = MFlawr)-

For a proof of the remarks, see, for instance [Wal82].

For the flow X; generated by X € 27}(M), we define its topological entropy as the entropy
of the time ¢t = 1, that is, h(X) = h(X;).

4.4 Differentiable Ergodic Theory

In this section we will study the notion of hyperbolicity in a more general way, on which the
contraction and the expansion rates are not necessarily constants.

4.4.1 Lyapunov Exponents

Consider a diffeomorphism f: M — M. A point € M is said to be regular if there exist real
numbers Ay (z) < Aao(x) < -+ < Ag(x) and a splitting

T.M = Ey(x) ® Exy(x) @ -+ - @ Eg(x)

for every 0 # v € Ej(x), with j = 1,2, - -, k. The numbers \;(z) are called the Lyapunov
exponents of f on x and the above splitting is called the Oseledec splitting of f on x. It
is possible to prove that the Lyapunov exponents and the Oseledec splitting are uniquely
determined on a regular point z, for instance see [Man87].

Let A be the set of regular points of M. A natural question, is if A is always non-empty.
The following theorem gives us a satisfactory answer.

Theorem 4.4.1 (Oseledec) If M is compact, the set of regular points of a diffeomorphism
f: M — M has total measure.
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Moreover, if p is an invariant ergodic measure, one can prove that p-a.e. z, the Lyapunov
exponents are constants.

Theorem 4.4.2 (Margulis-Ruelle’s inequality) Let f : M — M be a C* diffeomorphism on a
compact Riemannian manifold M, p € 4 (M, f). Then

/Zﬁ YdimE;(z) dp

where A\ are the positive Lyapunov exponents and E;(z) is the eigenspace associated to

Remark:

If p is ergodic, then the Lyapunov exponents are constants, therefore

f) < / Z)\j(a:)dimEi(:c) dp = Z)\j(a:)dimEi(:c) / du
= Z A (z)dimE;(x) (M)

= ZA+ YdimE;(z)

When we are dealing with flows, , we define the Lyapunov exponents by means of the linear
Poincaré flow P;. More precisely, let X € 2°1(M). A point x € M is said to be regular if there
are numbers A\;(z) < A\y(x) < - -+ < Ag(x) and a splitting N, = Ey(x) ® Ex(z) @ - - - © Ex(z) of
the normal bundle such that

.1
Jim +log [P (x)el] = X,(0). ¥ € () {0}
Next, we give two important definitions about ergodic measures.

Definition 4.4.3 We say that an invariant ergodic measure p is reqular, if it is not supported
on a singularity.

Definition 4.4.4 We say that an invariant ergodic measure p is hyperbolic, if for u-a.e. x,
the Lyapunov exponents of the linear Poincaré flow P, are non-zero.
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For a regular hyperbolic ergodic measure ;1 we can rewrite the splitting N = @le E; as
N = E°@ E*, where all Lyapunov exponents along E*® are negative and all Lyapunov exponents
along E" are positive. We call the splitting N = E® & E* the hyperbolic Oseledec splitting
with respect to the hyperbolic ergodic measure .

We could also define the Lyapunov exponents of a flow by using the tangent flow DX, as
usual. However, for ergodic measures that are not supported on singularities, there will always
be one zero Lyapunov exponent for the tangent flow along the flow direction. Indeed, if the
Lyapunov exponents ae defined by using the tangent flow DX;, then we have to consider the
direction generated by the flow on its Oseledec splitting, that is

T, M = Ei(z) ® - Ep(z) ® (X (2))

The Lyapunov exponent along the flow direction is
.1 1
Ax = lim —log || DXy (x)(X (2))]| = lim —log ||X (X¢(x))|]
t—oo ¢ t—oo t

, V. x € M. This implies that

Since M is compact, there is C' > 0 such that || X (z)|| < C
| <C"V 2z e M. Thus

there exists constant C’ > 0 such that —C’ <log || X (x)

1 1
— lim C’ < hm —log | X (X (2))]] < tliglo ;C’

t—oo t

Therefore, A\x = 0.

Lemma 4.4.5 (Definition of the transgression of a measure) If u is an ergodic X;-invariant
measure on M with u(Sing(X)) = 0, then there exists an ergodic ®i-invariant measure [ on
K, the transgression of A = Supp(u), such that the Lyapunov exponents of the extended linear
Poincaré flow Wy with respect to the measure i are the same as the Lyapunov exponents of the
linear Poincaré flow with respect to the measure p. The measure i is called the transgression

of .

Proof. Let m: SM — M be the projection, which is a continuous surjection with m(v) = x
for any © € S, M. Take the measure g = o7 on A. Let A C A be a Borel subset and
A = w(A). Since p is X,-invariant, for every t € R, we have ji(®_,(4)) = p(r(P_,(A))) =
u(X_t(A) = p(A) = p(m (A)) = ,u(A) that is, i1 is ®;-invariant. Now, we will prove that 1 is
ergodic. For, suppose ®_,(A) = A for every ¢ € R, we shall prove that fi(A) =0or 1. The
equality ®_,(A) = A implies that 7(®_,(A)) = 7(A), that is, X_(A) = A for every t € R.
Since y is an ergodic X;-invariant measure, fi(A) = p(m(A)) = u(A) = 0 or 1. It means that i
is an ergodic ®-invariant measure.

Applying the Oseledec theorem to the linear Poincaré flow P, for py-a.e.x, there is a splitting
N, =FE,dE;®--- P E,, and numbers \; < Ay < - < A, such that

46



1
lim —log[|P(x)(0)l| = A, Vo€ BA{0}, i =0,1,---m
—00

Since the extended linear Poincaré flow coincides with the usual linear Poincaré flow on
regular points, one has

1 o1
lim  log | ¥, (2)(0)]| = Jim log || Pi(x)(v)]] = X

Therefore, the Lyapunov exponents of W, with respect to the measure 1 are the same as

the Lyapunov exponents of the linear Poincaré flow with respect to the measure pu.
O

Definition 4.4.6 Let X € 271 (M). A point x € M \ Sing(X) is said to be strongly closable
if for any C*-neighborhood % of X and any § > 0, there areY € % , z€ M , 7 >0, and
T > 0 such that the following conditions are satisfied:

1. Y. (2) ==z
2. d(Xi(z),Yy(2)) < 6 for any t € [0,7]

3. X=YonM\ U B(X(z),d)

te[—T,0]

The set of all strongly closable points for X will be denoted by ¥(X).

Theorem 4.4.7 (Ergodic Closing Lemma). Let X € 2 (M). Then for any X;-invariant
probability measure j1 one has that

u(Sing(X)UX(X)) =1

Theorem 4.4.8 (Shi-Gan-Wen) If  is an ergodic measure of a star flow, then p is a hyperbolic
measure.

Proof. 1f 1 is supported on a critical element, then from the definition of star flow, it
should be hyperbolic. So for the rest of the proof, we may assume that u does not support
on any critical element. We will use the ergodic closing lemma to show that p is hyperbolic.
Applying Lemma 4.4.7, we may assume z € B(u) N supp(p) NE(X). By Definition 4.4.6 there
are X,, € 21 (M), z, € M, 7, > 0 such that
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° Xfi"(a:n) = x,, where 7, is the minimal period of z,,.
o d(XX(2), X[ () < i, VO<t<m,

) HXn—XHcl <%

Here, B(u) denotes the set of generic points of p. Recall that z is a generic point of p if for
any continuous function f: M — R,

That is, is the set of points that satisfies the Birkhoft’s ergodic theorem.

Consider the ergodic measure u,, which is supported on the orbit of z,. Since x is strongly
closable, for any continuous function f, one has

lim [ fdu, = lim —/ f(X(2,)) dt = lim —/ f(Xi(x))dt = /fdu

n— oo n—00 T, n—o0 T,

Since g is not supported on any critical element, one has y,, — ¢ and 7,, — 0o as n — oo.

From Lemma 3.5.13, we know that for any = € &'(x,,), there are constants n > 0 and Ty > 0
such that for sufficiently large n € N, and for the natural hyperbolic splitting Ng(,,) = N*®N"
with respect to the linear Poincaré flow, one has

||PtX" N, -2
Aot WGl <oty > Ty W € Oy, 4.1
(P ) e ot )
(7] [7]-1
[T 125 vl < €7 (P e o) 2 €7 Ve € Oa)  (42)
i=0 =0

Taking logarithm in (4.2), we obtain

[7]-1 (7] -1
> 108 1P e xen eyl < =1 and Y o8 m(Pr [y (xn (e,) = 170
=0 1=0
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Dividing both sides by 7,

(%] ]

1 =
— D 10glIP vy < 0 and = 3 dogm(Py |y ) 2 7
1=0

1
T

By the definition of the extended linear Poincaré flow, we have

1 | Bl
Log |05, el | S =11 and = 3 ogm(¥U vy o) 20

i=0 =0

[72]-

1
T'I'L

Since the extended linear Poincaré flow varies continuously with respect to ¢, X and v, we
have

7] (7]

1 X 1 X
— Z log [|¥7, Ns(xgo(x))HS—?? and — Z logm(‘I’To\Nu(xg;o(x)))Eﬁ

n
0
Tn —0

Nz

/log||\Il¥O

Where 11 is the transgression of p. This proves that u is hyperbolic for X.

i<y and [ logm(UY ) dizy
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Chapter 5

The Main Theorem

Now, we recall the statement of the main result of this work. Let M be a boundaryless compact
smooth Riemannian manifold.

Theorem B [WYZ19]: There is a residual set Z# C 2 (M) such that for any X € Z, one
has

) 1
lim sup f log #PT(X) Z htep(X) = htOP(Xl)

T—o0

One of the main difficulties for proving the above theorem is the presence of singularities.
Flows with singularities have rich and complicated dynamics such as the Lorenz attractor. At
singularities, one can not define the linear Poincaré flow. Hence we lose some compactness
properties. Even there is no singularities, we are not able to use the usual Pesin theory, since
the vector field is only C*. Adittionaly, one may have ”shear” for flows. This is sharp in this
work since we have to control the periods by the nature of this text. In the proof of the main
theorem, we consider two cases. When the vector field is star, and when it is not.

The next lemma give us the precise construction of such residual set Z C 2(M).

Lemma 5.0.1 There is a residual Z C 2 Y(X) such that for given T,k € N, if for every C*

neighborhood % of X € X, there is Y € % having k periodic orbits whose periods belong to

(£,2L), then X has k periodic orbits whose periods belong to (%,2F).

Proof. Fix a countable basis = {B1, B, - -, B;,- - -} of M. Let {U;,Us,---,U,,---} be
the family of finite unions of the elements of . We define

e%’jfT = {X € ZYM) : X has k hyperbolic periodic orbits with period belonging to

(5.5) i)
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n

Nl = {X € ZY(M) : 3 C* neighborhood % of X, such that for any Y € %, either Y

T 3r

5 5 ) or all k£ periodic orbits with period

has no k periodic orbits with periods belonging to (
belonging to (I g) of Y are not in U, }

27 2

By definition, the set /l{fT is open. By the stability of the hyperbolicity, %L’“T is open.

We claim that 2, U Ak, = 27 (M)

Indeed, one only needs to prove that U A%, O 271 (M). Let X € Z7H(M). We
shall prove that there exists a sequence in ", U A%, converging to X. If X € A%, then
X e ME c AHF N C AR UL and therefore the Claim is proved. If X ¢ A%,
then by definition of </VnkT we have that for any C! neighborhood % of X , thereis Y € %

which has k periodic orbits whose periods belong to (%, %) belonging to U,. Thus, there is a
sequence of C'! vector fields { Xo, bmen C A5 C UL such that X, "% X. Therefore,

X € A U Ak This proves the Claim,

Consequently, ) U A% is open and dense in 2™ (M). Let

X = m ﬂ m(%kTU%kT)
k=1n=1T=1

It is clear that Z is a residual subset of 2'(M). We will prove that % is the desired
residual set.

Given T > 0 and k € N, let X € Z arbitrary. By definition of Z, X € s, U .4} for all
n € N. That is, or X € S or X € A} If X € AF,, by definition, X has k hyperbolic

periodic orbits whose periods belong to (%, %) Now, it only remains to show that X € e/iflkT

implies that X has k hyperbolic periodic orbits whose periods belong to (%, %) If not, there

exists ng € N such that X ¢ JKL’;T Therefore, X € % .., i.e, X has k periodic orbits whose

TLO,T’
: T 3T
period belong to (5, T)

0
5.1 The non star case

If the generic vector field is not star, based on the fact that the vector field can be approximated
by periodic orbits whose periods turn arbitrarily large, it will follow from the Frank’s Lemma
and from the definition of the residual & that the upper limit of the growth rate of periodic
orbits is infinity. Since we are concerned about proving that the growth rate is larger than or
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equal to the entropy, we may assume that h,(X) > 0, since otherwise the inequality would be
trivially satisfied.

Theorem 5.1.1 For a residual set Z C 2 Y(X) as in Lemma 5.0.2, if X € X is not star,
then the growth rate of the periodic orbits is infinity, that is

1
lim sup T log #Pr(X) = 400

T—o0

Proof. Consider the residual Z C 2 '(M) as in Lemma 5.0.2. If any X € Z is not star,
then for any C'! neighborhood %, of X, there is X,, € %,, such that X,, has a non-hyperbolic
periodic orbit x,. That is, there are sequences {X,} — X, {z,} € M, and {7, : 7, > 0}
with XTXn"(xn) = x,. Proceeding as in Theorem 4.4.8, one has that 7,, — oo as n — co. Given
e > 0, consider § = §(z,) > 0 given by the Frank’s Lemma. For each n € N, since z,, is
non-hyperbolic, one has that Pfjn has an eigenvalue on the complex unit circle. Thus, there is
a linear map L, : N,, — N, , d-close to Pfjn having an eigenvalue A such that it is an j-th
root of unit, for some j € N. By Frank’s Lemma, there is a vector field Y,, € %, such that
x, € Per(Y,) whose Poincaré map Py, : ¥ — X is conjugated to the linear map L,, by the
exponential map on B.(x,) N Y. Pick an eigenvector v of L, : N, — N, associated to A,
taking |s| small enough so that exp,, (sv) € B.(x,) N'E, we have

P{}n (exps, (sv)) = exp,, o L), o exp, ' (exp,, (sv))
= exp,, o L7 (sv)
= exp,, (sNv)
= exp,, (sv)

Therefore, the Poincaré map of Y,,, and consequently Y,, itself has infinite periodic points
with period j. Since the neighborhood B.(z,) N'¥ can be taken arbitrarily small, by the
continuity of the flow we may assume that Y,, has infinite periodic points with period 7,,. In
particular, Y,, has at least €™?™ periodic orbits whose period belongs to ([T"] 3[7"]) By Lemma
5.0.2, X has at least e™?™ periodic orblts whose period belongs to ([T"] 3[T”]) That is, for n
large # P, (X) > e™?™. Consequently, 2Tn log # P, (X) > n. Taking limits we obtain

1
limsup — log #P,,, (X) = 400
n—oo  2Th

Therefore,

1
lim sup T log #Pr(X) = +o0

T—o0
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5.2 The star case

For star vector fields, we have to steps. First based on that any regular ergodic measure of a
star vector field is hyperbolic (Theorem 4.4.8), we show that the hyperbolic Oseledec splitting
is a dominated splitting (Theorem 5.2.1). Secondly, we prove that if the hyperbolic Oseledec
splitting with respect to a regular hyperbolic measure is a dominated splitting, then the growth
rate of the periodic orbits is larger than or equal to the metric entropy (Theorem 5.2.2).

Theorem 5.2.1 If y1 is a reqular ergodic invariant measure of a C' star vector field X with
h,(X) >0, then its Oseledec splitting N = E* & E* is a dominated splitting.

First we will give the outline of the proof.

Outline of the proof. By Theorem 4.4.8, the measure pu is hyperbolic. Since the metric
entropy is positive, we may assume that the measure p is not supported on a any critical
element. Then, it follows from the ergodic closing lemma that p-a.e. x € M is strongly closable.
By definition of strongly closable x can be approximated by periodic orbits. We will then show
that these periodic orbits are hyperbolic of saddle type, since otherwise it would follow from
the Ruelle’s inequality that the metric entropy is zero, a contradiction. So, based on that these
periodic orbits orbits are hyperbolic saddles, we will apply Lemma 4.4.5 (transgression of a
measure) to obtain the dominated splitting.

Proof of theorem 5.2.1. According to theorem 4.4.8, u is hyperbolic. Let z € B(u) N
Supp(p) N E(X) and let z, as in the previous theorem. We claim that there are only finite
sinks or sources among {orb(x,)}. Indeed, if not, we may assume that orb(z,) are sinks, then
we only have

]

IT ey

=0

Nece el S €77

Thus, as we saw before, it implies that the Lyapunov exponents of the linear Poincaré flow
P, are negative. By the Ruelle inequality we get that h,(Xz,) = 0. Since p is an ergodic
measure, h,(Xr,) = |To|h.(X1) = |To|hu(X) > 0. This is a contradiction. The claim is thus
proved.

It follows from the above claim and from Theorem 3.5.13, that for the non-trivial hyperbolic
splitting Noyp(z,,) = E° @ E* with respect to the linear Poincaré flow PtX",

(7] (7]
IT 125 e gtp o I < €7 MR vuxzn ) 2 € Yy € orb(an)
=0 =0
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We may assume that the indices of orb(z,) are the same. Then, there is a dominated
splitting NV, = F; ® F! on x = lim,, ;o Ty, Where F} = lim,, ;o E; and F,' = lim,, . £} . We
shall prove that F = E? and F}' = E*. As we saw before, the above inequalities means that

/logH\If%{O

According to the Birkhoff ergodic theorem and Lemma 4.4.5, one has

wlldi <=y and  [logm(W ) dii =

m—1 m—1

S os PRl 1= i S s Wl = JE%

T

Since E? is the finest subbundle where the Lyapunov exponents are negative, it follows
that F; C E7. Similarly one can prove that F} C EY. To prove the reverse inclusion we
proceed by contradiction. So, if ES ¢ F?, then there exists a non-zero vector v belonging to
E? but not belonging to F};. Since N, = F; @ F}, one has that the vector v can be written as
v = vy + vg, where v # 0. By domination, for ¢ sufficiently large, one has that the coordinate
vy is insignificant in comparison with the coordinate vq, therefore

.1 Yo 1 ¥ 1 ¥ ol ¥
fim = log |57 (v)[| = lim —log | B (vs)]| = lim ~ log [[T7" (vs)]] Zyggnooazlogm@%b; ) >0

iTh (T)
i—1 w0

This contradicts the fact that the Lyapunov exponents along E*® are negative. Consequently
one has that £ C F;. Therefore, S = F;. Similarly we can prove that £} = F}'.
O

Theorem 5.2.2 Let p be a regular invariant ergodic measure of X € 21 (M). If the hyperbolic
Oseledec splitting N = E* @& E" is a dominated splitting, then

1
limsupflog #Pr(X) > h,(X) = h,(Xy)

T—o00

For this theorem, we have to deal with the re-parametrization problem. In Liao’s shadowing
lemma (Theorem 5.3.2), the period of the periodic point which shadows the recurrent point is
a re-parametrization of the recurrent time. For our goal, we have to estimate the difference
between the recurrent time and its re-parametrization (Proposition 5.3.3).
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5.3 A shadowing lemma with time control

For the linear Poincaré flow, one has the shadowing lemma of Liao for some quasi hyperbolic
orbit segments.

Definition 5.3.1 Assume that A C M\ Sing(X) is an invariant (not necessarily compact) set
having a dominated splitting Ny = E @ F with respect to the linear Poincaré flow. Given n > 0
and Ty > 0, an orbit arc Xy py(x) C A with T > Ty is (n, To)-quasi hyperbolic (associated to A)
if there is a time partition 0 = tg,t; <ty < --- < t;, =T witht;,1 —t; <Tp, i =0,---,1—1
such that for k =1,---1 —1, one has

k—1 -1

H |’Ptt+17t7; EXti(z)H < e " and Hm(PttH*tz‘

=0 i=k

Fry ) = €10 (5.1)

Theorem 5.3.2 (Liao’s shadowing lemma) Suppose A C M \ Sing(X) is a compact invariant
set with a dominated splitting Ny = E® F. Giwen g, n > 0, Ty > 1, for every € > 0, there
exists 0 > 0 such that for any orbit segment Xy (x) C A with the following properties:

o d(z,Sing(X)) > e¢ and d(Xr(x),Sing(X)) > o

o Xo1)(2) is n-quasi hyperbolic

o d(x,Xr(x)) <d

Then there exists a C* increasing homeomorphism 0 : [0,T] — R and a periodic point
p € M, Xory(p) = p such that:

1.1—e<f(t)<1l+4+¢e,Vtel|0,T]

2. d(Xy(2), Xo (p)) < e[ X(Xi(2))]], ¥V T € [0,T]

As mentioned before, the following proposition is one of the most important steps on the
proof of Theorem 5.2.2.

Proposition 5.3.3 Under the setting of Liao’s shadowing lemma, if T = mTy for some m €
RT, then there exists N = N(n,Ty) such that

0(t) — t| < Nd(z, Xr(z)), VteNA[0,T]
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The proof of proposition 5.3.3 consists in defining a Poincaré map for the vector field X, and
then we will show that the time on which each point on the domain of the Poincaré map takes
to hit the contra-domain satisfies some Lipschitz estimative (Lemma 5.3.5), we also show that
for fixed n > 0 and Ty > 1, the distance between the (7, 7y)-quasi hyperbolic orbit Xig ()
and its shadowing periodic orbit can be controlled by the distance between the starting point
end the ending point of this quasi hyperbolic orbit (Lemma 5.3.6). The Proposition 5.3.3 will
then follow from these two lemmas.

The Exponential Map

It is well known from the Riemannian Geometry, that given any initial point p € M and
any initial velocity vector v € T, M, they determine a unique maximal geodesic 7,, that is, the
unique geodesic through p in the direction of the vector v. This implicitly defines a map from
the tangent bundle to the set of geodesics in M. More importantly, it allows us to define a map
from (a subset of) the tangent bundle to M itself, by sending the vector to the point obtained
by fallowing v, for time 1. To be more precise, define a subset & C T'M, by

& :={V = (p,v) € TM : vy is defined on an interval containing [0, 1]}

Then, define the exponential map exp : & — M by
exp(V) = (1)

For each p € M, the restricted exponential map exp, is the restriction of the exponential
map to the set &, =& NT,M

Remark: For each V' € T'M, ~y is given by vy (t) = exp(tV), for t € R such that tV € &.
For the proof, see for instance [Lee97].

A important result about the exponential map is the following:

Normal Neighborhood Lemma: For any p € M, there is a neighborhood V' of the origin
in TyM and a neighborhood U of p in M such that exp, : V — U is a diffeomorphism.

Proof. This follows immediately from the inverse function theorem, once we show that
D exp, is invertible at 0. Since T),M is a vector space, there is a natural identification To (7, M )=
T,M. Under this identification, we will show that D exp,(0) : T,M — T,M has a particularly
simple expression, it is the identity map.

To compute D exp,(0)v for an arbitrary vector v € T, M, we just need to choose a curve a
in T, M starting at 0 whose initial vector is v, that is, a(0) = 0 and o/(0) = v, and compute the
initial tangent vector of the composite curve exp, oa(t). We can take a(t) = tv as such curve.
Thus

d d d

Dexpp(O)v = — (expp oa)(t) = 7 expp(tv) = s

w(t) =
dt lt=0 tle=0 W(t) =v
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The above lemma allows us to define a coordinate system on M. By the definition of
manifold, an orthonormal basis {E;} for T, M gives an isomorphism F : R" — T,M. If U is a
neighborhood of p € M as in the previous result, we can combine this isomorphism with the
exponential map to get a coordinate chart ¢ = E~' o exp,' : U — R™.

Now let us return our attention to the Poincaré map defined in section 3.2. Given § > 0
small enough and a regular point y € M, one has that the image of the normal ball N,(3) =
{v € N, : ||v]] £ B} under the exponential map is a diffeomorphism from N,(5) to X,(5),
where

2y (B) = exp, (Ny(8))

As we saw before, to study the dynamics of a periodic orbit of a vector field, Poincaré
defined the sectional return map of a cross section of a periodic point. By generalizing this idea
to every regular point, one can define the Poincaré map for any two points in the same regular
orbit.

The next lemma says that for any vector field X € 21 (M), there exists 0 < § < 3 such that
for any regular point € M, the Poincaré map P, x,() : 22(|| X (2)]]) = Xx, ) (]| X (Xe(2))]])
is well defined for certain values of ¢t € R.

Lemma 5.3.4 For any X € 21 (M), there exists 0 < § < [ such that for any reqular point
y € S,(0[X(2)|]), and for any t € [2,2] | there is a unique s = s(t,y) € [0,6] such that
Xs(y) € Bxy@) (O] X (Xi(2))]])-

Proof. Let g9 > 0 be the number such that the exponential map exp, is a diffeomorphism
on the ball T, M (e), where T,,M () is the ball on T, M centered at the origin with radius &.
For any x € M and any y close to z we can lift the local orbit of y to T, M and define the local
flow

Xi(v) = exp, ' 0 Xy 0 exp,(v)

Since the derivative of the flow equals to the vector field that generates the flow, using
the fact that % (X;(exp,(v)) = X(exp,(v)) it follows from the chain rule that the flow X, is
generated by the C! vector field on T, M

Xo(v) = D(exp,) ™! o X(exp,(v))
Since X, € 2 YT, M), M is compact, and T, M (gg) is bounded, one has

K= s {||X.(0)],|IDX(v)[[} < +o0

z€EMweTL M (o)
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Since the derivative of the exponential map at v = 0 is the identity map, given € > 0, by
reducing g if necessary we may assume that the map Dexp,(v) is e-close to the identity map
for any « € M and for any v € T, M (&).

Claim. There exists 6 > 0 such that for every regular point x € M, one has
exp. N (8]| X (x)|]) N Sing(X) =0

Proof of the Claim. Consider § < . For any v € N, (|| X(x)||) it follows from the Mean
Value Theorem and from the second triangle inequality that

13O = IXe(0)]] < || Xe(v) = Xo(0)]| < _max [[DX,(&)]]-|[v = 0]

EETL M (20)

then

)wav > )N(x() — max D)N(x Jlv
|1 Xz (v)[| = [[ Xz (0)]] &jeTIM(so)H EI]-[v]]

> |[X (@) = K[| X (2)]|
> || X (@) — el| X (2)]]
= (1 —9)[[X ()|l

>0

Since the map Dexp, is e-close to identity, we have that || X (exp,(v)|| > 0, for all v €
N, (6|| X (x)]]). This proves the claim.

By reducing § if necessary, by continuity one has

1 X2 (v)]] € . o -
sup ————=—— <14+ —= and sup Z(||X:()|], || Xz(X:(v)||) <14+ —= 59
te(=50) || Xo (Xo(w)]| K g X)L 1% (X)) x 02

For any v € N,(6|| X (x)||/3), let 6 >ty > 0 be the time satisfying

1 X ()] = 811X (Xiy (0[] and  [|X(0)]] < 8| Xo(X,(0))]], Vs € [0, 0)

Observe that || X, (X,(0))]] = || X (X.(z))||. Since M is compact and X € 2*(M), there is
C' > 0 such that || X(2)|| < C,V 2z € M.

Consider the integral equation
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Then,

[1 Xz (0)]] = [o+ /0 XL (X)) ds|

< Jloll + / IR (Ro(0))] ds

< SI%OI1+ [ UK+ KTl ds

< SR O+ oI % )+ [ KI W) ds

< IR0+l T+ [ KT (0] ds
< IR0+l K01+ [ XD s

< IR+ 6l Ko 420 [ as

< 2O + ol K 0)]| + 2t

< SIEO + 1+l KO

By the other hand, (5.2) implies

[1 X2, (0)]] = 6] X2 (X (0))]]

1K)l

=T 1t 2

Thus,

150
T

SO < 1%, ) < SIZO)+ 1+l KO

—_

This implies g <ty < 2—;.
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The above lemma allows us to define the Poinvaré map from N, (8]|X (2)[|) to Nx, ) (0]|X (X¢(x))||)
by the equation &, x () = exp};(m) 0Py X (x) © €XD,-

To eliminate the dependence of the vector field norm, we consider the rescaled Poincaré
map

P, N, (8) = N, (0)
Z([|1 X (@)]|v)

|
T X (X ()]

Let us represent Z2*; in normal coordinates. Define the map 7 : N,(6/2) — R such that

)}T(v) o % € Nx,()(0) for any v € N,(6/2). By the above lemma, one has that the
z(At(T

map 7 is injective. In coordinates, we can represent &2*; by

v K@)
7 =00 % Rl

Now, we will estimate the function 7. For t € [%, %‘5], consider the function

Hia.ty.7) = < 5o FlIE@I)  FalFla) >
o XK@ X (K@)

where (.,.) denotes the inner product in the local euclidean coordinate. Fix x = xy and
t = to. We can consider H (zo, 1y, y,7(y)) as a map in the variables y and 7. From the definition
of the flow X; and by the chain rule, one has

9 <<;z Ky ro)lly) Ko (Kol
|| X o (Ko (o)) || X ( )

g(i Xto HXOCO Lo Hy ) XIO(Xto
HXIO Xto ‘7:0 H

[ Xy (X (0))|

_ <£<)} Xy (1Ko (20)]19) > X%E.xto

|
)
)
(;”(ToXto(HXm(xo)Hy) 9 ;}xo@o(%;
)
)

[1 Xz (Xt (20))|

Xwo()z (x(J)) XCEO Xto >
1 X (Xio (o)) | [ X g (X (2 ))H
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Then, it follows from the implicit function theorem that the map 7 is differentiable and

or oa
0
or

Lemma 5.3.5 For the flow X; generated by X € 2 '(M), there are constants C > 0 and § > 0
such that if y € exp, N, (0), then there exists a unique s = s(y) such that X,(y) € expx, ) N(9)
and |s(y) — t(z)| < Cd(y, z).

Proof. Since X; is C' and )zt(y) € N.(B.), %—ZI is uniformly bounded and for the above

computation %—If is uniformly bounded away from zero. Thus, by equation (5.3) one has that

g—; is uniformly bounded with respect to y. This means that there is a constant C' > 0 such
that |7(y)| = |s(y) — t(x)| < Cd(y, z).

U

Fixed n > 0 and T > 1, the following lemma will show that the distance between the
(n, Tv)-quasi hyperbolic orbit X 1) () and its shadowing periodic orbit can be controlled by
the distance between the starting point end the ending point of this quasi hyperbolic orbit.

Lemma 5.3.6 Under the assumption of Liao’s shadowing lemma, taking o = e "2, if T =
mTy for some m € N, then there exists a constant C' > 0 such that for the (n,T)-quasi
hyperbolic orbit X[O,mTo}(I) and the shadowing orbit X(o g(my)] (p), one has

d(Ximy (), Xowm)(p)) < C’amm{i’m’i}d(x,XmTO(:c)), Vi e NN [0, m)]

Proof. Consider T > 0 such that the sequence of Poincaré maps
* . -1
{‘gZXiTO (.Z’),X(i+1)TO ($) ‘ NXiTO (ﬁ) — NX(H—I)TO (90)};10

are well defined. Since X ,7)(2) is a (1, Tp)-quasi hyperbolic orbit, by Definition 5.3.1, for
the dominated splitting Ny = E & F with respect to the linear Poincaré flow, one has

k-1 m—1
H ||P7t0|EXiTO(x)|| < e—ﬁk‘ and H m(P;:0|FX,~TO(x)) > eﬂ(m—k)) fO’I“k = 0, 1, e, (54)
=0 i=k

By Liao’s shadowing lemma, one has d(X¢(z), Xow)(p)) < el|X(Xi(z))||, V t € [0,T]. Since
€ is arbitrary, for suitable § we may assume Xy (p) € Xx, () (]| X (Xi(x))||) for any t € [0,T7].
Then for the periodic point p, one can also define the sequence of rescale sectional Poincaré maps
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{@;‘(m) ®) X a1y ) Nxizy ) = Nx (i1, o 1" We also denote by d the distance function in
the normal bundle N = EG F'. Let dg and dr be the induced distances in the subbundles E and
F respectively. There is a constant C' > 1 such that dg(x,p) < Cd(z,p), dp(z,p) < Cd(x,p)
and d(z,p) < dg(x,p) + dp(z,p). Since the derivative of the rescaled sectional Poincaré map
equals to the rescaled linear Poincaré flow, by the estimates (5.4) , for each i = 0, - - -m,

de(Xir, (), Xon) (p) < || Pr, (Xiz, (2))||de(X -1y (), Xo(i-1)10) (D))
< || Pr, (Xiz, (2)|||| P, (X i1y ()| dB (X i—2ym, (), Xo(i—2)1)(P))

< < I1Ps (X () lde (2, p) < e ™dp(x,p) < o'dp(x, p)
§=0

Analogously, dr(Xin, (), Xoun)(p)) < A" ' dp( Xt (2), Xty (p)). Therefore,

d(Xiry (), Xogimy) (P) < dp(Xiry(2), Xory) (P)) + dr (Xizy (), Xogir,) (P))
< a'dg(z,p) + " 'dp (X (7), Xor, ()
< a'Cd(z,p) + ™ 'Cd( X, (), X, (D))
< Co™lm=i (d(z, p) + d(Xop, (2), Xz (0)))

By Theorem 1.1 of [Gan02], enlarging C' if necessary, we have

d(z,p) < Cd(x, Xpmpy () and  d( X, (2), Xomm) ) < Cd(z, Xpp, ()
Therefore,

d( Xz, (2), Xoam) (p)) < C2a™™0m=3q(z, X, (), Vi€ NN [0,m]

Proposition 5.3.7 Under the setting of Liao’s shadowing lemma, if T = mT} for somem € N,
then there exists N = N(n,Ty) such that

0(t) —t| < Nd(z, Xr(x)), VteNN[0,T]

Proof. By Liao’s shadowing lemma, given ¢ > 0, n > 0 and Ty < 1, for every ¢ >
0, there is § > 0 such that for any (n,7p)-quasi hyperbolic orbit segment Xpo,p(z) C A
with d(z, Sing(X)) > ¢¢ and d(X1,(z), Sing(X)) > ¢o and d(z, X, (x)) < 6, there is a
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periodic point p € M and a C! strictly increasing function 6 such that Xgq,7)(p) = p and
d(Xi(x), Xow (p)) < €]|X(Xi(x))|| for any ¢ € [0,mTp]. Consider a time partition 0 = ¢, < t; <
to<---<mly=T =t,, with t,,1 —t; = T,. Taking a = e 2 by Lemma 5.3.6 , there exists
(1 > 0 such that

d(Xti($>7X0(ti)<p>> < Clamm{i,mfi}d(x, XT<$)>, Vi = 07 ceem

Since d(Xy(z), Xow (p)) < || X (Xe(z))||, one may assume Xy (p) € A, @) (Nx, () (0] X (Xe(2)]])),
for some 6 = §(¢) > 0 and for every ¢ € [0,7]. then, by Lemma 5.3.5, there is Cy = CQ(TO) >0
such that for i = 1,-- -, m, one has

|0(tiv1) — 0(t:) — (tivr — ta)] < Cod(Xo,) (p), Xo, (7)), Vi=1--m

Let N = N(n,Ty) = 6;2_'{’;1, by applying the above inequalities, it follows from the triangle

inequality that

0(T) =T < Y [0(tisr) = 0(t:) = (tiea — 1)
=0
-1
< 02 Z d(XG(tz)(p% th(l'))
1=0
m—1
< Cy.0y.d amin{i,m—i}
i=0
Since av = e7? € (0,1), S Faminlim=it < $°% nf = 1 Therefore,
Cy.C'
007) =71 < Lo w).) = V(X ().

By the above discussion, for every t € NN [0, 7]

0(t) — 1 < Z 10(ti41) = 0(t:) = (tiga — )] < Nd(Xr(2), )
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5.4 Pesin Block of vector fields

For a regular ergodic hyperbolic measure p and its Oseledec splitting N = E* & E*, by the
definition of the P, for u-a.e., one has

- 1
A (,u):tlgglot

1
(u) = lim —logm (P} |gu) > 0 (5.5)
t—oo t ®

Lemma 5.4.1 If the hyperbolic Oseledec splitting of a reqular hyperbolic ergodic measure (i is a
dominated spitting, then for any € > 0, there ezists Ty = T'(¢) € R such that for p-a.e. x € M
and every T > Ty, one has

hm —

exists and is contained in [N\ (u), A" (p) +€), and

lim k—TzlogHP |

exists and is contained in (=T (u) — €, =AT(u)].

Proof. Let R be the support of p and R its transgression. By Lemma 3.6.3, R admits a
dominated splitting NzSM = E° @ E* with respect to the extended linear Poincaré flow. By
4.4.6, one has

|| di

. e .1
A () =X () = Jim 7 [ log] |2,

where j1 is the transgression of u. Therefore, for any ¢ > 0, there is Ty > 0 such that
for T > Ty, one has |1 [log||Ur|g:||dt — A~ (p)| < e, This is equivalent to A~ (u) — & <
+ [log||¥r|e: || dit < A~ (p) + . Thus, it follows from the Birkhoff ergodic theorem that

k—1
1
(m4m—2mmmmHTﬁmM

hm — Bl dp < A (p)+e

By the other hand, let t € R. By the Euclidean algorithm, there are k € Nand 0 < r < T'—1
such that ¢t = KT+ r. Observe that t — oo implies kT + r — oo. Thus
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1 *
;bgHPt |Bs|| =

log HPl:T—f—r ES

KT +r

Since the norm is sub-multiplicative, it follows from the chain rule that

||PI:T+7~ Bl = ||P7*“|EXT<,€71>(XT(I))"'P;lEXT(m'PﬂEzH < ||Pilf|ExT(k,1)<xr<z))||"'HP7*“|EXT(I>||'HP:|EZH

This implies

1 . 1 . . )
e g 1Pl rsl] < o8Py ol 1P o1 1P 1)
kT+ (ZlogHszT(XT \|+1og||P*|Ez||>
Thus,
A (n) = hm
I B
T koo KT 41 BN TkT By

k—1
. 1 . .

k-1
=i (kT+r 2108 1Pl + kT+rlOg||P’"|E””||>

Since log || P*|g,|| is bounded, we have

y
o KT + 1

log || B[, [| = 0O

Then,

k—1
X < i —ZlogHP g

_ .1 .
A (p) = lim —log || P[] <

This proves that limy e 75 S log HPT\Es <I)H C A (1), A~ (1) + ).
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The conclusion for the subbundle E* is obtained similarly.
O

Definition 5.4.2 (Pesin Block) Let u be a reqular hyperbolic ergodic measure of X € 21 (M),
and Ny = E* @ E* its Oseledec splitting, where A is a Borel set with p-total measure. Given
A€ (0,1), L >0 and k > 0, the Pesin block A% (k) is defined as:

L HHP*

1
A (k) = {x €A: H | P} | < kA", ¥n > 1,d(z, Sing(X)) > E}
=0

XL()

Proposition 5.4.3 If the hyperbolic Oseledec splitting of a regular hyperbolic measure 1 is a
dominated splitting, then the Pesin block A% (k) is a compact set such that

w(AY (k) =1 as k — oo,
where A =e™" 0 <n<min{=A", AT}, L>T(min{—=\",\"}) —n) as in Lemma 5.4.1.
Proof. By definition, the Pesin block A% (k) is a compact set. By Lemma 5.4.1 given € > 0,

for L and n sufficiently large , for p-a.e. x € M, one has

<\ 4+

_ZlogHPL

This is equivalent to

ol SnLAT +e)

n—1
> log||Pfles,
i=0

By the logarithm property, one has
n—1
tog([T 115715, D) < KL +2)

1=0

Applying the exponential on both sides, we obtain

HHPL

— L™ +min{-2A",AT}-n)

e~nkn if min{—=A", AT} = -\~
e LEATHNT =i min{ =\, AT} = AT
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If min{—A", \*} = A*, then A\~ + A* < 0. Therefore e"L(-A+AT=1) < o=nln,

So, on both cases we have

+
HH L|EX (x) nL(A™+min{—-A",AT}—n)

<€ nLn

For some constant C' = C(z) > 0.

Let TE(k) == {z € A [T |I1Pfles

M <SRN TTS 1Py I < kA" VR > 1}

X_ip(z)

By the above discussion, for k large, we have that the set T4 (k) is non-empty. Also, Since
the rescaled linear Poincaré flow is uniformly bounded, one has

n((JTi (k) =

k>0

For any two real numbers 0 < k; < kg, one has I'¥(k;) C T'4(ky). Consequently,

p(Th (k) =31

According to the facts that AX(k) C Tk(k) and u(Sing(X)) = 0, for any € > 0, there is
K = K(¢) € N such that |u(T%(k)) — p(AL(k))| <&,V k> K. Then

u(Ak (k) =31

5.5 Constructing many periodic orbits: proof of theorem
5.2.2

Now we will state the version of Poincaré Recurrence Theorem for flows. Since it can be
obtained by the case for diffeomorphism, the proof is omitted.
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Proposition 5.5.1 Let i be an X;-invariant measure. For any fized time ty and any set B with
positive p-measure, for p-a.e. x € B there is a sequence of integers 0 < ny < ng < --- < ny < -+
such that

1. Xp4(z) €B ,VieN

1—00

2. d(x, Xy, (2)) — 0

Proposition 5.5.2 Assume that f : M — M is a homeomorphism on a compact metric space.
Let 11 be an ergodic f-invariant measure. If A is a set with positive p-measure, the given § > 0
and € > 0, we have that

lim pu(A,) = pu(A)

n—oo

where

A, ={zeA:Imen Q+e)n], fM(x) e A,d(f"(x),x) <}
Proof. Given § > 0 and ¢ > 0, take a finite measurable partition &2 = {P;}!_, such that
diam(P) <46, P,CA or PNA=0, i=1,2---1

Consider the set

A (D) ={xeA:TFiel0,]] and m € [n,(1+ ¢)n| with f™(x) € A and z, f™(z) € P;}

Fix P; C A and define

‘ n—1 A - [n(1+e)] ‘ %
P = {1’ €F: Zxa(f](@) < nu(P;) (1 + §>7 ; xp, ([ (x)) = nu(F) <1 + 3) }
where y p, is the characteristic function of the set F;.

It follows from the definition of the set &7}, _ that &) . C P, N A, (7). We shall prove that
u(P\ 2 ) =50, that is lim,, o p(228 ) = u(P). Since 2%, C P, one has p(22 ) < u(P),

for all n € N. Then, lim, o (Z}, .) < p(P;). To the reverse inequality, we apply the Birkhoff
ergodic theorem. For p a.e. x € P;, we have

Tim % leﬂ(fj(:v)) - /XPi(x) djn=p(F) = (P (1 " %)
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and

[n(1+¢)] (14)]
jZO XPi(fj(x)) = {28 i 2} 1 1 jzo xp, (fi(x))
[n(1+¢)]
= ([n(1+¢)] +1). o +1€)] = Z yp. (f/(z))

this implies

n(l+e)]+1 1

- AT T jz xp,(f(x)) > M(H)(l + g)

taking limits, we obtain

In(1+<)]
1 1 1 2
po el | ( 5)

Then

(o) [ xnto)dn =1+ (P = Py 1+

Therefore, lim,, ;o u(Z2 ) = u(P;), and the proposition is then proved.

n,e

Choosing a Pesin block

We choose A € (0,1) and L > 0 as in Lemma 5.4.1 to define the Pesin block A¥(k):

I || < EXN',¥n > 1,d(z, Sing(X) >

XiL(z)

| =

n—1
< kX TPl
i=1

X_iL(z)

n—1
Ab(k) = {x er: [P
=1

}

By Proposition 5.4.3, since (A% (k)) "Z% 1, for k > 0 large enough we have that (AL (k) >
0. Fix A\p € (A, 1). Then
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HIIP*

<k

Since, for each ¢ € {0,---,n — 1} the subbundle E%., ) 1s contracted, we have that there
exists j; = j1(k) € N such that

<\
RS

n—1
I11e;
i=1

For each x € A (k) and any n > 1.

Similarly, since EY (2) 18 expanded, one has that there is j, € N such that
e
11 1P el I <2
1=

For each x € A (k) and any n > 1.

Taking j = j(k) = maz{j1, ja}, for each z € AL(k), one has

HHM%MJ<Vam Hujmuaﬁsw Vi > 1

Consider the set Afg(k) defined by

Ao (k) = {xEA HH jeles,, o, 1< 20 HII inley IS A0, V> 1 d(z, Sing(X)NA) =

where Ly = jL. Since p is a regular measure and A%(k) C Afg(k:), one has M(Afg(k)) >
(A% (k)). Hereafter we fix this k.

By the Poincaré recurrence theorem for flows, since u(Afg(k)) > 0, we have that for u-
a.e. x € AJ°(k), the forward orbit of = will return infinitely many times to A5°(k) and will
be arbitrarily close to x. Let ny = —Liolog()\o). If X,p,(z) € Afg(k;) for some n € N, then
Xio.nLe () is a (19, Lo)-quasi hyperbolic orbit arc. Indeed, by the definition of Afg(k), one has
that Xonre(z) C AY°(k). Taking the partition 0 = to < t; = Ly < tp = 2Ly < t3 = 3Ly <

-<nLy=1t =T, we have t;;1 —t; = Ly for any 0 <7 <[ — 1. Moreover,
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py [ <Ag=ePMo n=0,1,---1—1

XiLg(z) T

n—1
11175,
=1

Similarly,

-1
Hm(PL*O‘E};QLo( )> > eWO(T*nLO)’ n = 07 17 T [—1

That is, X{onre () is a (10, Lo)-quasi hyperbolic orbit arc.

The shadowing constants

Let C = max{l,mejx\z{HX(x)H}. Given g9 = +, 1 = m, Ty = Ly and € > 0, for &1 =
S

35, by Liao’s shadowing lemma, there exists § = d(¢) much smaller than e such that for

any z, X,r,(z) € Afg(k‘), if d(x,X,r,(r)) < 4, then there is a point p € M and a C'-
increasing homeomorphism 6 : [0,nLg] — R such that Xy, (p) = p and d(Xi(x), Xow (p)) <
e1||[ X (Xe(2))|| = 55| X (Xi(2))]] < 55C = § forallt € [0,nLo]. Moreover, by Proposition 5.3.3,

— 3
one has |0(t) — t| < Nd(xz, Xnr,(z)) < N§ for any integer ¢ € [0,nLo], where N is constant
independent of z and n. One can also assume that N¢ is much smaller than e.

A separation set K,

For ¢ > 0 and n € N, we claim that there exists a finite set K,, = K, (k,e) C Afg(k) with
the following properties:

1. For any two points z,y € K,, there is t € NN [0,nL] such that d(X(x), X:(y)) > e.

2. For any x € K, there exists an integer m = m(n) with n < m < (1 + ¢)n such that
Xmr,(z) € Afg(k:) and d(z, Xpnr,(z)) < d(e).

3. liminf._,o lim inf,,_, ﬁ log #K, > h,(X31).

The construction of K,

Now, we give the precise construction of K. Consider the following set:

Afg(k, n)={z € Afg(k) :3Im € [n, (1 +¢e)n], X, (z) € Afg(k), d(z, X, (x)) < 0}
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Since u(Afg(k;)) > 0, taking f = X, by Proposition 5.5.2 we have

lim (AL (k,n)) = (AR (k)

n—oo

We take a maximal choice of K,, = K,(k,¢) C Afg(k:,n) such that item 1 is satisfied. By
definition of Afg(k:, n), item 2 is satisfied.

For item 3, we use Katok’s metric entropy. By maximality of K,,, one has
#Kn > SX1 (nL07 €, 1- IU(A)L\(()) (ka n)))

Thus,

1 1
lim inf lim inf — log # K, > lim inf lim inf = log Sx, (nLg,e,1 — ,u(Afg(k:,n))) > hu(Xy)

e=0  n—oo nly e=0  n—oo nly

The construction of K, is hence complete.

Estimating the growth rate of the periodic orbits

Now, we can complete the proof of Theorem 5.2.2. For every point x € K,,, by item 2 of
the construction of K, there is m, with n < m, < (1 4 ¢)n such that X,, ,(z) € Afg(k:)
and d(z, X,n,1,(z)) < §(¢). By Liao’s shadowing lemma, there exists a C'-strictly increasing
homeomorphism 6, : [0, m,Lo] — R and a periodic point p = p, of period 0,(m,Lg) such that

€
d(Xi(2), Xo.(0(p) = erl[X (Xe(2))]] < 5, Yt € [0, Lo]
By Proposition 5.3.3, one has that
10.(t) —t| < Nd(z, Xpn,1,(z)) < No, Vte NN[0,m,Lo

For any two different points =,y € K, by item 1 of the construction of K,, there exists
j € NN [0,nLg| such that d(X;(x), X;(y)) > e. Thus, by the triangle inequality, we have

d( X, (5)(Pz), Xo, ) (py)) = d(Xo, ) (Pr), Xi(y)) — d(Xo,5)(P,), X;(y))

and
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Therefore,

d(Xo, () (P), Xo, () (Fy)) = d(X;

We claim that

X(0,()— 55000 () +550) (D) NV X0, () 55004 () +550) (Py) = 0

where C' = sup||X(2)|| < oc.
zeM

Indeed, by Proposition 5.3.3, taking ¢ € (0, ﬁ),
NJ. Therefore, by the triangle inequality, one has

one has |0,(j) —j| < N6 and |0,(j) —j| <

€
64C’N 320

102(7) = 0,()] < 162(5) — 31+ 10,(5)

Ifte ( — 0 %), using the fact the derivative of the flow equals to the vector field, it

follows from the mean value theorem that

€

A(Xo,5)41(p2): X, (9)) < sp{IDX(po)|}18a(5) + £ =~ B.()] < Ol <2052 = -

Analogously,

15
d(Xey(J)‘f't(py) XGy(J)(py» _6

Consequently, for any t,s € (— by the triangle inequality,

326” 320)

A(Xo, () (P2)s Xoy (5145 (Py)) = d( KXo, () (P2), Xo, )+ (Py)) = A( X, () (P2), Xo, (5)44(P2))
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and

d(Xo,(j)(P2) Xo, ()+s(Py)) = d(Xo, ) (P2), Xo, ) (Py)) — d(Xe, ) (Py), Xo,()+s(Py))

Therefore,

d(Xo,(j)+t(P2)s Xo,()+s(Py)) = d(Xo, ) (P2), Xo,()(Py)) — d(Xo, ) (P2); Xo, () +¢ (D))

>€_€_€
3 16 16
_&_¢t

N 4

_ £

12

>0

This prove the claim.

From the claim, for z € orb(p,), any orbit segment Xo1)(z) contains at most 22 points in
the set {p,}.ck,. Consequently, we have that

3 (z) > ——#K,
32C
2€Pr(X),nLo(1—e)—Né<m(z)<nLo(14+e)+Nd
Thus,
€
Pn € X) 2 =4 Kn
#Pro(11e)4ns(X) > 320#
Therefore,
lim sup — log £Pp(X) > i ! log 4P (X)
imsup — lo im su 0 - .
T—mpT g T = n_mp nLo(1+¢) + No g Lo(1+€)+N§
1 nLo
=1 1 P, . X
S Lo nEo(1 + 2) + g 08 # utotitay+na(X)
nLO

1
i li —1 P, . X
B T o) 7 N8 P Ly o # s (X)

nLg

_ 1
nTo(l4e)ENs — 1320 We have

Since lim,,_,.,
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1 1 1
limsup — log #Pr(X) > lim sup — log #P, c X
T_M)OPT g 7 Pr( )_1_|_€ n—>ooano g # Lo(1+)+N6( )
1 1 €
lim inf —— 1 <— Kn>
T e mint olog { o E#

1 . . 1
Tz hglolgf oL log(#K,,)

>

>

Thus,

1 1
lim inf lim sup T log #Pr(X) > liminf lim inf — log(#K,)

e=0 T e=0 14¢€ n—oo nliy

1
=1 Iiminf —1 K,
iy =7 lim inf 7= log(#6)

= lim inf lim inf % log(#K,,)

e—0 n—oo Nl

> hy(X)

Since g is arbitrary and liminf. o limsup;_, % log # Pr(X) does not depends on ¢, one
has

1
lim sup T log #Pr(X) > hip(X)

T—o00

5.6 Proof of Theorem B

Proof of the main theorem (Theorem B). Take a residual set Z C 2°'(M) as in Theorem 5.0.2.
For any X € &%, if X is not star, by Theorem 5.1.1, one has

1
lim sup T log Perp(X) = 00 > hyp(X)

T—o0

If X is star, then any ergodic invariant measure p is hyperbolic by Lemma 4.4.8. We can
assume that Ay, (X) > 0, since if hy,(X) = 0, the inequality is true. According to Theorem
5.2.1, the hyperbolic Oseledec splitting N = E*@® E" with respect to p is a dominated splitting.
By Theorem 5.2.2; one has

1
lim sup T log Perp(X) > h,(X)

T—o0
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By the variational principle,
hiop(X) = hiop(X1) = sup{h,(X1) : p is an ergodic measure of X}.
Thus, we have

1
lim sup T log Pery(X) > hyop(X)

T—o00

The proof of the main theorem is hence complete.
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