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Resumo

O presente trabalho é dedicado ao estudo e entendimento das desigualdades Log-Sobolev
no Cubo de Hamming e no Espago de Gauss. Algumas ferramentas serao estudadas, como
semigrupos de operadores e desigualdades em Teoria da Informagao, que nos permitirao
obter os corolarios desejados. Com isso, iremos abordar algumas aplicagdes importantes,
tais como o fendomeno de concentragao de medida em ambos os espacos, as complexidades de
Rademacher e Gauss e suas consequéncias e a conexao entre as desigualdades Log-Sobolev

com Teoria da Informacao.

Palavras-chave: Desigualdades Log-Sobolev, Concentracao de Medida, Entropia, Teoria

da Informacao.






Abstract

The present work is dedicated to study and understanding the Log-Sobolev Inequalities
in the Hamming Cube and Gauss Space. Some tools are going to be studied, such as
semigroup of operators and inequalities in Information Theory, that will allow us to
obtain the desired corollaries. Thereby, we will address some important applications,
such as the concentration of measure phenomenon in both spaces, the Rademacher and
Gauss Complexities and their consequences and the connection between the Log-Sobolev

Inequalities and Information Theory.

Keywords: Log-Sobolev Inequalities, Concentration of Measure, Entropy, Information

Theory.
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Introduction

Our main goals in this Dissertation are to prove the Rademacher Log-Sobolev
Inequality and the Gaussian Log-Sobolev Inequality and to use them to obtain results
in Functional Analysis, Probability Theory and Information Theory. The statement of
the Rademacher Log-Sobolev Inequality is the following: let H,, = {—1,1}" and u be the

uniform measure in H,,, then for all f: H, — R, we have

/Hn f*log(f*) du — (/H r du) log (/H f? du) < 2/Hn IV £]1? du,

where V f is the discrete gradient. The Gaussian Log-Sobolev Inequality states that for
all f € CHR"), we have

Lo froaan— ([ rdn)iog ([ ran) <2 [ 197 dp,

where 1 is the standard Gaussian measure in R™. There are important applications of
these results in many different fields, such as Compressed Sensitive, High Dimensional
Probability and Statistic Theory, Convex Geometry, Functional Analysis and Information
Theory. We will apply the Rademacher Log-Sobolev Inequality and the Gaussian Log-
Sobolev Inequality to study Concentration in the Hamming Cube, Graphs and Gaussian
Spaces, Rademacher and Gaussian Complexities, the Cramer-Rao Inequality and the

Uncertainty Principle, among other results.

In order to achieve this goal, in the first chapters we introduce the main definitions
and results we need. In Chapter 2, we provide the basic definitions and results from
Probability Theory. Amongst these results, we emphasize the importance of Chernoff’s

Inequality, which says that for an exponentially integrable random variable, we have
P(X —E[X] > t) < e 'E[eXEXD],

This inequality is important in order to prove concentration for Lipschitz functions.
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In Chapter 3 we introduce the basic ideas of Information Theory, such as Shannon

Entropy

=Y p(z)logp(x

rzeX

and describe some applications such as in Coding and Compressing and the Theory of
Channels. Furthermore, we will also derive, in Section 3.6, some useful inequalities, such
as the Fisher Information Inequality, which says that for all X,Y with smooth densities

f, g, we have

U S
JX+Y) ™ JX) " JY)

This is the first inequality we need to prove the Gaussian Log-Sobolev Inequality by means

of Information Theory.

In Chapter 4 we will introduce the ideas from Functional Analysis, in particular,

Semigroup Theory. There, we define the Ornstein-Uhlenbeck Semigroup P, defined as

P,:f(x):/R fleTtz +vV1—e 2lty)( )n/Q p<—HyH2)dy.

2

Moreover, we will define the Functional Entropy
Ent(X) = E[X log X| — E[X]log E[X],

and we will introduce the two main functional inequalities we will associate to Concen-
tration of Measure phenomena, namely the Poincaré’s Inequality and the Log-Sobolev

Inequality.

Our first main result lies in Chapter 5, where we study the Rademacher Log-Sobolev
Inequality in H,,. In Section 5.3 we prove this theorem, namely, for every f: H, — R, we

have
Ent(f?) < 2E(f),

with g uniform in H,. We will then use this result in some applications in the following
sections. In Section 5.4, we will prove the Concentration of Measure in the Hamming
Cube, that is, for all 1—Lipschitz function f : H,, — R we have

P(If(X) — E[f(X)]] > t) < 2exp(—nt?).

After that, in Section 5.5, we will introduce the Rademacher Complexity of a set V' C R",

namely,

r(V) := E[sup(t, X)],

teV
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where X is uniformly distributed in H,,. Furthermore, we will also prove some of its basic

properties, in particular, the following bound:

r(V) <2y/o?log(|V]),

? = super [|t||* and |V] denotes the cardinality of V. In Section 5.6, we use

where o
Rademacher Complexity to study the Supervised Classification Problem. Finally, in
Section 5.7, we will introduce the Log-Sobolev Inequality for graphs (V, E) equipped with

a probability measure p, namely
Ent(f2) < (),

where & is the energy is associated with the graph:
1
E(f) =12 X (@)~ f) ula)
zeV ’yEEz

and E, is the set of all y such that (z,y) € E.

Finally, Chapter 6 is dedicated to the Gaussian Log-Sobolev Inequality. We will
prove the main result in Section 6.3, namely, for X ~ N(0,Id) and for all f € C*(R") we

have
Ent(f*(X)) < 2E[||V f(X)[].

However, the first nontrivial result we will obtain is that it is equivalent with an inequality

in Information Theory, say, for all random vector X with finite second moment and density

f € C*(R"), we have

N(X)J(X) > n,

where N(X) and J(X) are the exponential entropy of Shannon and the Fisher Information,
respectively. The first application appears in Section 6.4, where we will prove Gaussian
Concentration, namely, for all f : R" — R 1—Lipschitz and X ~ A(0,Id), we have

P(170¥) ~ ELF (X)) 2 ¢) < 200 (- 2/2).
As a consequence of this result we will prove, for example, that
P([I1X1 - B0 2 ¢) < 2exp(-2/2)
In Section 6.5, we will define the Gaussian Complexity of a set V' C R" as

w(V) = E[fgg@i)h

where g ~ N(0,1d). We will prove some of its basic properties and we will state a very

powerful bound, known as the M* Bound. Using this, we will prove one of the simplest
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theorems in Compressed Sensing, namely, if we want to recover a signal x € T' C R"”
according to a random measurement Az =y € R™, where A;; ~ N (0,1) independent,

then any solution of Az =y and z € T satisfies

Cw(T)
N

In Section 6.6, we will explore the Cramer-Rao Inequality, which says that, for any random

Elz — 2] <

variable X we have
1
02(X ) > ——,
(X)

where 02(X) is the variance of X. We will give some examples of applications of this

<

inequality, which is proved through the Gaussian Log-Sobolev Inequality. Finally, in
Section 6.7, we will prove that for associated random variables X and Y, which means

that their densities are the Fourier Transform of one another, we have

167%0%(X)o*(Y) > 1.
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On Dice and Coins

2.1 Introduction

The idea behind this chapter is to make this dissertation as self-contained as
possible and to provide a quick reference for the readers that are not familiar with some
results in Measure Theory. This is done in Sections 2.2 to 2.5. Readers that have a working
knowledge of Measure Theory should skip this chapter and proceed to the following ones.
However, in Sections 2.6 to 2.10 we gather and briefly discuss some results on Probability

Theory that are essential for the rest of this text.

First, we will start with the definition of a Probability Space in Section 2.2.
Moreover, we will state the Caratheodory’s Extension Theorem. Lastly, we will introduce

the Lebesgue Measure and Kolmogorov’s Extension Theorem.

After this, in Section 2.3, we will give the standard definition of a Random Variable
and Random Element. We will introduce the idea of Distribution and the Push Forward

Measure. Finally, we will define independent random variables.

In Section 2.4, the concept of Integral and Expectation will be introduced. We will
define these quantities and state some properties and theorems, such as the Monotone
and Dominated Convergence Theorems. Also in this section we will define the Product

Measure and the Fubini’s Theorem.

Moving on, we will give some methods to compute integrals in the Section 2.5.
We will describe three methods: first, using the Riemann Integral, then the Change of
Variables Theorem and finally the Weak Derivative Property.

Section 2.6 is about the Characteristic Function and the Generating Function. We
will explore these definitions and why they are important. We also will state some of their

properties.

After this section, we study some inequalities in Probability Theory, in Section 2.7.
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Here we will explore some of the most fundamental inequalities concerning measures and
probability, such as Markov’s Inequality and Chernoft’s Inequality. These inequalities play
a rule in future sections since their bounds induce the Subgaussian Property, which we

will mention later.

The Section 2.8 is about Conditional Expectation in a more general framework,
say, Conditional Expectation with respect to a o-field. We will state some of its properties,

in particular, the Projection Property.

After that, we will see in Section 2.9 some notions of convergence of random
variables. Moreover, we will define and prove the main theorems about convergence, such
as Theorems 2.9.1, 2.9.2 and 2.9.5.

Finally, in Section 2.10 we will begin to introduce the idea of a Markov chain and
semigroups. However, we will explain these concepts in a more general framework only in
Chapter 4.

2.2 Probability Spaces

To introduce some notations and definitions from Measure Theory, let us define

semialgebra, algebra and o-algebra.

Definition 2.2.1. Let V be a set. A semialgebra S is a nonempty collection of subsets
of V' such that

1. f A,Be S, then AN B € S; and

2. If A€ S, then A€ its complement, is a disjoint union of elements in S.

We can extend this concept to an algebra.

Definition 2.2.2. Let V be a set. A algebra A is a collection of subsets of V' such that

1. The set V is in A;
2. If A,B e A, then AN B € A; and

3. If A€ A, then A° € A.

Properties 2 and 3 from Definition 2.2.2 can be used to prove the following lemma.

Lemma 2.2.1. Let A be an algebra. If Ay, ..., A, € A, then

1. It is closed under finite intersections: N;—, A; € A; and
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2. 1t is closed under finite unions: Ui_; A; € A.

However, we cannot extend it to countable unions or intersections. Thereby we
define a o-algebra F as those algebras F which satisfies Lemma 2.2.1, but with countable

union and intersection instead.

Definition 2.2.3. Let V be a set. A o-algebra F is a collection of subsets of V' such
that

1. The set V is in F;
2. If Ae F, then A € F; and
3. If (Ai)ieN C ./T", then

U A4ie F.

€N

It will be convenient to define the smallest semialgebra (resp. algebra and o-algebra)

generated by a collection B of subsets of V.

Definition 2.2.4. Let V' be a set and B a collection of subsets of V. The semialgebra
generated by B (resp. algebra and o-algebra) is the smallest semialgebra generated
by B (resp. algebra and c-algebra) which contains B. We denote by o(B) the smallest
o-algebra generated by B. In this case, we say that B generates o(B)

This is well-defined, since there is at least one semialgebra generated by B (resp.

algebra and c-algebra) which contains B, namely P(V'), the collection of all subsets of V.

Definition 2.2.5. If F is a o-algebra, then a set A € F is called a measurable set.

Summarizing, we obtain the definition of a measurable space.

Definition 2.2.6. Let V' be a nonempty set and F be a o-algebra of V', then the pair

(V,F) is called a measurable space.

We can now define a measure in (V, F).

Definition 2.2.7. Let F be a o-algebra. Then a measure p : F — [0, 00] is a function
such that

1. The empty set has measure zero: u(@) = 0; and

2. If (A,)en € F is a countable disjoint collection, then

u( U Ai) = u(A).

1€N 1€EN
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Definition 2.2.8. Let px be a measure in (V, F). If 4(V') = 1, then p is called a proba-
bility measure, or just probability. Also, if there is a countable collection (A;);en such
that

1. The collection covers V: V = J;en 4i; and

2. For all i € N, we have that u(A4;) < oo,
then the measure p is called a o-finite measure,

For this reason, we have the following definition.

Definition 2.2.9. Let V' be a nonempty set, F be a o-algebra and P be a probability in
V', then the triple (V, F,P) is called a probability space.
Let us just state some properties of probabilities.

Lemma 2.2.2. Let (V, F,P) be a Probability Space, then the following are true.

1. If A,B € F and A C B, then we have P(A) < P(B);
2. If A, € F foralli e N, A; C Ajyq and A := Ujey A, then
P(A) = lim P(A4;);

1—+00
3. If A€ F, then P(A°) =1 —P(A); and

4. If (Ay)ien C F, then
P A) <D P(A).
ieN i=1
We will not prove this lemma. The proof can be found in Durrett (2019), Shiryaev
(2016) or Folland (2013).

2.2.1 Carathéodory's Theorem

Let A be a semialgebra and u : A — R, such that
u( U Az) =D _u(Ai),
i<n i<n
whenever (A;)i_; C A is a disjoint collection such that U<, A; € A and u(@) = 0. We

should expect that we can extend p to an unique measure fi in the algebra generated by

A and

for all A € A. Carathéodory’s Theorem provides sufficient conditions for this to hold.
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Theorem 2.2.1 (Carathéodory’s Theorem). Let B be a semialgebra and p : B — [0, o0]
such that

1. The empty set has measure zero: u(2) = 0;

2. If (A)I~, C B is a disjoint finite collection of sets and U}, A; € B, then
M( U Ai> = ZM(Ai);' and
i=1 i=1
3. If (Ai)ien C B is a disjoint countable collection and U;cn Ai € B, then

p(U4) < T a4,

1€N €N

Then 11 has an unique extension fi to the algebra A generated by B, in the sense that ji

restricted to B is equal to p and
a(UA) =X i),
i=1 i=1

whenever A; is a finite disjoint family in the algebra A. Also, if [i is o-finite, then i has

an unique extension to o(A).

Proof. The reader can find two different proofs: using 7-A Theorem (see Durrett (2019))

or using outer measures (see Folland (2013)). O

2.2.2 Borel, Lebesgue and Kolmogorov

In this section, we define the most frequent examples of measurable sets and

measures. First, let us define the Borel o-algebra.

Definition 2.2.10. A Topological Space is (V, ) where 7 is a collection of subsets of
V such that

1. The empty set and V itself are in 7: @ € 7 and V € 7;
2. f A,BerT,then ANB € 7; and

3. For all collection of index A € A and (Ay)xea C 7, we have

UA)\GT.

AEA
A set A € 7 is called open.

Definition 2.2.11. Let (V,7) be a topological space. The smallest o-algebra generated
by 7, and denoted by B(V), is called the Borel o-algebra.
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Now we can define the Lebesque Measure in R™.

Definition 2.2.12. Let (R™, B(R")), where the topology is generated by the Euclidean
norm, then Theorem 2.2.1 implies that there is an unique o-finite measure A, called the

Lebesgue Measure, such that for all a; < b; we have

)\(iﬁl(ai,bio ol 1| (OB

Remark 2.2.1. We will interchangeably denote the Lebesgue measure by A, A\, or dx when
the context is clear. This measure is invariant by translation and rotation. (for a proof,
see Folland (2013)).

The last theorem we need to state in this section is Kolmogorov’s Extension
Theorem. First, let us define the space (R, B(R*)).

Definition 2.2.13. Let R* be the space of all sequences (z,)nen C R. A cylinder A in
R is a subset such that there are an n and sets By, ..., B,, € B(R) and

i=1

i=n-+1

Hence B(R>) is defined as the smallest o-algebra that contains all the cylinders.

Now we can state Kolmogorov’s Extension Theorem.

Theorem 2.2.2 (Kolmogorov’s Extension Theorem). Let P, be probabilities in (R™, B(R™)),
for n € N, possessing the consistency property, which means that for alln € N and all
B € B(R"), we have

P,.1(B x R) = P,(B).
Then there is an unique probability P in (R>, B(R*>)) such that
P(B; X ... X By X RxR x ...) =P, (B x ... x By),

for alln € N and all B; € B(R).

Proof. For a proof, we recommend Shiryaev (2016). O

2.3 Random Variables and Random Vectors

Definition 2.3.1. Let (V;, 1) and (Va, F2) be two Measurable Spaces. We say that a
function f :V; — V4 is measurable if f~1(A) € F; whenever A € F.
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This definition is similar to the definition of continuity in topological spaces, say, a
function f : (Vi,71) — (Va,72) is continuous if f~*(A) € 7, whenever A € 7. In fact, we

have the following theorem linking these two definitions.

Theorem 2.3.1. Let (Vi,11) and (Va,72) be two Topological Spaces and let B(Vy), B(Va)

be the respective Borel o-algebra. If f: Vi — V5 is continuous, then it is measurable.
We define now null sets and almost surely properties.

Definition 2.3.2. A null set A is a set such that u(A) = 0.

Definition 2.3.3. We say that a property P holds for almost all points x € V, or
almost surely, if there is a null set A such that P holds for all x € A°. We denote this

by p—a.s., or, when the measure y is implicit, just by a.s.

For instance, we say that f = g p—a.s. if there is a null set A such that f(x) = g(x)
for all z € A°.

2.3.1 Random Variables and Distribution

Now we are able to define a random wvariable and a random vector.

Definition 2.3.4. Let (2, F,P) be a Probability Space and (R", B(R™)) be measurable
spaces. A random variable X is a measurable function X : 2 — R and a random

vector Y is a measurable function Y : {2 — R".

Remark 2.3.1. We can also define a random element by measurable functions X : 2 — 5,

where (5,8) is a measurable space (see Durrett (2019)).

For every random vector X :  — R" there is a probability in (R", B(R"))

associated with it, namely, the push forward measure.

Definition 2.3.5. Let (€2, F,P) be a Probability Space and X : 2 — R" be a Random
Vector, then the push forward measure, or the distribution of X, is the measure Py
defined in R", so that

Px(A) =P(X € A) =P{w e Q: X(w) € A}.
Remark 2.3.2. We will denote X ~ Px to say that X has distribution Px.

Definition 2.3.6. Let (€, F;,P;), for i = 1,2, be two Probability Spaces and X :
(Q, F;) = (S5, 8) be two random elements. We say that X; is equal in distribution to
X, and denote by X; £ X,, if

Px, = Px,.
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Remark 2.3.3. Note that this does not imply that X; — X5 4 0, since this is not well-defined.

In some books, the distribution of a random variable or vector X in R" is defined

in terms of rectangles:

Fy(a) = P{X < a}) = P(ﬁ{Xi < a,}),

=1

for a € R™. These two definitions are equivalent because of the following lemma.

Lemma 2.3.1. Let (R", B(R")). Let R be the set of rectangles R of the form

R=][{r eR:z <a;},

=1

for some a € R™. Then

B(R") = o(R).

There are several properties that define a distribution Fx, which we state below.

First, let (R™, <) where < is the partial order generated by the canonical positive
cone R” in R". For I = (a,b] C R and g : R — R, let A;g : R*"* — R such that

Arg(xy, .oy ) = gz, oy 2y 1,0) — g(21, .0y Tp1, Q).
Then we have the following theorem.

Theorem 2.3.2. Let F: R™ — R be a function. Then F is a distribution of a probability
measure [, in the sense that F(x) = u((—oo,x]) if and only if the following properties
hold.

1. For alli and all (xq, ..., %1, Tit1, .., Tp) € R™ ! we have that

2. If x; — oo for all i, then
lim F(z) — 1,
Vi x;—o00

3. F is an increasing function: if x >y, then F(x) > F(y); and

4. For any a =< b, we have that
AR AL - A F (2,0, m,) >0,

where I, = (ay, by].
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Given a distribution [F, is there a random vector X such that F = Fx?

Theorem 2.3.3. Let p be a probability in R™, then there is a probability space (2, F,P)
and a random vector X : Q — R"™ such that Px = p.

Proof. Let (Q, F,P) = (R™, B(R"), u). Then X (w) = w is the desired random variable. [

This theorem states that we can always take our Probability Space as (R", F,P).

2.3.2 Independence

We are able now to define one of the most important concepts in Probability:

independence.

Definition 2.3.7. Let X and Y be two random vectors in R™ and R™, respectively. We
say that X and Y are independent if, for all A € B(R") and B € B(R™) we have

P(X € AY € B)=P(X € A)P(Y € B).

Remark 2.3.4. This is equivalent to say that the distribution Py y of (X,Y) is a product
measure of Py and Py (see Section 2.4.3). Therefore, we can always assume the existence

of such random variables.

Because of Kolmogorov’s Theorem 2.2.2, we can always assume the existence of
countably many independent random variables. Therefore, from now on, we will assume the
existence of independent and identically distributed (i.i.d.) random variables (Xi, X5, ...)

with distribution pu.

Definition 2.3.8. Let (5,8, 1) be a probability space. We say that a random element
X € S is a sample according to p if X ~ p.

Definition 2.3.9. Let X and Y be random vectors in R™ and R™, respectively. If
P(Y € B) > 0, then the conditional probability of X given Y € B is defined as the

distribution

P(X € AY € B)

P(X € AlY € B) :=

P(Y € B)
Remark 2.3.5. In fact, we can define the conditional probability without random variables,
namely,
P(AN B)
P(A|B) .= ————

if P(B) > 0.
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Let us give some examples of all these concepts. For now on we will denote random

variables or vector by the initials “r.v.” and all the functions will be measurable.

Example 2.3.1. Let X be a random variable. If X takes values in some discrete set

X C R”, then it is known as a discrete r.v. Hence we just need to look at the probability
of

X =z,
for z € X, that is, the distribution of X is entirely determined by the values
plz) =P(X =2), x € X.
In the case X = {0,1} and P(X = 1) = p, we say that X ~ Ber(p), a Bernoulli r.v..

Example 2.3.2. By a Rademacher r.v. X we mean that X takes two values, +1 and
-1, with probability p and 1 — p, respectively, that is

PX=1)=1-P(X =-1)=p.
We will denote this random variable as X ~ Rad(p).

Example 2.3.3. A r.v. X taking values uniformly in a compact set V' C R" is such
that its distribution is
AMANYV)

Py(A)=P(X € A) = V)
We will denote this r.v. as X ~ Unif(V).

Example 2.3.4. We say that a random variable X has an absolutely continuous
distribution if there is a measurable function f : R — R, namely the density of X,
such that

P(X € A) = /Af(x) dz.

Remark 2.3.6. Even though we have not yet defined the integral, this is an important

example to introduce here.

The main example of an absolutely continuous distribution is the Gaussian. Let A

be a n x n matrix and denote |A| the absolute value of its determinant.

Example 2.3.5. Let 4 € R® and ¥ be a n x n positive definite matrix, that is, for all
x € R\ {0}, we have

JZTE.%' = Z Ez-sz-xj > 0.

1,j=1
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Then the function f: R"™ — R, , defined as

e (= 1), 5 (o — )
J(0) = gy o (- ) ).

is a density, that is,
/ flz)dz =1
The Gaussian Measure 7 is the measure defined by f, that is,
A) = / da.
v(A):= | f
If X has distribution v, then we denote it by X ~ A (p, X). In the case p =0 and ¥ = Id,

we say that X is a standard Gaussian.

2.4 Integral and Expected Value

In this section, we will define the Integral and Expected Value of a general

measurable function and random variable, and prove some of their properties.

2.4.1 The Three Steps

The classical approach to introduce the Integral is to define it in three steps: first,
we consider the integral of simple function. Then, we define it to positive ones. Finally,

we extend it to general functions.

Consequently, let us define a simple function.

Definition 2.4.1. Let f be a measurable function in (V, F, u). We say that f is a simple
measurable function if there is an n € N, disjoint sets Ay, ..., A, € F with pu(4;) < oo
and ¢y, ..., ¢, € R such that for all x € V' we have

fl) = Z iy, () j—as

where 14(z) =1 if x € A and 0 otherwise, that is, 14 is the indicator function of A.

Remark 2.4.1. We say that (A4;,¢;), is a representation of f. There is no unique

representation of a function, since we can always split one set A; into B C A; and
B°NA; CA,.

Now we can define the integral of simple functions.

Definition 2.4.2. Let f be a simple function with representation (A;,¢;)i=1,.. ». Then
the integral of f, defined as [ fdu, is

/fdM = Zi: crp(Ag).
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Remark 2.4.2. We will equivalently write [ fdIF, with F the distribution generated by pu.

Also, when the parameter x of integration is not evident, we will write du(dz) or dF(z).

It can be shown this integral is well-defined in the sense that it does not depend

on the particular representation of f.

Let us now state some of its properties.

Lemma 2.4.1. Let f and g be simple functions, then

1. If f >0 p—a.s., then

[ 1du=o0
2. If a € R, then

/(f+ag)du=/fdu+a/gdu;
3. For a simple function f, it is true that
[ 7 dul < [ 171 d; and

4. If f >0 a.s. and

/ fdu=0,

then f =0 a.s.

We can now define the integral for a positive measurable functions.

Definition 2.4.3. Let f be a positive measurable function, which means that f > 0 y—a.s,
then its integral [ f is defined as

/fd,u::sup{/gd,u:gissimpleandogggf}.

Using this, we can state the Monotone Convergence Theorem.

Theorem 2.4.1. Let (f)nen, [ be positive functions such that f, < fn4q for allm € N
and

then
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Proof. For a proof of this theorem, we recommend Folland (2013). [

Now, we define the integral for a general function as follows.

Definition 2.4.4. Let f be a measurable function and let f*(x) := f(x)V0 = max{f(z),0}
and f~(z) :== (= f(z)) V0 =max{—f(z),0}. Then f* and f~ are positive functions and
the integral of f is defined as

[rau=[rrap= [ au
when the difference is not oo — oo.

Definition 2.4.5. We say that a function f is integrable if
[1f1dn < .

Now we can state the Dominated Convergence Theorem.

Theorem 2.4.2. Let (f,)nen be a sequence of functions with f, — f almost surely.
Suppose |fn| < g for an integrable function g and all n, then

[ fan=tim [ £, dn.

Definition 2.4.6. Let F be a measurable set and f be an integrable function, then the
integral of f in F is defined as

[ rdu= [ fipdu,

and it is clear that

[ fdu= [ fan.

Now, we have a simple lemma.
Lemma 2.4.2. Let L be the space of all measurable functions. Then
R:={(f,9)€L?: f=gas}

is an equivalence relation.

Now we are able to define the LP Spaces for p € [1,00]. Let ~ be the equivalence
relation in Lemma 2.4.2 and [f] be the class of equivalence of f, then the L? is defined as

the following.
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Definition 2.4.7. Let p € [1,00). The L?(V,F,u) Space in (V,F,u) is the quotient

space of all measurable functions f such that

[ dn < o,
174

that is,
D)= {1f]: | £ du < oo}
In the case p = 0o, we need to define the essential supremum of f.

Definition 2.4.8. Let f be a measurable function. Then its essential supremum is
defined as

ess supf = inf{t : u(f >t) =0},
and if there is no ¢t € R such that u(f > t) = 0, then ess supf := co. A function f such

that ess sup|f| < oo is called bounded.

Note that, for all ¢ € R such that u(f > t) = 0 we have f <t almost surely, hence

almost surely we have

[ <esssupf,

thereby the name.

The L* is the quotient space of all limited measurable functions.
Definition 2.4.9. Let (V,F, ). The L*(V, F, 1) Space is defined as
L% :={[f] : ess sup| f] < oo}.

Remark 2.4.3. When the space (V, F, u) is clear from the context, we will denote LP(V, F, i)
by just LP or LP(u). Moreover, since Lemma 2.4.1, the integral [ |f|P du does not depend

on which element g € [f] we take to compute the integral.

1/p
Theorem 2.4.3. Let ||f||, := <f |f|pd,u) when p € [1,00) or || f]le := ess sup|f| when

p =00, then || - ||, is a norm and (L?,| - ||,) is a Banach Space.

Remark 2.4.4. In the case of L?, it is a Hilbert Space with inner product (f, g) := [ fgdu.
We can generalize these ideas to define the integral of complex-valued as

/fdu ::/Re(f)du+i/1m(f)du.

The L? case will have the inner product (f, g) = [ fgdu and all absolute values are now
[fl=VTIF

Finally, the expected value of a random variable is just its integral.
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Definition 2.4.10. Let X be a random variable in (€2, F,P), then the expected value

EX, or mean of X, is defined as
— / XdP = / XdP.
Q

Remark 2.4.5. We can extend this concept to vectors with some abuse of notation: if
X =(Xy,...,X,) € R" is a random vector, then

E(X) := (E[X)], ... E[X,]) € R".

We call this the expected value of the vector X. Also, we say that X € LP(Q), F,P) if
B[IXIf) = B[S 1XF] < oc

Therefore, all the properties we stated for the integral are also true for the expected

value of X.

The last theorem in this section refers to sufficient conditions for taking limits

under the integral.

Theorem 2.4.4. Let (V, F,pu) be a measurable space. Let [a,b] be a finite interval in R
and f:V X [a,b] — C be a measurable function with the property that, for allt € |a,b],
f(-,t) is integrable. Let F(t) := [ f(-,t) du. Then we have the following:

1. Suppose |f(-,t)] < g() for allt and g is integrable. Take ty € [a,b]. If f(z,-) is

continuous at ty, for all x, then

lim F'(t) = F(ty); and

t—to

2. Suppose f(x,-) € C([a,b]), for all z, that ‘dffl;t)‘ < g(-) for allt and g is integrable.

If ty € [a,b], then
F'(to) :/8tf(~,t0) du

Proof. For a proof, see Folland (2013). O

2.4.2 Radon-Nikodym Theorem

As we saw in the Examples 2.3.4 and 2.3.5, we need to be able to compute [, fdz

or prove that this defines a measure in R".

Lemma 2.4.3. Let f be an integrable function in R™ with respect to the Lebesque Measure,

then
=/ | f|dx
A

defines a finite measure in R™, and all null sets A with respect to the Lesbeque Measure

are also null with respect to p.
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Proof. As

[1flde = [1ftodz =0,

since 15 = 0, we have that u(@) = 0. Also, if (A;);en is a countable family of disjoint sets
and A =2, A;, then

La(z) =D 1a,(2),
i=1
for almost all £ € R™. Then
11D 14, 2 Uf1a
k=1

Moreover, we also have that

o0

> (A = lim >~ p(A) = lim [ If1Y La, de,
=1 k=1 k=1
and

u(4) = [ 1f11ade.

Consequetly the Monotone Convergence Theorem implies that

lim [ |f]> 14, dx:/|f|1Adx,
k=1

n—o0

therefore, we have
i=1
hence p is a measure. It is finite since

p®") = [ 1]z do = [|f]de < oo,

We now prove the second part of the statement. Let A be a null Lebesgue set. Let
us prove that [, |f|dz is 0 for simple functions f. Then we will prove it also is zero for

positive functions, and finally for general functions.

First, if | f] := >, ¢;14,, then
n
1f11a = cilana,
i=1

which clearly implies that [ |f|14dz = 0, since

p(AiNA) < pu(A) = 0.
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To prove it for positive functions, let g, be a sequence of simple functions with
0<gn <|f|1a,
and ¢, — |f|14, which can be done considering the family g, = |f|14 A n. Notice that
0 < gnla < gn <|[f[1a.
Let z € A, then g,(x) = gn(x)1a(x), hence
gn(z)La(z) = [f](z)La(2).

If x ¢ A, then

gn(2)1a = 0 = [f](z)La(2),
hence g,14 — |f|14. By the Dominated Convergence Theorem, we have that

0= /gnlAd:U — / |f|1adx,
The general case follows by taking negative and positive parts. Hence, u(A) = 0. [

Definition 2.4.11. Let x4 and v be two o-finite measures in the same Measurable Space
(V, F). We say that u is absolutely continuous with respect v, and denote by 1 < v,
if all v-null sets are p-null sets.

The name absolutely continuous can be justified because of the following lemma.

Lemma 2.4.4. Let po and v be two o-finite measures in the same Measurable Space. Then
w << v if and only if for all e > 0, there is a 6 > 0 such that for all A with v(A) < 6 we
have that u(A) < e.

Lemma 2.4.3 states that all measures p such that
p(4) = [ |fldv
A
are absolutely continuous with respect to v. In the next theorem we state the converse.

Theorem 2.4.5 (Radon-Nikodym Theorem). Let p < v be two o-finite measures in
(V,F) then there is an almost surely unique positive function f such that u(A) = [, f dv

for all measurable sets A.

Definition 2.4.12. Let 4 < v and f be the unique non-negative function such that for

all A we have
A) = / dv.
1(A) fdv

Then f is called the Radon-Nikodym derivative j—’:.
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We state below some properties of Radon-Nikodym derivative.

Lemma 2.4.5. We have that

1. If py K v, forv=1,2, then puy + ps < v and

dipn + p2) _ dpn | dpia,
dv dv dv’

2. If u < v and f is integrable with respect u, then

d

/fdu:/f—”dy; and
dv
3. If u <vandv < i, then

b _ iy
dp — \dv) =
2.4.3 Product Measure and Fubini's Theorem

The first step to define the product measure in a product space is to define the

product o-algebra.

Lemma 2.4.6. Let (Vi, Fy1) and (Va, F2) be two measurables spaces. Let
B:={AxB: AcF,, BeF},

then B is a semialgebra.

The o-algebra generated by this semialgebra is the product o-algebra.

Definition 2.4.13. Let (Vi, F;) and (V2, F») be two measurables spaces. Let
BiZ{AXBZ AE.Fl, BE.FQ}

be the family of cylinders sets. Then o (B) is called the product o-algebra and denoted
by the symbol F; x Fo.

As a consequence of the following theorem, we can define the product measure.

Theorem 2.4.6. Let py and o be o-finite measures in (Vy, F1) and (Vo, Fy), respectively.
Then there is an unique measure p defined in (Vi x Vo, Fi X F3) such that

(A x B) = pi(A)pa(B),

for all (A x B) € B. This measure is called the product measure of 1 and ps, and
denoted by py X pio.
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Proof. Let B the family of cylinders sets and p : B — R be such that
WA X B) i= i (A)ua(B).

Then u(@) = 0.

Let (A; X B;)ien be a countable disjoint collection of sets in B and suppose there
is A x B € B such that

=1

Then

La#)10(0) = Laxp(.9) = - Lasno.9) = X 1a (o)1, (1)

i=1

Applying the Monotone Convergence Theorem to the variable x and integrating we obtain

i (A)1p(y) = iul(A 1p

By the same reason we have

(A x B) = (A Z“l i)2(B1)-

Finally, because 1 and po are o-finite, we can take (A;);en C Fi and (B;)ien C Fo
such that p;(A4;) < oo and ps(B;) < oo and

%X‘/Q: U(AzXB])7

ij=1
hence we have that p are o-finite. Because of this, the Carathéodory’s Theorem 2.2.1

implies that p has an unique extension p; X uo to F; X Fo and this measure is o-finite. [

As we have defined the product measure pq X p2, we now want to compute integrals
with respect to p; X po. Fortunately, we can compute it easily using simpler integrals.

This is the content of Fubini’s Theorem.

Theorem 2.4.7 (Fubini’s Theorem). Let (Vi x Vo, F1 X Fa, 1 X p2) be a product space.
Let also f : V) x Vo — R be a measurable function. If either f > 0 or f is integrable with

respect pi1 X [o, then

= /V2 f(x,y) dua(dy)

exists almost surely, it is integrable and

/\/1 g(w) dpy (dz) = /lev2 f(z,y) dpg x po(de, dy).
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Remark 2.4.6. Fubini’s Theorem states that

/V1><V2 f(-T, y) A x MZ(dx, dy) - /Vl </V2 f(l’, y) dMQ(dy)> dn (dl’)

But the symmetry in Vi and V5 also implies that

e 590 s gl ) = </v f.y) dm(d@) dus(dy).

Corollary 2.4.1. Let h(x) = [Ti~, fi(x;) be an integrable or positive function in (R™, B(R™), u),
where p = [[; i, then

hdy = / dus.
/Rn % kl;[lRfkﬂk

We need this corollary to compute expected value of independent random variables.

2.5 Computing Integrals

In this section we present some methods to compute integrals. The first one is the
relation between Riemann Integral, which we can compute, and the Lebesgue Integral. The
second is the Change of Variables Formula, which is related to the Change of Variables
in the Riemann Integral. Later, we present the relation between weak derivative and

Riemann integrantion by parts.

2.5.1 Riemann Integral

Let A be a compact set in R” and f : A — R be a bounded function. Let us denote
the Riemann integral of f over A by I(f, A), to not cause any confusion with the Lebesgue
Integral [, fd\. We know, by an important result in Analysis, that I(f, A) exists if and

only if the set of discontinuities of f is a Lebesgue null set. Also, we know that
10,4 =sup { Y- £@AR)}
i=1

where the supremum is over n € N and all finite families P = (P;)?; of disjoint rectangles
sets such that ' ; P, C A and x} € P, is any point of P;.

Theorem 2.5.1. Let f : A — R be a bounded function and A C R™ a compact set. If

I(f, A) exists, then f is measurable, integrable and also

I(f,A):/Afd)\.

Proof. For a proof see Folland (2013). O
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We can extend this result as follows.

Corollary 2.5.1. Let A, CR™ be compact sets so that A, C Agyq for all k € N and
U A =R
k=1

Let f: R™ — R be Riemann integrable in Ay for all k, and Lebesque integral or positive.
Suppose also there is ¢ € R such that

A I A =
then

fdr=ec.
Rn

Proof. By Theorem 2.5.1, we have that
I(F,40) = [ fan
Ag

If f is integrable, then |f14,.| < |f| and f14, — f, when k — oo. Therefore, by the

Dominated Convergence Theorem we have that
I, A0 = [ fx

If f>0,then f14, / f. Consequetly, the Monotone Convergence Theorem implies
I(f,40) A [ Fax

and the corollary is proved. O]

A simple application of this result allows us to prove that the Gaussian density in

Example 2.3.5 is in fact a density.

Corollary 2.5.2. Let f be a Gaussian density with parameters p € R" and positive
definite matriz ¥ (see Example 2.3.5), then

/nfdA:l.

Proof. We know by elementary calculus that the Improper Riemann Integral of f exists

and it is equal to 1. Since f is positive, Corollary 2.5.1 leads to the result. O]

Therefore, we can use all the Riemann Integral tools to compute integrals.
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2.5.2 Change of Variables

We will next introduce the Change of Variables Formula. This is a well-known way
to generalize the substituion rule in the Riemann Integral, but for the Lebesgue Integral

instead. Let us state the theorem.

Theorem 2.5.2. Let (2, F,P), be a Probability Space and (V,B) a Measurable Space.
Suppose X : Q — V is a random element with distribution Px(A) := P(X € A), with
AeBand f:V — R is measurable. If f > 0 or it is integrable with respect to Px, then

E[f(X)] = | f(z)dPx(da)

Remark 2.5.1. We can also change the condition that f is integrable with respect to Py
to f(X) is integrable with respect to P. Also, we can assume that the original space is
not a probability space, but a o-finite space and the random variable X is a measurable

function g¢.

Remark 2.5.2. The interpretation of this theorem is as follow. In order to compute

E[f(X)]:= | f(X)dP,

we do not need to compute the right-hand side, but instead we just have to compute it by

using the equality
E[f(X)] = [ f(x)dPx(dx).
Proof. See Durrett (2019). O

We have the following corollary.

Corollary 2.5.3. Let X,Y be two random vectors in R"™ and R™, respectively, with joint
distribution Fxy. Let also f: R" — R and g : R™ — R. Suppose E|f(X)g(Y)| < oo or

both functions are positive, then the following are true.

1. We have that
E[f(X)g(V)] = [ f@)g(y) dFxy(w,y); and

2. If X,Y are independent, then

If X has a density, it is in fact easier to use the following corollary.
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Corollary 2.5.4. Suppose X is a random vector with density f. Let H : R™ — R so that
H f is Lebesgue integrable or H > 0, then

E[H(X)] = / H(x)f(x) dA(do).

In general, we will use this formula to compute integrals and expected values. For

instance, we have the following corollary.

Corollary 2.5.5. Let X be a random vector with density f and let H : R™ — R" be an
invertible affine transformation, say, H(x) = b+ Tz, where T is an invertible matriz and
b € R". Then the density of H(X) is equal to g(x) = ﬁf(H‘lx).

The final example of this subsection is about the Gaussian r.v.

Example 2.5.1. Let X ~ N(0,Id), u € R™ and 3 be a positive definite matrix. As 2

ras a square root, we have that
p+S2X ~ N (p, %),

This result is a special case of Corollary 2.5.5. Moreover, Y ~ N (u, Y) if and only if there
is a X ~ N(0,Id) so that Y = p 4+ XY2X, therefore, all Gaussian random variables or
vectors are generated by A(0,1) and N (0,1d), respectively.

2.5.3 The Weak Derivative

In this subsection we extend the Integration by Parts idea for the Lebesgue Integral.
Let us first recall the method.

Theorem 2.5.3. Let f,g € C'([a,b]). Then
b
[(f,ga [aa b]) = fg]a - I(fg/a [(Z, b])7
and this formula is called integration by parts.

Before generalizing, suppose that g € C}(R), that is, {z : g(z) # 0} is compact,
then

I(f/97 (_007 OO)) = _I(f7 gla (_007 OO))

Theorem 2.5.3 can easily be extend to R". Let o € N", which means that « is a

multi-index,

n
la] = Z o,
i=1
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and

olelg
0% = ———.
J ort...0um

We thus have the following corollary.

Corollary 2.5.6. Let f € C*(R") and g € C3(R"), then
I(aafga <_OO7 oo)n> = (_1>\a|l(faag’ (—OO, Oo)n)

This last result will inspire us to define the weak derivative. Let C°(R™) be the
space of all compact supported C'™° functions 1) endowed with the uniform topology, that
is, ¥, — 9 if for all multi-index « and all compact K C R", we have 9%, — 0% in the
uniform metric d(f, g) = sup,ecpn | f(x) — g(x)|. Let also L;,.(R™) be the space of functions
f such that [, |f]dA < oo for all compact sets K. We define the weak derivative as

follows.

Definition 2.5.1. Let f € L' = L*(R™, B(R"), \). The weak derivative of order « of
fis any g € L' such that

godr= (1)l [ forpan,
R™ R™

for all ¥ € C°(R™). We denote the weak derivative by 0 f.

Remark 2.5.3. The weak derivative is unique almost surely, hence the single notation 0“f.

For more results and properties of the weak derivative, see Folland (2013).
The weak derivative has the following properties.

Lemma 2.5.1. Let f,g: R™ — R and suppose they have weak derivatives O%f and 0%g

for a multi-index . Then the following are true.

1. For a € R, we have 0°(f + ag) = 0“f + ad%g; and

2. If f € C*(R™), then the weak derivative agrees with the true derivative of f.

Our final corollary is the following.

Corollary 2.5.7. Let f,v € CY(R) such that 1, € L*(\) and fy', f'b € L'(N), then

/wa’dx:—/Rf’wdx.

This result is going to be important when proving the main theorem in the last
chapter (see Theorem 6.3.1).
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2.6 The Fourier Transform and Moments

In this section, we will explore four related topics. The first one is the convolution
rule for distributions. The second is the definition of moments of a random variable.

Finally we have the Generating Function and the Fourier Transform.

2.6.1 The Convolution Rule

Given two independent random variables X and Y, what is the distribution of

X + Y7 The convolution rule gives the desired formula.

Definition 2.6.1. Let F;, for + = 1, 2, be two distributions, then we define the convolu-

tion function F; x [, by

F, * Fy(z) := /RFl(l' ) dF,(dy).
Lemma 2.6.1. Let F;, « = 1,2, 3, be three distributions. Then the following are true.

1. The convolution F1 x Fy is a distribution;

2. It is commutative: 1 x Fy = Fo x F1; and

3. It is distributive: (Fy x Fy) x F3 = Fy * (Fy x Fs).

The importance of the convolution in Probability Theory lies in the following
theorem.
Theorem 2.6.1. Let X and Y be two independent random variables with distribution IFx
and Fy, then the distribution of the sum X +Y is Fx % Fy.
Proof. Let Pxy = Px X Py be their joint distrubution. Then Theorem 2.5.2 implies that
Fxiy(z) =P(X +Y < 2) = /R 1oy (z + ) d(Px (dz) x Py (dy)).

Since 1(_, ) is a positive function, we can apply Fubini’s Theorem, hence

[ e ) A(Px(dr) % Pr(dy) = [, ( JRTESEE dpxmx)) aPy (dy).
The inner integral is equal to Fx(z — y), therefore we have

F(z) = /R Fx(z — y) dFy(y) = Fx * Fy(2).

In particular, we have the following corollary.

Corollary 2.6.1. Let X; ~ N(0,%;), i = 1,2, be two independent Gaussian r.v. and
Y1 = 0X», then the convolution of their densities is also a Gaussian density, with

parameters 0 and X + 2.
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2.6.2 Moments

To estimate some properties of X, we need to compute some quantities as E[X] or
E[X?]. These are called the moments of the random variable X. Precisely, we have the

following definition.

Definition 2.6.2. Let X be a random variable, then E[X"] is called the n-th moment
of X, provided it exists.

By a change of variables, we can use the distribution of X to compute the moments.
Lemma 2.6.2. Let X be a random variable and F be its distribution, then
E[X"] = / " dF.
R
In particular, if X has a density f: R — R, then

E[X"] :/:E"f(x) dz.

R

We now define the covariance matrix and variance of a random variable or random

vector.

Definition 2.6.3. Let X = (X1, ..., X,,) be a random vector, then its covariance matrix

is defined as
LX)y = E[(X; — EXG)(X; — EXj)],
provided the quantity on the right hand side exists.
Remark 2.6.1. For the case n = 1, we define the variance as
Var(X) := E(X —EX)? = E[X?] — E*[X].
The meaning of the variance will be clear from Corollary 2.7.2.

Example 2.6.1. For X = (X, ..., X,,) ~ N (u, X), we have that E[X;] = p; and 3(X) = X.
If u =0 and ¥ = Id, then E[||X|*] = n.

Example 2.6.2. Let X ~ Rad(p), then E[X] = 2p — 1 and E[X?] = 1, hence
Var(X) =1— (2p — 1)* = 4p(1 — p).
Example 2.6.3. Let X ~ Unif([—1, 1]), then E[X] = 0, and

Var(X) = E[X?] = /l 22 dz = 2/3.

-1
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Definition 2.6.4. Let X,Y be two random variables. We say that X and Y are uncor-

related if the covariance of X,Y, defined as
cov(X,Y) :=E(X —-EX)(Y —EY)
is equal to 0.

It is easy to see that independency is a sufficient condition for uncorrelatedness,

but it is not necessary. Let us state some properties of these quantities.

Lemma 2.6.3. Let (X;)", C L*(Q, F,P). Then
1. The variance of the sum is

Var(X; + ...+ X,,) = > _ Var(X;) + Y _ cov(X;, X;);
i=1

i<j
2. The variance of an affine transformation is

Var(aX; +b) = a®*Var(X1);

3. If X = (Xy,...,Xn), then X(X) is positive semidefinite matriz;

4. The covariance operator cov : L*(Q, F,P) x L*(Q, F,P) — R is a bilinear operator;

and

5. If E[X)] = E[X5] = 0, then cov(Xy, X3) is the classic inner product in L*(Q, F,P).

2.6.3 The Generating Function

In this section we present one important tool in Probability Theory.

Definition 2.6.5. Let X be a random variable. Then the generating function of X is
¥Yx (t) = ]E[etX]v

provided the right hand side exists.

The next theorem provides the relation between the generating function and the

moments of a random variable.

Theorem 2.6.2. Let X be a positive random variable and suppose that, for some tog > 0,

wx(to) exists, then X has all its moments well-defined and

#(0) = E[X"].
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Now let us state some its properties.

Lemma 2.6.4. Let X, Y be random variables and suppose px(t) and vy (t) exists for all
t € R, then

1. The generating function of aX + b is
QDaX-i-b(t) = etbQOX (at)v
for all a,b € R and t € R;

2. If X has density f, then

ox(t) = [ fla)e” da

3. If X is symmetric, in the sense that X 4 =X, then px(t) = px(—t);
4. If X, Y are independent, then px.y(t) = px(t)py(t); and

5. ox uniquely defines X.

Let us now give two examples.

Example 2.6.4. Tt is easy to see that if X ~ Rad(p), then ¥x(t) = pe! + (1 —p)e*. In
case p = 1/2, the real inequality

t —1
e +e 2

implies that 1 x (1) < eN/2.
Example 2.6.5. Let X ~ N(0,1), then

Vx(t) = /

(27T)—1/26—z2/26tx de — et2/2/(27_‘_)—1/26—(z—t)2/2 de,
R

R

hence ¥y (t) = e*/% and hyy (t) = e¥/2.

Remark 2.6.2. Note that both Generating Function of the Rademacher and the Gaussian

A*/2 This bound defines a Subgaussian Random

are bounded by the same function e
Variable (see Definition 2.7.2). We will explore these two cases of Subgaussian Random

Variables in Chapters 5 and 6.
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2.6.4 The Fourier Transform and The Characteristic Function

Let L?(R, B(R), \) be the Hilbert Space of all complex-valued functions f : R — C

with norm

I£13 = [ 1f1? dw < oo,
and inner product
(f.9) = / fgda.
R
We can define the Fourier Transform in this space as follows.
Definition 2.6.6. Let F : L*(R, B(R),\) — L*(R, B(R), \) be such that
FOIO = F@) = [ f@)e " az,
then F is called the Fourier transform.

Remark 2.6.3. We also define the Fourier Transform for signed measures pu. By a signed

measure we mean a function u : B(R) — R such that

1. The empty set has measure zero: u(@) = 0; and

2. Let (A;)2, C B(R) be a countable family of disjoint sets, then

M( U Ai) = Z/L(Ai)a
i=1 i=1
where the series converges absolutely.

Let 1 be a signed measure with
|1l = [(R)] < o0,
then
F@)) = [ e du(da)

Note that the Fourier Transform of f is the Fourier Transform of the signed measure
defined by the Radon-Nikodym derivative 3—’;\ = f.

And we can also define the Characteristic Function of a random variable X.

Definition 2.6.7. Let X be a r.v, then its characteristic function is the function
1 : R — C such that

Vx(t) = Ele"¥].

Notice that if X ~ pu, then
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The Characteristic Function of a Random Variable X is, rather than a function of

X, a function of Fy.

Let us now state some properties of the Fourier Transform.

Lemma 2.6.5. Let f,g € L*(R,B(R),\) and a € R. Then

1. It is well-defined:

FA@I < [ 1f < oo,

for almost all x € R;
2. It is linear: F(f +ag) = Ff +aFf;

3. It has the delay property: if g(z) := f(x — xg), then
[Fal(t) = e [FIf(1);
4. It has the rotation property: if g(x) = e*™@% f(x), then
[Fol(t) = [FfI(E —to);
5. The convolution property holds: if h = g * f, then h € L2(R, B(R),\) and h = jf;

6. It is bijective;

7. It is an isometry:
(f,9) = (], );
8. It obeys Parseval’s Identity: || f||.2 = || f||12;
9. Its second and fourth power follows the rule: []—"f] (t) = f(—t), and FYW =1d; and
10. If f € C™(R), then
[F(FN) = @rit)* (),

forall k < n.
Proof. The reader can find a proof of this lemma in Brémaud (2014). O

We can prove some of these properties for the characteristic function.

Lemma 2.6.6. Let X,Y be two random variables and a,b € R, then
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1. IfY = aX +b, then Yy (t) = ey (at);

2. The characteristic function is always bounded: ¥x (t) < 1;
3. The characteristic function is uniformly continuous;

4. If X is integrable, then 1y € CY(R) and

(1) = E[iXe™]; and

5. If X € LP(Q, F,P), then ¢x € CP(R) and
R (1) = BJ(iX) e,
for all k < p.

The following lemma proves the uniqueness of the characteristic function and using

it we can prove a decomposition of ¥ xy when X and Y are independent.

Lemma 2.6.7. If X and Y have the same characteristic function, then Fx = Fy.

Proof. For a proof, see Shiryaev (2016). ]

Corollary 2.6.2. Let X, Y be two random variables. Then they are independent if and
only if Uxiy = Yxty.

Proof. 1t is easy to that that ¥ x,y = ¥x¥y if X,Y are independent. The other direction

is a consequence of the Uniqueness of the Characteristic Function. O

2.7 Inequalities in Probability

This is the most important section in this chapter, where we state some useful

inequalities such as Jensen, Markov and Chernoft’s Inequalities.

2.7.1 Convex Function and Jensen Inequality

Definition 2.7.1. Let f : R" — R. We say that f is convex if, for every ¢ € [0, 1] and

x,y € R™ we have

flz+ (1 —t)y) <tf(z)+ (1 —1)f(y).

We also say that f is strictly convex if the strict inequality holds whenever t € (0, 1)
and x # y.
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Remark 2.7.1. In some cases, we will consider a small domain A C R™. In this case, we

need to assume that A is a convex set, that is, if z,y € A and A € [0, 1], then

A+ (1= Ny € A.

From a geometrical point of view, a function f is convex if the line segment from
(z, f(z)) to (y, f(y)) lies above the graph of f(t) in t € [x,y] (see example below).
Example 2.7.1. Let f : [0,00) — R be such that

fl@) =2,

then f is convex. The graph of f is shown in Figure 1, as well as the line between two

fixed points of the graph.

10 |
8 |
= 9
g

4 |
92|

0 ‘ 1 1 1

0.5 1 1.5 2

T

Figure 1 — A convex function in the interval [0, 2], in blue, and a straight line connecting
the points (1,1) and (2, 8), in red.

For f € C'(R™) we have the following.

Lemma 2.7.1. If f € C*(R"), then f is convex if and only if for every x,y € R™ we have

fy) > f(x) +(Vf(z),r —y).

The strict inequality holds for y # x whenever f is strictly convez.
Proof. For a proof, we recommend Boyd and Vandenberghe (2004). O]

This lemma states that the graph of the function lies above the tangent plane in

(x, f(x)). See the example below.
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Figure 2 — The function e* and the tangent at x = 0, namely, y = = + 1.

Example 2.7.2. Let exp : R — R, be the exponential e”, then it is convex and its graph

is shown in Figure 2, as well as its tangent at x = 0.

We can also generalize the gradient condition using the notion of subgradient.

Lemma 2.7.2. Let f : R™ — R be a convex function, then for every x € R™ there is at

least one subgradient at the point x, that it, one vector g € R™ such that

fy) > f(x) + {9,y — z).

For a strictly convex function, there is at least of subgradient such that the strict inequality

holds whenever y # x.

Proof. This lemma is a consequence of the Support Hyperplane Theorem which we will
not prove here. See Boyd and Vandenberghe (2004). [

Remark 2.7.2. The set of all subgradients in x is denoted by 0f(z).
If f is twice differentiable, then we have a second order condition for convexity.

Lemma 2.7.3. If f € C*(R"), then f is convex if and only if for all x € R™ we have
Hess{f}(x) = 0,

where = is the partial order in the cone of positive semidefinite matrices. If f is strictly

convez, then Hess{f}(x) is positive definite.

We can now prove Jensen’s Inequality.
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Theorem 2.7.1 (Jensen’s Inequality). Let X be a random vector and f : R® — R a
convex function. If f(X) is integrable and X is integrable, then

E[f(X)] = f(E[X]).

Also, if f is strictly convex, then equality holds if and only if X is constant almost surely.

Proof. Let x,y € R” and w € Q. Let g € 0f(x), then
fly) = f(x) + {9,y — ).
Now fix y = X (w) and 2 = E[X], then we obtain
J(X(w)) = FE[X]) + (g, X (w) — E[X]).
Since E[X — E(X)] = 0, we obtain after taking expected value:

E[f(X)] = f(E[X]).

For a strictly convex property, let g be a subgradient such that the equality in the
Lemma 2.7.2 holds if and only if y = x. Again we obtain

f(X(w)) = FE[X]) + (g, X (w) — E[X]).

From the properties of the expected value, if X > Y and E[X] = E[Y], then X =Y

almost surely, therefore we obtain that equality in Jensen’s Inequality holds if and only if
f(X) = fE[X]) + {9, X — E[X]) as.

Finally, by the subgradient property of g, we have that X = E[X] a.s. O

This theorem is an useful tool to prove a lot of results. We will point out a few of
them.

Corollary 2.7.1. Let t € [1,00] and X € L' := L*(Q, F,P), then X € L*® for all s <t

and

[

Remark 2.7.3. Corollary 2.7.1 holds even when X? is not integrable, and in this case we

have the trivial inequality

[ X px < oo
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Proof. First, let 0 < s < t, then
jz]* <1+ =,

since if |z| > 1, then |z|® < |z|*, otherwise |z|* < 1. Therefore, if X? is integrable, so is
Xk for all k < p. Now, take ¥(z) = |z|*/*, then

tt—
V' (x) = ETSL’UWSQ >0,

hence 9 is convex. Because ¢ (| X|*) = | X|* and |X|* is integrable, we can apply Jensen’s

Inequality for | X|* and obtain
E[p(1X[")] = »(E|X]%),
that is,
EIX|" > [E[X[]",
hence || X||zs < || X||Le. O

Remark 2.7.4. This inequality is equivalent to Holder’s Inequality in the case of finite
Measure Space (M, B, ), say, if f € LP(M,B,u), g € LY(M,B,u) and p and g are

conjugate exponents, that is

1
- =1,
p q

then fg € LY(M, B, n) and

gl < [1F1lze llgllze-

Let us state this in the case of a probability space.

Theorem 2.7.2. Let (2, B,P) be a probability space and LP := LP(S2, B,P). Then Holder’s

Inequality and Corollary 2.7.1 are equivalent.

Proof. Let X € L* and r < s. Notice that the constant function 1 € L4, for all ¢ € [1, o).
Now let ¢ > 0 be the conjugate exponent of s/r, then X" € L*/" and Holder’s Inequality
implies that

X7 e < IXT [

1| e,

that is,

r/s
[1xrap < (/ \X|sdIP’> |
Q Q

Taking the r-root leads to Corollary 2.7.1.
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Suppose now ¢ and p are conjugate exponents and X € L and Y € L4. Since Y1

is integrable, we can define a probability measure Q such that

Q@ ¥

dP [ |Y]|edP’

Now let Z = XY'=4. Using Corollary 2.7.1 to Z and the measure Q we obtain

1Z]| 280 < 12|80 (2.1)

Moreover, we have that

Y|
XY dJP:/ quIP’/ Xy YT gp
[1xyiae= [ |y Q(| ¥ e
that is,
/\XY|d]P>:/ ]qudp/ 1] dQ.
Q Q Q

Using Inequality 2.1, we obtain

[IXYIdP < | Z)pane [ 1¥]7dP.

Now, the LP(2, B,Q) norm of Z can be compute as

1
Xplype-opyle )
\|Z||Lp:/ ap|
0 [ VP

Since p(1 — ¢q) + ¢ = 0, we have

[ X 2v

12|z = p
Ja |Y|qu)

Using

we also obtain
[ XY [z < [[Y[za || X 2o,

which is Holder’s Inequality.

We also have the following example which we will use later.



2.7. Inequalities in Probability 63

Example 2.7.3. Let ¢ : A CR — R be a strictly convex function, where A is a convex
set (typically A =R or A =R,). Then the ¢-Entropy is defined as

Enty(X) := E[p(X)] — o(E[X]).

Jensen’s Inequality states that Enty(X) > 0 and Ent,(X) = 0 if and only if X is constant
almost surely. This is an useful quantity to describe how concentrated a random variable
is around its mean (see Herbst’s Method 4.5.6).

Two particular cases are when ¢ : R — R such that ¢(x) = 22, then
Ents(X) = Var(X),
and ¢(z) : Ry — R such that ¢(z) = xlogz, which later we will prove of its properties,

see Section 4.3.

2.7.2 Markov's Inequality

Theorem 2.7.3 (Markov’s Inequality). Let ¢ : R — R such that ¢ > 0. Let A € B(R)
and let

pa:=min{y(z): z € A}.
Then, for a random variable X such that (X)) is integrable we have
paP(X € A) < E[p(X)].

Remark 2.7.5. The classical statement of Markov’s Inequality is the following: let X be a

positive integrable r.v., then for all A > 0 we have

E[X]

PX >\ < ——.
(Xz <=

Proof. By definition of p4, we have

pala(X) < P(X)1a(X) < P(X).

Taking expectation leads to the result. O]

This result is simple nevertheless powerful because of its consequences.
Corollary 2.7.2 (Chebyshev’s Inequality). Let X be a square integrable random variable,
then for all A > 0 we have

Var(X)
A2

P(X —E[X]| > A) <
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Proof. Let ¢(x) = (z — E[X])? and A = {z : |x — E[X]| > A}, then py = A\? and hence
NP(IX - E[X]] > ) <E(X - E[X])?,

which is the result. ]

Corollary 2.7.3. Let X € LP(Q2, F,P), then

E|X|P
P(x| > 1) < S0

Proof. Let ¢¥(x) = 2P and A = {z : || > t}, then py = t” and the result follows from
Markov’s Inequality. O

2.7.3 Chernoff's Inequality

Chernoff’s Inequality, which we will derive below, is just a particular case of
Markov’s Inequalities, nevertheless it is important to state it separately because it is

closely related to our study.

Theorem 2.7.4 (Chernoff’s Inequality). Let X be a random variable and suppose the

generating function px () exists for some A\g € R, then
P(X > ) < e px (o),
for allt € R.

Remark 2.7.6. A useful expression for Chernoft’s inequality can be obtained through the
Log-Generating Function

¢x(t) == log px(t),
and Chernoft’s Inequality is rewritten as

P(X >t) < e MHox(V,

Proof. Let (z) = e and A = {x : x > t}, then py = e, hence Markov’s Inequality

implies
MP(X € A) < Ele*],
which is the desired inequality. ]

Hence, in order to control how the tail of a random variable goes to zero we need

to control its Generating Function. For instance, we have the following corollary.
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Corollary 2.7.4. Let X be a random variable with ¢x(\) < ”22’\2, for some ¢ > 0 and
every X > 0, then for all t > 0 we have

P(X >t) < e /7).

Proof. Using Chernoff’s Inequality, we have

22

P(X >t) <e Mt

The value \* = t/0? gives the desired result. O]

Such variables are called Subgaussian Random Variables with parameter o.
Definition 2.7.2. Let X be a r.v. It is called Subgaussian with parameter o if
o2 \?

2 Y

¢x(A) <
for all A € R.
Example 2.7.4. As we saw in Example 2.6.4, X ~ Rad(1/2) is Subgaussian with

parameter o = 1.

Example 2.7.5. X ~ N(0,1) is Subgaussian with parameter ¢ = 1, as we saw in
Example 2.6.5.

Remark 2.7.7. For X ~ Rad(1/2) or X ~ N(0,1) we have X £ _X hence we can also
get a bound to P(X < —t). These bounds combined yields

P(|X|>t) < 2e /2,

We also have the following corollary for sum of independent Subgaussian r.v.

Corollary 2.7.5 (Hoeffding’s Inequality). Let X = (X3, ..., X,,) be a random vector with
independent subgaussian coordinates with parameters oy, ..., 0,, respectively and let v € R™.
Take

n

2 _ 2 2
o’ =Y vio,

i=1
then (X,v) is subgaussian with parameter o, therefore

P(ZUzXZ 2 t) S €_t2/(202).

i=1
Proof. Since X; are independent, we have
E[e)\(X,v)} — HE[@AUiXi].
By the subgaussian property, we obtain

E[eM*] < exp (Z )\QUZ-QJE/Z) = exp(\?0?/2),

i=1
and the result follows from Chernoff’s Inequality. O]
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2.7.4 Inequalities in Hilbert Space

We saw in Remark 2.4.4 that L*(Q, F,P) is a Hilbert space with (X,Y) = E[XY],

hence we can get Cauchy-Schwarz’ inequality and Hélder’s inequality.

Theorem 2.7.5 (Cauchy-Schwarz’ Inequality). Let X and Y be two random variables

with finite second moments, then
[Cov(X,Y)]* < Var(X)Var(Y).

Theorem 2.7.6 (Hoélder’s Inequality). Let LP := LP(Q, F,P), X € L, Y € L% and
% + % = 1. Then XY is integrable and

EIXY] < | X 2o [IY]] o

We can also get some useful bounds in the Variance using the distance in the
Hilbert Space.

Lemma 2.7.4. Let X € L? := L*(Q, F,P), then E[X] is the closest constant element in
L? to X, that is,

Var(X) = E(X — E[X])* = minE(X — ¢).

ceR

Proof. Let us compute E(X — ¢)?. We have that

that is,

Therefore, we have that E(X —c)? > Var(X) and equality holds if and only if c = E[X]. O

2.8 Conditional Expectation

Let L? = L*(Q, F,P) throughout the section. To define the conditional expectation

in a more general framework, let us define a sub o-algebra.

Definition 2.8.1. Let (€2, F) be a measurable space. Then G C F is a sub o-algebra
of Fif it is a o-algebra itself.

We now can define what is a G-measurable r.v.
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Definition 2.8.2. Let G C F be a sub g-algebra of F. We say that a random variable is

G-measurable if
X 1(A)eg,

for all A € B(R). We denote it by X € G.

Given a r.v X, we can always construct a sub o-algebra, called the o-algebra

generated by X.
Definition 2.8.3. Let X be a r.v. Then the set
o(X) = {Xﬁl(A) :Ae B(R)}

is called the o-algebra generated by X.

Now we can define the Conditional Expectation.

Definition 2.8.4. Let X € L? and G C F be a sub c-algebra. The conditional ex-

pected value of X given G is any random variable Y such that

1. Y is G-measurable; and

2. The integral of Y over a G measurable sets agrees with the the integral of X over

the same set:

/YdIP:/Xd]P’,
A A

forall A€ g.

We will denote any such r.v. by E[X|G].

Lemma 2.8.1. Let X € L? and G C F. Then there is an unique (almost surely) Y such
that

1. Y is G-measurable; and

2. For all A € G we have

/Yd]P’:/XdIP’.
A A

Proof. Let us prove first uniqueness. Let Y; and Y5 such as in the definition. Take
A, ={Y>>Y,+1/n}, then A, € G and

/Yld}P’:/ XdIP’:/ Y, dP,
A, An An
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hence

that is, P(A,,) = 0 for all n. Since

P(Y, > Y1) = P(|J 4,) =0,

i=1
we have that Y5 <'Y) almost surely. Likewise, we also obtain Y; < Y5 almost surely hence

Y, = Y, almost surely.

To prove the existence, suppose X > 0 and let
V(A) = / X dP,
A
for A € G. Then v is a measure in the space (€2, G). We also have that
v P’g,
therefore, by Radon-Nikodym Theorem, there is a G-measurable function f > 0 such that
/XdIP:u(A) :/ fdP,
A A

and hence E[X|G] = f. The general case follows from X = X+ — X . O

The conditional expectation has all the properties of the expectation, but now

they hold almost surely, since E[X|G] is a random variable.

Lemma 2.8.2. Let X,Y € L? and G C F be a sub o-algebra. Then

1. E[(X + aY)|G] = E[X|G] + aE[Y|G] a.s.;

2. If X <Y then E[X|G] < E[Y|G] a.s.;

3. If X <Y and E[X|G] = E[Y|G], then X =Y a.s.;

4. If XY are independent, then E[X|Y] = E[X|o(Y)] = E[X] a.s.;
5. If 1 is conves, then E[)(X)|G] > v(E[X|G]) a.s.;

6. If0 < X, /* X, then E[X,|G] / E[X|G] a.s.;

7. If Xy — X and | X,| <Y € L', then E[X,,|G] — E[X|G] a.s.;

8. IfX €@, then E[X|G] = X a.s.;

9. If Gi C Gy, then E(E(X|G1)|G2) = E(E(X|G2)|G1) = E(X|G1) a.s (the Tower
Property);
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10. The operator E[-|G] : L* — L?* is well-defined and it is a projection, that is,
E(E[X|G]) = E[X] and

E[E(X|9)|G] = E[XI|F];
11. If Y € G, then E[XY|G] = YE[X|G]; and

12. E[X|G] minimizes the distance between X and the space of all G-r.v.
Proof. This lemma can be found in Durrett (2019). O

We can also define the conditional expectation given Y = y.

Definition 2.8.5. Let X,Y € L? then the conditional expectation E[X|Y = y], as a

function of y € R, is any measurable function m : R — R such that

/Y I /| mly) apy ().

It can be shown that this is well-defined and it is unique. It has almost all the
properties shown in Lemma 2.8.2, but instead of a.s., it is Py-a.s. Before prove some other

properties of this conditional expectation, we need the following lemma.

Lemma 2.8.3. Let X, Y be independent random variables and f € L*(R? B(R?), Px xPy).
If m : R — R is such that

m(y) == E[f(X,y)],

then m(Y') = E[f(X,Y)|Y] almost surely.

Proof. Since m(Y') € o(Y) already, we just have to prove that for all A € B(R), we have
that

/ F(X,Y)dP = / m(Y) dP.
Y-1(A) Y-1(A)
First, notice that Theorem 2.5.2 implies that
= [ f(z.y)dPx(dx).
Now let A € B(R). Then we have that
[, m)dP = [ m(y) apy(ay) = | ( [ fw.) dPx<dx>) Py (dy).
Y-1(A) A A\ Jr

Using Fubini’s Theorem 2.4.7 and the fact X and Y are independent, we obtain

[ mOV B = [ f ) dBxy(dr.dy),
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Using the indicator function of R x A, we obtain

/Yl(A) m(Y) dP = /]1{2 1R><A($, y)f(x, y) dPX’Y(dx7 dy)
Now we can use Theorem 2.5.2 to change back the variables, hence
V)P = [ 1gea(X,Y)f(X,Y)dP.
J o m A = [ Lea(XY)FXY)
Since
1]R><A(X7 Y) = 1Y*1(A)7

we finally obtain

/YI(A)m(Y) dP = /YI(A)f(X, Y),dP.

Now we can state the following properties.

Lemma 2.8.4. Let X,Y € L* and m(y) = E[X|Y =y, then

1. m(Y) = E[X|Y] Py—a.s.; and
2. If f € L*(R? B(R?),Px x Py) and X and Y are independent, then

E[f(X, Y)Y = ¢ = E[f(X,y)] Py — as.

Finally, we can define the conditional probability to a o-algebra.

Definition 2.8.6. Let G C F be a sub o algebra and A € F. We define the conditional
probability as

P(A|G) := E[14]G].

In undergraduate Probability courses, the conditional probability of A given

a set B is defined as

P(AN B)

P(A|B) := W,

for P(B) > 0.

We can recover this definition using the following lemma.
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Lemma 2.8.5. Let (2, F,P) be a probability space and B € F be such that P(B) € (0,1).
Let also G be the following sub o-algebra:

G :={9, B, B¢, Q}.

Then, for w € B, we have

P(A|G)(w) = P(A]|B),
and for w € B® we obtain

P(A[G)(w) = P(A]B?).
Proof. The property of the conditional expectation means that

/BE[1A|Q] dP = P(AN B).
Since E[14]G] € G, it is constant in B, then
E[14]G](w) = P(AN B)/P(B) = P(A[B),

for all w € B. Likewise, we have

E[14]9](w) = P(A[B),

for all w € B°. O

2.9 Notions of Convergence and Laws of Large Numbers

In this section we define different kinds of convergence in our space and state the

Weak and Strong Law of Large Numbers, as well as the Central Limit Theorem.

2.9.1 Weak Law and Convergence in Probability

Definition 2.9.1. Let (X,,)2%, and X be random elements in a metric space (.5, d), then
we say that X,, converges in probability to X and denote X, L Xifforalle >0 we

have

P(d(X,,X)>e¢e) — 0.

We also have convergence in LP.

Definition 2.9.2. Let (X,,)nen C LP(2, F,P). We say that X,, converges in L? to X if

E|X, — X|? — 0.
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Remark 2.9.1. Because of Markov’s Inequality 2.7.3, if X, L X for some p, then

E|X, — X|P

P(|X, — X|>¢) < p

— 0,

then X, 5 X.
We are now able to state and prove the Weak Law of Large Numbers.

Theorem 2.9.1. Let (X)), be independent r.v. such that Var(X;) < C, for alli € N,
then

zn:(X,- —~E[X]) 5 0.

Proof. Notice that

P(l SO(Xi — EX) >5> <§”:Var(X)

nzl

I

n2e2

by Markov’s Inequality. Since Var(X;) < C, the right-hand side converges to 0 and the

theorem is proved. O

2.9.2 Almost Surely Convergence and Strong Law

Definition 2.9.3. Let X and (X,,)2%, be random elements in a metric space (.5, d). We
say that X, converges to X almost surely and denote X,, — X a.s. if there is a null

set A such that there is pointwise convergence in its complement.

Example 2.9.1. Let (2, F,P) = ([0,1], B(R), A), then X,, = nlp 1/ — 0 almost surely.

However, notice that
E|X,|P =nP7t,
hence X,, does not converges to 0 in LP.

It can be shown the following lemma.

Lemma 2.9.1. Let X and (X,,)22, be random elements in a metric space (S,d). Then
X, = X a.s. if and only if

Z}P’ (X, X) >¢e) <
for all e > 0.

We can now state the Strong Law of Large Numbers.
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Theorem 2.9.2. Let (X;)2, be integrable i.i.d random variables, then

1.
— ZXZ — E[Xl] a.s.
n

=1

Proof. See Durrett (2019). O

2.9.3 Convergence in Distribution and Central Limit Theorem

Definition 2.9.4. Let (u,)neny and p be probability measures in a Polish Space (M, d),
that is, a complete separable metric space (M,d). We that u, converges weakly to
p and denote p — p if, for all f € Cy(M), the space of all continuous and bounded

real-valued functions, we have that

/Mfd”” - /Mfdu.

It can be shown this definition is equivalent to many others.

Theorem 2.9.3 (Portmanteau’s Theorem). Let (i, )nen and p be probability measures in

a Polish Space (M, d), then all afirmations below are equivalent.

1. pn = @

2. For all closed sets F' we have

lim sup 4, (F7) < p(F);

n— o0

3. For all open sets A we have

liminf y, (A) > p(A); and
4. For all sets B such that p(0B) = 0 we have

lim j1(B) = u(B).

n—oo

Proof. For a proof see Billingsley (2013). O

Example 2.9.2. If §, is the probability measure concentrated at z € M, then J, — J,

if and only z,, — z.

Definition 2.9.5. We say that a family (X,,),eny converges in distribution to X and
denote X, < X if their distribution converges weakly to the distribution of X.

We have the following theorem concerning convergence in distribution.



74 Chapter 2. On Dice and Coins

Theorem 2.9.4 (Paul-Lévy’s Theorem). Let (X,)nen and X be random variables with

characteristic function (¢, )nen and ¢. Then X,, converges in distribution to X if and only

if
Pu(t) = o(1),

for allt € R. In fact, if there exists a function ¥ (t) continuous at t =0 and 1, (t) — ()
for allt € R, then v is a characteristc function of a random variable X and X, <4 X,

Proof. For a proof, see Shiryaev (2016). O

A consequence of Paul-Lévy’s Theorem is the Central Limit Theorem.

Theorem 2.9.5. Let (X,,)nen be square integrable i.i.d r.v. such that o = Var(X;). Then
1 & d 9

Proof. For a proof, see Shiryaev (2016). ]

2.10 Markov Chains

In this section, we define Markov Chain and give some simple examples.

2.10.1 Discrete Time and Countable State Space

Definition 2.10.1. A sequence of r.v. (X, ),en taking values in a discrete set E is a

discrete Markov Chain if for all n € N and all x4, ...,z,11 € E, we have
P(Xp11=Tp1| X1 =21, ., Xy = 2) = P(Xoa1 = 21| X0 = 20).
The family (P,,),en of matrices, defined as
P.(i,j) = P(X,1 = j| X, = 1),

is called the transition matrices. Equivalently, we denote the elements P,,(i, 7) as p, (i, j)

or use
pn(-Bn; Bn+1) = ]P)(Xn+1 € Bn+1|Xn € Bn)u
for Borel sets B,, and B, 1.

Remark 2.10.1. Informally, we describe the Markov property as follows: given the present
X, the future X,, 11 does not depend on the past X, ..., X,,_1.
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Also, we define a homogeneous Markov Chain.

Definition 2.10.2. Let (X,,),en be a discrete Markov chain taking values in E. It is
homogeneous if P,, does not depend on n € N. In this case, we describe the Markov

Chain through the initial distribuition px and the transition matrix P := P;.

For short, we will denote a discrete homogeneous Markov Chain as (DHMC) or
(X7 — X5 — ...). Given any law p of X;, we can construct a Markov Chain using the

previous definition: we just have to use Kolmogorov Extension Theorem to the distributions
fn(By X By X ... X By,) = p(B1)p(Bs, B1)p(Bs, Bs)...p(Bn, Bn_1),

that is,

P(X; € By, ... X, € B,) =P(X; € B)P(X; € B3| X3 € By)..P(X,, € By|X;,1 € B_1).

It is easy to see that X; — ... — X, if and only if X,, — ... = X3, since

P(X, = 2, ..., X1 = 21)
P(X, = 2n, ..., Xo = 72

]P)(Xl = 122'1|Xn = Ty, ...,XQ = 372) =

P(X, =xn, ... X1 =21) = P(X,, = 2| Xpo1 = 1) .. P(Xo = 29| Xy = 21)P(Xy = 1),

therefore,

P(XQ = .I'Q‘Xl = .Z'l)]P)(Xl = .771)
]P)(XQ = 33’2)

= P(Xl = xl‘XQ = I‘Q),

P(Xl = Z'1|Xn = Ty, ...,XQ = 372) =

that is, Xy only depends on X5, not on X3, ..., X,,, which consists the Markovian property.

Example 2.10.1. Let £ = {1,...,n}. Suppose X; is uniform in E. Now, consider the

transition matrix P given by the elements

- { 0, ifi=j
p\t, ) = . .
ﬁ> if i # j.

Then the family (X,,)nen, given by
]P)<XTL+1 = J|Xn = Z) = p(Zaj)>

is a Markov chain. Informally, given the present X,,, the future X, is uniform in £\ {X,}.

For any initial distribution, we can derive the distribution in time n € N by a

matrix product.
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Lemma 2.10.1. Let pu be the initial distribution of a DHMC" with transition matriz P,

then the distribution p, at time n is given by

pa(5) = D n(@P"(i, ),

i€E
or
”TL = :uPn7
when we write f, = (pn())ick-

Definition 2.10.3. We say that a distribution p is stationary if u = uP.

This means that, at any given time n, we have the same initial distribution pu.
Notice that, if

(@) P(Xy = j| Xy = 1) = p(j)P(X1 = i[Xs = j),

for all (i,7) € E?, then the process X, — ... — X is Markovian and also stationary for
the distribution u. To see this, notice that if X5 has distribution p, then

P(X, =)= Z P(Xy, = j)P(Xy =il Xy =) = Z p(i)P(Xo = j| X1 = 1) = p(i),

jeE JEE
that is, if X,, ~ u, then X; ~ u for all i < n.

Definition 2.10.4. We say that a Markov Chain with stationary distribution u is
reversible if for all all n, X,, = X,,_; — ... = X with initial distribution X,, ~ u has
the same joint law of X; — ... — X, with initial distribution X; ~ u.

2.10.2 Continuous Time and Countable State Space

Definition 2.10.5. Let (X});>0 be r.v. taking values in a discrete set £. We say that (X;)
is a Markov chain if for all t; < ... <t, <t,all s >0 and all iy, ...,7,,0 € E we have

P(Xt+s = Z-n—i-2|)(t = Z-n—i-la th = Ty eeny Xt1 = Zl) = IED()(t—ﬁ—s = Z-n—i-2|)(t = Z-n—i-l)~

It is homogeneous if the right-hand side is independent of ¢ and we define the transition

probabilities as
ps(is ) = P(Xpps = j| Xy = 1),

and Py is the matrix (ps(7, j))i jer-

It is easy to see that (P)s>o defines a semigroup of matrices.
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Definition 2.10.6. Let (P);>¢ be quadratic matrices. Then they are a semigroup if

L. Pt+s = PtPs;

2. Py = Id.

The distribution p; of X; at any given time is related to the distribution p of X
through the following formula.
i€k
or, the matrical form, pu; = uP;. We define the stationary distribution and reversibility as

before.

It is usually to assume that the semigroup is right-continuous at t = 0, which we

state below.

Definition 2.10.7. Let (X;):>0 be a continuous Markov process with discrete state space
E and transition semigroup (P;);>0. We say that the semigroup is right-continuous at

t=0if

hm Pt = Id,

t—04

where the convergence is the convergence of each entry. This means that the process
(X¢)e>0 is right-continuous in the sense that if Xy = ¢, then for small s > 0, with high
probability X, = i.

For notation, we need to define a stochastic process.

Definition 2.10.8. A stochastic process is a familly (X;)icr of random variables,

indexed by some set T.

Now we can define a discrete Markov Chain.

Definition 2.10.9. A discrete homogeneous Markov Chain (X;);>o in £ is a stochas-
tic process such that there is a right-continuous semigroup (P;):>o in £ that it is stochastic,
that is

Z Pt(za]) = 17

JEE
for all i € E, all t > 0, and Py(7,5) > 0 for all (¢,j) € E and ¢ > 0. It also has to satisfy
the Markov property:

]P(Xt+s = Z'n+2|Xt = in+17th = Tn, -~-7Xt1 = Zl) = Ps(in+17in+2>7

for all 0 < s,t; < ... <t, <t,and all (iy)}? C E.
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In fact, given a stochastic right-continuous semigroup (P;);>¢ in F, we can always

define a discrete homonegenous Markov Chain (X});>o with these transitions probabilities.

Our last definition is the generator of the semigroup.

Lemma 2.10.2. For a stochastic right-continuous semigroup P, in E, there exist a matrix

A such that
P, —1d
A= lim ~2——,
h—04 h
where the convergence is for each entry. The matriz A is known as the infinitesimal

generator of the semigroup (Py)i>o.

Given (P;)¢>0 and its infinitesimal generator A, they satisfy the following differential
equation:
d

&Pt == APt - PtA

For a first example, we have the Poisson Process.

Example 2.10.2. Let (7,,)nen be i.i.d exponential r.v with parameter A > 0, that is,
P(7, > z) = e for all z > 0 and let (NV;);>0 € N be the stochastic process such that

n n+1
Nt:n@ZTi§t< ZTZ',
i=1 =1

then (IV;)>o is a discrete homogeneous Markov Chain, called the Poisson Process. In
fact, if N(a,b] := N, — N, for b > a, then N, and N(a,b| are independent, and the
transition probabilities are given by

()\t)kefz\t

BN = n+ k[No = n) = =

For more information about discrete continuous Markov Chains, see Brémaud
(2013).

2.10.3 Uncountable State Space

For the uncountable state space case, we have to assume some technicalities. First,
let (S,S) be a measurable space where (S, 1) is a topological space and S is the Borel

o-algebra.

Definition 2.10.10. Let 7" = [0, c0) and (X;);er be a stochastic process in (S, S). Suppose
that given X; = x, the law of X, for s > 0 is given by the transition probabilites p;(z, -),
that is,

P(XHS S B‘Xt = I) = ps(x,B),
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independently of the past for all x € S and all B € § fixed, or, equivalently
P(Xis € Blo(X, :r <t),X: =x) = ps(z, B).

Then (X;)ser is called a homogeneous Markov process.

We will assume that the transition probabilities satisfies some regularities condi-

tions, namely,

1. pi(-, B) is measurable for fixed B and t;

2. py(x,-) is a probability measure for ¢ and x fixed;

3. po(z, B) = 6,(B);

4. For fixed t, if z,, — x, then py(z,,-) = pi(x,-);

5. For every neighborhood U(x) of x, we have p;(x,U(z)) — 1 for ¢ \, 0; and

6. The Chapman-Kolmogorov equation are satisfied:
peri(e. B) = [ p.(y. B) dpi(r,dy)

(see It6 (2013) for more).

If Cy(S) is the space of all bounded continuous real-valued functions in S and it is

endowed with the supremum norm, that is,

d(f,g) :=sup|f(x) — g(x)],

€S

then for all f € C,(S) we can set

Pfl@) = [ fy)dpi(z,dy),

and conditions (1) — (6) can be rewritten as

1. P : Cy(S) — Cp(S) is linear;

2. Py = 1d:

3. [Pfl(x) — f(z) for x € S and t \, 0;

4. P,is = P, o P; (semigroup property); and

5. P1=1and P, > 0, that is, P.f > 0 for f > 0.

If (P,)s>0 satisfies (1) — (5), then we can find a Markov Process (X;);>o with this
semigroup (P;)>o. (see Guionnet and Zegarlinksi (2003)).
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Example 2.10.3. Let 7' = [0,00) and (X;)er € R"™ be the Markov Process defined by
the Radon-Nikodym derivative

dp(y,dz) 1 S
dz —(2mt)n/2 ’

then (X;)ier is called the Brownion motion in R".

Definition 2.10.11. Let D(L) := {f € Cy(S) : limy—o, =L exists}, then the infinites-

imal generator of P, is the operator L such that

Lf = lim Rf=1

t—04 t

)

for f € D.

Example 2.10.4. It can be shown that if (P,);er is the semigroup of the Brownion

Motion (X¢)ier, then the infinitesimal generator L has domain
D(L) C C*(R™),
and
Lf = 1A f
= Af

Finnaly, the following theorem provides conditions for a linear operator in Cy(.S)

to generate a semigroup.

Theorem 2.10.1 (Hille-Yoshida’s Theorem). Let L : Cy(S) — Cy(S) be a linear operator.
Then L is the infinitesimal generator of a Markov Semigroup (P;)i>o if and only if

1. D(L) is dense in Cy(S);
2. The constant function 1 is in D(L) and L1 = 0;
3. L is closed, that is, for all f, € D(L) such that f, — f and Lf, converges, then
Lf,— Lf;
and

4. If A\ >0, then (A — L) is invertible, (A — L)~ f > 0 whenever f >0 and

sup [|(A— L)1 <

<t

> =

Proof. See Guionnet and Zegarlinksi (2003). O
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Information and Its Mysteries

3.1 Introduction

In this chapter, we will introduce the basic ideas from Information Theory. Our
goal is to provide enough background to understand the theorems coming from this area,

as well as their applications.

In Section 3.2 we define the Shannon entropy. It measures the uncertainty of a

random variable according to the formula:

H(X)= zn:IP’(X = z;)log P(X = ),

i=1

and we can see that X is constant if and only if H(X) = 0.

Moreover in this first section, we will define others entropies, say, joint entropy,
conditional entropy and two related quantities: Kullback-Leibler divergence and mutual
information. All these quantities are related to the Shannon Entropy and they can be
used to prove several results. For instance, we can prove that two random variables X, Y

are independent if and only if their conditional entropy is 0.

In Section 3.3 we will introduce the idea of codes. This goes back to Shannon and

the problem of compressing a message.

The problem can be described as follows: let X be a discrete random variable in
some discrete set X and an alphabet D of D symbols. Suppose we want to compress X,
that is, for all x € X', we want to associate to it a string of letters in the alphabet D. For
instance, suppose X = {0, 1} and D = {a, b}, then one way to compress it is the following
Table 1.

Now suppose we want to compress X using the smallest numbers of letters in the

alphabet per element of X', according to the probability of each element. One of the ways
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of doing it is to minimize the expected value of the length:
E[(X)] = >_ l(z)p(x).
zeX
Moreover, we want our code to be efficient in decoding, that is, given a sequence of letters
that we know it came from compressing a sample X, ..., X,, of X, we want to recover

uniquely the sample.

This problem has a solution and it is directly associated with the Shannon Entropy,

as we will see in this section.

After codes and compression, we will extend the discrete entropy to the continuous

case in Section 3.4. The extension is almost obvious through the differential entropy:

H(X) = = [ f(@)log f(z)da,

nevertheless some properties of the discrete entropy are lost in the continuous case. For
instance, there are random variables with a negative differential entropy. Although this
seemingly incompatibility, we will find a confluence of ideas between them. For instance,

we can see an analogy between Corollary 3.2.1 and Theorem 3.4.1.

We will also see other definitions using densities and random variables with
absolutely continuous distribuitions, namely, the Fisher information and exponential

entropy.

In Section 3.5, we will see the second real application of Shannon’s ideas, namely,
the study of channels. By a channel we mean a triple (X, p(z|y), ), where X is the input,
Y is the output and p(y|x) is the transition family of probabilities, that is, the probability
of the output y € Y, given input x € X. The problem consists in sending a message x
through an imperfect channel, where errors can happen. For the receiver to decode the
message, it is necessary to send the message x with redundance, but can we quantify this

in an efficient way? The answer is yes, and it is express in Theorems 3.5.1 and 3.5.2.

Finally, in Section 3.6, we will prove a couple of useful inequalities in Information
Theory that will be necessary to prove our main theorem in Chapter 6, namely, the Fisher

Information Inequality and Fxponential Entropy Inequality.

3.2 Shannon Entropy

Definition 3.2.1. Let X be a discrete r.v. taking values in & and p(x) = P(X = z),
then the Shannon entropy of X is defined as

H(X) ==Y p(x)logp(z),

zeEX

with the convention 0log( = 0.
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Remark 3.2.1. If |X]| < oo we have that H(X) < oo, but in the countable case it is

necessary to assume that > c» p(x) log p(x) converges.

It is easy to see that H(X) = E[—logp(X)]. Also, since 0 < p(x) < 1, we have
p(z)logp(z) < 0, then
H(X) >0,

and equality only holds if p(z)log p(z) = 0 for all x € X, that is, there is only one zq € X

that X = x( almost surely.

Now, let RS be the space of all sequences (z,,)nen such that z,, > 0 for all n € N.

Also, by R}, we mean the canonical positive cone in R", that is,
R} ={z eR":2;, >0, Vi <n}.

By the definition of the Shannon Entropy, H(X) only depends on the probabilities of

r € X, therefore we can consider H defined in

A= ( U{peRﬁ:ipizl}) U{peRT:D p=1, ) plogl/p; < o}

neN ieN ieN
Because of this, if f: X — ) is an injective function, then H(X) = H(f(X)).

We can define the joint Shannon Entropy in a similar manner.

Definition 3.2.2. Let X, Y be two discrete random variables taking values in X and ),
respectively, and p(z,y) = P(X = z,Y = y), then their joint entropy is

HX,)Y):=— > plz,y)logp(z,y).

(zy)€X XY
We prove now an elementary lemma.

Lemma 3.2.1. If XY are independent discrete random variables, then
H(X,Y)=H(X)+ H(Y).

Proof. Just notice that P(X = 2,Y =y) = P(X = 2)P(Y = y) and replace this in the

expression of the joint Shannon Entropy. O

Later we will prove that in fact we have that
H(X,Y) < H(X) + H(Y),

with equality if only if X,Y are independent.
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Notice that, if we compute H(X,Y) — H(Y), we have

HXY)-HY)=- Y PX=1Y =y)logP(X =z,Y =y)

(z,y)€XXY

+ Y P(Y =y)logP(Y = y).

yeY

Using that P(X =z|Y =y) =P(X =2,Y =y)/P(Y = y), we obtain that

HXY)-HY)=- Y PX=1Y=y)logP(X =z|Y =y).

(z,y)€X XY

Therefore, we have the following definiting of the conditional Shannon Entropy.

Definition 3.2.3. Let XY are two discrete random variables taking values in X and
Y, respectively, p(z,y) = P(X = z,Y = y) and p(z|ly) = P(X = z|Y = y), then the

conditional entropy of X given Y is

HXY):=—= > plz,y)logp(zly).

(z,y)eX xY

By definition, we have that H(X,Y) = H(Y) + H(X|Y). Likewise, H(X,Y) =
H(X) + H(Y|X).

To prove some properties of these quantities, we need the following useful definition.

Definition 3.2.4. Let p and ¢ two discrete probability measures in X. Suppose p < ¢,
then the Kullback-Leibler Divergence is defined as

D(pllg) = Y _ p(x)log (qg;)

reX

with the convention 0 log% = 0.

Remark 3.2.2. If supp(q) = {z € X : q(z) # 0}, then

Dipllg) = Y plz)log (W)),

zesupp(q) q(:l?)

Remark 3.2.3. In the literature, D(p||q) are also called Relative Entropy or Kullback-Leibler

Distance, even though is not a true distance, since it is not symmetric.
Let us prove the first reason why D(p||q) is called a distance.

Lemma 3.2.2. Let p < q, then D(p||q) > 0 and equality holds if and only if p = q.

Proof. Notice that

Dl =~ ¥ poyios (40).

x€supp(p)
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Now, the elementary inequality logz < x — 1, that holds for all x > 0 with equality if and

only if x = 1, implies

Pl 2~ ¥ p)(LD-1)= X (pe)-a@)

x€supp(p) p(x) x€supp(p)
Finally, we have that
Yo qlx) <1,
zesupp(p)
then
D(pllg) > 0.
Theequahqfhokmifand(nﬂyif%%%::1,ﬁmzﬂ117€‘¥,thati&]9::q C

There are some applications of this result. The first one shows that the uniform

distribution maximizes the entropy.

Corollary 3.2.1. If X takes values in a finite set X, then H(X) < log |X| with equality
if and only if X is uniform in X.

Proof. Let p(x) = P(X = z) and ¢ be the uniform distribution in X. It is easy to see that
p < q, then

0 <D(pllg).
Using that
1
q(z) = m7

for all x € X', we can open up the expression of D(pl||q) and obtain
D(pllq) =log |X| — H(X).

Then H(X) < log|X| with equality if and only if p = ¢, that is, p is uniform in X. O

Corollary 3.2.2. Let XY be two discrete random variables, then
H(X,Y) < HY) + H(X),

with equality if and only if X and Y are independent.
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Proof. Let
p(z,y) =P(X =z, =y);
pi(z) :=P(X = z); and
p2(y) =P =y).

It is easy to see that p < p; X po, then

D(p|lp1 x pa) >0

Now, the left-hand side is equal to

> p(z,y)log <p<xy)y)>

(z,y)EXXY p1(z)pa(

that is,

D(pllpy x p2) = —H(X,Y) = > ple,y)logpi(xz)— > plz,y)logps(z).

(z,y)EX XY (z,y)EX XY

Finally, we see that

— Y plz,y)logpi(z) = H(X),

(w,y)eX XY

and likewise

— > plz,y)logpa(x) = HY),

(z,y)€X XY

then
0 < D(pllpy x pa) = H(X) + HY) — H(X,Y),

with equality if and only if p = p; X po, that is, X, Y are independent.

The expression D(p||p1 X p2) has a special name.

Definition 3.2.5. Let X, Y be two discrete random variables and p(x,y), p1(x) and pa(y)
representing their joint distribuition, the distribution of X and the distribution of Y,

respectively. Then the mutual information of X and Y is defined as

I(X;Y) == D(pllp1 X p2).

We have the final corollary concerning the conditional entropy.
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Corollary 3.2.3. Let X,Y be two discrete random variables, then 0 < H(X|Y) < H(X).
The first equality holds if and only if X = f(Y) for some measurable function f and the
second holds if and only if X and Y are independent. We also have H(g(X)) < H(X)
with equality if and only if g is injective.
Proof. For the second inequality, we have that

HX,)Y)=HY)+ HX|Y)<HX)+ H(Y),
then H(X|Y) < H(X), and equality holds if and only if X, Y are independent.

For the first, since p(z,y) > 0 and 0 < p(z|y) < 1, we have that H(X|Y) > 0 and
equality holds if and only if

p(z,y)logp(zly) =0,

for all (z,y) € X x Y. That is, fixed y, there is only one x that p(zo|ly) = 1 and for all
other we have p(z|y) = 0. If we set f(y) := zo, then X = f(Y).

For the second part, notice that
H(X,g(X)) = H(X) + H(g(X)|X) = H(g(X)) + H(X|g(X)).

Since H(g(X)|X) =0 and H(X|g(X)) > 0, we have the result with equality if and only
=0,

if H(X|g(X)) that is, if ¢ is injective. O

We summarize now all the results proved in this section.

Corollary 3.2.4. Let X,Y be two discrete random variables in X and Y, respectively.
Then

1. The entropy is bounded:
0 < H(X) <log|X]|.

The first equality holds if and only if X is constant and the second holds if and only

if X is uniform;
2. The joint entropy follows the chain rule and it is bounded:
HX,)Y)=HX)+ HY|X)<H(X)+ H(Y),
and equality holds if and only if X and Y are independent;
3. The mutual information can be decomposed as
0<IX,)Y)=H(X)+H(Y)-HX,Y)=H(X)—- H(X|Y),

and I[(X,Y) =0 if and only if X,Y are independent;
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4. The conditional entropy is bounded:
0< HX|Y) < H(X).

The first equality holds if and only if X = f(Y') for some f and the second holds if
and only if X andY are independent; and

5. The relative entropy is always nonnegative: if p and q are two probabilities measures

in some common finite space (X, F), then D(p||q) > 0 and equality holds if and only
ifp=q

In the next section, we will explore an interpretation of these equalities and

inequalities through the notion of Information.

3.3 Compression and Codes

The goal of this section is to describe a code and the role of entropy in compression.
We will follow Cover and Thomas (2012). To begin with, we define a code.

Definition 3.3.1. Let X be a discrete random variable taking values in X and D a finite
nonempty set, known as the alphabet. A code C for X is an injective map C : X — D,

where

D= |JD",

n=1

The value C(z) is known as the codeword of x € X. Moreover, if |D| = D, we say that
the alphabet is D-ary.

Remark 3.3.1. Instead of denoting C(x) = (ay,...,ax) € DF, for some k € N, we will

simply concatenate the letters aq, ...., ax, that is, C(x) = a;....a.

Associated with a code, we can quantify the length of each codeword.

Definition 3.3.2. Let X be a discrete r.v. taking values in X', D be a D-ary alphabet and
C: X — D a code. For each x € X, let I(z) € N be the number such that C(x) € D!®).
Then [(z) is the length of the codeword C(z). The expected length is

L(C) = E[I(X)].

Take a look at the following simple example.

Example 3.3.1. Let X be a r.v. taking values in X = {0, 1} with probability
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’ X ‘ Code C ‘
0 aab
1 ba

Table 1 — Table of a code for the set X.

and the alphabet D = {a,b}, then a code C' for X can be described by the values
C(0) = aab and C(1) = ba, as shown in Table 1. Furthermore, we notice that [(0) = 3
and [(1) = 2, then the expected length is

LIC)=2p+3(1—p)=3—p.
Notice that in Example 3.3.1, we code just one element of X at time, that is, the

domain of C' is X. However, we can extend C' to a code C* where its domain is bigger
than X.

Definition 3.3.3. Let C be a code for X and
X = U X",
neN
The extension of the code C is a code C* : X — D such that
C*(z123...7,) = C(21)C(22)...C(z4,),

where again z;...z, indicates (1, ...,x,) and C(x1)C(z3)...C(z,) indicates the concatena-

tion of the corresponding codewords.

To illustrate the idea, we can extend our Example 3.3.1 to the concatenation of

two elements.

Example 3.3.2. Let X, D and C be as in Example 3.3.1. The extension to two elements

is shown in Table 2.

’ X2 ‘ Code C ‘
00 | aabaab
01 aabba
10 | baaab
11 baba

Table 2 — Table of a code for the set X’2.

A code is sometimes called a Compression of the random variable X. The main
idea of Shannon is to find a code C such that we can always recover the concatenation
x1...x, from the value C(x;....x,) (that is, it is injective) and it minimizes the expected

length. Among all the codes, the instantaneous ones are the most interesting.
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Definition 3.3.4. Let C be a code for X. The code C' is instantaneous if no codeword
is a prefix of any other codewords, that is, if z,y € X and [(z) < [(y), then there is no
element a;...a,, € D such that C(y) = C(z)ay...a,.

The idea behind an instantaneous code is that we can recover a concatenation
x1....7, “reading” the extension C(x;...x,), but rather than look at all the extension, we
can already identify any particular z; without the future codewords. For instance, we have

the following example.

Example 3.3.3. Let X taking values in {0,1,2}, D = {0, 1} and the code C such that
C(0) =0, C(1) = 11 and C(2) = 10, then the code C' is instantaneous and, for instance,
if we have that C(zzo73) = 10011, we can identify x; = 2 without the reference of

and x3, as well as for x5 = 0 and z3 = 1.

On the other hand, the following example from Cover and Thomas (2012) is not

instantaneous.

Example 3.3.4. Let X be a r.v. taking values in {0, 1,2,3} and the code C' such that
C'(0) =10, C(1) =00, C(2) =11 and C(3) = 110. Then C' is not instantaneous because
C(2) is a prefix of C(3). Note that if C'(xy...z,) = 110, we could not idenfity that n =1

and x; = 3 if we just read the string “11”, which is the codeword for 2.

For instantaneous codes, we have the following inequality.

Theorem 3.3.1 (Kraft’s Inequality). Let C' an instantaneous D-ary code with codeword

lengths ly, ..., 1,, then we have
S D <1 (3.1)
k=1

Conversely, if a code safisties this inequality, then there is an instantaneous code with the

same codeword lengths.
Proof. For a proof, we recommend Cover and Thomas (2012). [

Notice that, as a consequence of the Kraft’s Inequality, we have that the family of

all instantaneous code is countable.

Lemma 3.3.1. If I is the set of all instantaneous codes C : X — D, then I is countable

Proof. Since I C DY, we have that I is at most countable. Now, if n = |X| and [; > log, n

for all 7, then

=1,

S|

n n
S pt<y
k=1 k=1
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then Kraft’s Inequality implies that there is an instantaneous code with these lengths.
Since the set of all (Iy,...,1,) such that I; > log, n for all ¢ is countable, we also have that

I is countable. [

Therefore, if we want to minimize the expected length > c» p(x)l(x) among all

instantaneous codes, we have to solve the following optimization problem.

L= min  Y,exp(z)l(z)
st. Yeex DTI® <1
[(x) e N, Vx € X.

The relaxation problem is

L= min  X,cxp(x)i(z)
st. Y. D@ <1
I(z) €ER,, Vo € X.

The relaxation problem is solved by Lagrande Multipliers and its mininum is

achieved for [(x) = —logp, p(z), therefore,
L= Hp(X) = — Z p(x)logp p(z),
reX
that is, the Shannon Entropy with logarithm in base D.
Since N C R,, we have that L < L and equality is achieved if and only if

—logp p(z) € N for all . We can summarize this in the following theorem.

Theorem 3.3.2. For all instantaneous D-ary codes we have that Hp(X) < E[l(X)] and
equality is achieved when the codeword lengths (x) safisty

l(x) = —logp p(z) €N,

for all x € X. Therefore, Hp(X) is known as the limit of compression of a random

variable X .

Before we provide an interpretation for this result, let us just mention an example

of a code.

Example 3.3.5. Let [(x) = [logp 1/p(x)], where [z] represents the smallest integer

greater than x, then
Z D) < Z D~ loepp(®) — 1
TEX zeX

that is, [(z) satisfies the Kraft’s Inequality, hence there is an instantaneous code with
length I(z).
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For this code, we have

Hp(X) <E[(X)] =Y p(x)i(z) < > plx)(logp 1/p(x) + 1),

reX TEX

hence,

Hp(X) <E[(X)] < Hp(X) +1.

This is known as the Shannon’s Code.
In fact, if we encode (X7, ..., X},), an i.i.d sample of X, by the Shannon’s Code, we
have that the expected length per one symbol is

L, = :LIE[Z(Xl, X)) < (H(Xl, X))+ 1),

S

hence,
nHp(X) = Hp(Xy, ..., X,) <E[l(X1,....,X,)] < Hp(Xy, ..., X)) + 1 =nHp(X) + 1,

that is,

1
Hp(X) < L, < Hp(X) + —.
n

Therefore, the expected length per symbol can get arbitrarily close to the Entropy.

Entropy is, therefore, Information. In fact, H(X) is known as self-information,

since

I(X,X)=H(X) - H(X|X)= H(X).

H(X|Y) is the information X still has given the knowledge of Y.

Theorem 3.3.2 expresses that we can not compress more than the Information
contained in the random variable X if we want to recover it exactly, that is, if we want an

instantaneous code for X.

In the previous section, we derived some properties of Entropy of a random variable

X, and now we can provide an interpretation for it using the compression of X.

First, we have that H(X,Y) < H(X) + H(Y). That means that, if we want to
compress X and Y simultaneously, we do not need to compress independently, but we
can use the Information of one to get Information of the other, that is, we can compress
efficiently their joint distribution of X,Y if they are correlated. In fact, we can first
compress X and then use the information of X to compress Y, and it is precisely H (Y| X),
that is, H(X,Y) = H(X) + H(Y|X). However, in the independent case, knowing X gives
nothing about Y, therefore, we will have to compress independently X and Y, that is
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Figure 3 — Representative Veen Diagram with two circles: the first one is concerning H (X))
and the second H(Y'). Notice that H(X,Y) = H(X)+ H(Y|X), HX,Y) <
H(X)+ H(Y) and equality holds if and only if I(X,Y) = 0, that is, they are
independent.

why H(X,Y) = H(X) + H(Y) in this case. Symbolically, we can express the relations

between these quantities through a Veen Diagram, as in Figure 3.

Futhermore, if H(X) = 0 and therefore X is constant, we can get codes with
expected length arbitrarily close to zero. We just need to compress more symbols with
just one codeword, for instance, we can compress X, ..., X,, with C'(X;...X,,) = 1, and,

per symbol, we have

L,=——0.
n

Finally, the Kullback-Leibler divergence drives the error when we encode a random

variable X with the wrong distribution gq.
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Theorem 3.3.3. Let X be a finite random variable with distribution p(x), for x € X.
Suppose we guess a wrong distribution q(x) for x € X and use Shannon’s Code according
to this distribution, that is, I(z) = [log1/q(x)], then

Hp(X) + D(qllp) < BI(X) < Hp(X) +D(qllp) + 1.

Proof. You can find the proof in Cover and Thomas (2012). O

3.4 Differential Entropy and Information

3.4.1 Differential Entropy of Shannon

Definition 3.4.1. Let X be a continuous random vector in R” with density f, then the

differential entropy of Shannon is defined as

H(X) = —/ flog fdu,
]Rn
if the integral exists.

Remark 3.4.1. We will denote the differential entropy by the same letter H as the discrete

case and we hope no confusion will be made.

Example 3.4.1. Let X ~ Unif([0, a]), then f(z) = 11}y, hence

el 1
H(X):—/O Elogadleoga.

If we set 0 < a < 1, then H(X) <0.

In this example we see that the differential entropy lacks the positivity property
of the discrete case. It turns out that H(X) € (—oo,00] and we will see later that
H(X) — —oo corresponds to the case where X is constant, that is, the differential entropy

renormalize the constants r.v. to —oo, instead of 0 in the discrete case.

We also have a definition for the Kullback-Leibler Divergence.

Definition 3.4.2. Let p and v two absolutely continuous measures with respect Lebesgue
in R" and ¢ < v. Then we define the Kullback-Leibler Divergence as

D(ullv) = [, Flos? da.

where f, g are the densities of ;1 and v with respect to the Lebesgue measure, respectively.

The Kullback-Leibler Divergence preserves D(u||v) > 0 and equality holds if and

only if ;1 = v (this is a consequence of Lemma 4.3.1).
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We can define H(X|Y), H(X,Y) similarly as the discrete case, but they will
lack the positivity property as well. However, since I(X,Y’) is defined in terms of D,
I(X,Y) > 0 and equality holds if and only if X and Y are independent.

It turns out that the differential entropy has other properties. The first ones are

the dilation and translation property.

Lemma 3.4.1. Let a > 0 and b € R™. If X is a random vector in R™ with finite entropy,
then

H(aX +b) = H(X)+nloga.

Proof. 1t is easy to see that H(aX + b) = H(aX), since we just translate the density and

thus the integral does not change. Hence we can consider b = 0.

Let f(z) be the density of X, then = f(x/a) is the density of aX, therefore

H(aX) = —/ inf(x/a) log (alnf(x/a)> dz.

R Q

Changing variable to y = x/a, we have that a"dy = dz, then

H(aX) =~ [ f(y)log W) 4y = H(X) + nloga,

an

and the lemma is proved. O]

We can see in this case that if a 0, then a X — 0 in probability and
H(aX) N\ —00.
Moreover, we can generalize the dilation property to an affine invertible transfor-
mation T(X) = AX +b.
Corollary 3.4.1. Let A be an invertible matriz n X n and b € R", then
H(AX +b) = H(X) + log |A],

where |A| is the absolute value of the determinant of A.

3.4.2 Maximum Entropy

We will explore here the problem of maximizing entropy for families of random
variables, first for the case of random variables with the same mean and variance, and
then for the case where the random variables satisfy a general condition E[W(X)] = ¢,

there W will be defined later in this subsection and ¢ is a constant.
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Corollary 3.4.2. Let X be a r.v. with finite variance o* = Var(X) and p = E[X], then
H(X) < H(Y) for Y ~ N(u,0?) and equality only holds if and only if X Ly,

Proof. Because of Lemma 3.4.1, we can assume o2 = 1 and p = 0. Let f be the density of
X and ~y(z) := \/%6_12/ 2 the density of the Gaussian. Then

0 < D(fdz|jydz) = /Rflogﬁdx
~ —H(X) - [ flogyda,
but
—/Rflogydx—/Rflog[\/%]dx—i-;/szfdx
= logV2m +1/2,

because the variance of X is 1. Since

/7dx:1,
R

and

/ 2?ydr =1,
R
we also have that
—/flogwdx:—/'ylogvdx,
R R
hence
0<—H(X)— / ylogryde = —H(X) + H(Y),
R

and the theorem is proved. O

As a corollary, we can generalize it to R".

Corollary 3.4.3. Let X be a random vector in R™ with mean p € R™ and positive definite
covariance matriz X, then H(X) < H(Y) where Y ~ N (u,X) with equality whenever
x2y.

In the previous proof, we indirectly computed the entropy of the Gaussian.

Lemma 3.4.2. Let X ~ N(0,1), then H(X) = logv2r + 1/2 = $log2me. Also, if
Y ~ N(0,02), thenY £ X and H(YY) = H(X)+logo = 5 log2meo?. Finally, if X € R"
and X ~ N (u,X), then H(H) = 2log(2me|S|/™).

Now we can compute the renormalized constant of the differential entropy.



3.4. Differential Entropy and Information 97

Corollary 3.4.4. Let X be a random variable with Var(X) = ¢* and p = E[X]. If 0 — 0
then X 5 i and H(X) — —oo.

Proof. The first one is a consequence of the Weak Law of Large Numbers. The second

part is a consequence of H(X) < 1log(2mec?) when o — 0. O

Using the same relative entropy argument, we can also maximize the entropy on

compact sets.

Theorem 3.4.1. Let X be a random vector distributed on a compact set K C R", with
density f, that is f(K¢) =0 and

/dele,

then H(X) <log A(K), where A\(K) is the Lebesque measure of K and equality only holds
if X is uniform in K.

Finally, we can generalize Theorem 3.4.2 for a large class of densities in the form

f(z) = e ") where W satisfies some conditions.

Definition 3.4.3. Let W : R” — R be a strongly convex function, that is, the Hessian of

W is positive definite matrix and
Hess W (x) = cld,

for some ¢ > 0 and all z € R", where > is the partial order induced by the cone of positive

semidefinite matrices in n x n. Let
7Z = / e @) dg,

which is finite, and

f(zx) = ;e_w(m).

Set p the probability measure in R™ such that

dp
ﬁ_fa

then p is known as the Boltzmann Measure associated with the potential V.
Remark 3.4.2. The strong convexity condition is not necessary in this definition: we just

have to assume that Z is well-defined. However, we use this definition because we will

need it as a hypothesis in Theorem 4.4.6.

Now we can prove that the Boltzmann measures maximizes the entropy under

some conditions.
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Theorem 3.4.2. Let W : R™ — R be a strongly convex function, u the Boltzmann measure
associated with W and Y ~ u. Hence, for all X such that E[W (X)] = E[W (Y)] we have
that H(X) < H(Y) with equality whenever X Ly,

Remark 3.4.3. When W (z) := ||z||?, we recover Corollary 3.4.2, since
E[W(X)] = E[X"] = Var(X),

for E[X] =0 and Y ~ N(0, Var(X)).

Proof. We will use the same procedure as in the Gaussian case. Let g, f be the densities

of X and Y, respectively. Then

0 < D(gdzl|p) = /Rnglogg/fdx
— _H(X) - /Rnglogfdx.

To compute the last term in the right-hand side, notice that

1
—/ glogfda::—/ glog <€_W> dx
Rn R™ A
:/ glogde+/ gW dz.
Rn R

Since

glog Z dx zlogZ:/ flog Z dx,
R”L

Rn

because g and f are densities, and

gW dz = E[W (X)],

Rn
by hypothesis we have that
- gWdz =E[W(Y)] = - fWdz,
then
—/Rnglogfdx _ —/Rn flog fda = H(Y),
hence we obtain the result. O

3.4.3 Exponential Entropy of Shannon

Definition 3.4.4. Let X be a random vector in R™ with finite differential entropy H(X),

then the exponential entropy of X is defined as

N(X) = 21 enH(X)
e
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Therefore, the exponential entropy renormalizes back to 0 the constants vectors.

The constants ﬁ and 2/n also normalize the standard Gaussian case.

Lemma 3.4.3. Let X ~ N(0,1d), then N(X) = 1.

Proof. We have already seen that H(X) = % log(2me), hence the result. O

The maximum entropy and the dilation property can be rewritten for the expo-

nential entropy.

Corollary 3.4.5. Let X be a centered random vector with positive definite covariance
matriz ¥ and Y ~ N(0,%), then N(X) < |Z|Y™ = N(Y) and equality holds whenever
x4y,

Corollary 3.4.6. Let X be a random vector in R™ with finite differential entropy H(X).

Let A be a nonsingular matrix, then
N(AX) = |AY"N(X).
In particular, N(aX) = a®>N(X) for a € R.
Later in Section 3.6, we will explore an inequality relating the exponential entropy

of the sum N(X + YY) and the single ones N(X) and N(Y). In the Gaussian case, we

have the following example.

Example 3.4.2. Let X ~ N(0,%;) and Y ~ N(0,%,) and 3; = r¥, for some r € R,
Then X +Y ~ N(0,%; + X3) and

NX4Y)=|1+7)SY" = (147)|ZY" = NY) + N(X),

and hence the exponential entropy of the sum is equal to the sum of the exponential

entropies. We will explore this equality in Subsection 3.6.2.

3.4.4 Fisher Information according to a parameter

Let f: ACR" x R? = R be a function and (z,y) € R” x R%. We will denote the

gradient in the x variable as
0
Vaoly) = (5-r@y)
and likewise for y € R%.

We also need to define the classes of parameters and densities.

Definition 3.4.5. A class of parameters, or family of parameters, is a subset
© C R?, for some d € N. An element # € © is called parameter.
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Definition 3.4.6. Let © C R? be a class of parameters. By a class of densities according
to ©, we mean a function f : R"™ x © — R such that for each 6 € ©, the function f(-,0)
is a density. We denote f(x,0) simply by f(z]0).

Remark 3.4.4. We will also denote a class of densities according to © as {f(z]0) : 6 € ©}.

Now we can establish the first important definition of this subsection.

Definition 3.4.7. Let © C R? be a class of parameters and F := {f(x]0) : 6 € ©} be a
family of densities in R™ according to © such that, for each z € R", f(z|-) € C'(O). Given
0 € O, let X be a sample of the distribution with density f(-|f). The score function is
defined as

V= Vylog f(X]0),
or, in the discrete case,

V= Vylog p(X10),
where p(z]6) = P(X = z|0).

Remark 3.4.5. Notice that V' depends on X, F and the particular § € © we took. However,

the dependence on X will disappear as soon as we start to take expected values.

The next lemma gives sufficient conditions to avoid computing the expected value
of V.

Lemma 3.4.4. Let || - || be any norm in R and suppose |[Vof(-|0)|] < g(-) for all 6 € ©
and g € L'(dx), then E[V] = 0.

Proof. Set n = 1. The general case n € N is a corollary of the case n = 1 and the Fubini’s
Theorem. Notice first that
EV] = [ F(e18) 2 10g f(al)de = [ 2 f(2]6) d
R 00 R 00

But |0pf(2|0)| < g(x) is a sufficient condition to change the order in the derivative (see
Theorem 2.4.4). Hence

E[V] = (99/ F(2]6) dz = dy1 = 0,
R
and the lemma is proved. O]

Example 3.4.3. Let © = [0,1] and X = {0,1}. Let X be Bernoulli with parameter
6 € O, that is, p(1|6) = 6 and p(0|f) = 1 — 0, hence we have that

Vo o1 if X =1;
|l -(1—0) it X =o.



3.4. Differential Entropy and Information 101

Therefore we obtain
0 1-06
E = - - — =
V] 0 1—0
Example 3.4.4. Let 0% > 0 and © = R™. Given § € R", set X ~ N (6,0°1d), then

1 ll=—612

f(z|0) = WG_?-

Its log-derivative is
1
Vlog f(x]0) = ;(:c —0).

Therefore, we have

since

/Rxf(x\ﬁ) dz =46.

This is a case where the conditions in Lemma 3.4.4 fail, although we still have E[V] = 0.

Indeed, the maximum of |0f(x|0)| is constant in z, therefore not Lebesgue integrable.

Throughout this dissertation, we will only consider cases where E[V] = 0.

The variance of the Score Function is known as the Fisher Information.

Definition 3.4.8. Let F := {f(z|f) : 6 € ©} be a family of densities in R" according to
©. Set V = Vlog f(X]6) and assume E[V] = 0, for X with density f(z|f). We define the
Fisher Information of the family F as the covariance matrix of V', that is,

d

7(6) = (ENViv3))

1,j=1
In the real case, we have explicitly
2
7(0) = E(ag logf(X|9)> |
If we consider (X;)!, be i.i.d according to the densities f(x|f), their joint score

function is

n

V= 89 logf(Xla 7Xn|€) = ZV;

=1

hence
J(0) = nJi(0),

and we recover the property that, in the independent case, the joint Information is the

sum of the individual Informations.
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Example 3.4.5. Let © =R, 0% > 0 and X; ~ N (0,0?) i.i.d for i <n, hence
n

Indeed, if f is the density of N'(6,0?), then

(z —0)?

202

log f(x) = —; log(2m0?) —

and
(z —6)

Oplog f(z) =

hence

o2 1
==
3.4.5 Fisher Information

If we fix a random vector X in R” with density f with respect to the Lebesgue
measure and consider the family of densities {f(x —0) : 6 € ©}, for § € R", then we can
define the Fisher Information of X.

Definition 3.4.9. Let X be a random vector in R" with density f. Let © = R", hence

the Fisher Information of X is defined as the Fisher Information of the family
F:={f(x—10): 0 €06},

that is,

Lemma 3.4.5. We have that J(X) depends only on f.

Proof. Notice that

2
IX) = 30) = [ |Vatog £ = 0)| f(w— 0) do.
but for all z,0 € R™ we have that
s (IVaf@ =0\
IVotos £z~ )1 = (5 5 )

hence

R B

by change of variables y = x — 6. O



3.4. Differential Entropy and Information 103

By the chain rule, we can equivalently define J(X).

Lemma 3.4.6. Let X be a random vector in R™ with finite Fisher Information J(X).
Then

ﬂm:/JWf Wd_4/HW[Wm—/YUVbM)

or, in terms of expected value,

1) - e IEAE0NY:

As we have seen in Example 3.4.5, if X ~ N(0,0?%), then J(X) = 1/0® and we
have that J(X)N(X) = 1, a relation we will explore in the final Chapter 6. Therefore, if

X and Y are independent Gaussian random variables, we have

1 1 1
7J(X+Y) =NX+Y)=NX)+N(Y) = m +m.

We will also explore this equality in the final section of this chapter. (see Subsection 3.6.1).

Example 3.4.6. For the standard Guassian X ~ N(0,Id), J(X) = n. Indeed, the
property that the joint Fisher Information of i.i.d random variables is n times the Fisher

Information of the first gives the result.

We also have the dilation property.

Lemma 3.4.7. Let X with finite Fisher Information, then J(aX + b) = a 2J(X), for
a>0 andbe R

Proof. The translation does not affect the Fisher Information, then we can consider b = 0.
The density of aX is equal to - f(z/a), where f is the density of X, hence

’V \/ f(z/a) 2d:1: = jn - ;Hvz/a\/f(x/a)Hde

By the change of variables to x = ay, we have

JaX) =1 [ SIVFIPdy = ().

J(aX) _4/

]

The formula for the Fisher Information of AX is a little more complicated and we

will explore a more general concept in the next subsection.
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3.4.6 Fisher Matrix

We can give a matriz definition of the Fisher Information. Let V f be a vector

n x 1, then we have the following.

Definition 3.4.10. Let X be a random vector in R™ with density f with respect to the

Lebesgue measure. Then the Fisher Matrix is defined as

J(X) = /R V- (Vf)lecd:c.

Remark 3.4.6. This definition is consistent in the following sense:

and we have that J is the covariance matrix ¥ of Vlog f(X), since

£ = E[Vlog f(X)Vlog f(X)"] = [ Vlog f(@)Vlog f(x)" f(x)da.

where the last one is the Fisher Matrix, by the chain rule. Hence J(X) is a positive

semidefinite matrix and is singular if and only if X lies in a lower dimension subspace.

Example 3.4.7. J(X) = Id, for X ~ N(0,1d). Indeed, let f(z) = (27)"? exp(—||z|?/2)
be the density of the standard Gaussian, then

0;log f(x)0;log f(x) = z;x;,

hence
J(X)ij = /Rn xiz; f(z) de = 1d;;.

For the Fisher Matrix, the dilation property is the following.

Lemma 3.4.8. Let X be a random vector in R™ with finite Fisher Matriz J(X) and A be
an n X n invertible matriz. If Y = AX, then J(Y) = A1 J(X)(A™H)T.

Proof. The density of YV is

g(y) = A7 F(A™y).

Therefore, the Fisher Matrix of Y is

1

f(A~ly) du-

) = A [ VAT TiAT T
Let A= = B and u = By, then

aylf<By) = Zaujf<u>8yzuj = Zaujf(u)B]za
j=1 j=1
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then V, f(By) = B"V, f(u), therefore

1
I(Y) = A‘Q/ BTV, f(u)V ¢ (1) B—— dy.
() = 1A [ BV f )V ) B s
Finally, we have dy = |A|du, hence
1
JY)= [ B'V.f(uw)V;(u)B— du.
¥) = [, BVl )V ) B s
And the result follows taking BY and B out of the integral. O

Corollary 3.4.7. Let A = J(X)'/2, the square root of the Fisher Matriz, then J(AX) = Id.

Therefore, we have the following dilation property for the Fisher Information.

Corollary 3.4.8. Let A be a nonsingular n X n matriz and X be a random vector in R™
with finite Fisher Matriz, then

J(AX) = tr(A~1J(X)(AHT).

For the Guassian case X ~ N(0,%), we have

where 0(X;) = Xy, fori=1,....n.
Proof. The first is immediate, since tr(J(X)) = J(X). For the second, we have that
X £ 212y, where Y ~ N(0,1d), hence
J(X)=x"125 12 =5n"
The eigenvalues of X7! are the reciprocal of the eigenvalues of ¥, hence the result. O
Again, if X ~ N(0,%;), Y ~ N(0,%,), X1 = 0%, for some 0 > 0, and X,Y are
independent, then

JX+Y) = (S +5) =J(X) "+ ()L

Likewise, we can define the parametric version of the Fisher Matrix.

Definition 3.4.11. Let F := {f(z|0) : 6 € O} be a parametric family of densities in R".

Hence, the Fisher Matrix according to this family is

1(0) == /R Vo (x]0)Vof(z|0)T dz.

1
f(]0)
Hence we have the following lemma.

Lemma 3.4.9. Let X be a random vector in R™ with density f. Let {f(z —0): 6 € R"}

be a parametric family, hence
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3.4.7 Fisher and Kullback-Leibler Divergence

There is a wonderful relation between the Fisher Matrix and the Kullback-Leibler
Divergence. Let {f(z]f) : 0 € O} be a parametric family of densities and © be an open
set in R™ and, for § € O, consider puy the probability measure with density f(-|¢). For a
fixed 0 € ©, consider g : © — R, the function g(a) := D(ugl||pa). Let us compute the

Hessian of g.

The first partial derivative is

0i f (z]a)
f(z]a)

if we can differentiate under the integral (for suficient conditions, see Theorem 2.4.4).

dig(@) = = [ f(al6) dr, (3.2

Notice that, for a = 0, we've already known that 6 is a global minimum of the relative

entropy, hence

The second partial derivative is

09(0) = - [, i)’ @"|a>0j@-f<xI[%jgu|a>ajf<x|a> o

where again we differentiate under the integral sign. For a = 6, we have

o f 1:\9 )0; f(x]0)
[ (]0)

0,9,9(8) / 9,0, f(x]0) dx+/ dz.

The first integral is zero by exchanging integral with derivatives. The second is the

ij—entry of the Fisher Matrix J(). Hence we have the following theorem.

Theorem 3.4.3. Let © C R™ be an open set, {f(x|6) : 6 € O} be a parametric family
of densities and {pg : 0 € O} be the corresponding family of measures. If the Equations
3.2 and 3.3 hold, then for 0 € © fized, the Hessian of D(ug||pa) in o = 6 is precisely J(0)

and we have the second order Taylor Expansion:

Dijoll) ~ 50 = 6)73(6)(a — ).

3.5 Channel

In this section, we define the notion of Channel and the principal theorem derived
by Shannon (1948) about the Channel Capacity and efficient codes.
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3.5.1 Discrete Channel

Definition 3.5.1. A discrete channel is a triple (X, Y, p(y|z)) where X and ) are two

finites sets and p(y|z) is a family of conditional distributions in ) given x € X.

Definition 3.5.2. The extension of discrete memoryless without feedback chan-
nel (X, p(y|z),)) is the channel (X™, p(y™, z™), Y") where

p(y"|z"™) H (yilzs).

We will only consider memoryless without feedback channels and denote them by
just DMC'.

Associated to a channel, we can define its capacity.

Definition 3.5.3. Let (X, ), p(y|x)) be a channel, then its capacity is
C:= mgx[(X, Y),

where the maximum is over all the probabilities distribution in X, X has distribution p
and Y is the induced distribution of X in ) by the family p(y|z), that is,

=Y p(x)p(y|z),

zeX

and I(X,Y) is the mutual information.

Now that we have defined a channel, we need to know what is a code for it.

Definition 3.5.4. An (M,n) code for the channel (X, p(y|x),)) is a triple (S, £, g),
where S is a set with |S| = M; f: S — X" and g : Y"* — S are two functions.

The set S is called the set of messages, the function f is the encode function

and ¢ is the decode function.

We can see a code as the diagram in Figure 4.

%74 ™ W =g(Y
WESf( ) xn ply"la") yr gl )Receptor

Figure 4 — Diagram representing the transmission. A message W is encoded in f(W) € X™.
The channel transforms this input into a noisy sign Y € Y™ and the decode g
guesses the best canditate W = g(Y") for the original message.

To a code (M, n), we can associated its rate of transmission
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Definition 3.5.5. Let (M, n) be a code of a DMC, then its rate is defined as

log M
n

R =

The error of transmission is defined as below.

Definition 3.5.6. To a code (M, n), the error associated with the transmission of the

message ¢ € S is

A= P(g(Y™) £idla"(6) = Y ply"a™ (@)1 (v").

neyn

The error of the code is defined as A" := max;cg \;.

Using these two last definitions, we can define achievable rates.

Definition 3.5.7. We say that a rate R is achievable if there is a sequence ([2"#],n) of
codes such that A — 0 and it achieves error ¢ € (0, 1) if there is a sequence ([2"7], n)

of codes such that

lim sup A < e.

n—oo

We denote R all the achievable rates and R(e) all rates which achieve error e.

Note the following relation between achievable rates.

R= [ R).

€€eQn(0,1)

For simplicity, we denote a code ([2"%],n) just by (2", n).
Definition 3.5.8. Given R, R; € R or in R(¢e), we say that R; is more efficient than
Ry if R > Rs.

The central example of DMC in this section will be the Binary Channel, perhaps

the simplest channel.

Example 3.5.1. Let X =) = {0,1} and
p(1[1) = 1 —p = p(0]0),

with p € (0,1/2). We can represent this channel as in Figure 5. Its capacity is C' = 1— H(p),
where H(p) is the entropy of the distribution (p, 1 — p). Indeed, the mutual information

can be decompose as

I(X,Y) = H(Y) - HY|X) < 1-H(p),
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I—p

Figure 5 — Given the input € {0, 1}, the output is x with probability 1 —p and 1 — x
with probability p.

with equality if and only if Y is uniform. It can be reached if X is uniform, since

P(Y =1) = P(X = 1)(1 — p) + P(X = 0)p = 1/2.

Suppose we want to transmit two messages, say S = {0,1} and M = 2. Given an
n € N, we can encode this message by just sending it n times, that is, f(z) = zz..x n
times. The decode function g guesses z if the numbers of = in the output is greater than
1 — z. This is known as the repetition code. Because of the symmetry of this channel,
the error is A(®) = max;ec(o13 Ai = M. Let Xy, ..., X, ~ Ber(p) i.i.d, then the error can be

measured by

1 n
A = IP’( X, > 1/2).
iz
Since p < 1/2, the Weak Law of Large Numbers says that
A 0.

However, this code is not efficient, since

_logM  log?2
n n

R — 0.

In Chapter 5, we will derive a nonasymptotic version of this code (see Example 5.4.1).

We only consider p < 1/2 since we just have to exchange labels in the case p > 1/2
and the case p = 1/2 has capacity 0.

By this example, we would imagine that to get A — 0, the rate necessarily

converges to 0. This is not true and it was proved in Shannon (1948).

Theorem 3.5.1 (Shannon’s Theorem). Let C' be the capacity of a DMC. Then all rates
R < C are achievable. Conversely, if a rate R is achievable, then R < C'.

Proof. For the proof, see Cover and Thomas (2012). O
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3.5.2 Continuous Channel

Definition 3.5.9. The Gaussian channel is a time-discrete channel with output Y; at

instant i and input X; such that

where Z; ~ N(0,N) is independent of X; for all i and (X;)"; are assumed to be

independent.

If we assume no other conditions in this channel, we can recover the signal X; with
arbitrarily small probability. For instance, if we set the input space X as a well-separated

set, that is, all points are distant to each other, say,
d(z,z) > N, Vx,y € X,

then we can recover it with small probability. Therefore, we will impose a condition on

the input space.

Definition 3.5.10. Let (Y;, X;)" ; be a Guassian Channel. The power constraint in
the input (Xy,..., X,,) is

for a power P > 0.

It is worth to mention that, even if X is discrete, Y = X + Z is continuous, since,
for this case, we have
P(Y <vy) Z P(X P(Z <y-—ux).
TEX
But
Yy—x

ferdz = [* flz-w)de,

— 00

]P’(Zgy—a:):/

— 00

where f is the density of Z. Hence the density of Y is

=Y P(X =2)f(y — ).

TEX

Let us compute the capacity of this channel C' = max I(X,Y’), where the maximum
is over all continuous distribution X such that E[X?] < P.

Lemma 3.5.1. We have that

C= ;log (1+P/N>.
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Proof. The mutual information is equal to
I(X,)Y)=HY)-HY|X)=H(Y)—-H(X + Z|X).
Since X is constant given X and the entropy is invariant under translation, we have
I(X,)Y)=HY)-H(ZX)=H(Y)—-H(Z).
The power constraint means that
E[Y? =E(X + Z2)? =E[X?) +E[Z*] < P+ N,

hence we obtain that H(Y) < 5 log2me(P + N) by Corollary 3.4.2, and then

1
2

! ! |
I(X,Y) < S log2ne(P+ N) — - log 2reN = - log (1 + P/N).

The equality holds if X ~ N(0, P). O

Likewise, we define a code.

Definition 3.5.11. An (M, n) code for the Gaussian Channel with Power Constraint P
is a triple (S, f, g) such that |S| =M, f:S — R" and g : R" — S such that

for all w € S.

Similarly to the discrete case, the function f is the encode function and g is the
decode function. Moreover, we also define error, rate, efficiency and achievable rates

similarly in the discrete case. Finally, we also have the Shannon Theorem in this case.

Theorem 3.5.2 (Shannon’s Theorem). If R < C, then there is a sequence (2"%,n) of
codes such that X\ — 0. Conversely, if \ — 0, then R < C.

Proof. For the proof, see Cover and Thomas (2012). O

3.6 Inequalities in Information Theory

In this section we will prove two inequalities that will be important in Chapter
6. They are Fisher Information Inequality, presented in Theorem 3.6.4, and Exponential

Entropy Inequality, presented in Theorem 3.6.5.
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3.6.1 Fisher Information Inequality

The main tool to prove Fisher Information Inequality is the following Fisher Matrix

Inequality.

Theorem 3.6.1. Let X,Y € R" be independent random vectors and Z = X +Y . Let
f,g and f = g be their densities with respect Lebesque and assume they have finite Fisher
matrices J(X),J(Y) and J(Z). Assume the integrability condition holds for all y,z € R"

and all ©:

9(¥)0:.f (= = y)| < h(2),
where h € L*(dz). Then, for all n x n matrices A, we have
AJ(X)AT + (1d — A)J(Y)(1d — A)T - J(Z) = 0.

Remark 3.6.1. The integrability condition is just a sufficient condition to exchange integral

and derivative (see Theorem 2.4.4).

In order to prove this theorem, we need a matriz-valued Jensen’s Inequality whose
proof we omit. We can find further informations on matrix-valued functions and convexity
in Boyd and Vandenberghe (2004).

Theorem 3.6.2. Let S C R"™ be a convex set and (M,, <) be the set of all n x n matrices
with the partial order defined by the positive semidefinite cone. Let f : S — M, be a
convez function, that is, f(Ax + (1 — N)y) S Af(x) + (1 = N)f(y), for all z,y € S and
A € [0,1]. Then, for all integrable random vectors X € R™, we have

E[f(X)] = f(E[X]).
We just need one example of convex matrix-valued function.
Corollary 3.6.1. The function f: R™ — M,, given by f(u) = uu’, is conver.
Proof. See Boyd and Vandenberghe (2004). [
Now we can prove Theorem 3.6.1

Proof. The proof we present was first shown by Dembo (1990). Set

1. Sx = Vlog f(X);
2. Sy =Vlogg(Y):

3. Sz =Vlog f*g(Z); and
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4. S, =Vlog f *g(z),

then J(X) is the covariance matrix of Sx, J(Y') is the covariance matrix of Sy and J(Z)

is the covariance matrix of Sz . The density of X given Z = z is equal to

f(x)g(z — x)
frgz)

hence the convolution rule and the integrability condition imply that

_ Jgn Vf(2)g(z — x) dx
fxg(z)

h(z|z) =

VI(X)
F(X)
_ e Va2 = y)g(y) dy

f*g(2)
_ V([ *9(2))

BT C

E[Sy|Z = 2] =E

&

Likewise, we have that
E[Sy|Z = 2] = S,.
Let U = ASx + (Id — A)Sy, then
E[U|Z] = IE([ASX + (Id — A)SY”Z) = AS; + (Id— A)S, = 5.

Conditional Matrix-Valued Jensen’s Inequality applied to the function v — uu? implies
that

E[UUT|Z] — E[U|Z)(EU|Z)" = 0. (3.4)
The expression E[UU”|Z] can be rewritten as
E[UUT|Z] = E<[ASX + (Id — A)Sy][ASx + (Id — A)SY]T|Z)

— A[E(SxSE)AT + (Id — A)E(Sy Sy )(Id — A)T
+ AE[SxS¥](Id — A)" + (Id — A)E[SyS§] AT,

The last line is equal to 0, since X and Y are independent. Finally, using the fact that

the Fisher Matrix is the covariance matrix of .S, we conclude
AJ(X)AT + (1d — A)J(Y)(Id — AT —J(X +Y) = 0.

]

We can use Theorem 3.6.1 to prove the following corollary concerning the convezity
of Fisher Matrix. Set A = AId and rescale X — vAX and Y — /1 — \Y, then the

following is true.
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Corollary 3.6.2. For all independent r.v. X,Y in R™ and X € [0,1], we have that

JVAX +VI=XY) = AJ(X) + (1= NI(Y).

Taking the trace in the above corollary, we have Blachman-Stam’s Inequality.

Theorem 3.6.3 (Blachman-Stam’s Inequality). For all XY independent random vectors
and X\ € [0, 1], we have

J(VAX +VI=XAY) < M(X) + (1 =N J(Y).

Theorem 3.6.3 can be rewritten equivalently in several forms and all of them can

be called Fisher Information Inequality.

Theorem 3.6.4. Let X|Y be two independent r.v with Fisher Information J(X) and

J(Y). Then the following inequalities are true and equivalent.

1. Let Z =X +Y, then

2. Let \ € [0,1], then we have that

1 JA 1=
J(VAX +V1I=XY) ~ J(X)

3. Let Xo and Yy be two independent Gaussian r.v with proportional covariance matrices,

J(Xo) = J(X) and J(Yy) = J(Y), then

JX+Y) < J(Xo+Yo); and
4. Let X € [0,1], then J(VAX + /1T =XY) < M(X) 4+ (1 = N)J(Y).

The equality in all above happens only if X and Y are independent Gaussian with propor-

tional covariance matrices (which may depend on ).

Proof. We will not prove the equality condition in those equations. The reader can find
the proof in Blachman (1965).

Let A € [0,1], N =1/2 and X, Yp as in (3).
(1) = (2). Applying (1) to X’ = v/ AX and Y’ = /1 — \Y leads the result in (2).
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(2) = ((3) and (1)) Take X' in (2) we have

1 1

WXV (xv)

S 1 n 1

= 2J(X) " 2J(Y)

1 1

T 2J(Xo) | 27(%)
1

2J(Xo +Yp)

(3) = (2). Take X' = VAX and Y’ = /T — \Y, then, by (3), we have

1 1
JX+Y) = J(VAXo + V1= AYp)
A 1—A
T I I
A 1=
— ) Ty

So we have already proved that (1) < (2) < (3).

(2) = (4). Let u : Ry — Ry so that u(z) = 1/z. Then u is decreasing function

and convex. Therefore, because of (2) we have

1 A 1—A
JVAX +VI=2Y) :u<J(\/XX+\/m}/)> <505+ 7))

as u is decreasing. Now, by convexity,

u<J(AX> 4 b(}?) < Au(l/J(X)) . A)u(l/J(Y))
— AT(X) + (1= N)J(Y),

(4) = (1). As (4) is true to all X,Y and A € (0,1), take X' = % and V' = =,

then
J(X+Y)=JWVAX + V1= )Y
<A(X)+(1=NJY)
= A2 J(X) + (1= N2J(Y).

Minimazing this quadratic form in A\ we have that \* = % € (0,1), so by replacing
this value in A2J(X) + (1 — A\)2J(Y) we finally have
J(X)J(Y) 1 1 1

T S 50000 T I ) S I )

which is what we wanted to prove. O
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3.6.2 Exponential Entropy Inequality of Shannon

The last inequality we prove is Ezponential Entropy Inequality of Shannon.

Theorem 3.6.5. Let X andY be independent random vectors with densities f,g € C*(R™).
If N(X+Y),N(X) and N(Y) exist, then

N(X+Y)>N(X)+ N(Y).

There are three key points in proving this inequality. First, we need some equivalent
inequalities; then, we need Fisher Information Inequality. Finally we need an identity
concerning the Shannon Entropy and the Fisher Information. Let first state several

equivalences of Theorem 3.6.5.

Theorem 3.6.6. Let X and Y be independent random vectors and suppose N(X), N(Y')
and N(X +Y) exist. Then the following are equivalent.

1. We have that

N(X+Y)>N(X)+ N(Y);

2. Let Xy and Yy be are two independent Gaussian vectors with proportional covariance
matrices and H(Xy) = H(X) and H(Yy) = H(Y'), then

H(X +Y)> H(X,+Yp); and

3. For \ € |0,1], we have that
HWAX +V1=XY) > AH(X)+ (1= NH(Y).

Remark 3.6.2. Ttem 3 in this theorem is called Shannon-Stam Inequality.

Proof. Let A € [0,1] and X, and Y} as in (2).
(1) = (2). We have N(X, + Yy) = N(Xo) + N(Yy) = N(X) + N(Y), by the

exponential entropy of the Gaussian. Hence
N(X +Y) > N(X)+N(Y) = N(Xo + ),

therefore H(X +Y) > H(X, + Y).

(2) = (1). Because of (2), we have

N(X +Y) > N(Xo+Yy) = N(Xo) + N(Yo) = N(X) + N(Y).
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(1) = (3). Set u(z) := 5(log z +log 2me). Then u is an increasing function, concave
and u(N (X)) = H(X). Therefore, applying (1) for X’ = v/ AX and Y’ = /1 =AY we

have
N(WVAX +VI=XY) > AN(X) + (1 = A)N(Y).
This implies
H(VAX +VI—AY) = u(N(\/XX V1o AY))
> u(AN(X) (- A)N(Y)).
By the concavity of u, we finally obtain
u(AN(X) . A)N(Y)) > Ma(N(X)) + (1= Mu(N(Y))
=AH(X)+ (1 -=NH(Y).
(3) = (1). The dilation property of H gives that
X n
H(\/X> = H(X) = 2 log

and likewise for Y, for A € (0, 1). Hence, applying (3) for X' = % and Y/ = 7= gives

H(X +Y) > AH(X) + (1 — \)H(Y) — ”; log A — ”<12_A) log(1 — A),
that is,
HX +Y) > MH(X) — HY)) + HY) + ~H(\) = ¢(\), (3.5)

2
where H(A) = —AlogA — (1 — A)log(1 — \) is the discrete entropy of Shannon. It is

well-known that H(\) is a concave function of A, therefore ¢ is concave, hence there is

only one maximum and it happens when ¢'(A\*) = 0, hence
S\ = H(X) — H(Y) — Z(log N —log(1 — A*)) —0,

and hence we obtain

%
1 —A*

— exp [2 (H(X) - H(Y))}

n

We also know, by the definition the Exponential Entropy of Shannon, that

N(X) 2

i)~ [ (700 - 1) |
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which leads to

. N
N(X)+ N(Y)’

e N
N(X)+ N(Y)

The value H(A\*) is given by

, N(X) N(X) () (v)
HV) = - _N(X) + N(Y) log (N(X) + N(Y)) * N(X)+ N(Y) log (N(X) +N(y)>
[ N(X) N(Y)

= N v s N Sy v e V(YY) — les(N () + N(Y)) |

Therefore
“w_n N(X) (
SH(\) = _2<N(X)+N(Y) log N(X) + N (X ) logN(Y)>
+ glog(N(X) + N(Y)).

We also have

NH(X)+ (1= )H(Y) =

N(X) + N(Y)
_ nN(X)2H(X)/n] + N(Y)[2H(Y)/n]
2 N(X)+ N(Y) '

Replacing 2 H (X) = log N(X) + log 2me, we have

NH(X) 4 (1— N)H(Y) = n N(X)log N(X) + log(2me) N(X)

2 N(X)+ N(Y)
N n N(Y)log N(Y) + log(2me) N(Y)
2 N(X)+ N(Y)

Rearranging we obtain

NH(X) + (1= N H(Y) = Z(N(X];[(j(])\f(l/) log N(X) + N(X];ISLY])V(Y) log N(Y))
+ g log(2me).
Hence
SON) = Z[log(zm) +log (N(X) + N(Y))]
= glog <exp[2H(X)/n] + eXp[2H(Y)/n]>.
Replacing these values in Inequality 3.5 we have

H(X +Y) > 2 log <exp[2H(X) /n] + exp2H(Y) /n]).
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Finally, applying the function g(z) := 5= exp(z), we obtain

N(X+Y)>N(X)+ N(Y),

and the theorem is proved. O

Let us now state an important identity, which we will only prove in Chapter 4 (see
Theorem 4.2.3).

Theorem 3.6.7 (DeBruijn’s Identity). Let X be a random variable with density f € C*(R)
and Z ~ N(0,1d) independent of X. Suppose J(X + JuZ) is finite for some u, then

SH(X +ViZ)|_, = 3J(X +uZ).

Now we can prove Shannon-Stam’s Inequality based on Blachman-Stam’s Inequal-

ity.

Proof. Let A € [0, 1] fixed, ¢t € [0,1], X and Y independent random variable with finite
Fisher Information J(X) and J(Y). Let X, and Y; be two independent standard Gaussian
r.v with X is independent of X, and Y} is independent of Y. Moreover, let

X, = VtX +V1—tXg;
Y, = VtY + V1 — tYp; and
V, = VX, + V1= )\,

Finally, let
6(t) = H(Vi) — NH(X,) — (1— N H(Y).

Because X; = X and Y] =Y, we want to prove that ¢(1) > 0. Notice that, for t = 0, we
have that 1} is a standard gaussian vector, therefore ¢(0) = 0. Also, we have the following

decomposition:
Vi = VAVIX + VIVT — 1Xo + VI — WY +V1 = A\W/1 =1,
Collecting the terms with v/t and with /1 — ¢, we have
VIVE+ V1=tV = VEIVAX + VI = XY) + VI — i(VAX + V1 = \Yy),
with V; independent of Vy. Let r(¢) = £, then

Ve = VI(Vi + /r(t)Vo);
X, = VHX +/r(t)Xo); and
Y, = VIY + \/r(H)Yy).
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Because of the dilation property, we have that
(1) = H(Vi +/r(D)Vo) = NH(X + \/r(t)Xo) — (1 = NH(Y +\/r(t)Yp).
By differentation and DeBruijn’s Identity 3.6.7 we have
30 = S (30 o) = MK+ \r0)Xo) — (L= NI+ \fr%))
Finally, notice that
Vi /r(6)Ve = VX +/r(6)Xo) + VI = XY +/r(t)Yo),
therefore the Blanchman-Stam’s Inequality 3.6.3 implies that
T(Vi 4 \Jr(6)Vo) = M (X +\/r(t)Xo) — (1 = N J(Y +/r(t)Yy <0.

Replacing this in the expression of ¢/(¢) and using the fact that r'(¢t) = —1/t* < 0 we get
#(t) > 0, hence (1) > 6(0) > 0. =
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We won’t go into PDEs!

4.1 Introduction

In this chapter, we will introduce the main ideas from Semigroup Theory and
inequalities in Functional Analysis. They will lead us to the study of two examples of
Concentration of Measure: the Binary Case, which we will prove in Chapter 5, and the

Gaussian case, in Chapter 6.

In Section 4.2, we will define a semigroup of operators, its generators and some
related quantities, such as the Energy and the Carré du Champ operator. We will also
study some examples, such as the Heat Semigroup and the Ornstein-Uhlenbeck Semigroup.
We will use the former to prove the DeBruijn’s Identity (see Theorem 4.2.3) and the latter

to prove the Poincaré’s Inequality for the Gaussian measure (see Theorem 4.4.3).

In Section 4.3, we will define the Functional Entropy Ent(X). This is a quantity
that measures how concentrated the random variable X is, in the sense that Ent(X) =0
if and only if X is constant. Moreover, we will study some of its properties, such as the

tensorization rule and convexity.

In Section 4.4 we study the main object in this chapter. Poincaré’s Inequality is a
functional inequality, relating two quantities: the energy £(f), and the variance Var(f).
If a probability measure u satisfies Poincaré’s Inequality with constant ¢, then for all f

smooth enough, we have
Var,(f) < cE(f).

At first sight, this does not seem impressive. However, if X has distribution p, this

inequality says that
P(f(X) - E[f(X)] > 1) < 2exp(—t/c),

for all f 1-Lipschitz. That is, f(X) is ezponentially close to its mean.
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We will also prove some properties of such inequalities, such as the tensorization
rule, the perturbation rule and the relation with the spectral gap of the generator of the

semigroup.

Finally, in Section 4.5, we will introduce another functional inequality known as
Log-Sobolev Inequality. This is stronger than the Poincaré’s Inequality, in the sense that
the former implies the latter. We say that a probability measure p satisfies Log-Sobolev

Inequality with constant ¢, then for all suitable f, we have

Ent,(f?) < c&(f).
In some cases, this inequality will take the following form:
Ent, (/%) < B[V FI).

While Poincaré’s Inequality gives an exponential concentration, Log-Sobolev Inequality

provides a Gaussian concentration: let f be 1-Lipschitz and X with distribution p, then

P(|f(X) — E[f(X)]] > t) < 2exp(—t*/c).

We will also prove its basics properties, such as tensorization and pertubation

rules, and others equivalent definitions the reader may find in the literature.

4.2 Semigroups and Generators

4.2.1 Semigroups

Definition 4.2.1. A family of linear operators (F;);>o : B — B on a Banach Space

(B,|| - ]|) is a semigroup if

2. For all f € B, the map t — P, f is continuous; and

3. for all t,s > 0, we have P, s = P, o P;.

In our work, the space B will be the space Cy(M) of real-valued bounded contin-
uous functions f of some Polish Space (M, d) endowed with the uniform norm || f|| =
sup,eps | f(2)]. In this case there is a partial order: f > 0 if and only if f(x) > 0 for all

x € M. Then we can define a Markovian Semigroup.

Definition 4.2.2. A semigroup (F;);>o is Markovian if

4. For the constant function f =1 we have P, f = f for all ¢ > 0; and
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5. P.f >0, whenever f > 0 (preserves positivity).

A nice property of Markovian Semigroups is the Cauchy-Schwarz’ Inequality.

Lemma 4.2.1. Let (P,);>o be a Markovian semigroup, then [Pi(fg)]* < P,(f)*Pi(g)*. In
particular, [P.f]* < (P,f?) when g = 1.

Proof. For a proof, see Guionnet and Zegarlinksi (2003) or van Handel (2014). O

We also have that the semigroup is contractive.

Lemma 4.2.2. Let (P;)i>o be a Markovian semigroup, then the semigroup is contractive,

that is, | P.f]| < || f]l-

Proof. Let v = || f|| = supgea |f(x)], then g := —f + r is positive. Hence Prg > 0.
Linearity and posivity imply

OST_Ptfa

hence Pyf < r. Taking sup in z gives the result. O
Similarly to Subsection 2.10.3, we can define the generator of a Markovian semi-
group.
Definition 4.2.3. Let (F;);>0 be a Markovian semigroup and let
Pf—17
t

D(L) ::{fGB:EItl_igl I3

where the limit is taken with respect to the norm || - || on the Banach Space. Then we can
define the operator £ : D(L) — B as

Lf = lim Rf=7

t—04 t ’

and it is called the generator of the Markovian semigroup.

It can be proved that the generator uniquely defines the semigroup (see the book
Pazy (2012)) and we also have the Hille-Yoshida’s Theorem.

Theorem 4.2.1 (Hille-Yoshida’s Theorem). A linear operator L is the generator of a

Markovian semigroup if and only if

1. 1€ D(L) and L1 = 0;

2. D(L) is dense in B;
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3. L 1is closed and preserves positivity; and

4. For all A\ >0, (Ald— L) is invertible and

sup [[(Ad — L) f|| <

lrli<1

> =

Since we are considering B = C,(M), for any probability measure p in M we have

u(f) rz/ fdu < oo,
M
We can define invariant measures by the following property.

Definition 4.2.4. Let y be a probability measure in M. Then y is an invariant measure
of (P)i>0 if p(Pif) = u(f), for all t > 0.

It can be proved that p is invariant if and only if u(Lf) = 0 for all f € D(L). Also,
we can extend the semigroup to LP(u) :={f : M — R : u(|f|P) < oo} for all p € [1,00)
(see Guionnet and Zegarlinksi (2003)).

Definition 4.2.5. We say that a Markovian semigroup is ergodic in B(M) if P f

converges to p(f) in the uniform norm.

There are other definitions that could lead to ergodicity.

Definition 4.2.6. Let (P;);>¢ be a semigroup, p an invariant probability measure and
L?:= L[*(u). We say that P, : L* — L? is ergodic if
t

lim (Psf.g)ds = pu(f)u(g).

t—oo t Jo

We also say P, is weak-mixing if

1
lim —
t—oo t

/Ot [(Psf,9) — n(f)u(g)ds = 0.

Finally, it is strong-mixing if

lim (P f, g) = u(f)u(g),

t—o00

for all f,g € L%

Naturally, we have that ergodicity in B(M) implies strong-mixing, which implies

weak-mixing and this implies ergodicity.

When a semigroup is ergodic? Von Neumann Ergodic Theorem for semigroup (see
Krengel (2011), Newman (2015) and Bakry (1997)) states that

1 t
lim f/ Pfds= f*
t Jo

t—00
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in L? where f* is the projection of f onto the space of invariant functions P,g = g for all
t > 0. It is easy to see that

{f-Pf=f vt=0yC{f:Lf=0},

therefore, if Lf = 0 only when f is constant, we recover the ergodicity of the semigroup.
For more about ergodicity, see Walters (2000) and Krengel (2011).

We can also define reversible measures.

Definition 4.2.7. Let 1 be an invariant probability of (P,);>o. We say that p is reversible
if w(fPg)=wu(gP.f), forall f,g € Cp,(M) and all t > 0.

This means that P is a self-adjoint operator in L*(u), since u(fg) is the standard
inner product in L?(u). We can likewise define it equivalently using £ and it will be a

self-adjoint operator as well.

Let J be the set of all reversible probabilities of (P;):>o.

Definition 4.2.8. Let y € J. The Dirichlet form associated with £ is
E(f.9) == u(f(=L)g).

The Dirichlet form is thereby the quadratic form associated with the self-adjoint
operator L. In the case f = g, we define the energy.

Definition 4.2.9. The energy of f € L*(du) is

Definition 4.2.10. The Carré du Champ operator is
1
L(f.9) = 5lLfg = fLg — gL f].

In the case g = f, we have I'(f, f) = 3(Lf? — 2fLf).

Note that I'(f, g) is always symmetric. Moreover, notice that

oo PP (PP (PP = ) — (P S

li = lim
t—0,4 2t 104 2t
2 g2 .
— lim (P f f)—i—lim (f Ptf)(f“‘Ptf)‘
t—0. 2t t—0 2t

The first term is equal to £(f%/2) and the second is equal to —fLf, hence the following

lemma.
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Lemma 4.2.3. We have that
2 2
I(f, f) = lim P.f? = (P.f)

t—04 2t

Y

therefore, I'(f, f) > 0

Also, we have that

1
w(L(f, 1)) = §M(ﬁf2) + u(f(=L)f).
Since p € J, the first term is 0 and then we obtain the following lemma.

Lemma 4.2.4. We have that E(f, f) = w(I'(f, f)). Hence —L is a positive semidefinite
operator in D(L) N L*(M,B(M), ).

Because of this, the semigroup is also contractive in L*(p).

Lemma 4.2.5. Let (P,);>0 be a Markovian Semigroup in Cy(M) with reversible invariant
measure p € J and L, then || Py f|r2uy < || fllL2(w)

Proof. Let f € D(£) and u(t) = || P f||72(,)- Then

Cult)=2 [ PILPJdp= 26 (P) <0,
M

dt
hence u(t) < u(0). For general f € L*(u), we can take f, € D(L) with f, — f in L*(p),
since D(L) is dense in L?*(u) and use the result for f,,. O

Lastly, given a Markovian semigroup (F;);>0, there is an unique Markov Chain

with such transition semigroup.

Theorem 4.2.2. Let (P,);>o be a Markovian semigroup in Cy(M), then there is an unique

(Xt)e>0 Markov Chain with transition semigroup (Py)i>o.

Proof. The proof can be found in Guionnet and Zegarlinksi (2003). O

4.2.2 Heat Semigroup and DeBruijn’s Identity
Let us briefly describe some important semigroups.

Definition 4.2.11. Let M = R" and p; be the centered Gaussian measure in R" with

covariance matrix
Y :=1tlId,

then we can define the heat semigroup (P;):>¢ : Co(M) — Cp(M) as

Pif(z) = /Rnf( y) dp(dy) = / e tn/QeXp<—Hx;tyH2)dy-
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It is easy to see that P,f = f %, where 7, is the density of p;. Therefore, P, f is
the density of X +1/tY, where X,Y are independent, X has density f and Y ~ N/(0,1d).

Furthermore, let M = S* = {z € R? : ||z||2 = 1} and p the uniform probability
measure in M. For f € L*(u), let f = 3 ,cz c,e™ its Fourier series. Then we can also
define the Heat Semigroup P, f by

Pf(z)=> e e, e

nel

The generator of this semigroup satisfies
1
E — 1!
f=51"
and D(L) = CZ(M). Therefore, the heat semigroup satisfies the Heat Equation:
1
O P f = §Aptf,

thereby it has neither invariant nor reversible measures. Indeed, suppose there is such
invariant probability measure p. Let f € CZ(R™) N L*(dx), then

Fif(z) =0,
for all x € R"”, by the Dominated Convergence Theorem. Also,

|Ff(x)] < C,
for some constant C', which depends on f. Then, the Dominated Convergence Theorem
applied to p implies that

u(f) = p(Bef) =0,

hence, for all f € L'(dx) N CZ(R™), we have that u(f) = 0, thereby the contradiction,
since there are functions f € L'(dz) N CZ(R™) such that u(f) # 0.

However, the connection between the Heat Equation and the Convolution Formula
provides a powerful identity between the Shannon Entropy and the Fisher Information,

shown in the following theorem.

Theorem 4.2.3 (DeBruijn’s Identity). If X is a random vector with density f € C?*(R"),
7 ~ N(0,1d) is independent of X and J(X + \/tZ) exists for t € R, then

0.H(X +VuZ)| = ;J(X V7).

Proof. Let (P,);>o be the Heat semigroup, therefore X + v/tZ has density P, f. Hence

J(X +ViZ) = 4/Rn IV /Pof|? de

2
_ [ IVES] Qo
R Bf

[ (GPf)?
= ;/}Rn 7Ptf dzx.
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Using integration by parts and Corollary 2.5.7, we can see that

P f)?
Lo

de = [ (P10, 1og(Pf)) dr
=~ [ [aPfllog Bof dr,
which means
J(X +VtZ) = — /R log[Pf]AP.f du.

Let u(t) := f(y)hi(z — y), where h; is the density of Z, then

logu(t) = log f(y) + log hi(x — y)

|l — ylI?

mn n
=1 ~log(2 Zlogt —
og f(y) + 5 og(2m) + 5 logt 5

then

no =yl
Byu(t) = u(t)d; log u(t) = u(t) (% + %2)

Because e llz=vl*/(2t) converges faster than 1/t* diverges for all k¥ when t — 0, we
have that |0yu| < C|f(y)|, which is integrable, therefore we can apply the Dominated

Convergence Theorem and get

! APtde = [ ORfde
2 Jre R
= @/ Ptfdl'
R
:@/ f(z)dz
= 0.

Therefore we have

1 1 |
SI (X +Viz) = —i/Rn[APtf] log P.f dar — g/w AP, f dz

_ _/Rn at(PtflogPtf> dz.

Using again the Dominated Convergence Theorem, we can exchange the order of integration

and differentiation and then
|
ST(X +ViZ) = at( _ / Pflog P,f d:z:> — O H(X +i2).
R’VL

]

This relation provides a connection between Fisher Information and the Shannon

Entropy. In fact, we have the following corollary.
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Corollary 4.2.1. Let X be a random vector in R" with a density f € C*(R"™). If J(X)
and N(X) are finite, then J(X)N(X) > n.

Remark 4.2.1. This is inequality also can be called Stam’s Inequality (see the book Raginsky
et al. (2013)). Moreover, we will show this is equivalent to the Gaussian Log-Sobolev

Inequality (see Section 6.3).

Proof. Take Z ~ N(0,1d) independent of X. Shannon Exponential Entropy Inequality
3.6.5 implies that

N(X +VtZ) > N(X) + N(vVtZ) = N(X) + .

Both sides of this inequality are continuously differentiable and equal to N(X) when ¢ = 0,
therefore, we must have that N'(X +tZ) > (N(X) +t) = 1 when t = 0. Using the

chain rule, we have

1< N'(X++VtZ)] =N(X+Vt2) gH’(X +VtZ)| = ! N(X)J(X),

t=0 t=0T t=0 n

and this is the desired inequality. O]

We will derive some useful equivalences of this inequality in Chapter 6.

4.2.3 Ornstein-Uhlenbeck Semigroup

Definition 4.2.12. Let M = R", then we define the Ornstein-Uhlenbeck semigroup

as

P f(x) = /Rnf(etx‘me)WeXp(— Hy2||2) dy.

Notice that P, f(z) = E[f(e 'z + v/1 — e~ 2Y)], where Y ~ N(0,1d). It is not difficult to

prove that indeed (P;);>o is a Markovian semigroup.

First of all, let u be the distribution of a standard Gaussian. Then
p(Pf) =E[f(e”' X + V1I—e Y],

where X, Y are independent standard Gaussians. Let Z = e7'X + /1 — e~2'Y, then Z is

a centered Gaussian vector. Also, since

E[Z:Z;] =Ele *X; X;] + E[(1 — e *)Y;Y;] =6

K
we also have that Z ~ N(0,1d). Then

p(bef) = E[f(2)] = pu(f),
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hence y is invariant. Also, it is not hard to see that, for f € C?(R"™), the generator of P; is
Lf:=Af—{(z,Vf).

If U(z) := ||z]|*/2, it can be rewritten in terms of U:
Lf = Af— (VU V),

and the Gaussian measure p can be rewritten as well:

d 1

de Z ’

where Z is a normalization factor. Thereby, the semigroup (P;):>o satisfies the following
PDE:

b f=APf—(VUVES).
Using the Dominated Convergence Theorem in the definition of P, f, we obtain

Pif — u(f) as,

and in fact we have L?(u)-convergence for f € Cy(R™). Hence the semigroup is strong-

mixing. Using Poincaré’s Inequality 4.4, we will later prove its rate of convergence.

The Dirichlet form and the Carré du Champ do not depend on U:

E(f,9) =E(V[(X),Vg(X)) = u((Vf,Vg));
L(f,g9) = (V[ Vg),

and hence p is reversible and Lf = 0 if and only if f is constant almost surely.

Remark 4.2.2. This semigroup is a particular case of semigroups defined by the generators
Lf:=Af—=(VUVY),

for some strongly convex function U : R® — R. The reversible probability measure is the
Boltzmann Measure associated with U and all of them are strong-mixing (see Guionnet
and Zegarlinksi (2003)).

4.2.4 Discrete and Binary Semigroups

Definition 4.2.13. Let (X;);en be an i.i.d. sequence in R™ with distribution u. Let (IV;)i>o0
be a Poisson Process independent of (X;);en. Then the Process (X¢):>0, defined as

Xt = XN“

is a Markov Process, known as the discrete process.
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It is easy to see that u is an invariant measure for (X;);>o, that the transition

semigroup is defined as

Pof(x) = e f(z) + (1 —eulf),

and the Dirichlet form is
Ef,9) = cov(f.9) = [ (F=n(D) (9= u(o))dn.

By the formula of P;, we can see that it is strong-mixing and £f = 0 if and only if

f is constant p—a.s.
Also, if X7 ~ Rad(1/2) and X,,; := —X,, recursively, then (X;);en are dependent,
but identical distributed and X; := Xy, defines another Markov Process.

Definition 4.2.14. Let X; ~ Rad(1/2) and X,,+; := —X,, recursively and (/V;);>o an

independent Poisson Process, then (Xy,):>0 is called the binary process.

Notice that the transition semigroup is thereby

Bif () = E[f(X4)],

given Xy = x. Since X; only takes two values and X; changes at each jump between them,

we have
P, f(x) = P(N; is even) f(x) + P(N, is odd) f(—x).

These probabilities can be compute directly as

1. P(V; is even) = 2(1 +e7*); and

1
2

2. P(N; is odd) = $(1 — 7).

Hence

_l4ett 1—et

Pif(@) = =5 (@) + =

f(=z).

Taking expected value with respect the Rademacher distribution u, we obtain that
w(Prf) = u(f), hence p is invariant. We also have the generator

_l—e_t e t—1

Pf(@) = f(a) = = f(=a) +

f(@).

Dividing by ¢ and letting ¢ — 0 we obtain

£f=—3/@) + 5f(~a)
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The Dirichlet Form is given by

£(1.9) = nf(~L)9) = () 39() — 592 ).
Hence

1

£(4,9) = 1 (F@)lg@) — o)) + f(=0)lo(—2) — o)) = 3 (F@) = 7=0)) () = 9(=2) ).

Thereby p is also reversible. Finally, if

f@) — f(=x)

Vi) = T,

then
E(f,9) =E[V Vgl

Letting ¢ — oo in P,f, we see that P,f(z) — 3 f(z) + 2 f(—z) = p(f), hence we

also have the strong mixing property here.

4.3 Functional Entropy

Definition 4.3.1. Let X be a positive integrable random variable and i (z) := z log ,
for > 0, then the functional entropy of X is defined as

Ent(X) = E[y(X)] — ¢ (E[X]),
with the convention 0log0 = 0. In case E[X] = 1, we have Ent(X) = E[X log X].

Remark 4.3.1. We can also extend this concept to an arbitrary probabilty space (M, F, u).
We will denote Ent,(f) as the functional entropy in this space, that is:

Ent,(f) = u(flog f) — u(f)log u(f),
for a positive measurable function.
Jensen’s Inequality implies the following simple lemma.
Lemma 4.3.1. We have that
Ent(X) >0,

and equality holds if and only if X is constant almost surely.

Lemma 4.3.1 is the first reason for the name entropy. In this section we will see

that there are differences between the functional entropy and Shannon’s entropy.

A simple example is the following.
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Example 4.3.1. Let X = 1,4, for some A and p := P(A), then Ent(X) = —plogp.

Moreover, we have

Ent(14) + Ent(14c) = H(p).

We also have the dilation property.
Lemma 4.3.2. Let X be a random variable with finite entropy Ent(X) and a > 0. Then

Ent(aX) = aEnt(X).

Proof. 1t can be shown directly:
Ent(aX) = aE[X log X] + aE[X loga] — aE[X log EX| — aE[X log al,

and the result follows canceling the second and last terms. O]

This already shows a difference between the entropies, namely,

Ent(aX
lim Ent(aX) = Ent(X),
a—r o0 a
but
H(aX
lim 20X _ g,
a—00 a

since H(aX) = H(X) in the discrete case and H(aX) = H(X) + loga in the continuous

case.

A generalization of Lemma 4.3.2 can be computed for independent random vari-

ables.
Lemma 4.3.3. Let X,Y > 0 be independent, then
Ent(XY) = E[X]Ent(Y) + E[Y]Ent(X).
In particular, if E[X] =E[Y] =1, then
Ent(XY) = Ent(Y) + Ent(X).
We can bound from above the functional entropy by the covariance of certain
random variables.

Lemma 4.3.4. Let X be a random variable, then Ent(e®) < cov(X,eX).
Proof. The concavity of log implies that log E[e*] > E[X], then
Ent(e¥) < E[XeX] — E[X|E[e¥] = cov(X, e¥),

hence the result. O
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The final definition of this section is the relative entropy with respect the Functional

Entropy.

Definition 4.3.2. Let Q,P be two probabilities in the space measurable space (€2, F).

Then we define the relative entropy as

Entp<i%>, itQ<« P

+00, otherwise.

D(Q|[P) :=

The relative entropy is a generalization of the Kullback-Leibler divergence, so we
use the same notation. To see that, if Q, P have density f, g with respect to the Lebesgue

measure in R", then % = ﬁ, hence

D©IP) = [ LiogT g = [ 1057 a.

Lemma 4.3.5. Let X be discrete in X and p(x) = P(X = x) and let p be the counting

measure in X, then
Ent,(p) = —H(X).

In the continuous case, if f is the density of X, then Entg,(f) = —H(X). Moreover, if U

is uniform in X, then
1
Ent(p(U)) = m(log x| - H(X)).

In the continuous case, if X has compact support K with density f and U is uniform in
K, then

1

Ent(f(U)) = )\(m(log ME) — H(X)),

where \(K) is the Lebesque measure of K.

Proof. To show the first part of the lemma we just notice that

plp) = Y pla) =1,

reX

hence the second factor of Ent,(p) is zero. The continuous case also follows from
AMf)=[ fdz=1
Rn

The second part follows since
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then
Ent(p(U) = rr 3 pla) logp(X) — 1y los 3
nt(p(U)) = —5 > p(x)logp(X) — 5 log =,
hence
1
Ent(p(U))) = m(log ] - H(X)).
The continuous case follows similarly. O]

The second part of the theorem provides another proof for H(X) <log|X| in the
discrete case and equality if and only if X is uniform, since in this case p(U) is constant.
The continuous case also provides that H(X) < log A(K) if equality if and only if X is

uniform in K.

4.3.1 Convexity and duality formulas

In this section we explore more properties of the Functional Entropy. The first we

will prove is the Variational Formula.

Theorem 4.3.1. Let X >0, then
Ent(X) = sup{E[X 7] : E[e?] =1}.

Proof. Take Z such that E[eZ] = 1, then we can define a probability measure such that
dQ = e?dP. Therefore

0 < Entg(e ?X) = E[X log(e ?X)] — E[X]log E[X] = Ent(X) — E[X 7],
hence Ent(X) > E[X Z]. Equality occurs when Z = log(X/E[X]). O
Remark 4.3.2. In fact, we have that

Ent(X)= sup E[Xf(X)].
f:]E[ef<X)]:1

Indeed, if Z = f(X), we see that

sup{E[X f(X)]| E[e/™)] = 1} < sup{E[X Z] : E[e?] =1},

log x

and equality holds for f = ToaEX])

Let F be the space of all positive random variables. Then the first impressive

corollary is that Ent(Z) is the supremum of affine functions of Z, hence it is convex in F.
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Corollary 4.3.1. The function Ent : F — R, is convez. Since Ent(aX) = aEnt(X), for

a >0, it is also subadditive.
A consequence of this is an upper bound for the Functional entropy.
Corollary 4.3.2. Let X be supported on a compact set K C [0,00), that is,
X(9) C K,

and ¢ = || X||oo. Then Ent(X) < cH(X). In particular, if \(K) is the Lebesque measure
of K, then Ent(X) < clog A\(K).

Proof. Let X,, :=371_; ¢rnlEg,, be a sequence of simple functions which increase to X.

Then, by the Dominated Convergence Theorem, we have

1. Ent(X,) — Ent(X); and

2. H(X,) — H(X).

But the subadditive property implies that

M=

Ent(X,) < ) cuipbEnt(1g, ) < cH(X,),

k=1

and the desired result follows by taking the limit in n. O
The subadditive property also gives an upper bound on the entropy of X + a.
Corollary 4.3.3. Let f : R, — R, be defined as
f(z) := Ent(X + x),
then f is nonincreasing.
Proof. Let x <y, then
fly) =Ent(X +vy) =Ent(X + 2+ (y — z)) < Ent(X + z) + Ent(y — x).
Since y — x is constant, Ent(y — z) = 0, hence the result. O

We are now able to prove the Dualities Formula for the Relative Entropy.

Theorem 4.3.2. Let Q,P be two probability measures and Eq,E denotes the expected

value with respect these measures, then

D(QIIP) = sup {Eg|Z] —logE[e”]}

Z:Ele?]<o0
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Remark 4.3.3. In Optimization Theory, the Fenchel conjugate function of f : V' — R

is
f*(y) = sup{(z,y) — f(2)},
where y € V*, the dual space of V', and (y, z) := y(z). Thereby, noticing that if
(Q,2) :=EqZ,
then this theorem says that
D([|P) = (Z — log E[e”])",
the Fenchel conjugate function of the log-Generating Function.

_ dQ
Proof. Suppose Q < P and set X = G5, then

D(Q||P) = Ent(X)= sup E[XZ].

Z:E[e?]=1
Now, we can change variables to Y = Z + a, then a = log(E[eY]) and
E[XZ] = E[X(Y —a)] = EgY — logE[e"],
hence

D@QIIP) = sup {Eq[Y] - logE[e*]}.

Y:E[eY]<oo

If Q is not absolutely continuous with respect IP, there is a set A such that P(A) = 0,
but Q(A) =a > 0. Let Y = nly, then

logE[e¥] = 1,

since Y = 0 P—a.s, but Eg[Y| = na, hence the supremum is also infinity and the theorem

is proved. O

If a function f : R™ — R is convex and closed, that is, if {(z,t) : f(x) < t} is
a closed set, then it is a well-known fact that (f*)* = f (see Boyd and Vandenberghe
(2004)). The next theorem is the second duality formula and states that this also holds
for D(Q||P).

Theorem 4.3.3. Let Z be a random variable, then

log E[e”] = @;&EP{EQ[Z] — D(Q||P)}.
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Proof. Suppose E[e?] < co. Let X = 92 and U = Z — log E[e?], thereby
Ele"] = E[e”]/E[e”] = 1,
then
D(Q||P) = Ent(X) > E[XU] = E[XZ] — log E[¢”],
hence
logEle”] > E[XZ] - D(Q||P) = Eq[Z] — D(Q||P),

thus log E[e?] > supgp{Eg[Z] — D(Q||P)}. Setting

dQ _ ¢*
dP = E[e?]’
we obtain
E[ZGZ] A A

which leads to
Eg[Z] — D(Q||P) = log E[e”],
then

log E[e”] = Q;&ip{E@[Z] — D(Q|P)}.

If E[e?] = o0, let Z,, = Z17/<, and

then
Eq, [Z:] — D(Qu||P) = log E[e™"],
by the previous argument. Since |Eg,[Z,] — Eg,[Z]| — 0 and log E[e?"] — oo, we obtain
Eq,[Z] = D(Qnl|P) — oo,
hence the desired result in both cases. O

This result is impressive, since Relative Entropy and log-Generating function do

not seem to be related at first sight, but they are the Fenchel conjugate of each other.

Also, we can actually recover the log-Generating function as a corollary of this.
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Corollary 4.3.4. Let X be a r.v. and ()\) := log E[e*X], then

P(A) = sup {AEq[X] — D(Q|P)}.
Q:Q«P

When proving the Duality Formula, we used

dQ e?
dP ~ E[e?]

Since this is a common and well-explored technique, let us define this kind of measures.

Definition 4.3.3. Let pu be a probability in M, and f : M — R an exponentially

integrable function, that is,

u(f) = /M efdp < oo.

Then we can define the f—tilting as the measure py such that

duy _ e
du  plef)

In the case f(x) = Az and X ~ p, we denote Q) := py and

d@)\ eAX

AP E[e*X]

This kind of technique helps to simplify expression, as well as to verify properties

of u (see Theorem 4.5.6, for instance).

The final result in this section is another duality formula, due to Donsker and
Varadhan (1975).

Theorem 4.3.4. Let X be a centered r.v. and ¥x(\) = log E[e*X]. Suppose
Yix|(A) < o0,
for all X € R, then its Fenchel conjutage ¢*(t) := supyep{At — (N} is equal to:
g(t) == mE{D(QI[P) : Q< P, Eq[X] > t}.

Proof. First of all, it is easy to show that *(t) < g(t), for all t > 0. It is a direct
consequence of the duality formula. Also, the fact that ¢ > 0 imposes a condition on the

supremum in A, say, by Jensen’s Inequality
M — () < M <0,

for A < 0, then we can take the supremum over A > 0.
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Suppose X is constant, that is, X = 0 almost surely (we supposed X centered).
Then ¢*(0) = 0 and ¢*(t) = oo for all £ > 0. On the other hand, if X is constant almost
surely with respect to P and Q < P, then X is also constant almost surely with respect
to Q, then

EgX = 0.

If t = 0, then we can set Q = P and get g(0) = 0, and for ¢ > 0 the otimization problem
in ¢ is infeasible, hence g(t) = co. Therefore the constant X case is proved. Thus we can

consider X not constant almost surely, that is, var(X) > 0.

Let s = ess sup X := inf{c > 0 : P(X > ¢) = 0}. The first case we will analyze
will be ¢ < s. The condition 1x|(A) < co implies that we can differentiate under the
integral sign and all derivatives of 1)x(\) are finite. Therefore we can easily deduce that

1. y/(\) = EXE and

E[e)‘X} )

2. "(\) = varg, (X) >0,

for all A > 0, where Q is the A—tilting. Hence v’ is strictly increasing function. It is

well-known fact that

GO = E[;_E:)[iix]]

is a smooth approximation of s, that is, ¢/(\) s and it is a bijective increasing map

from (0,00) to (0,s). By Intermediate Value Theorem, we can find a Ay such that

Q/J,(AO) = ta
then ¢* () = tAg — ¥(N\o). Setting Q,,, the filting measure, we ensure that
]EQAO [X] =1,
and we can easily see that D(Q,,||P) = ©*(\g). Hence the equality. If s = oo, then the

theorem ends here.

Thus suppose s < oco. If t > s, then we can note that both ¢*(t) and g(t) are
infinity and it is also proved the equality.

Finally the case t = s. Let a = P(X = s), and then we have two situations.

(Situation I: a = 0). We know that X < s Q—a.s for all Q < P and Q(X = s) = 0.
If Eg[X]| > s, we obtain that X = s Q-a.s., which contradicts Q(X = s) = 0, therefore

the otimization problem in g is infeasible, hence g(s) = co.
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Also, we have that 1*(s) = limy{As — ¥(A\)}. It can also be written as
* — 1 A(s—X)]
*(s) /\h_)nolo log (E[e )
Since a = 0, we have that A(s — X) 7 oo almost surely and the Monotone Convergence

Theorem implies that E[e**~X)] — oo, hence 1)*(s) is also infinity.

(Situation II: a > 0). Let Q be such that

dQ _ 1x-
P a

there is, Q(A) = %, the conditional probability. We clearly have
Eq [(X] =s,
and we can compute the relative entropy and find D(Q||P) = — log a. Hence

g9(s) < —loga.

Then we just need to show that ¢*(s) = —loga. Let F be the distribution of X. We can

decompose F in a part G and the other will be a Dirac measure in s, that is,
F =CG + ads,

where C' is a normalization constant and G is supported in (—oo, s). Therefore, we have

lim

et 1
¥i(s) = log {AE& < Jpe dG + awﬂ o8 {Hoo 0+ C Jpe¥a—9 dG

Since G is supported in (—oo, s) and e**=) < 1, for all A > 0 and z € (—o0, s), we can

apply the Dominated Convergence Theorem and get
C [ 946 0,
R

hence 1*(s) = — log a. Thereby the theorem is proved. O]

To know more about the Duality Formulas, see the books van Handel (2014) and
Boucheron et al. (2013). Moreover, they are useful in Large Deviation Theory. More
information about Large Deviations can be found in Durrett (2019), Dupuis and Ellis
(2011), Den Hollander (2008) and Morters (2008).

4.3.2 Evolution of Entropy

In this section, we study the evolution of Entropy under the action of a semigroup.
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Theorem 4.3.5. Let (P;)i>o be a Markovian Semigroup in Cy(M) and p an invariant

measure. Then

CZ Bnt,(Pof) = —E(log i f, Fif ).

Proof. Let f € D(L) and assume, without loss of generality, that pu(f) = 1. Then the

entropy is

Ent,(P,) = /M P.flog P,f du.

The differential of P, flog P, f is

d
&Ptfk)g P f =[LP.fllogP.f + LP.f.

Since

g PLIBES =T8S _ Ly

t%O_,_ t

we can differentiate under the integral, that is,

d
SEnt(Pf) = u([PLS o8 Puf ) + n(PLS).

The second term is zero and the first is —&(log P.f, P, f). ]

This theorem implies that the evolution of Ent,, (P, f) is controlled by the Dirichlet

Form. Let us apply this to the special cases we mentioned in the last section.

Example 4.3.2. The Dirichlet Form of the Ornstein-Uhlenbeck Semigroup is

E(f,9) = n(Vf, V),
where p is the standard Gaussian measure. Hence
Eltog £, f) = n(IVI1/1).

For f > 0, we obtain £(log f, f) > 0, hence Ent, (P, f) is nonincreasing in time. We will
see in Theorems 4.5.1 and 6.3.1 that we actually have an ezponential entropy rate of

convergence, that is,
Ent,(P.f) < e *Ent,(f).

Example 4.3.3. The Dirichlet Form of the Discrete Semigroup is

E(f,g) = covu(f,g) = u(fg) — n(f)u(g).
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Hence

E(log f, f) = p(flog f) — u(log fu(f)-

Since Ent,(f) < cov(f,log f), we obtain

E(log f, f) = Ent,(f) = 0,

hence Ent, (P, f) is nonincreasing in time. In fact, notice that

CBut, (Pf) = ~£(log P Pif) = —cov(Pf, log Pif) < ~Bnt,(P.f)

Let u(t) = Ent, (P, f), then we have
u'(t) +u(t) <0.
Multiplying by e!, we obtain
(u(t)e) <0,
therefore the function u(t)e’ is nonincreasing, that is,
Ent,,(f) = u(0) > e'Ent,(P.f),

hence Ent, (P, f) < e *Ent,(f) and we obtain the ezponential entropy ergodicity.

The binary case has Dirichlet form

llog £, 1) = ;108 1(&) — log f(—)) (£(0) — £(=)).

Now, fix a € R, and the function f(y) := (logy — loga)(y — a), for y > 0, then
—a
f'ly) == + (logy — loga),

hence f achieves its mininum value in y = a, that is, f(y) > f(a) = 0. Therefore, we also

obtain here that Ent, (P, f) is nonincreasing in time.

4.3.3 Tensorization

In this section we study the Tensorization Property of Entropy. In order to do so,

we first define Conditional Entropy.

Definition 4.3.4. Let X be a positive random variable and G C F be a sub-o algebra of
F. Let ¢(z) = wlog z, then we define the conditional entropy of X to G as

Ent(X|G) = E[¢(X)|G] — (E[X|G]).
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Again, Ent(X|G) = 0 if and only if E[X|G] is constant almost surely with respect

to G and we have the following variational formula.
Corollary 4.3.5. The conditional entropy satisfies the variational formula below:

Ent(X|G) = sup {E[XZ|G]}.

Z:E[eZ]=1
We can now state and prove the Tensorization Rule.

Theorem 4.3.6. Let Xi,...,X,, be independent r.v. and f : R* — R, be a positive
function. Let Z = f(Xy,...,X,) and

Ent’(Z) := Ent(Z|(X1, ..., Xi—1, Xis1, . X0n))

be the entropy conditioned to all X; but X;. Then
Ent(Z) < IE< > Entk(Z)>.
k=1

Proof. Let Uy =logE[Z|X,] — log E[Z] and
U = logE[Z|(X}, ..., X1)] — log E[Z|(X}_1, ..., X1)],

for 2 < k < n. Therefore, Uy, is such that

Ent(Z) = E[Z(log Z — logEZ)] = an E[ZUy).

Now, let k£ > 2 be fixed (the case k = 1 is similar) and define, for simplicity
Zy .= E[Z|(Xk, ..., X1)].

Take Gy := o(X1, ..., Xk—1, Xkt1, ..., Xpn). Then we have that

Ur _ Z
Zi—1

e EO'(Xl,...,Xk),

since it only depends on the first k coordinates. Now, we can take conditional and then

Zy,
Z—1

E[eV*|Gy] — E(

(X1, ... Xk_l)).

Because Zj_; is (X7, ..., Xx_1)-measurable, we can take it out of the conditional expec-

tation and hence

1
21

E[e*|Gi] = E[Z|(X1, oy Xp1)]-

The Tower Property of conditional expectation implies the Martingale Property, namely,

E[Zk|(X1, . Xg-1)] = Zg—1,
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then
E[eU’“ |Gk] = 1.

The projection property implies that E[eV*] = 1 and the Variational Formula for the

Conditional Entropy ensures that
E[ZU|Gi] < Ent(Z|Gy.) = Ent*(2).

Taking expectation leads to E[ZUx] < E[Ent(Z|Gy)]. The sum of E[ZUy] gives the desired
result. O

This theorem implies that in order of bound the Entropy of a random function
f(Xy,...,X,), we can bound the individual Entropy of f(Xj,...,X,) with all but one
coordinate fixed and then sum them up. Although it does not seem to lead to interesting
results, it is easier to control the fluctuations of single variable functions and in Section
4.5 we will derive some powerful tools and consequences using only tensorization and the
Herbst’s Method 4.5.6.

4.4 Poincaré’s Inequality

In this section, we will describe the first important functional inequality that will

help us to prove an exponential concentration of measure.

The Poincaré’s Inequality reads as follow.

Definition 4.4.1. Let (P,)¢>o be a Markovian Semigroup in Cy(M) and p an invariant
probability measure. Let also Var,(f) := u[f — p(f)]* and E(f) be the energy. If

Var,(f) < c€(f),

for all f € D(L) and for some ¢ > 0, then we say that (L, u) satisfies Poincaré’s

Inequality with constant c.

Although this does not seem too strong, in fact we have the following equivalence.

Theorem 4.4.1. Let (P;);>o be a Markovian Semigroup in Cy(M) and p an invariant

probability measure. Then the following are equivalent.
1. We have that

Var,(f) < c€(f),

for all f € D(L); and
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2. If f € L*(n), then

[P — ()2 < e el f — () 22 )

Thus we can see that Poincaré’s Inequality is equivalent with an exponential

ergodic rate of L2-convergence.
Proof. (1) = (2). Note first that

d
SNar (B.f) = ~2(P.f)

by a direct computation. Then, applying (1) to P,f we obtain

cd

Var,(P.f) < c€(Pf) = —§&Varu(Ptf).

Let u(t) = Var,(P,f), then the inequality above means

u'(t) + iu(t) <0

2t/e we have

Multiplying by e
e u(®) <0,
hence e?/°u(t) < u(0) = Var,(f). Replacing Var,(P;) = || P.f — ,u(f)H%Q(#) gives the result.

(2) = (1). Since

d
25(f> = 25(Ptf) = —&Var#(Ptf) )
t=0 t=0
we obtain
28(f) — lg% Va’r.u(f) _tvarlt(Ptf) )

By (2), we have that Var,(P,f) < e 2/Var,(f), then

_ —2t/c
28(f) > lim 1i2\/aru( f) = iVaru( ),

and it is proved. O

In fact, we can prove more if we assume reversibility. Since our goal is not Poincaré’s

Inequality, let us just state the result.

Theorem 4.4.2. If i is an invariant and reversible measure, then (1) and (2) are also

equivalent to

3. E(Pf) < e 2eE(f), for all f € D(L) and t > 0.



4.4. Poincaré’s Inequality 147

Proof. The proof can be found in van Handel (2014). O

Item 3 is perhaps the easiest way to prove Poincaré’s Inequality in general cases.

The first example of its use is to prove Gaussian Poincaré’s Inequality.

Theorem 4.4.3. Let vy be the standard Gaussian measure in R™. Then, for all f € C}(R")

we have

Var,(f) < B[V £]*.

Proof. Let (P;)i>0 be the Ornstein-Uhlenbeck Semigroup with the reversible and invariant

measure 7, which is the standard Gaussian measure in R”. We have seen that
E(f) = n(IVFIP),

and a direct computation in the definition of P, f gives

VP(z) =e 'RV [f(x),
in the sense that P,V f(x) is the vector with coordinates P,0;f(x). Hence

E(P.f) = e u(IBVfIIP).
Since P, is contractive in L?(u), we have that
E(Pf) < e u([VFIIP) = e E(f).

Therefore we have Gaussian Poincaré’s Inequality with constant ¢ = 1. [

This shows the power of the Ornstein-Uhlenbeck Semigroup, since it is easy to

manipulate.

Example 4.4.1. Let us remember the definition of the binary semigroup F;.

1+et 1—et
Pif(z) = +

Therefore, we have

£B) =5 (W - ) =),

and this leads to a Poincaré’s Inequality with constant ¢ = 1. Even though we did not

define the Semigroup in {—1,1}", we could get the same result using

L(f) =E|VFXO),
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where

1
vif(xb 73771) - i(f(xh 7xn) - f(x17 vy i1y, =gy i1, "'7xn))7

and X is uniform in H, = {—1,1}". The Var(f) is the variance of f(X) and we have

Poincaré’s Inequality below.
Theorem 4.4.4. If X € H,, is uniform and [ : H, — R, then

Var(f(X)) < E[VF(X)|*.

Our final Poincaré’s Inequality is for Boltzmann measures. The proof will be based
on Caffarelli’s Contraction Theorem and Brenier Optimal Transport function. (see Chafai
and Lehec (2018), Fathi et al. (2019), Kim and Milman (2012) and Caffarelli (2000)).

Theorem 4.4.5 (Caffarelli’s Contraction Theorem). Let V : R™ — R be a strongly convex
function with Hess(V') = p1d, for some p > 0 and let u the Boltzmann measure associated
with V. Let also vy, be the Gaussian measure in R™ with density proportional to ePllzll*/2,
Then there is a convex funcion ¢ € CH(R™) such that T = V¢ is 1-Lipschitz and p is the
push forward of the Gaussian measure ~y,, that is, u(A) = v,(T~tA), for all Borel sets A.

The map T is called the Brenier Optimal Transport function. It is a map

that minimizes

il [ 7)) dy,
R"

T Typ=p

where T, denotes the push forward measure (see the books Ané et al. (2000) and van
Handel (2014)).

Now we can prove Poincaré’s Inequality for Boltzmann Measures.

Theorem 4.4.6. Let V : R" — R be a strongly convex function such that Hess(V') = pld,
for some p > 0 and let p be the Boltzmann measure associated with V. Then for all
f € CYR"™), we have

1
Var (1) < BV
Proof. Let T' be Brenier map between v, and p. Since Ty, = p, we have

Var,(f) = Var, (foT).

By Gaussian Poincaré’s Inequality (note that the variance is no longer equal to 1), we

have

1
Var, (f) = Var, (f o T) < p/Rn IVf o )% dv,.
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The chain rule and the fact 7" is 1-Lipschitz imply

1
Varu(f) < [ IVFIP o d,

Replacing back 7.y, = i, we obtain Poincaré’s Inequality for . O]

4.4.1 Spectral Gap Inequality

Poincaré’s Inequality is also known as Spectral Gap Inequality. To explain this

name, let us recall some definitions in Functional Analysis. For simplicity, let
L*(p) := L*(M, B(M), 1),
where (M, d) is a Polish Space.

Definition 4.4.2. Let £ : L?(u) — L?(u) be a linear operator. Then the set p(£) C C,
defined as

p(L) :={N€ C: (\d— L) is a continuous operator},
is known as the resolvent set of L.
Definition 4.4.3. The set 0(£) = C\ p(£) is called the spectrum of £
Definition 4.4.4. A pair (), f) € C x L?*(u), where f # 0, which satisfies the equation
Lf =AM,

is known as the eigenvalue and associated eigenfunction.

In Linear Algebra, the spectrum is the set of eigenvalues. However, for infinite
dimensional operators, the spectrum can be strictly larger than the set of eigenvalues.

That is one of the biggest differences between finite and infinite dimensional operators.

Suppose now we have a generator of a Markovian Semigroup £ with reversible

invariant measure p. Then L is a self-adjoint operator, that is,
(f.Lg) == n(fLyg) = (g9,Lf)

Moreover, our operator is nonpositive, that is, (f, £f) < 0. Therefore, we can
restrict o, to the set of real A such that A\f = Lf. Finally, 0 € 0, since £1 = 0.

With this in mind, we can define the spectral gap.
Definition 4.4.5. The spectral gap of a Markovian Generator is |A;|, where
A :=sup{\: Af = Lf, for some nonconstant f}.

Therefore, the spectral gap is the difference between the trivial eigenvalue 0 and the first

nontrivial eigenvalue ;.
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Now suppose L has spectral gap m > 0, and take f = fo + f1, where fy and f; are

the ortogonal projection of f onto the constant space and its perpendicular. Then

E(f) = —((fo+ [)L(fo+ f1))-

Since Lfy = 0 and L is self-adjoint, we have

E(f)=—(fo+ fi.,Lfi) =—(fi,Lf).

Hence we can assume, for our purposes, that f L 1, that is, u(f) = 0. In finite dimensional

analysis, we have the formula (see Lax (2007)):

<.fa (_‘C)f>

= in
FLLgo P

However, in infinite dimensional spaces, we require compactness of the operator to argue
this (see the book Conway (2010)). Let

B:={f:fll =1},

the unit sphere in L?(x). Then we have the following definition.
Definition 4.4.6. We say that an operator L : L*(1) — L?*(p) is compact if the closure
of L(B) is compact.

Using this definition, we have the following theorem.
Theorem 4.4.7. Let T be a compact positive self-adjoint operator in L*(p) and

A:=inf{o: o is eigenvalue}.

Then

A= inf(f,Tf).

Suppose then (—L) is compact, hence

"R

and it follows that

E(f) = (f,(=L)f) = ml| f||* = mVar(f),
that is, (£, u) satisfies Poincaré’s Inequality with constant ¢ = 1/m.

On the other hand, let C' be the infimum of all ¢ > 0 such that (£, ) satisfies

Poincaré’s Inequality with constant ¢, that is,

o Var(f)
C=mTcon
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then the spectral gap of —£ is m = 1/C.

Therefore, we can find the Poincaré’s Inequality constant just taking the inverse of

the Spectral Gap constant. That is why some references call it the spectral gap inequality.

Remark 4.4.1. Of course, we could redefine the spectral gap in terms of inf e (f, (—L)f)

and get the same result without the assumption that (—L£) is compact.

Because of Theorem 4.4.1, we can see that the spectral gap m controls the ergodicity

of P,. This is expressed in the following last lemma.

Lemma 4.4.1. Let (P;)i>o be a Markovian Semigroup, with invariant probability measure

u and generator L. Let m be the spectral gap constant of L, then

1Pef = ()2 < €™ = 1)z

4.42 Tensorization

In this subsection, we will prove an useful formula which helps to prove Poincaré’s
Inequality in the case of product measure. We will restrict ourselves to the case where the

energy is

E(f) =Eu[IV£I*.

For the general energy proof, we can see it in Guionnet and Zegarlinksi (2003). Let us

state the theorem.

Theorem 4.4.8. Let py and ps be two measures in (21, F2) and (Qq, Fo), respectively.
Suppose py and py satisfy a Poincaré’s Inequality with constant ¢; and co, respectively, then

the product measure piy X pg satisfies a Poincaré’s Inequality with constant ¢ = max{cy, ca},
that is, for all f € CY(Qy x Qy), we have

varmxm(f) S CEHleHVfHQ.

Remark 4.4.2. As a particular case, we can see that if p satisfies Poincaré’s Inequality
with constant ¢, then p x ... X p also satisfies Poincaré’s Inequality with the same constant,

for all finite dimensional product of .

Proof. Let f(x,y) € L*(u), where g = pi; X 2. Then Fubini’s Theorem states that

Var ()= [ [ (f = n(5) dps dp

The inside integral can be computed as

G = ) s = g (£%) = 2 (Pl + ()P
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Now, if we note that

i (f = pa(f)? = i (f?) = 2l (NP + [ () = pa(f?) = [ ()%

then

S = = (= (D) G (10 = 2m (D) + ()P

The second term is (uy(f) — p(f))?, hence

Var,(f) = pa[pn (f — ()% + pa(pa(f) — w(f))?-

For a fixed y, Poincaré’s Inequality in p; states

pa(f = () < aBy, [IVaf (@, y)lI*.

Also, since u(f) = p2(p1(f)), Poincaré’s Inequality for uy says that

pal(pa () = ()] < 2By [V ().

Hence

il = m(£))? < epa (I V2 @ )P + 190 (D))

Finally, we must prove that

1[IV ()17 < pa(a IV, £17)), (4.1)

but this is a direct consequence of Jensen’s Inequality. Therefore the theorem is proved. [

Remark 4.4.3. Tt is worth to mention that the proof in the general case is the same, except

for Inequality 4.1, where we have to prove the convexity of the Carre Du Champ Operator.

The Tensorization Theorem is an important tool to prove Poincaré’s Inequality
for product measures, since it is sufficient to prove it for each of the marginal measures.
Because of this, a tensorization lemma is very useful in many situations. For instance, we

will also see the tensorization theorem in the Log-Sobolev Inequality (see Theorem 4.5.3).

4.4.3 Perturbation

Suppose (u, ') satisfies Poincaré’s Inequality, in the sense that

Var,(f) < cu(T(f)),

for all f € D(L). Is it true that all small perturbations of p satisfy Poincaré’s Inequality
with the same Carré Du Champ Operator?
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Definition 4.4.7. Let ;1 and v be two measures in the same measurable space. We say
that v is a bounded perturbation of y if ¥ < p and there are two constants €, > 0
such that

<o
5_dﬂ_ :

Remark 4.4.4. We could define it equivalently as all the v in the form %e‘vdu, where Z

is a normalization factor and V is a bounded function.
The Pertubation Theorem reads as follow.

Theorem 4.4.9. Suppose (u,T') satisfies a Poincaré’s Inequality with constant c. Let v be
a bounded perturbation of u with constant (g,9), then (v,T') satisfies Poincaré’s Inequality

with constant %.

Proof. Since v(f) minimizes E,(f — ¢)?, we have

Var, (f) <E,(f — pu(f))>.

Because of the upper bound on the Radon-Nikodym derivative, we obtain

E,(f — pu(f)? <OE,(f — pu(f))>.

Poincaré’s Inequality for p implies that

OB (f — u(f))* < dep(T(f)).

Now applying the lower bound in the derivative, we finally have

Var,(£) < u(r ().

]

This Theorem, combined with the Tensorization Property, will be an important
tool for proving Poincaré’s Inequality for general measures. For instance, we have the

following corollary.

Corollary 4.4.1. Suppose that a function V is sandwiched between two quadratic func-

tions:

2 +a<V(r) <a®+b,

for all x and a < b. Then the measure dv = %e‘vdx satisfies Poincaré’s Inequality:

Var, (f) < 9, [|Vf]%].
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Proof. To prove it, we just notice that v is a bounded perturbation of Gaussian measure

and use the Gaussian Poincaré’s Inequality. O]

We can also prove Poincaré’s Inequality for a perturbation of the binary case.

Corollary 4.4.2. Let p{1} = u{—1} = 1/2 be the Rademacher measure. Let p € (0,1),
then v{1} = p =1—v{-1} is a bounded perturbation of j:

that s,
_ dv
2min{p,1 —p} < - < 2max{p, 1 — p}.
L

Hence, Poincaré’s Inequality for the assymetric Rademacher is

max{p, 1 — p}

—uns Pl 2
o 1=y BV

Var,(f) <

where YV f is the discrete gradient.

Remark 4.4.5. The constant % is not optimal. Indeed, we can use Theorems 5.3.2

and 4.5.5 to get a shaper constant.

4.4.4 Concentration

In this last subsection, we will present a method to derive concentration of measure
if Poincaré’s Inequality is satisfied. Again, we will restrict our study to the energy
E(f) =ELIVS]*]- In Chapter 5 we will see a stronger concentration result for the binary

case in which the energy does not have this form.

The general procedure is as follows. Let f € C'(R") be a 1—Lipschitz function,
that is, ||V f|| < 1. Suppose, without loss of generality, that E,[f] = 0. Let A > 0 and
Var, (M%) = E, [eM] — E2[M/?).
If (u, £) satisfies Poincaré’s Inequality with constant ¢?, then
22
A o
4

Var, (M%) < @R, [|[ Ve < ).

ul

If we set (\) = E,[e*], then we obtain inequality below:

(1= N/ < [7(A/2)].

Just to simplify, let g(x) := ¥(2x/c). This inequality applied to A = 2x/c yields to

(1—a%)g(x) < g*(z/2).
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Since we are assuming E,[f] = 0, L’Héspital Rule leads to

—1 2
lim & = lim E“ezzf/c = lim fE“fehf/c =0.
z—0 €T z—0 z—0 ¢
Therefore, we can apply it to the following lemma.
Lemma 4.4.2. Let g: (0,1) — (0,00) be a function such that
lin(g(x) — 1)/ =0,

and
(1—2%)g(x) < g*(2/2),

for all x € (0,1). Then we have
-2
g(x) < (1 — x2> )
Proof. The proof of this lemma can be found in Boucheron et al. (2013). O

Thereby we have that

p(efe) = gla) < (1-02)

Hence, for every A € (0,2/c¢), we obtain

2.2\ -2
w(A)§<1—“> .
4
The value A\g = 1/c yields
N2 16
Ao) < [1—- =—<2.
4 0)—( 4) 9 =

Thus, Markov’s Inequality implies that
P(f(X) > t) = P(M) > Moty < el (),
therefore
P(f(X) >t) <2e'/c.

This shows the subezponential behavior of measures satisfying Poincaré’s Inequality. We

summarize it in the following theorem.

Theorem 4.4.10. Let (M,d) be a Polish Space. Let i be a probability in M satisfying

Poincaré’s Inequality
Var,(f) < CEL[IV 7],

forall f € CY(M). Then, for all 1-Lipschitz functions f, its tail behaves like the exponential

distribution:

P(1/(X) ~EL/(X)) = t) < e,
for allt > 0.
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4.5 Log-Sobolev Inequality

The basic ingredient to prove a subgaussian concentration is the so called Log-
Sobolev Inequality. This is a functional inequality concerning the functional entropy and

the energy. It is expressed in the definition below.

Definition 4.5.1. Let £ be a generator of a Markovian Semigroup and p its invariant
probability measure. We say that the pair (u, £) satisfies Log-Sobolev Inequality for

some constant ¢ > 0 if

Ent,,(f%) < c€(f),

where Ent,,(f?) = p(f?log f?) — u(f?)log u(f?) is the functional entropy and £(f) is the

energy.

Remark 4.5.1. We can also say that (u, ") satisfies the Log-Sobolev Inequality where T is
the Carre du Champ operator.

In Subsection 4.5.3 we will prove several equivalent definitions of Log-Sobolev
Inequality under some hypothesis such as reversibility and chain rule of the Carre du

Champ.

We will postpone the proof of the main Log-Sobolev Inequality in the Binary Case
and the Gaussian Case to the Chapters 5 and 6, respectively. For now, we will prove some

useful properties. The first one is the entropy ergodicity.

Theorem 4.5.1. If (u, L) satisfies Log-Sobolev Inequality with constant ¢ and p is a
reversible measure of P,, then for all f > 0 such that pu(f) =1, we have

Ent,(P.f) < e_4t/CEntu(f).

To prove this theorem, the following two lemmas are necessary.

Lemma 4.5.1. Let g € D(L) be positive and p,(z, dy) be the family of transition proba-
bilities of P, then

lim o / / y)lllog g(z) —log g(y)] dp(x, dy)dp(dx) = pllog g(—L)g].

Proof. Let

L= [ lg() = g(y)log g(w) ~ log g(y)] dpu(x dy),

and

R:=g(z)log g(z) — log g(x) Pig(x) — g(z) P[log g](z) + Pi[glog g](x).
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Moreover, notice that for every function h we have
/., hw) dpi(a,dy) = Peha),
by definition of P;. Hence
L =R.

Therefore, the left-hand side in the statement of the theorem is equal to

[ = limg P9 1089) — plloggPig)
t—0 t

by the definition of the invariant and reversible measure . This is precisely the definition

of the derivative of p(log g(—F;)g), therefore we obtain

I=-— ;t (log gP.f) = pllog g(—L)g],

and the lemma is proved. O

Furthermore, we need an elementary inequality in R.
Lemma 4.5.2. For all x,y > 0, we have [logz — logy|(z — y) > 4(x'/2 — y1/2)2.
Remark 4.5.2. Note that the case x < y leads to the equivalently inequality

[loga —logb|(a+b) < 2(a —b).

As a corollary, we have the following inequality.

Corollary 4.5.1. For all positive g € D(L), we have

E(log g, g) > 4€(g").
Proof. Lemmas 4.5.2 and 4.5.1 imply that

1/2 g2 ()2
£(logg, g) = 41im Zt// (y))*dpi(z, dy)p(de).

t—

Using the same argument as in Lemma 4.5.1, we can see that

tim o [ (1077~ 0 w)Pdpi(or, dy)r) = €6,

and the corollary is proved. O

Now we can prove Theorem 4.5.1.



158 Chapter 4. We won’t go into PDEs!

Proof. We have already seen in previous sections that

d

TEu(Pf) = —E(log £. /),

then Corollary 4.5.1 implies

d /
ZEnt, (Pf) < —4E(F7).

Using Log-Sobolev Inequality for f'/2, we obtain that

d
&Entu(Ptf) < —4cEnt,(f).
Solving this differential inequality gives the result. O]

In fact, Lemma 4.5.1 implies the following theorem.

Theorem 4.5.2. Let p be an invariant reversible measure of the Markov Semigroup

generated by L. If it satisfies Log-Sobolev Inequality with constant c, then

Ent,(f) < —E(log f, f),

10

for all positive f € D(L).

Remark 4.5.3. This is known as Modified Log-Sobolev Inequality. As we will see in Subsection
4.5.3, Modified Log-Sobolev Inequality and Log-Sobolev Inequality are equivalent under
some conditions. Furthermore, Modified Log-Sobolev Inequality is equivalent to the

exponential entropy ergodicity.

4.5.1 Tensorization and Perturbation

As we saw in Poincaré’s Inequality, a tensorization formula can provide a way
of verifying if a product measure satisfies a certain inequality. Likewise, Log-Sobolev

Inequality also satisfies a tensorization formula.

Theorem 4.5.3. Suppose (u;, L;) satisfy Log-Sobolev Inequality with constant ¢;, for
1=1,2. Let

D(‘C) = {f : Q1 X QQ —-R: f(l’, ) < D('C?)v f(?y) € D(£1)7 \V/(JT,y) S Q1 X QQ}

For f € D(L), define the generator L as the following. Let fi and fs be the marginals of
f, that is, for fixed y, f,(z) = f(z,y) and for fived z, f,(y) = f(z,y), then

Lf(z,y) = Lafy(x) + Lafa(y).

Then (u1 X po, L) satisfies Log-Sobolev Inequality with constant ¢ = max{ci, ca}.
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Proof. Let X; ~ p; be independent and, for f € D(L), let Z = f(X1, X3). Then py X po
is the distribution of (Xi, X3) and

Enthm(fQ) = Ent(Z?).
The tensorization rule for the entropy gives
Ent(Z?%) < E(Ent“)(Z?) + Ent(2)(Z2)>.
Now let

my(2) == Ent[f*(2,Y)] = Ent[f2(Y);
ma(y) = Ent[f2(X, )] = Ent[f2(X)]

then m(X) = Ent[Z?|X] and my(Y) = Ent[Z?|Y], therefore
Ent(Z?) < E(mi(X) +ma(Y)) = pi(my) + pa(my).

Since f, € D(L,) and likewise for f,, Log-Sobolev Inequality for each measure gives

then

pa(ma) < capin (uz[fx(—£2)fx]);
pa(ma) < cupa(alfy(~L0)1,)).

Because the Carre Du Champ Operator is a positive operator, we can apply Fubini’s

Theorem, hence

palmn) + a(ma) < cin % o (oL fe + £ (~L0)1, )

Finally, just notice that the integrand is

fx(_£2)fx + fy(_ﬁl)fy - f(_‘c)f

Furthermore, Log-Sobolev Inequality is also stable under perturbations.

Theorem 4.5.4. Suppose that (u, L) satisfies Log-Sobolev Inequality with constant c. If
v < 1 is a bounded perturbation of p with constants (e, ) then (v, L) satisfies Log-Sobolev
Inequality with constant ¢ /e.
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Proof. Let f € D(L) and h = g—:. Suppose we proved the following second variational

formula of the entropy:
Ent(Z) = %EE{E(ZlogZ — Zlogt — Z +1)}. (4.2)
Then

But, (f) = inf{v(flog f — flogt — f + )} < dinf{u(flog f — flogt — f +1)} = Fnt,(f).

Using Log-Sobolev Inequality for p, we obtain

Ent, (f) < cden(C()) < DT (),

and the theorem is proved.
To prove Identity 4.2, note that if E[Z] # 0, then
E(ZlogZ — Zlogt — Z +t) =E[ZlogZ — Z1ogE[Z] 4+ Z1ogE[Z] — Zlogt — Z + t].
The first two terms are just the entropy, then
E(Zlog Z — Zlogt — Z +t) = Ent(Z) — E[Zlog(t/E[Z])] — E[Z] + t.

Using logz < x — 1 for all z € R, we obtain for z = t/E[Z]

E(ZlogZ — Zlogt — Z +1) > Ent(Z) — IE[Z](EFZ] _ 1) _E[Z] +t.

Therefore, we have
E(Zlog Z — Zlogt — Z +t) > Ent(Z).
Hence
%ESE(ZlogZ — Zlogt — Z +t) > Ent(Z).
If t = E[Z] we obtain the equality.
The case E[Z] = 0 is trivial, since Z = 0 almost surely, and
iggE(ZlogZ —Zlogt —Z +1t) = %ggt =0.

]

Again, combined with a Tensorization Formula, this theorem can help us to verify

if certain Log-Sobolev Inequality is satisfied.

The last result, which we will not prove, is that Log-Sobolev Inequality implies

Poincaré’s Inequality.
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Theorem 4.5.5. Suppose (i, ") satisfies Log-Sobolev Inequality

Ent,u«(f2> S 2C/J’(F(f7 f))7
for all f € D(L). Then (u,I") satisfies Poincaré’s Inequality

Var,(f) < cu(T(f, f))-

The proof can be found in several books in the subject (see van Handel (2014),
Guionnet and Zegarlinksi (2003), and Royer (2007)).

For more about Log-Sobolev Inequality, see Ané et al. (2000) and Royer (2007).

452 Concentration and the Herbst Method

Log-Sobolev Inequalty is a powerful tool to prove several properties for measures
and semigroups. For instance, we can prove that it is equivalent to hypercontractive of the
Markov Semigroup (P;)¢>o (see Guionnet and Zegarlinksi (2003)). In this subsection, we

will show another very important fact about it: the subgaussian concentration of measure.

To begin with, we will show a general argument that is frequently used to prove
subgaussian concentration. It is known as Herbst’s Method. Then we will verify that we

can apply this method to measures satisfying Log-Sobolev Inequality.

The method is described in the following theorem.

Theorem 4.5.6 (Herbst’s Method). Let X be an integrable random variable satisfying
P(A) = log E[e"XEXD] < 00 and

o2 \?

Ent(e*) < Z—E[eM],

for all X > 0, then, for all positive A\, we have
a2 \?

2 Y

(M) <
and therefore
P(X — E[X] > t) < exp(—t*/(207)),
by Corollary 2.7.4.

Remark 4.5.4. We could write equivalently the property

a2 \?

Ent(e) < E[e]

AX

¢ X7 then the above inequality is

with the A\—tilting measures. Let X ~ p and ({f—; = BN

equivalent to
o2 )\?

D(pallp) < 5
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Proof. Since X is integrable, we have that

lim M = lim

]_0g ]E[e)‘(XfE[X])]
A—=0 A\ A—0 '

Using L’Hospital Rule, we obtain

lim v — lim E[(X — E[X])eMX-EXD)]

A0 A A50 E[eX(X—EX])] =0

Then, by the Fundamental Theorem of Calculus, we obtain

YO _ )

A o du wu

Now let us bound % <w(“)> First note that

u

Y(u) _ logEle"]

—E[X
- - ElX],
hence
d w(u)) 1 <]E[uXe“X] X)
du( u u?\ ElevX] og Ele™]
1
— E uX )
U2E[6“X]( mt(e"?)
< o?/2.
Then
P(N) Ad (@D(U)) Ao
T\ Il < 7
A /0 du\ u du 2’
and the theorem is proved. O

This method shows that, in order to prove the subgaussian property, we just have
to control D(uy||x). In the next theorem we show that up to up to a constant factor, both

properties are equivalent.
Theorem 4.5.7. If (\) < Z2° for all A > 0, then

o2\

Ent(e*) < Z——E[eM],

for all A > 0.

Proof. Let Z = % and Y = eXXEXD Then we have to prove that

a2 \?

Ent(Z) <
nt(2) < &
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By Jensen’s Inequality, we have that E[Y] > eEAX"EX) — 1 then
Ent(Y) = E[Y log Y] — E[Y]log E[Y] < E[Y log Y].
Since logy < y for all y > 0, we obtain

Ent(Y) < E[Y?] = E[e2AXERXD],

To complete the proof, note that

1
Ent(Y) = Ent(e EXIM) = LK Ent(e*¥).
e

Multiplying by 1 = E7) and using E[e*] > M we get that

E[eAX]

(]

Ent(Y) = Ent(Z) > Ent(Z2).

CAE[X]

Hence

22
Ent(Z) < Ent(Y) < U; .

]

The first application we will give of Herbst’s Method is that Log-Sobolev Inequality

leads to concentration.

Corollary 4.5.2. Let (M,d) a Polish Space and i a probability in the measurable space
(M, B(M)) satisfying Log-Sobolev Inequality below.

Ent, (%) < eu(|[VF|?),

for all f € CY(M). Then for all 1-Lipschitz function f: M — R we have

P(S(X) — BIF(X) 2 1) < 2exp (- £2/c),
forallt >0 and X ~ p.

Remark 4.5.5. When the energy is not the integral of ||V f||?, we can still prove concentra-
tion using Herbst’s Method if the Carre du Champ satisfies the chain rule, which we will
define in the next Subsection 4.5.3. Furthermore, if it does not, a direct computation can

still help us to prove concentration, such as the Binary Case (see Chapter 5).
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Proof. Let f € C'(M) be a 1-Lipschitz function, that is, |[Vf|| < 1 and take g = e*/2
for A > 0. Then Log-Sobolev Inequality for g implies

Ent,(e*) = Ent,(¢%) < cu(||VeM/?|?).
The chain rule of V leads to
cA\? cA\?
Ent,(eV) < TM(HVfHQe”) < TM(@”).

Applying Herbst’s Method leads to the desired result for P(f(X) — E[f(X)] > t). To
bound

P(F(X) ~ ELF(X)] < =) < exp ( = #2/c),

we just have to use the same argument to —f. If f is not continuously differentiable, we

can use a standard approximation and get the same result. O

Morevover, the tensorization yields the same result for the product space.

Corollary 4.5.3. Let (€;,d;)!_, be Polish Spaces and (u;)}_, be probability measures in
(Qu, B(2:)), such that

Entm(ff) < CZ:U“Z(HVfZHQ)v
for all f; € CY(Q) and i <n . Let g € C1(Qy X ... x Q) in the product space such that
Va9l < ai,

for allt < n. If X; ~ p; are independent, then g(X, ..., X,,) is subgaussian and

]P’(g(Xl, X)) —Elg(Xy, o X)) > t) < exp ( _ ntQQC)

i=1

for allt > 0.

Remark 4.5.6. Note that this result is stronger than the tensorization of Log-Sobolev

Inequality, since
n n
2 2
20 < , 2.
; ajc; < r%agc{c,} ; a;
Proof. Using the tensorization of the entropy and the chain rule, we obtain for p = I u;
A NS s f
Ent,(e) < ZZCiGiE[e ],
i=1

hence the result. O
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4.5.3 Equivalent Definitions

Most of the classical literature of Log-Sobolev Inequality uses the version we showed
with £(f) in the right-side of the inequality (see for instance Ané et al. (2000), Guionnet
and Zegarlinksi (2003) or Ledoux (1999) and even a nonclassical approach in Boucheron
et al. (2013)). However, some modern sources in Log-Sobolev Inequality use different
definitions (see van Handel (2014) or Raginsky et al. (2013)). In this subsection we will
prove the equivalence of such definitions under some some conditions in the generator £

or directly in the Carre du Champ operator I'.

Let us first define the four forms of Log-Sobolev Inequality. The first we have
already defined and we will call it the classical LSI. The second is the following.

Definition 4.5.2. We say that (i, ") satisfies a exponential LSI if

Bnt,(ef) < Sull(f, e,

=10

for all f € D(L).

The next one we have also already presented.

Definition 4.5.3. We say that (i, ") satisfies a modified LSI if

Ent,(f) < Zs(log £, ).

for all positive f € D(L).

And the last is a symmetric version of the modified LSI.
Definition 4.5.4. We say that (i, ") satisfies a symmetric modified LSI if

Ent,(f) < <&(f,1og f),

10

for all positive f € D(L)

There are two conditions for equivalence of these definitions. The first one is
reversibility of the measure. The second is known as the chain rule of the Carre du Champ

operator.

Definition 4.5.5. We say that I' satisfies the chain rule if

L'(f,gh) =T(f,9)h+T(f, h)g,

for all f,g,h € D(L).

The chain rule is important when we have I'(f, u o g) and we want to express it in
term of I'(f, g).
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Lemma 4.5.3. Suppose I' satisfies the chain rule in Cy(M). Then for all uw € C*°(M) we

have
I(fiuog) =T(f, g)u'og.

Now we can prove the equivalences.

Theorem 4.5.8. For a pair (i, I") we have the following.

1. If the measure p is reversible, then the symmetric modified LSI is equivalent to the
modified LSI;

2. If T satisfies the chain rule, then the classical LSI is equivalent to the Fxponential
LSI; and

3. If I satisfies the chain rule and p is reversible, then they all are equivalent.

Proof. The first item is trivial since

E(log f, f) = pllog f(—=L) f] = pulf(—L)log f]
= E&(f,log f).

To prove the second item, note that the classical LSI implies
Ent,(ef) < cu(T'(ef /2, ¢! /2)).

Now, if u(x) = e*/2, then

D!, u(f)) = T(, e’

By symmetry of I', we have
12 Lo L s
F(e 7f)7e :F<f,f)*€ ;
2 4
hence

Ent,(e) < Sp(0(f, e,

>0

which is the Exponential LSI. Likewise, if we apply the Exponential LSI to

g=2log f,
we obtain

Ent,(f?) < (T (2log f,21og f)f*) = cu(T(f, f)),

¢
4
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which is the classical LSI.

Now, to prove (3), we just have to prove the equivalence between Exponential LSI
and the Modified LSI. Take g = log f in the Exponential LSI, then

Ent, (f) < Ju(D(log f,log f)f) = Ju(D(log £, ).

=10

But

p(Mog £, £)) = S(LS log f ~log FLf — fL1og f).

By reversibility and u(Lf log f) = 0, we obtain

(T (og f, f)) = u(log f(—=L)f) = E(log f, f).

Replacing it in the Exponential LSI gives the first implication. To prove that the Modified
LSI also implies the Exponential LSI, we just have to set g = e/ in the Modified LSI and

use the same arguments above. O]

It is important to note that each version of the LSI is useful for different applications.
For instance, in order to prove concentration, the Exponential LSI is the most indicated
since it already gives the concentration in terms of [|[I'(f)||« (see Raginsky et al. (2013)).
However, the Modified Log-Sobolev provides some easier ways to prove the LSI because
it is equivalent to the exponential entropy ergodicity (see van Handel (2014)). Finally,
the most classical literature in hypercontractive of semigroups and properties of some
semigroups are best understood in terms of the classical LSI (see Guionnet and Zegarlinksi
(2003), Gross and WStroock (1993) and Ané et al. (2000)) and it can be easy to prove in

examples where the chain rule fails (see Boucheron et al. (2013)).
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Better start with 2 than many!

5.1 Introduction

In this section, we will prove the simplest version of Log-Sobolev Inequality, where
our space will be the Haming Cube H,, = {—1, 1}" with the uniform measure P,,. Although
the proof is just a matter of manipulation and calculus, we will derive some impressive

consequences from this result. We will also extend it to the assymetric case where

=11 1,
=1

and p({1}) =p € (0,1).

The first application of this Log-Sobolev Inequality is the standard result on

concentration of Rademacher random variables and Lipschitz functions in H,. It says that

po (€ Ho 2 @) = (1) 2 1)) < 2exp (= nt?).

whenever f : H, — R is 1—Lipschitz according to the discrete distance in H,, (see Section
5.2 for the definitions).

In Section 5.5 we will define Rademacher Complexity and stress its importance.
Basically, this is a quantity that measures the size of a set 7' C R". We will apply
this concept in a concrete example in Section 5.6, where we will study the supervised

classification problem.

Finally, we will study the concentration phenomenon in graphs in Section 5.7. The
main idea is, given a graph (V) E) and a probability measure in V', we want to prove
concentration of 1—Lipschitz function f : V' — R, where the distance in V' is the graph

distance.
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5.2 Definitions and Properties

Let H, = {—1,1}" be the Hamming Cube, endowed with the normalized Hamming
distance d, that is,

d(z,y) = izn: 25 — | = M

2n n

Let P, be the uniform measure in H,,, which is equivalent to say that P, is the law of n
independent Rademacher random variables X7, ..., X, with parameter 1/2. We will denote
X = (Xy, ..., X,).

Let Ent be the Functional Entropy for f : H, — R defined as

Ent(f*) = E[f*(X)log f*(X)] — E[f*(X)] log[Ef*(X)].

Notice that, using Theorem 4.5.3, the entropy functional satisfies
Ent(f?) = Ent(£2(X)) < B 3 Ent®[£2(X)]).
i=1

Moreover, let the energy function £ be defined as above. Let

Vif(z) = 5(f(x) = f(@)),

1

2

where T; = (x4, ..., Ti_1, —T;, Tiy1, .., Tp) is the vector z with flipped i-th coordenate. Take
n

Vf(z)= <V,f(x)> ~and finally the energy is

=1

E(f) i = [ IV5@)|aP,
—E[| VS (X))

5.3 Main Theorem

Now we can state and prove the main theorem of this chapter, the Rademacher

Log-Sobolev Inequality.

Theorem 5.3.1. Let f: H, — R, then

Ent(f?) < 26(f).

Proof. Because of the tensorization rule, it suffices to prove that

2

Ent®(f2(X)) < ;E(” (f (X) - f(Xi)) ,
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E(; > EO(7(0x) - f(X»)Q) — 26()

Now, fixed all X; but X;, we have that f(X) only takes two values with the same
probability, say a and b. In fact, these two values are precisely f(X) and f(X;), then

a® +b? a® + b?
log ,
2 2

- a? b?
Ent®(f3(X)) = 5 loga® + 5 log b* —

and

JEO( ()~ (X)) = Ha— )

Therefore, we just have to prove that, for all a,b € R, the following inequality is true

a? b? a?+0 . a®+b _ (a—0b)?

—loga® + — logb® — 1 < :

5 oga” + 9 og 5 og 5 < 5

Because symmetry, we can assume a > b and, for fixed b, define the function A : [b,00) — R

such that

2 2 2 32 2 12 2
h(a) ::(;loga2+b210gb2—a ;Lb loga ;—b — (e 2b) .

It is easy to see that h(b) = 0. Differentiating, we have

a® + b?

h'(a) = aloga®+ a — alog —a—(a—0),

hence
20>
! = 1 _— — .
h'(a) =a 08 (a — D)

Then we also have h/(b) = 0. Differentiating again, we obtain

2a? 2 2a
" o
h(a)_loga2+b2+a<a_a2+b2>_1
| 2a? +( 2% > .
= 10 —
S+ \a?+ 12
2a? 2a?
= log @ +1
a?+b  a?+bh
<0

)

because logx <z — 1, for all x € Ry, then A’ is a decreasing function, hence h'(a) < 0 for
all @ > b and then

so the theorem is proved. O
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We can extend this theorem to product measures

Hn i= f[,u7
such that
p({1}) =p=1-p({-1}).

This is done in the following theorem.

Theorem 5.3.2. Let the metric space (H,,d) be equipped with the probability measure
Hn = H s
i=1
where p({1}) = p € (0,1). Hence, for all f: H, — R, we have

Ent,, (%) < c(p)E(f),

where

E(f) = mall VAP,

and

e(p) = 4p(1 — p) log(l —p)_

1—-2p p
Remark 5.3.1. Note that Theorem 5.3.2 generalizes Theorem 5.3.1, since

1i —9.
i c(p)

Proof. A proof of this theorem using other techniques can be found in Ané et al. (2000)
and Bobkov et al. (2006). O

The graph of ¢(p) is shown in Figure 6.

5.4 Application I: Concentration in the Hamming Cube

The first application of Theorem 5.3.1 is the so called Concentration in the Hamming
Cube. The standard method (see Corollary 4.5.2) fails since the Carré du Champ Operator
does not satisfy the chain rule. However, we can still modify its argument to prove

concentration.

Corollary 5.4.1. Let f : H, — R be a 1— Lipschitz function, then

P(17(X) ~ ELF(X)) 2 ) < 2exp (=),
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2 5

1.5 ¢

02 04 06 08
P

Figure 6 — The graph of the function ¢(p).
Proof. Let A > 0 and g(z) = eM®/2, First, notice that
P(£(X) - (X 2 0) =172
by symmetry. Therefore, we have

5E(1900) — o) = E([(90) ~9(X),

where (z), =z if x > 0 and 0 otherwise. Indeed, we always have

2 2

+

[9(X) = g(X))? = |(9(X) = 9(X) .

+ (9% = 9(x))

Now, the convexity of the function e* implies that

A(f(2) = f(7)
0< (9(2) —g(@)), < ( 5 )

+ M @)/2

hence Theorem 5.3.1 applied to g yields

Now, the assumption that f is 1—Lipschitz gives that

(f(X) - f(yi>>+ <d(v,7;) = i,
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hence

)\2
Ent(eM) < Z—E[eM].
ut(eM) < B[]

Finally, Herbst’s Method 4.5.6 yields
P(1(X) ~ ELF (X)) > ¢) < exp (- nt?),
and the theorem is proved. O

Remark 5.4.1. Notice that this result depends on the metric d we chose at the beginning.
If we set dy := nd, that is,

do(,y) = #{i : z; # yi},
then Corollary 5.4.1 reads as follows.

Corollary 5.4.2. Let f: H, — R be a 1— Lipschitz function according to the metric dy,
then

P(170X) ~ ELF (Ol 2 t) < exp ( —/n),
In fact, we can get a stronger bound using the marginal Lipschitz constants.

Corollary 5.4.3. Let f: H, — R be a function such that, for all x € H,, and all 1 < n,
we have

(@) — F@)] < Lid(z,7) = 2.

n
then

n

B(1£(X) ~ BA(X)] > 1) < 2030 - ’fL)

For a first example, we can state a quantitative Law of Large Numbers.

Example 5.4.1. Let Xi, ..., X,, ~ Rad(p), then
1 & nt?
IP’( X;i—(2p—1 Zt)gZeXp(— ),
‘n ; ( )‘ 2¢(p)

where ¢(p) is defined as in Theorem 5.3.2. Indeed, we have that the function f : H,, — R,
defined as

@)= Yo
satisfies
|f(z) = f(@:)| = 2d(z, ), Vo € H,y,

then the result follows by the Herbst’s Method and Theorem 5.3.2.
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Using this, we can show some other properties of the Repetition Code (see 3.5.1).

Example 5.4.2. Let m € Hj, be a message we want to transmit through a Binary Channel
as Example 3.5.1. Let f : Hy — H,; be the encode function, such that

f(z) =z..x,

n times. The decode function g : H,, — Hj guesses individually each entry as follows:

given y € Hy, let x; € Hp such that x; is the most common number in the vector
(Yitir)i=g » then
g(y) ==

Moreover, let Y € H,; be the random variable corresponding to the channel output of
f(m) and

AW = P(g(Y) £ m),
then we have the following corollary.

Corollary 5.4.4. We have that
n(l— 229)2)
2c(p) /)

Proof. By a simple union bound argument, we can bound the error ); in each entry m;
and then

A < exp (1og k —

k
A <3
i=1
Also, using the fact that all random variables are i.i.d, we have that )\; is constant, then
A < KA.

Now, it is easy to see that

(901 ) = mysiem (%)

=1

where X; ~ Rad(1 — p) are independent random variables. Hence, we have

)\1 :]P)(ZXl > O)
=1

Now we can use Example 5.4.1 with ¢ =1 — 2p > 0 and get
1 n
A :IP’<ZXl > o)
=
1 n
< IP’(ZXl >t (2p— 1))
[yt

Sexp(‘zcéwip))-
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Since ¢(1 — p) = ¢(p), we get

and it is proved. O]

Therefore, to guarantee an error A" < e we can bound

log k — W < loge,
that is,
> L togh/2) = (o) log(k/).

The graph of r(p) is shown in Figure 7. Notice that

li = 0.
pigr}Qr(p) 00
Thereby in order to recover the message m, we need to transmit it n ~ O(log k)
times. However, this code is not efficient, since
log, 28 1
R=2822 _ 2 .

nk n

20 4
15 |

2 10
e |

5.10-20.1 0.15 02 025 0.3
p

Figure 7 — The graph of the function r(p).

We now explore concentration in matrices that have only +1 or -1 as entries. For
notation, let M, (H;) := H,x, be the set of all n x n matrices with only —1 and +1 in

each entrance.
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Corollary 5.4.5. Let n € N and M € M, (H;) be a random matriz such that each entry
is Rademacher with parameter 1/2. Let || - || : M,,(Hy) — Ry be the operator norm, then

p([Inal — Bl 2 ¢) < 200 (- 1),

n

Proof. 1t is well-known that

[All = sup (z, Ay),

z,yeSn—1

where S"! is the unit sphere and A € M, (R). Let A" be the matrix where the i j entry
of A is flipped. Then

1141l = [A7]] < |4 - A7
Since

1A —A7) = sup (x,(A—A%)y)

Hence the operator || - || satisfies
1Al = [[A7]] < Lijd(A, Ayp),

where L;; = 2n?. Therefore Corollary 5.4.3 implies that

P[0 - ] > ) < 2exp (- M)

7 j 1 (2712)

t2
=2
e (= )

and the corollary is proved. O]

5.5 Application Il: Rademacher Complexity

Corollary 5.4.5 tell us that in order to control || M ||, we need to control

E|M) = E( sup_ (e, My)).

z,yeSn—1

This works as a motivation to the following definition.
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Definition 5.5.1. Let " C R™ and X € H,, be a Rademacher r.v., that is, a random vector
distributed according the uniform measure in H,,. Then the Rademacher complexity

of T is defined as
r(T) := E[sup(t, X)].
teT
Remark 5.5.1. In some books, the Rademacher Complexity is defined as
7(T') = E[sup (¢, X)|].
teT
These definitions are equivalent, in the sense that

r(T) < #(T) < 2r(T).

Let us first state some of its properties. Recall that the Minkowski Sum of two

sets is
A+B:={a+b:a€ A bec B}.

Lemma 5.5.1. Let T, S C R" and a € R. Then

1. We have that r(T + S) = r(T) + r(S);
2. We also have that r(aT) = |a|r(T);
3. In particular, we obtain r(T —T) = 2r(T);

4. The relation between the Rademacher Complezity and the Diameter (in the Euclidean

norm) is the following:

5. If conv(T') denotes the convex hull of T', then

r(conv(T)) = r(T).

Proof. (1) Notice that
r(T+S)=E[ sup (X,z+y)]

(z,y)ET XS
= E[sup(X, z)] 4 E[sup(X, y)].
z€eT yes

(2) For a > 0, we have trivially 7(aT") = ar(T). Now, note that
r(=T) = E[sup(X, —z)]
zeT

= E[Sup<—X, ZE>]

zeT
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since X is symmetric. Hence we get, for a < 0,

r(aT) = |a|r(=T) = |a|r(T).
(4) We will just prove the upper bound. Using (3), we get

r(T) = SE[sup (X, z —y)]

z,yeT

N | —

E[| X} sup [z =yl

z,yeT

[\3‘§| [\D\t—l

diam(7T"),

hence the upper bound.
(5) It is clear that

r(conv(T)) > r(T).

Now, for any point ¢ € conv(T), there is an n = n(t) € N, t1,...,t, € T and p(t) € R}
such that > ; p;(t) = 1 and

t = ipi(t)t

hence
sup (X,t) = sup sz
teconv(T) teconv(T) j—1
< sup sz sup(X, s)
teconv(T) seT
= sup(X, s),
seT
hence we have the other direction. O

Lemma 5.5.2. Let T C R™ be a finite set and 0 = sup,er ||t]|?, then

r(T) < 2y/o2log|T|.

Proof. Using the concavity of log x, for all A > 0 we have

:]E[ loge’\S“pteTX”}
1

< 71 E )\supteT<Xt>

< < log le ]
L

<o g(ZE[eW“])-

teT
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Now we need to control the generating function of (¢, X'). Notice that
<t,$> - <t7Ti> < 2‘t2'|7

hence the proof of Corollary 5.4.1 shows that

/\2 n
Ent (M) < == 1 ( N (¢ {t, X:))? )
=1
< )\2 QE[ Alt, X>]
Therefore, Herbst’s Method 4.5.6 implies that

E[e)\(t,X)] < €>\202

Y

for all t € T. Hence

log [T| + \0?
r(T) < Og||/\+g.

Using A = y/log|T'|/o, we finally obtain

r(T) < 2y/o?log T,

and the lemma is proved. ]

Now we can state the final theorem of this section, gathering these results.

Theorem 5.5.1. Let T' C R™ be a finite set, X be a Rademacher random vector in R™

and

Z = sup(t, X).

teT

Let 02 = sup,er ||t]|?. Then E[Z] < 24/c%log|T| and
2

P(Z > 2\/o2log|T| +u) < exp(— 4UUQ>

Proof. We have already proved the first part of the theorem. For the second, notice that

P(Z > s) <> P((t,X) > s).

teT

Herbst’s Method 4.5.6 implies that

Pt X) 2 5) < ep (25 ).

Hence

2
P(Z > s) <exp (log |T| — 482)
o

Using s = u + 2y/0?log |T| yields the result. O
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Let us give an example of r(T'). For p € [1,00], let

n 1/p
el = (2 lail?)

=1

and ||z||« = sup,<, |z;| be the [, norm. Then we have the following example.
Example 5.5.1. Let T'= B := {x € R" : [|z[|, < 1}, then
r(T) = n/e,
since
sup(t, ¥) = [|llg,

where ¢ is the conjugate exponent of p and ||x||, = n'/? for z € H,,.

We remark that we can extend Theorem 5.5.1 to Totally Bounded sets. For a proof,
see Vershynin (2017), van Handel (2014) and Boucheron et al. (2013).

5.6 Application IV: Supervised Classification Problem

In this section, we explore what we consider one of the most important applications
of Rademacher Complexity. Our goal here is to predict the classification of a random
object X € X in two different classes. The problem can be modeled as follows. Suppose
(X,Y) € X x {—1,1} is drawn according to a probability measure P. Then we want to
find a function h : X — {—1,1} such that it minimizes the error

L(h) :=P(h(X) #Y).
If P is known, then we can find the best minimizer exactly.
Lemma 5.6.1. We have that
winP(A(X) £Y) = B (H) 2 Y),
where

h*(z) = sign(E[Y|X = z]).

However, in most cases P is unknown and we only have a sample (X, Y;)", ~ P,
Moreover, we want to find the best h in a finite class F of functions f : X — {—1,1}. In

this case, we will minimize the empirical error

1 n
Ln(h) i= = > Ln(xpnie
k=1
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Let h*, h, : X — {—1,1} be such that

L(h*) = I,{gﬁ L(h), (5.1)
and
L,(h,) = %rg]r:l L,(h). (5.2)

Hence h* is also unknown. But we can still quantify the error. Let us proceed to do this.

First, let us define the shattering coefficient.

Definition 5.6.1. Let F be a class of functions f : X — {—1, 1}, then the shattering

coefficient is defined as

Sn(F) = max€X|{(h(aj1),...,h(asn)) . heF}.

Then we have the following theorem.

Theorem 5.6.1. Let (X;,Y;)", C X x{—1,1} be an independent sample according to the
probability P, F be a class of functions f : X x {—1,1} and h* and h,, be as in Equalities

5.1 and 5.2, then

E[|Ly () — L(hy)[] < 8 10g<5n<f>>
and
E[L(h,) — L(h*)] < 16 1Og(57:(f))

Remark 5.6.1. We could also state a high dimensional version of this result, but it will
not provide much improvement than the bound on the expected value. Moreover, our
constants are not optimal, but they capture the right order of fluctuation. See Giraud

(2014) for more information.

Proof. Let

A, =sup|L,(h) — L(h)|,
heF

then

By the definition of h,, we have L, (h,) < L,(h*), hence we also have that

L(hy) — L(h") = L(
(

n) - Ln(hn) + Ln(hn) - L(h*)
n) - Ln(hn> + Ln(h*) - L(h*)
A,

h
h

IAIA
Nt
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Therefore, we just need to estimate E[A,,] from above. Notice first that
E[Ln(h) = L(h)] = 0.
Now we need a simple symmetrization lemma

Lemma 5.6.2. We have that

E[A,] <2E (Ea[sup ‘
heF

)

This lemma can be found in Vershynin (2017) and Giraud (2014).

1 n
— > erlyzn(x)
n=

where € is uniform in H, and independent of (X;,Y:)!,.

Therefore, we can simply bound E[A,,] by

2 n
E[A,] < — sup sup E[sup » exly, ta()]-
[ ] N yeH, zeXm [heH kz::l el )]

Now, for (z,y) € X" x {—1,1}", we can consider the set
Tn(l‘, y) = {(lyﬁéh(aﬁi)a ey 1yn7éh(ﬂcn)) : he ./—"},
hence

2
E[A,] < — sup sup E[ sup [{e,)]].
N yeH, zeX™  tcTh(z,y)
Now, using the Rademacher Complexity and Remark 5.5.1, we have that
4
E[An] S — Sup Ssup T(Tn(‘ray))
n yeH, zcXxn

Corollary 5.5.1 implies that

r(To(,)) < 2y/nlog(|Ty(x, y)]),

since

sup  ||t||* < n.
teTy (z,y)

Finally, there is a bijection between H,, and {0, 1}", hence
T, y)| < Su(F),

for all (z,y) € X" x {—1,1}", therefore

r(Tu(z,y)) < 2y/nlog(Su(F)),

and the result is proved. O

Therefore, in order to control the error, we need to control the Rademacher
Complexity of the sets T, (z,y), or simply the shattering coefficient. The latter motivates
the definition of the VC' dimension of F, which we are not going to introduce here. For
more details, see Giraud (2014) and Vershynin (2017).
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5.7 Application Ill: Concentration in Graphs

In this section, we will explore the connection bewteen the Rademacher Log-Sobolev
Inequality and Log-Sobolev Inequality in graphs. First, let us define a graph and the
graph distance.

Definition 5.7.1. By a connected and undirected graph (V, E), we mean a finite
set V', called the vertices and a collection £ C V' x V, called the edges, such that

1. Forallz € V, (z,2) ¢ E;
2. If (z,y) € E, then (y,z) € E;

3. For all z,y € V such that x # y, there are an n € N and a sequence (z;)!; C V
such that =y := z, (z,,y) € F and

(zi,2i1) € E,
foralli <n-—1ifn > 1.
Remark 5.7.1. We will simply call a connected and undirected graph by a graph.
Moreover, we have the following definition.
Definition 5.7.2. For x € V', we denote E, the set of its neighbors, that is
E,:={yeV:(zy) € E},

and d(x) := |E,|, the degree of x.

The graph distance is associated with the Item 3 in Definition 5.7.1.

Definition 5.7.3. Let (V, E) be a graph. Then the distance d(z,y) between two distinct
points z,y € V is defined as the smallest n satisfying Item 3. If x = y, we define
d(xz,z) = 0.

Using this distance, we can define an 1—Lipschitz function f: V — R.

Definition 5.7.4. A function f : V' — R is 1—Lipschitz in the graph (V, E) if for all
x,y € V, we have

|f(x) = fy)] < d(x,y).

Now we can formulate the problem. Let p be a probability measure in V. We want
to find the best constant o2, such that

E,[MED) < o™/2, (5.3)
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for all A > 0 and 1—Lipschitz function f in (V| E). Equivalently, we want to find the best

constant o2 such that

a2 \?
Dluallw) = ——
where
duy eM
dp — E,[eM]

To begin with, we proved this result to the Hamming Cube in Corollary 5.4.2.

Example 5.7.1. Let V = H,, (x,y) € E if and only if d(z,y) = 1/n in the Hamming
distance and let dy = nd be the graph distance. Let also pu({1}) = p and

Hn = H K,
i=1
Then for all 1—Lipschitz functions f : V' — R in the graph distance we have that

ne(p))?
8

hence Herbst’s Method implies that the best constant ¢? is bounded:

Ent,,(e*) < Eule™],

nep)
4

o? <

Let us define now the energy on a graph (V| E).

Definition 5.7.5. Let u be a probability measure on a graph (V, E'), then the energy

associated with p is

=75 X @)~ F@)lu)

z€V yeE,
where pu(x) = p({x}).
Remark 5.7.2. Note that this generalizes the energy on the Hamming Cube.
We could also define the generator L of this energy.
Definition 5.7.6. Let p be a probability measure on a graph (V, F) and
F={f:V =R}

Then the generator £ : F — F is defined as

L) = 5 3 o))~ @)

yeEE,
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Indeed, we have the following lemma.

Lemma 5.7.1. We have that

(F.~LF) = E(F).
Proof.
20 =3 5 2 T 6) = Futy
=5 3 10~ flatey)

where ¢(z,y) := p(z)u(y) if (z,y) € E and 0 otherwise. By symmetry, we have that

(f,—Lf) = Z SIf y)Pa(z,y)

xEV yeE,

=&(f),

and the result is proved.

We can now define the Log-Sobolev Inequality on the graph.

Definition 5.7.7. We say that a probability p on a graph (V, E') satisfies a Log-Sobolev

Inequality with constant c if

Ent,,(f?) < c&(f),
forall f:V —R.

2

Using this, we can simply bound the ¢° constant in Inequality 5.3 using the

following lemma.

Lemma 5.7.2. Suppose (V, E, i1) satisfies a Log-Sobolev Inequality with constant c. Then,

the best constant o in Inequality 5.3 is bounded:

2 CMAXgep d(x)

7= 4

Proof. The Log-Sobolev Inequality implies that
Af c\? Af(X) 2
Ent(e) < (MO 3 (0 fw)?)
ueEx

Using that f is 1—Lipschitz and that d(X) < max,cg d(z) a.s., we obtain the result by
Herbst’s Method. O
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Moreover, there is also a tensorization lemma for graphs. First, let us define the

product of graphs.

Definition 5.7.8. Let (V;, E;, d;), for i = 1,2, be two graphs. Then the graph product
(Vi x Vy, By X E3) is a graph such that

((1,y1), (2, y2)) € Ey X Ey,

if (x1,22) € Ey or (y1,y2) € Es, but not simultaneously. The graph distance d; x dy on
the product is trivially

dy X do((z1,91), (T2, 92)) = di(w1,22) + d2(y1, y2).

Then we have the Tensorization Formula.

Lemma 5.7.3. Suppose (V;, E;, d;, ;) satisfy a Log-Sobolev Inequality with constant c;,
fori=1,2. Then (Vi x Vo, By X Ey, dy X dy, 11 X j12) also satisfies a Log-Sobolev Inequality

with constant ¢ = max{cy, ca}.

Our next and final example will be the complete graph.

Definition 5.7.9. We say that (V, E) is complete if (x,y) € E whenever = # y.

Thus we have the following theorem.

Theorem 5.7.1. Let p be a probability measure in a complete graph (V, E) and suppose
that

p = min p({z}) >0,
then (V, E, u) satisfies a Log-Sobolev Inequality with constant
c=c(p).

Proof. The proof is based on Diaconis et al. (1996). Note first that

o inf{ £09)

Bt (g7) . Ent(g?) # 0}.

Since
(lzl = [y])? < (x —y)?,

we have that £(]g|) < £(g), and then we can consider the infimum to be restricted to

nonnegative functions g. Let f : V — R be any minimizer, therefore

Ent(f?) = c£(f).
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Let g be any function and r : Ry — R, such that
r(A) == Ent[(f + Ag)?] — c€(f + \g).
By definition of f, we have that
r'(0) = 0.

Computing the derivative, we obtain that

2

r'(0) = 2M<9f log LL(J;Z)] - cg(—£f)>

2

= 2(g, flog [/1(];2)] +cLf).

Since this must be 0 for all g, we obtain that

flog f2 = flog u(f?) + cLf = 0. (5.4)

In our case, the generator satisfies

L) =~ X nl)lf() ~ F(o)]

yEE,
1

= —5 2 rW)lf (@) = 1)l

yev
flz) 1
== Bl
then Equation 5.4 can be rewritten as
2flog | = flogu(f?) + % — B,(f). 5:5)

The right side is a linear function of f and the left is the function t — tlogt applied
to f. Now, since the latter is convex, it can only intersect a line in at most two points.
Therefore Equation 5.5 means that f takes at most two values and we recover the binary

case. Let a,b € R be these two values and
s =p({r eV : f(x) = a}).
Then, by Theorem 5.3.2, we have
¢ = sup c(s).

Notice that, by symmetry, we can assume that s € [p, 1/2]. Finally, we can easily check

that the supremum is achieved at s = p. O]

For further information on Log-Sobolev Inequalities in graphs, see Bobkov et al.
(2006), Diaconis et al. (1996), and Bobkov and Tetali (2006).
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6.1 Introduction

In the previous chapter we discussed the discrete Log-Sobolev Inequality scenario
and some applications, such as concentration in the Hamming Cube. The proof of this
result was based on nothing but calculus and some inequalities in R. However, the Gaussian

Log-Sobolev Inequality (GLS) will require some previous results from Information Theory.

Before we introduce the definitions to guide us to the main theorem, let us take a
moment to analyze what we want. The Log-Sobolev Inequality states that the entropy
of the square of a smooth enough function is controlled by the square of the L? norm of
its gradient. In another words, if a function does not vary too much, then the entropy
functional is close to zero. As we did for the Rademacher case in the previous chapter,

here we can derive concetration in Gaussian Spaces and applications.

There are many proofs of this result, which we briefly describe now. The first
one uses the Central Limit Theorem and the Discrete Log-Sobolevinequality. For the
proof, see Boucheron et al. (2013) and Ané et al. (2000). In a second proof, we check that
the Ornstein-Uhlenbeck semigroup satisfies the Modified Log-Sobolev Inequality, see van
Handel (2014). Log-Sobolev Inequality can also be proved for the large class of Boltzmann

measures
1
dpw (x) == Ee_w(’”)da:,

where dz is the Lebesgue measure, W : R” — R is a strongly convex function with
Hess(W) > cld and

Z = /e_W(””) dx,

which is finite. This proof is based on the Bakry-Emery Criterion, see Ledoux (1999).
Note that the Gaussian is a special case when W (z) = ||z||?/2. There is also a proof based
on the Herbst’s Method. As we have seen, we use LSI and Herbst’s Method to prove
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concentration. Herbst’s Inverse Method uses this idea to obtain LSI from a reverse version
of Herbst’s argument. There are some conditions , known as Wang’s Conditions, that
allow us to do that, see Ané et al. (2000).

Finally, there is a proof based on Information Theory Inequalities, such as Expo-
nential Entropy Inequality and Blanchman-Stam Inequality. This is the proof we show in
Section 6.3. Even though it is not the most direct one, its connections with Information
Theory are clearer and help us find formulas and expressions that are more suitable for

some applications.

In Section 6.4, we will use the standard Gaussian Log-Sobolev Inequality to prove
concentration in Gaussian Spaces, or concentration of functions of Gaussian vectors. The
standard method is Herbst’s Method 4.5.6, as we have already shown in Chapter 4.

In Section 6.5 we will extend the Gaussian Concentration to the Gaussian Com-

plexity. The main idea is to bound the quantity

r(T) = E[sup(t, 9)],

teT

where g ~ N (0,1d) and T C R™. This is an important quantity in many other applications
(see Vershynin (2017)).

In Section 6.6, we will use the equivalent form of Gaussian Log-Sobolev Inequality,
namely, for any X random vector with density f € C'(R") and finite second moment, we

have

N(X)J(X) > n,

where N and J are the exponential entropy and Fisher Information, respectively. We will

prove, in particular, the Crdmer-Rao Bound, namely,
1Z(X)] < [J(X),

where ¥(X) is the covariance matrix of X and J(X) is the Fisher matrix.

Finally, in Section 6.7, we will use again the Version N(X)J(X) > n to prove an
Uncertainty Principle. This an important result relating the variance of two associated

densities f and g, that is,

F(g) = f; and
F(f) =g,

where F is the Fourier Transform.
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6.2 Definitions

Let us recall some definitions from Chapters 2, 3 and 4. The Gaussian measure vy
in R" is the probability measure such that

dy 1 . Lol®
dr — (2m)"/2 '

Given a function f > 0, we defined its entropy as
Bt (f) = [ Flog(f)dy = [ far)iog( [ rv)
= Ent(f(X)),
where X ~ AN(0,Id). Moreover, we defined its energy as

&)= [ IVfIFd
— E[|V£(0)|.

Now, for a random vector X with density f € C'(R"), we defined the Fisher

Information as

IO =4 [ Ivy/fIFar,

and the exponential entropy as

_ 1 o % Jan £log(f) dz
2me

Finally, we need to introduce the space of all finite second moment functions, when

we see a function as a density of some random vector X.

Definition 6.2.1. Let (R™, B(R™), ) be a probability space. Then M?(p) is the space of

all functions f such that ||z||?f is integrable, that is,

M) i={f R* >R ¢ [ lzf?lf] du < oo},

6.3 Main Theorem

We are now able to state and prove the main theorem, the Gaussian Log-Sobolev

Inequality.
Theorem 6.3.1. Let f € C*(R") N L*(«) and f* € M?(v). Then

Ent, (%) < 2B, [|V£]*].
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Remark 6.3.1. Even though the assumption f? € M?(v) is not required, we need it for
our proof. For a proof in which this condition is not needed, see van Handel (2014),
where he uses properties of the Ornstein-Uhlenbeck Semigroup. Moreover, by a standard
aproximation, the condition f € C*(R"™) can weakened to f € C'(R").

Before prove it, we need some equivalent statements. The first one is the following.

Lemma 6.3.1. The following are equivalent.

1. For all f € C*(R™) N L*(v) and f* € M*(y) we have that

Ent, (f*) < 2E,[|[V£]*); and

2. For all f € C*(R™) N L*(dx), f* € M?*(dz) and || f||12(ax) = 1 we have that

Butau(2) < Slog (= [ V| dr).

enmn

Remark 6.3.2. Ttem 2 is known as Lebesgue Log-Sobolev Inequality.

Proof. (=) Let us prove Item 2 for a function p satisfying the hypothesis. We can always

assume

[ IVplPdz < oo,
R’VL

otherwise the theorem is trivial. Let us set two auxiliar functions:

g(x) = )\”/2p(/\x);
Fla) = gla) (2my ekl

It is easy to see that
1Pl 2wy = 9112y = Ifll2 = 1.
and
[ I9glPde, [ 1V £y < oc.
R Rn

The following equality holds f?(x)h(x) = ¢g*(x), where h is the Gaussian density, that is,

1 Iz 2 2
h(x) = (2#)"/26 llll*/2

Item 1 applied to f leads to

F210g]fh(w) do <2 [ |V f|*h(z) d, (6.1)
R™ R™
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Also, we can relate the gradients of f and g as follows. First, note that
f(x) = glx)(@m) /el I/,
then
2 1 2
Vf(x) = Vg(a) @n)" el 4 Lag(am) el
therefore
1
195 @Ih(e) = (IVg@)? + {1l (@) + 9(Tg(w),2)).
Using this in Inequality 6.1 we have that
[ 1og (#m ) dr <2 [ (Vg + LlelPe @) + g(Vo(e), ) ),
To simplity, let us call L the left side and R the right hand side, then
2y 1 1 20112
L = Enty(¢?) + = log(27) + 7/ Pllz|? de,
2 2 Jrn
and
R=2 [ Vg det [ @@lelde+2 [ g@)(Vo), o) dr

Cancelling terms (and finite by assumption), we obtain
Enta(g®) + 5 " log(2r) < 2/ IVg(@)||? da + 2/ )(Vg(z),z) d.

Using Corollary 2.5.7, we obtain

2 [ o)(Vg(a) o) dr = —z [ fayde=—n,

hence Item 1 is equivalent to
Entar(g®) <2 [ |[Vg]* do —n —  log(2m) (6.2)
Rn
with ||g]|r2(az) = 1. As g(x) = A"2p(Az), the left side of Inequality 6.2 becomes

/Rn gQ(m) 10g[92<$)] dz =

Set u = Azx, we have du = \"dx, therefore

| g @) loglg*(@)]do = nlog(N) [ p*u)du+ [ p*(u)logfp?(w)] du.

On the other hand, the first term on the right side in Inequality 6.2 is

N'p?(Az)nlog A dz + / N'p?(Az) log p(Az) da.
Rn

Rn

2 [IVg(@)|Pde =2 [ 3| V.p(a) 2dz,
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where V, represents the gradient with respect to z. Setting again u = Az, we have

2 [ IVglPde =2 [ | Vg(e)|*da
R R

— 2)\? /R V() Pdu.
Summarizing, Item 1 is equivalent to the following with A > 0:
Entg (p?) < 22 /R V@) 2 dz — nlog(v2mAe) =: 2X%a — nlog(Ab), (6.3)
where

a= [IVP()|az,

and b = ev27. Minimizing with respect to A, we have the optimal value \* = /.

Therefore we finally have

Entg, (p%) < 5 — nloglb(n(4a) )"
n 2
=—1 7/ 2 )
Slog (—— [ 19p(@)dx ),

which is Item 2.

(<) As seen in the proof above, the right side of the conclusion in Item 2 is the
minimum with respect A > 0 of 2\%a — nlog(Ab), where a and b are the same in Inequality
6.3. Hence

2y 1 2 / 2 > 2
< — —_— < - .
Entg,(f7) < 5 log <e7m |V f(x)]|*dz |dz < 2A°a — nlog(\b)

Therefore we can invert the substitions in the previous proof. O

Now we can prove Lebesgue Log-Sobolev Inequality.

Lemma 6.3.2. For all f € C*(R") N L*(dz), f* € M?*(dz) and || f| 12z = 1 we have
that

Bt (/%) < log (2 I |]Vf]|2da:>.

enn

Proof. Let f be such as in lemma above and

/R IV F|2 dz < oo.

Let X be a random vector with density f2, which is by assumption a density. Then the
fact that f? € M?(dz) and Corollary 3.4.2 imply that

H(X) < 0.
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On the other hand, we also have
JX) =4 [ [Vf]?de < o,
hence Corollary 4.2.1 implies that
N(X)J(X) > n,
that is,

B 2
iexp (QEHt‘M(f)) / ||Vf||2 dz > n,
n R"

or, equivalently,
2
Bnta, (%) < S log (- [ V| de).
2 nme Jr»
and the theorem is proved. O

Remark 6.3.3. Notice that we used Corollary 4.2.1 to prove Lebesgue Log-Sobolev In-
equality and by Lemma 6.3.1 we also have Gaussian Log-Sobolev Inequality. However, it
is easy to see that Corollary 4.2.1 and Lebesgue Log-Sobolev Inequality are equivalent.
Indeed, we just have to invert the above proof. Therefore Corollary 4.2.1, Theorem 6.3.1

and Lemma 6.3.2 are equivalent.
Using Fisher Information Matrix, we can state another equivalence.

Lemma 6.3.3. The following are equivalent.

1. Let X € L*(Q, F,P) be a random vector with J(X) < oo and density f € C*(R"),
then N(X)J(X) > n; and

2. Let X € L*(Q, F,P) be a random vector and J(X) < oo and density f € C*(R"™),
then N(X)|J(X)|/™ > 1.

Remark 6.3.4. Ttem 2 is known as Strong Log-Sobolev Inequality.
Proof. (=) Let Y = J(X)'2X. Then Corollary 3.4.6 and Lemma 3.4.8 take the form
N(Y) = [J(X)M"N(X),
and
J(Y) =1d.
Therefore J(Y') = n. Hence Inequality J(Y)N(Y) > n is rewritten as

JEOPN(X) > 1.



196 Chapter 6. Open the way for Gauss!

(<) Since |J(X)|"/" and J(X)/n are the geometric and arithmetic means of the

eigenvalues of J(X), the mean inequality states that

J(X)/n = (IO,

hence
1
_N(X)I(X) 2 NI > 1,
and then we have the result. O

Summarizing, we have the following theorem.

Theorem 6.3.2. All sentences below are equivalent.

1. Let f € C?*(R") N L3(dy) and f? € M?(dy), then

Ent, (%) < 28, [V /)
2. Let f € C*(R") N L*(dz), f? € M*(dz) and ||f|12(a) = 1, then
Butar() < Slog (— [ 97| de);
2 R

3. Let X € L*(Q, F,P) be a random vector with J(X) < oo and density f € C*(R"™),
then N(X)J(X) > n; and

4. Let X € L*(Q, F,P) be a random vector and J(X) < oo and density f € C*(R"),
then N(X)|J(X)|V/" > 1.

In the next sections, we will explore the applications of Theorem 6.3.1. Without
trying to run out all the applications, we will only mention four results which we consider
relevant: Concentration in Gaussian Spaces; Gaussian Process and Gaussian Complexity;

The Cramer-Rao Bound and the Uncertainty Principle.

6.4 Application I: Concentration in Gaussian Spaces

Let X be a standard Gaussian random vector, then Theorem 6.3.1 is equivalent to

saying that, for every f € C'(R™) we have
Ent(f?(X)) < 2E[||V f(X)|]%],

according to Remark 6.3.1.
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Now, let g € C'(R") be a Lipschitz function with ||Vg||* < L? and let

[ =exp(\g/2),

then by the chain rule we have

2
Ent(¢'99) < E[[[Vg(X)|*¢9)

272
< iE[eAg(X)].
2
By Herbst’s Method 4.5.6, we have that

B(19(X) — Elg(X)]| 2 ¢) < 20 (- 2/(21)).
Notice that this bound does not depend on n. Therefore, we have the following theorem.

Theorem 6.4.1. Let X € R" be a random Gaussian vector. Let f € C1(R™) be a Lipschitz
function with constant L, then

t2

P(17(0) B ()| 2 1) < 205 (= 5.

In fact, we can weaken the hypothesis required to functions which are Lipschitz on

each coordinate.

Corollary 6.4.1. Let X € R"™ be a random Gaussian vector. Let f € C'(R") be a
Lipschitz function such that

’f(l'l, ey Li—1, U, ....,ilj'nfl) — f(.fl, ey Li—1, 0, ....,$n,1)’ S LI‘U — U|,

for all u,v € R, all v € R™* and all i, then

p(1£(X) ~ BA(X)) > 1) < 200 Q;L)

We will give two examples to illustraste this impressive result.

Example 6.4.1. Let X be a Gaussian vector and f(x) = ||z||, then f satisfies Theorem
6.4.1 with constant L = 1, and

P([I1X1 - EIIXI)| 2 ¢) < 2exp (- 2/2).

1/2
Notice that E[J[X|[] < <E[HX||2]> _ /n, therefore E[||X|] is at most of order /7, so
by replacing t = \/nu, we have

P( ||§7_Z|| B E%’H]‘ > u) < 2exp(_ n;t?)

This last result captures the right order of fluctuation of || X||.
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Example 6.4.2. Let z € R" be an unknown vector. Let A be a deterministic m x n

matrix and let
y=Ax +¢,

where ¢ is a standard Gaussian vector in R™. Suppose we want to estimate x from the
output y. The quadratic regression gives the best solution as z* = argmin, g ||y — Az||.
How good is this solution? We now give a simple bound on the probability of error

[l — 2.
Notice first that the real solution is x = (AT A) 1 AT (y —¢) and z* = (ATA)"1 ATy,
then

o =™l = || = (ATA) " ATl < kale])

where k4 is the condition number of A, which satisfies

A)
AT A) AT < AT (AT A) Y < To A g
(A7 A) AT < [ATII(ATA) T < rom(A) A

Therefore, we can apply the previous example to bound ||z — z*||, which gives
|z —a~|  E[jz — 2]

P N W

Although this result gives a bad fluctuation ||z — z*|| ~ ka+/m, this order does not depend

’ > u) < Qexp<—mt2/2>.

on n, which is impressive. However, we can strengthen this result using a random matrix
instead of a deterministic. We will do this in the next section, particularly in Corollary
6.5.1.

6.5 Application Il: Gaussian Complexity

Let V' C R™. We have already defined a way to measure the complexity of V' in
Section 5.5. In this section we will give another way to define precisely this quantity, but

we will use Gaussian random vectors, instead of Rademachers.

Definition 6.5.1. Let V' C R" and g ~ N(0,1d), then the Gaussian Complexity of V'
is defined as
w(V) = E[sup(v, g)]
veV
This is precisely the same definition as the Rademacher Complexity, but with a

Gaussian vector. Likewise, we get the same properties, but with a different constant in

the relation with the diameter.
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Lemma 6.5.1. Let T,S CR", a € R. Then the following are true.

1. We have: w(T + S) = w(T) + w(S);
2. We also have w(aT) = |ajw(T);
3. In particular, we have w(T —T) = 2w(T);

4. The relation between the Rademacher Complexity and the Diameter (in the Euclidean

norm) is the following:

- N,
ﬁdlam(T) <w(T) < leam(T), and

5. If conv(T') denotes the convex hull of T, then
w(conv(T)) = w(T).

Proof. Let us just prove that

First, note that

1
w(T) = zE[sup (g, — y)]
2 z,yeT
1
> 5 sup E[[(g,z — y)|].
z,yeT

Now, we can easily check that

2
B X|| = /=
10 = 2
1 /2
wT) 2 22 sup 1z =
T zyeT

1
= \/%diam(T),

and it is proved. O

for X ~ N(0, 1), hence

Also, we can bound the quantity w(V') in a similar manner.

Theorem 6.5.1. Let V' be a finite set in R™ and let g be a standard Gaussian random

vector in R"™. Let L = sup,cy ||v||, then

w(V) < /202 1og |V,
P(supgv > /2L log |V | + u) < emw/(LY)

veV

and
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Remark 6.5.1. Even though we bound just
P(supgv > \/2L%log |V | + u> < e WL,
veV

we can get a lower bound as well. Indeed, note that

| sup(v, ) —sup(v,y)| < Lijz —yl,

veV veV
hence Corollary 6.4.1 implies that

t2
P(|sup(v, X) — w(V)| = 8) < 2exp (= 75 ).
veV 212
Proof. Let g, := (v,g). Then (g,),ev becomes a Stochastic Proccess. Notice that the
function f(x) = (v, z) is a Lipschitz function with constant L, = ||v|| < L. Then Cororally
6.4.1 implies that
)\2L2
77Z)’U()\> S 9 )

by Herbst’s Method 4.5.6 and 1,()) := log E[e*"].

Let A > 0, then, by Jensen’s Inequality to the function ilogx the Gaussian

Complexity satisfies

w(V) = E(l log exp ()\ sup gv>)

A veV

< —log ]E( exp <>\ sup gv)>

veV

_ log V| + A\2L%/2
p— A .
Minimizing it over A > 0 we get the bound

w(V) <y/2L2%log |V|.

The bound in the probability of sup,cy g, follows by Chernoft’s Inequality 2.7.4, since

P(Supgv > t) IIP’( U o> t)

veV vEV

<> P(g, >t)
veV

< ¥ e /e
veV

_ Jlog|V|-2/(2L2)

Taking t = /2L?log |V| + u, we have
P(supgv > /2L log |V | + u> < e‘“Q/(QLQ),
veV

which gives a Gaussian bound to this random variable. O
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A simple reason why we want to bound the Gaussian Complexity can be ilustrated

in the following lemma.

Lemma 6.5.2. Let p € [1,00] and X ~ N(0,1d) in R™. Let also q € [1,00] be the
conjugate exponent of p and B} = {x € R": ||z|, < 1}, then

E[[|X1l,] = w(Bg).
Proof. 1t is a direct consequence of the duality formula between the norms:

|||, = sup (x,y).
yEBg

Finally, we can relate both complexity in the following lemma.

Lemma 6.5.3. Let T' C R" be a bounded set. Then
2
\[=r(T) < w(T) < [24/logn|r(T).
T

We will give a simple application of the Gaussian Complexity based on the M*
Bound. Let us first introduce the Grassmanian (G, m, B(Gpm), 14).-

Definition 6.5.2. Let G, ,,, be the space of all m—dimensional subspaces of R" endowed

with the projection distance, that is,
d(E,F) = |Pg — Ppl|,

where Pg is the projection onto £ and || - || is the operator norm. Then (G, 1, B(Grm))

is the Grassmanian.

We can endow the Grasmannian with an uniform measure. This is done in the

following theorem.

Theorem 6.5.2. Let O(n) be the space of all ortogonal operators in R™ endowed with the
Haar measure v and E € Gy, ,,,. Then there is an unique measure p in the Grassmanian
Gy,m such that

p(A) =v({U € O(n) : O(E) € A}),
for all A € B(G,,m).

Now we can state the M* Bound.
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Theorem 6.5.3. Let K C R™ be a bounded subset. Fizx m < n and let E be a random
element (G p—m, B(Gnn-m)), distributed according the uniform measure in Gy, p—pm. Then
Cw(K)

E[diam(K N E)] < Jm

for some universal constant C'.

Proof. We recommend the elegant proof by Vershynnin in Pfander (2015). O]

Remark 6.5.2. We can also prove a concentration inequality, as shown in Pfander (2015):

. w(K) mt?
IP’(d KNE)>(C—— C’t)<2 (—)
fam( )2 vm * =P 2diam?*(K)
Remark 6.5.3. Let m = 1 and K be a convex body with barycenter at the origin, then
Gp.n—1 is the space of all hyperplanes in R". The theorem says that, in mean, the size of

K N E is of order w(K). In other words, almost all the volume of K lies in the set
K = Kn(Cw(K)BY),

which is known as the bulk of K. The set K \ K is the outliers of K, carrying exponential
less volume (see Ball et al. (1997)).

Now we can state and prove one of the main and simple theorems in Compressive
Sensing Theory. Suppose we want to recover a signal x € R" from a random measurement
Az, which means that A is a random m x n matrix. We will also suppose that x lies in
some set K. The most naive idea is to take any y € K which satisfies Ay = Ax. Can we

quantify the error doing this? The following corollary expresses it.

Corollary 6.5.1. Let © € K and A be a random m x n matriz such that A;; ~ N(0,1)

are independent, for all i,j. Set y = Ax and z any solution of the system
Az =y;
z e K.

Cw(K)
N

Then we have

Efllz — 2} <

Proof. Note that
Elllz — =[] < E[diam(K N E)],

where £/ = ker(A). Since the columns of A are standard Gaussian vectors, we can see
that E is distributed according to the uniform measure in G, ,,_,, hence we can apply
Theorem 6.5.3 and get
Cw(K)

Jm

and the corollary is proved. O

E[diam(K N E)] <
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We can transform this idea into an optimization problem. Suppose K is a symmetric
convex body, which means that K is closed, convex, origin symmetric and has nonempty

interior. We can define a norm using K.

Definition 6.5.3. Let K be a symmetric convex body. Then the function || - || : R" — R,
defined as

||| s := inf{\ > 0: X'z € K},
is known as the Minkowski functional of K.

Lemma 6.5.4. The Minkowski functional is a norm and the unit ball is K :

{o: allx < 1} = K.

Now we can transform Corollary 6.5.1 into an optimization problem.

Corollary 6.5.2. Let K be a symmetric convex body, v € K and A be a random m X n
matriz such that A;; ~ N(0,1) are independent, for all i, j. Consider Ax =y and z* the

solution of the following optimization problem:

*

p*= min |[z]x
s.it. Az=uy.
Then p* <1 and
Cw(K)

Effjz" — =[] <

Jm

Proof. Since x € K and z is a feasible point, we have that p* < 1. Now, Since x* achieves

the mininum, we have
"] < [lelle <1,

hence z* € K. Therefore the result follows by Corollary 6.5.1. O

For more applications of Gaussian complexity, see Vershynin (2017) and Pfander
(2015).

The next application is about a Statistic Inequality.

6.6 Application Ill: The Cramer-Rao Inequality

Let X be a centered random variable with variance equals to 0. Suppose we want

to estimate a parameter 6 from the observation of Y = X + 6. What is the best estimator
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T(Y) of 7 How can we quantify the error? In this section we will try to explore this idea
and prove the Cramer-Rao lower bound on the error through Theorem 6.3.1, using the

version

N(X)J(X) > n.

In our case, we will consider only linear estimation, which means that, given a

sample Y7, ..., Yy, the estimator T'(Y1, ..., Yy) is a linear function of Y;, ..., Yy.
Definition 6.6.1. An unbiased estimator 7T satisfies

E[T(Y3,...,Y,)] = 0.
Therefore, for an unbiased estimator 7', we have

T(ylv "'7yN) = <'U,y>,

where v; + ... + vy = 1. For the error, we will consider the variance error

er := Var[T(Y1, ..., Yn)].

The main theorem of this section is the following.

Theorem 6.6.1. Let X be a random variable with Fisher Information J(X). Let 6 be in
R and take a linear unbiased estimator of 6 with sample Y1, ..., YN according to the law of

X + 0. Then, the error of estimation is bounded from below:

1
NJ(X)

er >

Proof. Because Var[Y] = Var[X] = 02, we have
er =0° Y v} =0o’|v]*.
i=1
Now, because Corollary 3.4.2, we have 0 > N(X), therefore

lvl®
J(X)'

er = N(X)|v|* >

where the last inequality is due to Corollary 4.2.1 with n = 1. Therefore, the error is
bounded away from 0. To minimize over v, notice that
min ]2 = 1/,
’l)1+...+'UN:1

therefore

>
T=NI(X)

and the theorem is proved. O
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Remark 6.6.1. In fact, this bound works not only for linear, but for all unbiased estimator.

For see this (take N = 1 for simplicity), notice that

J(X)Var[T'(X 4+ 0)] = E(J;/((j((;)QE(T(X +0) — ‘9)27

where f is the density of X. Applying Cauchy-Schwartz Inequality, we have

J(X)VarT(Y)] > (]E(f X >) (T(x+0) - 9)) )

f(X)

We’ve already seen in the proof of Theorem 3.6.4 that E( f((X))) = (. Finally, notice that

4 d
— 50 = ZE[T(X +0) de/f T(z +6)d

Changing the order and since £T'(z + 0) = LT (x + 0), we have

1= /Rf(x)T’(x—FG) dz.

Therefore, by the weak derivative property we have

1—(/f T(z +6) d:v>2,

hence
2
J(X)Var[T 2(/]“ T(x+0) dx) =1,
hence the nonlinear case is proved.
Let us look to the Example 6.4.2 with this perspective.

Example 6.6.1. Let Y = 0 + X, where X is a standard Gaussian noise. Suppose we
want to estimate 6 from an independent sample Yi,...,Yy ~ Y. We can look this as a
problem of recovering a signal € RY such that Y = Idz + Z, where Z is a standard
Gaussian vector and we know, by the prior information, that x = (0, ...,0). The best

unbiased estimation is

1 N
T(Yi,. Vi) = 3 Do

=1
since

1 1
N~ NJX)

Var[T'(Y3, ..., Y,)] = —Var[Y]

and J(X) = 1, by Example 3.4.6. Similarly, according to the perspective of the recovery

problem, we have that

ollY —Idz|]?,

-----
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therefore
2 Z(Y; —6") =0,
=1
hence
1 n
0 =TY1,...Yy) = — ZYi
N =

is also the best solution of the recovery problem.

We can get a higher dimensional version of this result.

Corollary 6.6.1. Let Y =60 + X, where X is a standard Gaussian noise and a sample
Yi,....Yn ~ Y. Let also

hence
IP(|T(Y1, L YN) =0 > t) < 2exp ( — Nt2/2).

Proof. Notice that T'(Y7, ..., Yy) is a Gaussian random variable with mean # and variance
1/N, which means that T'(Y1, ..., Yy) is equal in distribution to

1
f(X) ::0+ﬁX

where X is a standard Gaussian r.v. Since f is a Lipschitz function with constant 1/ VN,
we have the desired result applying Theorem 6.4.1. ]

Because of this, to guarantee an error ¢, with probability, say, at least 0.99, we

just have to take
2exp ( — N52/2> < 0.01,

that is, N > i—g is enough.
Notice that the Cramer-Rao Bound is about the inequality

1
2
o’ (X) > ,
J(X)
for all random variables with variance o2, therefore, we can strengthen this inequality

using the Strong Log-Sobolev Inequality in Theorem 6.3.2 and get the following theorem.
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Theorem 6.6.2 (Cramer-Rao’s Inequality). Let X be a random vector in R™ with covari-
ance matriz X(X) and Fisher Matriz J(X), then

2(X)| =

IO

In fact, we can obtain a Matrix Inequality (X)) = J~*(X), where = is the partial
order defined by the cone of Positive Semidefinite Matrices. Let us just state this, without

proving it.

Theorem 6.6.3. Let X be a random vector with covariance matriz ¥(X) and Fisher
Matriz J(X) and let = be the partial order defined by the Positive Semidefinite Cone of

Matrices n x n. Then

Y(X) = IH(X).

6.7 Application IV: The Uncertainty Principle

Perhaps the most surprising result comes from the relation between the Uncertainty

Principle and Corollary 4.2.1.

First, some notation: let
L= {f:R=C:|j¢] = [ |¢| dz < oo},

be the space of square integrable complex value functions. Let F : L? — L? be the Fourier

Transform:

(F) @) = [ pwpe v dz,
And let, for simplify the notation, f = F (f)-

Definition 6.7.1. Let ¢ € L?, ||¢)|| = 1, and X be a random variable with density |¢|*.
Let ¢ = Q,E, then |@|? is also a density, say, of Y. We say that X and Y are associated

random variables and ¢ and ¢ are associated densities.

The following theorem was proved recently in Dembo (1990) and before in Stam
(1959).

Theorem 6.7.1. Let X and Y be associated random variables with finite variances Var(X)
and Var(Y'). Then

167*Var(X)Var(Y) > 1.

Remark 6.7.1. This is known as an Uncertainty Principle.
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Proof. From Corollary 4.2.1 we obtain

Var(X)J(X) > N(X)J(X) > 1. (6.4)

Let us now compute J(X). Let ug € R, then |e"?™*%| = 1 for all z € R, hence

J(X) =4 /R (Cic|¢(x)e2muo|)2dx. (6.5)
To compute the derivative, notice that for a complex-valued function f(z) = re? we have
fl(x) =7 (2)e? +ritf (2)e = r'e" 4-i0'f,
and
Flx)=re ™ —rife™™® =1'e™ —i07.

Multiplying these equalities, we obtain

F@)f(x) =)+ ().

Therefore

d N2 dfdf > dfdf
(dmlf!) :mm_‘f‘z@rg f) < i (6.6)

Let f(z) = ¢(x)e @0 then

d o 2 dw(x)e—%rirug d (x)e2m’zu0
el TITUQ < )
<d$|¢($)e |> - dz dz

Now, let us take a look at the following expression:

A= (= uo)o(w)]? du
= /Rv2|gz5(v + ) |* dv.
The fourth property stated at Lemma 2.6.5 implies that
$lo+ ) = (Fle 0 (a)) ) v)
Since f(x) = (x)e 2™ we have that

-

Because of the tenth property at Lemma 2.6.5, we have that

2
dv.

vF[f](v)

1
27

v L) [F)(v),
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then

1 2
A= E/Ryf[f’](vﬂ do.
Since F is an isometry, we obtain

1 1 rdfdf
A:—/ ()P de = — [ SLES g,
472 R|f($)| o 472 Jr dx dx o

Replacing this in Inequality 6.6 and using it in Equation 6.5, we obtain
J(X) < 167%A.
Of course, setting ug = E[Y] gives that A = Var(Y), then

J(X) < 167*Var(Y).

Finally, replacing this bound in Inequality 6.4 gives the uncertainty principle.
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