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Resumo

A descoberta de T7-esferas exoticas por J. W. Milnor deixou surpresa a comunidade
matematica pois respondia negativamente a Conjectura de Poincaré Suave em dimensao
7. Com efeito, uma n-esfera exdtica é uma n-variedade fechada homeomorfa, mas nao
difeomorfa, a n-esfera canénica S" e, ademais, a Conjectura de Poincaré Suave (em
dimensao n) afirma ser difeomorfa a S” toda n -variedade suave fechada com o mesmo

tipo de homotopia de S™.

Posteriormente, N. Shimada adapatou as construcoes de Milnor e foi capaz de mostrar a
existéncia de 15-esferas exoticas. Uma classificacao completa foi dada por J. W. Milnor e

M. Kervaire para dimensoes n # 3, 4.

Surpreendentemente, J. W. Milnor foi capaz de mostrar que existe ao menos uma (4k — 1)-
esfera exdtica para todo k > 2 e, portanto, a Conjectura de Poincaré Suave é invalida para
um numero infinito de dimensdes. Se a conjectura de G. Wang e Z. Xu estiver correta, a
Conjectura de Poincaré Suave é verdadeira apenas em dimensoes n = 1,2, 3,5,6,12,56,61

e, possivelmente, n = 4.

A Conjectura de Poincaré Generalizada, no entanto, é valida em todas as dimensoes, isto é,
toda n-variedade suave fechada com o mesmo tipo de homotopia da n-esfera é homeomorfa
a S".

O objetivo do presente trabalho é apresentar os invariantes de Milnor e Shimada e usé-los

para mostrar a existéncia de esferas exéticas em dimensoes 7 e 15, respectivamente.

Palavras-chave: esferas exdticas, conjectura de poincaré suave, invariante de Milnor,

invariante de Shimada.



Abstract

The discovery of exotic 7-spheres by J. W. Milnor was a surprise for the mathematical
community for it showed the Smooth Poincaré Conjecture to be false in dimension 7.
Indeed, an exotic n-sphere is a smooth closed n-manifold which is homeomorphic but
not diffeomorphic to the standard n-sphere S™ and the Smooth Poincaré Conjecture (in
dimension n) asserts that any smooth closed n-manifold with the same homotopy type of

the n-sphere is diffeomorphic to S”

Shortly after that, N. Shimada adapted Milnor’s construction and was able to show the
existence of exotic 15-spheres. A complete classification was given by J. W. Milnor and M.

Kervaire for dimensions n # 3, 4.

Surprisingly, J. W. Milnor established the existence of (4k — 1)-exotic spheres for all k > 2
and, therefore, Smooth Poincaré Conjecture is false for an infinite number of dimensions.
If a recent Conjecture by G. Wang and Z. Xu proves to be true, then Smooth Poncaré

Conjecture holds only in dimensions n = 1,2,3,5,6,12, 56,61 and, possibly, n = 4.

On the other hand, the Generalized Poincaré Conjecture is true for all dimensions, i.e., every
smooth closed n-manifold with the same homotopy type of the n-sphere is homeomorphic
to S™.

The goal of this work is to present Milnor and Shimada invariants and use them to show

the existence of exotic spheres in dimensions 7 and 15, respectivelly.

Keywords: exotic spheres, smooth poincaré conjecture, Milnor’s invariant, Shimada’s

invariant.
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1 Introduction

The goal of this introductory chapter is twofold. On the one hand, to set some
terminology and notation used throughout. On the other hand, to present the reader some
exoticness phenomena in the differential topology of smooth manifolds, first by exploring

exotic spheres and, finally, in a more general setting.

1.1 Terminological Convetions

Recall that a differentiable structure on a locally euclidean, Hausdorff, second

countable topological space M is a maximal € atlas.

A differentiable manifold (also called smooth manifold) is a pair (M, A) where M is
a locally euclidean, Hausdorff, second countable topological space and A is a differentiable
structure on it. When there is no risk of confusion, we simply say M s smooth manifold,

omitting any reference to the differentiable structure.

When employing the word manifold, we mean a smooth manifold that may have a
non-empty boundary. In the passages where the underlying manifold is required to have
no boundary, it will be explicitly stated. As usual, a closed manifold is a compact manifold

without boundary.

We say that a manifold is orientable if there exists an oriented atlas for it. Recall
that an oriented atlas is a smooth atlas for which the transition functions are orientation
preserving diffeomorphisms between open sets of the euclidean space R", where n =
dim(M). An orientation for a manifold is a maximal oriented atlas. An oriented manifold
is a manifold together with a orientation. We usually drop any mention to the chosen

orientation and simply say an oriented manifold M.

If M is a connected orientable manifold, then it has precisely two orientations. When
M is oriented with one of them, we write —M to mean the same manifold oriented with the
other atlas, i.e., the inverse orientation of M. In general, if M is an oriented manifold, the

symbol —M means that we are taking the inverse orientation in each connected component
of M.

With the terminology introduced, for an oriented manifold M, the map id : M —

—M is an orientation reversing diffeomorphism.
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1.2 Historical Note

An exotic n-sphere is a manifold M which is homeomorphic but not diffeomorphic
to S”, where the later manifold is given its standard differentiable structure induced by

the immersion into R™ 1.

The first mathematician to come up with exotic 7-spheres was John W. Milnor
in his 1956 paper [Mil56]. In the subsequent year, Nobuo Shimada adapted Milnor’s
construction and obtained exotic 15-spheres, see [Shi57]. It is the object of this work to

present such constructions and to show the existence of exotic spheres in these dimensions.

Once we know that exotic spheres exist, it is natural to ask how many of them are
there up to diffeomorphism. This classification problem becomes simpler if we consider
instead oriented exotic spheres. An oriented exotic n-sphere is an oriented n-manifold
which is homeomorphic but not diffeomorphic to S”. We then seek to classify oriented
exotic spheres up to orientation preserving diffeomorphism. This is the original approach
of Milnor and Kervaire in [KM63]. In this paper, the authors prove that the set ©,, of

h-cobordism classes* of homotopy n-spheres® is finite for n # 3.

It is not immediately clear what ©,, has to do with the classification problem for
oriented exotic sphere. For n at least 5, Smale’s h-cobordism theorem [Sma62, Theorem

1.1] implies that the map

A, O, — 730

n

(M]n—cop = [M]aiss+

is a well-defined bijective correspondence between ©,, and the set

739 = {[M]ayss+ | M is a homotopy n-sphere }

n

of orientation-preserving diffeomorphism classes of homotopy n-spheres. By Smale’s solution

of Generalized Poincaré Conjecture [Sma61, Theorem A], for n at least 5, we have

739 = {[M]ays+ | M oriented, homeomorphic to S } .

n

In particular, writing Ezot>© for the set of orientation-preserving diffeomorphism classes
of oriented exotic n-spheres and noticing that [S"]ssp+ = [—S"|aifs+ for the standard

n-sphere, we get

@n — 7TSO = E%’Otio L {[Sn]difju—, [—Sn]dif]w} = EiEOt;S;O L {[Sn]diff+} .

n

Two closed, oriented n-manifolds M; and My are h-cobordant if there is a compact, oriented (n + 1)-
manifold W for which OW = M; LI —M, and W deformation retracts onto both M; and —M5. This
is an equivalence relation on the class of closed, oriented n-manifolds. In particular, we can consider
[M]p—cob the h-cobordism class of any closed, oriented n-manifold M.

2 A homotopy n-sphere is a closed, oriented n-manifold with the same homotopy type of S™.
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This is the link between ©,, and the classification of oriented exotic spheres. It follows that
there are # Exot5° = # ©,, — 1 oriented exotic n-spheres up to orientation preserving

diffeomorphism for n > 5.

We now outline the proof of the main theorem of [KM63], namely that ©,, is finite
for n # 3. The connected sum gives the set ©,, the structure of an abelian group. The
neutral element is the class [S"],_. of the standard n-sphere. The inverse of [M];_cop
is obtained by reversing orientation, i.e., it is [—M];_cop. Milnor and Kervaire introduce
the subgroup bF,,; < 0, of h-cobordism classes of homotopy n-spheres that bound a
compact, oriented, parallelizable® (n + 1)-manifold. They show that the quotient group
©,,/bP,; is finite and that, in addition, bP, is trivial, for n even, and finite cyclic, for
n # 3 odd. Besides, the authors were also able to prove more refined results concerning
the order of bP,.; and also computed the order of some ©,, for small values of n, as one

can see by the table

n‘1234567891011121314 15 16 17 18
#@n‘11?111282869921321625621616

herein [KM63].

Remark 1.1. By Perelman’s solution of Poincaré’s Conjecture, the group ©j is trivial, so

40, = 1.

From the preceding discussion, it follows that there is a finite number of ori-
ented exotic spheres up to orientation preserving diffeomorphism, for n > 5. It fol-
lows that the number of (unoriented) exotic m-spheres is also finite (n > 5). Write
Ezot, = {[M]aiss | M is an exotic n-sphere } for the set of diffeomorphism classes of ex-
otic n-spheres and observe that every exotic n-sphere M has precisely two orientations.
Denote by M the oriented exotic sphere obtained by choosing an orientation for M.
There are only two possibilities: M either admits an orientation reversing diffeomorphism
or there is no orientation reversing diffeomorphism of M onto itself. In the first case,
[Mlgippr = [~Maigp+ and [M]gigp+ # [—M]aiss+, in the second. Let Exot; be the set
of diffeomorphism classes [M]g;7f of exotic n-spheres for which M admits an orientation
reversing diffeomorphism. Similarly, let Exot7 stand for the set of diffeomorphism classes
[Maiss of n-spheres for which M does not admit an orientation reversing diffeomorphism.
Then, Exot, = Exot; U Exot] and

# Exot, = # Exot, + #Exotff < #FExot, + QX#Exoth = # Ezot?© .

3 A n-manifold X is parallelizable if its tangent bundle is trivial, i.e., X-isomorphic to (X x R™ 7y, X).
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For n at least 5, we have already seen that # Exot?© is finite. Therefore, # Exot,, is finite
for n > 5, as we wanted to show. For n = 1,2,3, two closed smooth n-manifolds are
homeomorphic if ad only if they are diffeomorphic, so there are no exotic n-spheres for

n = 1,2, 3. This proves the following result.

Proposition 1.2. For n # 4, there is a finite number of exotic n-spheres up to diffeomor-

phism.

Remark 1.3. Recall that Poncaré Conjecture asserts that an unoriented homotopy n-
sphere* is homeomorphic to S™. It is true in all dimensions. In low dimensions (n < 3),
homeomorphism classification and diffeomorphism classification coincide, so Poincaré
Conjecture implies that unoriented homotopy n-spheres are diffeomorphic to S™. This
implies that there is neither exotic spheres nor oriented exotic spheres in low dimensions.
In high dimensions (n > 5), the h-cobordism theorem allowed us to establish a bijection
between ©,, and Exot3 U{[S"]4iss+}, i€, the set of orientation-preserving diffeomorphism
classes of oriented exotic n-spheres together with the orientation-preserving diffeomorphism
class of the standard n-sphere. It turns out that the h-cobordism theorem fails in dimension
four, as the counter-example found by S. K. Donaldson shows (see [Don87]). Thus, in
dimension four, there is no warranty that we have a bijective correspondence between ©,4
and Ezot7© U {[SY s+ }-

Remark 1.4. The classification of exotic n-spheres up to diffeomorphism is equivalent to
the classification of exotic differentiable structures of S™ up to diffeomorphism®. Thus, by
the proposition above, there is a finite number of diffeomorphism classes of differentiable

structures of S™, for n # 4.

The following questions remain unanswered. Are there exotic 4-spheres? If so, how
many are there up to diffeomorphism: a finite or infinite number? In case the second
possibility holds, we have a countable or uncountable number of diffeomorphism classes of

exotic 4-spheres?

Coming back to oriented exotic n-spheres (n > 5), it follows from
# Exot, + QX#Exotf = #Exot;io = #0, — 1.

that # Ezot, # 0 whenever # 0, is even. Thus, we obtain the following result.

In other words, a closed smooth n-manifold with the same homotopy type as S™.

Two differentiable structures A; and Ay of a manifold X are said diffeomorphic if the manifolds (X, .A;)
and (X, As) are diffeomorphic. An exotic differentiable structure of S™ is a differentiable structure
which is not diffeomorphic to the standard one.
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Corollary 1.5. Let n > 5. If # ©,, is even, there is an oriented exotic n-sphere which

admits an orientation reversing diffeomorphism.

From the preceding table and the corollary above, it follows that there is an
oriented exotic m-sphere admitting an orientation reversing diffeomorphism for n =
7,8,9,10,11,14,15,16,17, 18.

One can further ask for which values of n there are oriented exotic n-spheres.
Milnor proved that, for n = 4k — 1 (k > 2), there is at least one oriented exotic n-sphere
[Mil07, Corollary 4.3]. In particular, there are infinite values of n for which S™ has a
non-standard differentiable structure. In 2017, G. Wang and Z. Xu went onto show that
the only odd dimensional spheres with a unique smooth structure are S, S, S° and S°
[WX17, Corollary 1.13]. They further proved that, for 5 < n < 61, the only dimensions for
which S™ has a unique smooth structure are n = 5,6,12,56,61 [WX17, Corollary 1.15]
and conjecture that these values of n give the only dimensions greater than four for which
the n-sphere has a unique smooth structure. If their conjecture proves to be right, then
there are only a finite number of n for which S™ has a unique smooth structure, namely
n=1,2,3,5,6,12,56,61 and, possibly, n = 4.

It is also possible to study differential geometric aspects of exotic sphere. We refer
the reader to [Wra97|, [GZ00], [Boy+05] and [JWO0S].

1.3 Exotic Smooth Manifolds

Let M be a smooth n-manifold. We say that a smooth n-manifold X is an exotic
M if it is homeomorphic but not diffeomorphic to M. In this case, we seek to classify
exotic M’s up to diffeomorphism. If, in addition, M is oriented, an oriented exotic M is
an oriented n-manifold which homeomophic but not diffeomorphic to M. We then want to

classify oriented exotic M’s up to orientation preserving diffeomorphism.

For n # 4, there are no exotic R™’s. When n = 4, there are uncountable many
exotic RY’s [DF92, Corollary 4.1].

We have already mentioned that it is not known whether there are exotic 4-spheres.
If they exist after all, one may ask the following questions. Is there an exotic S* for which
the complement of a point of is diffeomorphic to the standard R*? Is there an exotic S*
for which the complement of a point is diffeomorphic to an exotic R*. These questions

also remain unanswered.

In their 1962 paper [EK62], J. Eells and N. H. Kuiper introduced the invariant
, defined for (4k — 1)-manifolds satisfying certain conditions. It turns out that p is
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computable for a reasonable class of manifolds.

In [CN21], D. Crowley and J. Nordstom gave the first examples exotic Go-manifolds,
i.e., closed, Riemannian 7-manifolds with holonomy G, that are homeomorphic but not
diffeomorphic. To distinguish between certain Go-manifolds, they made use a generalized

Eells-Kuiper invariant introduced by them in a previous paper, namely [CN19].

1.4 Structure of this article

The goal of this work is to present Milnor and Shimada invariants and use them to

show the existence of oriented exotic spheres in dimensions 7 and 15, respectively.

In Chapter 1, we introduce the necessary prerequisites. The sections on wvector
bundles is of central importance, for our exotic spheres appear as sphere bundles of vector
bundles.

In Chapter 2, we study Pontryagin classes, which are isomorphism invariants of
vector bundles. We also introduce Pontryagin numbers and compute them for manifolds

of interest.

Finally, in Chapter 3 we define Milnor and Kervaire invariants and, among other

results, show the existence of exotic spheres.
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2 Background Material

2.1 Quaternions and Octonions

We can define a product operation on R? such that it becomes a field, namely the
field C of complex numbers. As sets, C = R?, but we write C instead of R? to emphasise
that we are considering the aforementioned product operation on the vector space R?. We

adopt the same convention for quaternions and octonions, as we shall se below.

Let us introduce the associative real algebra of quaternions. We define a product
between the elements of the canonical basis {ey, s, €3, e4} accordingly to the multiplication
table:

€1 €2 €3 €4
€1 | €1 €9 €3 €4
€2 | €2 —€1 €4 —€3
€3 | e3 —€4 —e€1 €2
€4 | €4 €3 —€2 —€1

where it is understood that the element (i-th line, j-th column) is the result of the product

e; - e;. We extend such product to R* by putting

4 4 4 4
x-y = (ineZ) . (Z yjej) = D> > myjei-e;.

i=1 j=1 i=1j=1
This product turns R* into an associative real algebra with unity 1 = e;. We say that
H := R* is the set of quaternions. Just as in the case of complex numbers, we write H
instead of R* to emphasise the product operation on the later set. We can also think of
the product z -y as the value that a linear map My(x) : R* — R* takes when applied to y.
In fact, defining

My: R*Y — Lin(R*; RY)
r > (My(z):ve—x-0)

we automatically have z -y = My(x)(y). The matrix representation of My(z) with respect

to the canonical basis of R? is

Tr1 —T9 —X3 —T4
To X1 —T4 X3
My(z) =

XT3 Ty T —XT9

Ty —T3 i) I
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and the map
M4 : H — MCLt4X4(R)
r —  My(x)

is an isomorphism of the algebra H onto a subalgebra of Mat,y4(R).

We will now study the non-associative real algebra of octonions. As before, we

begin by defining a product between the elements of the canonical basis {eq, - ,eg}:

€1 €9 €3 €4 €5 € (4 €g

€1 | €1 €2 €3 €4 €5 €6 €7 €8

€y | €2 —€1 €4 —e3 €g —€5 —e€g €7

€3 | €3 —€4 —€1 €9 €7 €s —€; —€p

€4 | €4 €3 —€2 —€ €s —€7  Cp —€5

€5 | €5 —€g —€r —€g —€1 €2 €3 €4

€ | €g €5 —eg €7 —€y —€1 —€4 €3

€7 | €7 €g €5 —€g —€3 €4 —€1 —€9

€g | €g —€7 € €5 —€4 —€3 €9 —e€1

where it is understood that the element in (i-th line, j-th column) is the result of the

product e; - e;. Extend the product to R® by setting
8 8 8 8
-y = <Z $i€i> . Zyjej = Z szy] €; " 6]‘ .
i=1 j=1 i=1 j=1
This product turns R® into a non-associative real algebra with unity 1 = e;. To see that it
is not associative, note that the multiplication table gives
(62 . 63).65 — €4°-€5 — €38 7£ —€g — €9-€7 — €9- (63 . 65) .

We say that O := R?® is the set of octonions. Just as in the case of complex numbers, we
write O instead of R® to emphasise the product operation on the later set. We can also
think of the product x - y as the value that a linear map Mg(z) : R® — R® takes when
applied to y. Indeed, defining

Mg: R® —s Lin(R¥; R®)
r — (Mg(z) v x-v)

we readily get = -y = Ms(z)(y). The matrix representation of Mg(x) with respect to the
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canonical basis of R® is

Ty —T2 —T3 —Tg —Ts5 —Tg —T7 —Ig
T2 X1 —Xyg T3 —Teg I xrg  —I7
xr3 X4 xry —X2 —T7 —Tg s Ze
Ty —T3 T2 xry —xXg T7 —Tg Ts
Mg(%) =
Ts Tg X7 xrg Ty —X2 —T3 —I4
e —Ts g —T7 X2 | Ty —X3
T7 —xg —Ts T xr3 —T4 I X2
rg Ty —Tg —Ts T4 T3 —X2 I1

Unlike the case of quaternions, the map

Msl 0O M(ltgxg(R)
T — Ms(x)

is not an isomorphism of the algebra @ onto a subalgebra of Matsy4(R), for otherwise O
would be an associative algebra. However, it is known that any subalgebra of O generated

by two elements is associative.

Let A be either quaternionic or octonionic algebra and write a for its dimension as

a real vector space. We have linear maps

Re : A — R
r= (21, ,Ta) —> I
and
C: A — A
T = (21,2, , %) > (21, =22, -+, —T,)

We call Re(x) the real part of x and C(z) the conjugate of x. We also adopt the classical
notation T for the conjugate of x. It is usual to omit any reference to the product and

simply write zy. Another permitted omission is the one of ey, i.e., one can simply write
T = T+ Tgey+ -+ Te€y -

We justify this convention by observing that x — ze; gives an embedding of the algebra R
into A, so we regard the subalgebra {ze;|z € R} C A just as R. Under this identification,
we have T = x, whenever x € R C A. We now collect some arithmetic properties of A that

will be important for future work.

Proposition 2.1. Let || - || be the euclidean norm in A = R*. The following properties
hold:
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Llz-yll = ll=lllyll , for all z,y € A

S
]
2
I
-

cx = |lz||*, for allx € A
3. Ty = y-x, forall z,y € A
4. T = x, forallz € A

5. Re(z-y-T) = ||z||*Rely), for all z,y € A

Proof. Ttem (4) is obvious, for it follows immediately from the definition of the conjugate.
Let us prove item (3). Note that the assertion holds for the elements in the canonical basis

of A. Indeed, for ¢ # j with ¢,7 > 2, we have ¢, - ¢; # e; = 1 and, therefore,

&6 = —eire; = —(—ere) = €6 = (=€) (—&) = & & .

For i = 1, we have

€Z"€j = 61"6]' = ej = €j'€1 = €j'€i.

Similarly, when j = 1, we get

€€ = €€ = € = €1°€¢ = €€ .
For ¢ = j, the multiplication table give e; - e; = €1 and ¢; - ¢; = —e; (i > 2). Hence,
€1-€ = € = e = €e1-€e = €€
and
€6 = —e = —e = = ¢-¢ = (—e) (—e) = & &,

for ¢ > 2. Finally, for z,y € A, we have

Ty = (Z%ez) dyiei| = 2D myeice; = D) Ty e
i=1 j=1

i=1j=1 i=1j=1

= 2w E = QD ne = | LU (2}%) = yT.
j= i=

i=1j=1 j=14i=1

1 Associativity of quaternionic algebra implies that the expression z-y-Z is well-defined, when quaternionic
multiplication is understood. Though octonionic multiplication is not associative, any subalgebra of O
generated by two elements is associative. Thus, for v # 0, since we have v = ||[v||?v~! € O(u,v), the
associative subalgebra generated by u and v, it follows that the expression z - y - T is also well-defined
for octonionic multiplication. Of course, the same expression also makes sense for v = 0.



Chapter 2. Background Material 19

Item (2) follows from direct computation. Indeed, with respect to euclidean inner
product on R?, all columns of M, (x)" are orthogonal to Z, except for the first, which is

exactly . Thus,
z-T = TMy(2)" = ||z]|°e1 +0eg+ - +0e, = ||z]*.
Putting y := 7, we have
Tox = yy = P = (=l = .
Item (1) follows from the items we have already proved. In fact, note that
eyl = (@-y) 77 = 297 = |ylPle-7) = [ [l .
Then, taking the square root in both sides of the equation gives ||z - y|| = ||z|| ||y||-
We now prove item (5). In terms of matrices, we have
(z-y) = Ma(z)y'
and
M. (@) = Ma(2)",
where A' stands for the transpose of the matrix A. In particular,
(-y-7) = Ma(2)(y-7)" = Malz) Maly)T" .
If Mo(x) Ma(y) = (®ij)ijep,q, then

a
Re(z-y-7) = apim — Zauxi )
i=2
For a = 4, we have
011 = T1Y1 — T2Y2 — T3Y3 — TalY4
Q1o = —T1Y2 — ToY1 — T3Ys + T4Y3
13 = —T1Ys + ToYs — T3Y1 — T4l
Q14 = —T1Y4 — T2Y3 T T3Y2 — T4l1

and, likewise, for a = 8 we get

Q11 = T1Y1 — T2Y2 — X3Y3 — TalY4 — T5Ys — TelYe — L7Y7 — T8YS
Q12 = —X1Y2 — TaY1 — T3Y4 + T4Ys — TsYs + T7Ys — TsYr

Q13 = —T1Y3 + TaYs — T3Y1 — TalY2 — TsY7 — TeYs + T7Ys + TsYe
Q4 = —T1Ys — T2Ys + T3Y2 — Tal1 — T5Yg + TeYr — T7Ye + T8Ys
Q15 = —T1Ys + TalYe + T3Y7 + Tays — TsY1 — TeY2 — T7Ys — T4
Q16 = —T1Ye — T2lYs + T3Ys — TalY7 + TsY2 — TeY1 + T7Ys — TsY3
Q17 = —X1Y7 — T2Ys — XT3Ys5 + LY + T5Ys — TeYa — T7Y1 + TgY2
18 = —X1Ys + ToY7 — T3Ys — TaYs5 + Ts5Ysa + TelYs — T7Y2 — Tl
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In both cases, a direct computation shows that
ayiry =Y o = ||z [|z]|*Re(y) -
=2
Therefore,
Re(z -y %) = aiqz— Y ayw; = ||z’ Re(y) ,
=2
as we wanted to prove.
O

Corollary 2.2. We have

v, for allv € S 1 C A

2. Re(v-z-v7!) =

Re(z), for all x,v € A withv # 0

Proof. For item (1), observe that v-T

= vv = =

||v]|? 1 and, consequently, v~}
Let us prove item (2). It holds for all v with norm 1. Indeed, from ||v|| = 1, v~

v.
=7 and
the last item of the proposition above we get
Re(v-z-v') = Re(v-2-7) = |[v||*Re(x) = Re(x).
Now, define v := v/||v|| and notice that v -z -v™! =wu-x-ut and ||u|| = 1. Thus,
Re(v-x-v71) Re(u-z-u™t) Re(z) ,
as we wanted to prove.
[
Define A* := A — {0}. The maps
L: A — GL(a,R) 4 R: A — GL(a,R)
an
u — (L(u):v—u-v)

u +— (R(u):v—v-u)
given by left and right multiplication, respectively, are smooth. Of course, they take values
in GL(a,R) and invetibility follows from

LluoL(u) = L(u)oL(u™") = idg. =

RuoRu) = R(u)oR(u™1),
which, in turn, are consequences of associativity?. Now, since A* is connected, its images

L(A*) and R(A*) lie in a connected component of GL(a,R). Clearly, L(e;) = R(e1) = idga,
2

The associativity of either the quaternionic multiplication or any subalgebra of O generated by two
elements.
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so the images of A* both lie in the set of invertible linear maps with positive determinant.

Moreover, if u € S*~! C A*, the maps L(u) and R(u) are norm preserving, for
L)l = [u-ol] = [lullllv]] = ol = [lollllull = [lv-ull = [[R(u)o] .

Hence, L(S*™!) and R(S* ') both lie in SO(a). Therefore, for every pair of integers
(h,j) € Z x Z and every u € S*', the map f§ ;(u) := L(u") o R(«/) lies in SO(a).

2.2  Smooth Homotopy Groups

Let M and N be smooth manifolds. We say that two smooth application fy, fi :
M — N are smoothly homotopic if there is a smooth map H : M x [0,1] — N such that

H(z,0) = fo(x) and H(z,1) = fi(x),

for all x € M. Given f,g € €>°(M, N), we write f ~. ¢ to indicate that f and g are
smoothly homotopic. This is an equivalence relation in (M, N) [Leel3, Lemma 6.28].

So we can consider [M, N|. the set of equivalence classes [f]nc-

If N is a manifold without boundary, two smooth maps fy, fi : M — N are
homotopic if and only if they are smoothly homotopic and, furthermore, any continuous
map go : M — N is homotopic to a smooth one [Leel3, Theorems 6.26 and 6.29]. Thus,
we get the following

Theorem 2.3. For N a manifold without boundary, the association
loo |[M,N]ew —> [M,N]
[flo  +—  [f]

is bijective. In particular, when M = S™ and N is connected, we have a group isomorphism
TR (N) — m(N).

Recall that f§ (u) := L(u")oR(u’), where u € S* " and (h, j) € Z*. The association

fiyo s — SO(a)
u o > (fﬁ’j(u):vr%uh-v-ug

so obtained is smooth. It is possible to show that
0: Zx7Z — w2°,(50(a))
(h,j) — il
is a group homomorphism.

Remark 2.4. It is a classical result that 6 : Z* — m,_1(SO(a)) given by (h, j) — [fi;] is

a group isomorphism. Then, Theorem 2.3 implies that 6 is also a group isomorphism.
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2.3 Vector Bundles

Vector bundles play a major role in modern Topology and Differential Geometry.
Certain geometric concepts, such as curvature, can be formulated in the more general
framework of smooth vector bundles. A classical example of a smooth vector bundle is
provided by the tangent bundle of a smooth manifold. As we shall be concerned only with
smooth vector bundles, we will refer to them only as vector bundles, omitting the word

smooth.

2.3.1 Terminology and Examples

Definition 2.5. A wvector bundle is a tuple £ = (E,p, B,R", A), where E and B are
smooth manifolds and p : E — B is a smooth map. Each one of the fibers E, := p~1({b})
(b € B) must have the structure of an n-dimensional vector space over the reals, i.e., they
must be isomorphic to R™. Finally, A = {(U;,¢;)} is a collection such that {U;} is an
open cover of B and the maps ¢; : p ' (U;) — U; x R™ are diffeomorphisms satisfying
the condition of local triviality, namely, that p = i o ; on the open set p~'(U;) , where
mi : U; x R™ — U; stands for the projection map onto the first coordinate, and that the

restrictions E, — {b} x R™ are linear.

Eb {b} x R"
E Ul x R™
Pi
™
b

Figure 1 — Illustrating the condition of local triviality

We call F and B the total space and base space, respectively. We say that p is the
projection map and that & has rank n, since each fiber is isomorphic to R™. The collection
A is called bundle atlas and a pair (U, ) in A, a bundle chart. For a vector bundle n with

base space B, we say 7 is a vector bundle over B.

Remark 2.6. Exchanging smooth manifolds by topological spaces and smooth maps by

continuous ones, we obtain the definition of a topological vector bundle.
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Remark 2.7. For each b € B, we denote by 0, the zero element of the vector space Ej.
Then, the map Z : B — F given by Z(b) = 0, is an embedding and it follows that B and
Z(B) are diffeomorphic. We call Z the zero section of £. We write Ey for the complement
E — Z(B) of the image of the zero section in E.

Ey

Op

B

b
Figure 2 — Illustrating the image of the zero section

Example 2.8. Let B be a smooth manifold. Then, 6% = (BxR", m, B,R", {(B,idpxgrn)})

is a vector bundle.

Though a bundle atlas is needed to specify a vector bundle, we shall often omit
any reference to it and simply write £ = (E, p, B) for a vector bundle whenever there is no

risk of confusion.

Example 2.9. Let M and N be smooth manifolds with N without boundary, so the
cartesian product M x N can also be regarded as a smooth manifold. From two vector
bundles ¢ = (E,p, M) and v = (E’,p/, N), we can form a third one, called the product
bundle. Such bundle is defined by ¢ x v = (E x E',p x p', M x N).

Example 2.10. Let G,,(R™) be the Grasmannian of n-planes in R™. An element of
Gn(R™) is just a n-dimensional vector subspace of R™. It is possible to give G, (R™) a
smooth atlas, making it a closed manifold. We define

E" = {(V,z) e G,(R™") xR™ |z €V} and p': (V,z) € E' — V € G,(R™) .

n

We can find a bundle atlas A for which 7" = (E7, pi*, G,,(R™)) is rank n vector bundle.

n

We call 4 the tautological vector bundle over G, (R™).

We now describe a process by which we can get a vector bundle over B’ from
a smooth map f : B' — B and a vector bundle & over B. The vector bundle f*(§) so
obtained is called the pullback bundle of £ by f.
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Example 2.11. Let £ = (E,p, B,R", A) be a vector bundle over a manifold without
boundary B and let f : B’ — B be a smooth map. Since B has no boundary, so does

E and, therefore, we can consider the smooth manifold B’ x E. The usual projections
:B'x E — B and my : B’ x E — E are smooth. Define

fY(E) = {(t\v) € B'x E|p(v) = f(t')} and [rp)=m

(e -

We note that f*(F) is a smooth submanifold of B’ x E. Then, the map f*(p) is smooth
because it is the restriction of m; to a smooth submanifold. Now, for every &/ € B’, the
fiber £}, is just {b'} X Ey and, therefore, has the structure of a n-dimensional real vector
space because Eyy does so. Moreover, if A = {(U;, ¢;)} is the bundle atlas of £, we can
give f*(A) a bundle atlas in the following way. Recall that f is smooth and {U;} is an
open cover of B. Then, putting V; := f~'(U;), we get an open cover {V;} of B’. Now,

observe that

o7 V)= U £ @)= U< E=V; xp  (U;n f(B)) .
bvev; bev;
Thus, writing prj : f*(p)~"(V;) — p~"(U; N f(B')) for the projection onto the second
coordinate, the map ©; := (idv ) 0; opr%) : f*(p)"H(V;) = V; x R" is a diffeomorphism
satisfying local triviliaty: f*(p) = 7] o ¢; on f*(p)~*(V;). Thus, the collection f*(A) =
{(V;,%;)} is a bundle atlas for f*(&) := (f*(E), f*(p), B/, R™, f*(A)).

Pullback bundles play a role in the classification of vector bundles. We will need
only a very special case of this theorem, namely Theorem 2.22. We refer the reader to
[Hus94], [Ste99], [Hir94], and [AGP02] for detailed accounts on the general classification

theorem.

Definition 2.12. Two vector bundles & = (E*, p1, B,R") and & = (E?, po, B,R™) over
the same base space B are B-isomorphic, or simply isomorphic, if there is a diffeomorphism
F : B' — E? such that p; = p, o ' and the restriction F|E§ : B} — E} is linear, for every
be B.

Remark 2.13. The commutativity of the diagram below (Figure 3), expressed by the
equation p; = pg o F', is the algebraic counterpart of the following geometric requirement.
For each b € B, the application F maps E} to EZ. Moreover, since F' is a fiber-preserving
diffeomorphism whose restrictions to the fibers are linear, it follows that each restriction
F : B! — E} is a linear isomorphism. We also notice that B-isomorphic vector bundles

have the same rank.
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E! E?
oL B 5% r
\m p2
P1
B \ /
p1 D2
B S

Figure 3 — The commutative diagram and its geometrical interpretation

We declare two rank n vector bundles over the same base space B to be equivalent
if they are B-isomorphic. This defines an equivalence relation in the class of all rank n
vector bundles over B. The collection of equivalence classes [£], for this relation is denoted
by Vec®(B).

Let ¢ be a rank n vector bundle with atlas A = {(U;, ¢;)}. By local triviality,
whenever the intersection U; N U; is non-empty, there is a smooth map ¢;, : U; N U; —
GL(n,R) such that

gojo%_l(UZHUJ)XR”%(UZHUJ)XR”

has the form
Spj o 90;1<b7 U) = (b7 g],l(b> (U)) )

for all (b,v) € (U;NU;) x R™. Such a map is called a transition function. The set T = {g;, :
U; NU; — GL(n,R)} is called the collection transition functions of £. Reciprocally, from
an open cover {U;} of the smooth manifold B, a collection T = {g;, : U;NU; — GL(n,R)}
together with additional data, we can form a vector bundle whose collection of transition

functions is T .

Theorem 2.14. ([Leel3, Lemma 10.6]) Let B be a smooth manifold and {Ey}pep a
collection of real vector spaces, all of them with the same dimension n. Let E := UpepF)
and define a map p : E — B by declaring p(v) = b if and only if v € Ey,. Suppose we are

given

1. an open cover {U;} of B

2. a collection A = {p; : p"(U;) — U; xR} of bijective maps such that the restrictions

E, — {p} x R™ are linear isomorphisms
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3. a collection of smooth maps T = {g;; : U;NU; — GL(n,R)} of smooth maps defined

for non-empty intersections U; N U; such that
wjop;t (U;NU;) x R" — (U; N ;) x R™
has the form ;o ;' (b,v) = (b, g;:(b)(v)), for all (b,v) € (U; NU;) x R™.
Under these hypothesis, it is possible to give E a unique topology and smooth structure for

which & = (E,p, B,R" A) is a vector bundle. In particular, the collection of transition
functions of £ is T .

Example 2.15. Let {(U;,1;} be a smooth atlas for the manifold M. Then, for each
non-empty overlap U; N U;, the map
gji - Uj nu, — GL(n, R)
is smooth. Consider the collection {1, M },cpr and E and p as in Theorem 2.14. If we write
(Uz7¢z) = (Ui7$zlv e ,l‘?), the map
pir p ) — U; x R"

i 0
ch k ’ (ZL',Cl,"',Cn)
= O
is bijective and its restriction to each fiber is a linear isomorphism. Moreover,

SOJ o 90;1(%@) = (x7g],l(x)v) )

for all (z,v) € (U; N U;) x R". Thus, Theorem 2.14 implies there is a vector bundle
™ = (E,p,M,A) such that A = {(U;,¢;)} is a bundle atlas and T = {g;;} is its
collection of associated transition functions. We call 75, the tangent bundle of M. To stay

with classical notation, we rename T'M := E, so 7y = (T'M, p, M).

Example 2.16. We proceed as in the previous example. Let {(U;,1;} be a smooth atlas
for the manifold B. Then, for each non-empty overlap U; N U;, the map

gji - Uj N UZ — GL(TL, R)
is smooth. Consider the collection {/\k T.M}ien and let E and p as in Theorem 2.14.
Writing again (Uy, ¢;) = (U, o}, -+, z%), the map

(ori p_l(Ul) — Uz X R(Z)

) :
>

—  (z,(cr)rec)
IeL

Gxi @I
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where
L = {(iy,-,ip) | 1<iy<---<ip<n}
and
2 = ? A N 0
O x,l 89311 T aﬂ?zk P ’

is bijective and its restriction to each fiber is a linear isomorphism. Moreover,

¥ © 90;1(1:72}) = (x7gj7i(x)v) )

for all (z,v) € (U; NU;) x R™. Thus, Theorem 2.14 implies there is a vector bundle
Nty = (E,p, M, A) such that A = {(U;,¢;)} is a bundle atlas and T = {g;;} is its
associated collection of transition functions. We call AFry; the k-th exterior product of T
To stay with classical notation, we rename A¥T'M := E, and so A*1y = (AKTM, p, M).

Let & = (E;, pi, B,R™, A) (i = 1,2) be two vector bundles over the same manifold
B. Write Ay = {(U;,¢;)} and Ay = {(V},v;)} for their bundle atlases. Define A =
{(i, HU:NV;} # 0 and W, = U;NV}, for a = (i, 5) € A. Then, {W,} is an open cover of B
and the restrictions o, = @; : p; (W) — Wy x R™ and 1, = Y, cpy T (W) — Wy x R™2,
where a = (7, j), form new bundle atlases for & and &, respectively. Moreover, &; is B-
isomorphic to & = (E1,p1, B,R™, {(Wa, ¢a)}). Indeed, idg, : Ey — Ej is an isomorphism
between them. The same reasoning shows that & and & = (Es, pe, B,R", {(W,,%4)})
are B-isomorphic. This proves that, given two vector bundles, we may assume without
loss of generality that the open covers of the base space figuring in their bundle atlases

are the same. When this occurs, we say that the two bundle atlases are comparable.

Example 2.17. Let & = (E* pp, B,R™ A;) (k = 1,2) be two vector bundles with
comparable bundle atlases. The collection {E} & E?},cp is formed by real vector spaces of
rank n; + ny. Define E' @ E? := F = Uyep(E} @ EZ) and p: E — Bby plv) =b& v €
El @ E2. If Ay = {(Us;, ¢F} is the bundle atlas of & (k = 1,2), then the map
oi: pNU): — U, x Rmtnz
v > (p(v), (T 0 9} (v), ™y 0 ¥} (v)))
is bijective and its restriction to each fiber is a linear isomorphism. The collection of
transition functions of & is of the form 7, = {g}, : U; N U; = GL(nt,R)} (k = 1,2).
Therefore, the map g;; : U; NU; = GL(ny 4 ny, R) defined by g;:(b) = (g;,(), g7:(b)) is

smooth. Moreover, in the overlapping U; N U;, we have
piow (bv) = (b, (@) 0 (&) (B)v, 9] 0 (97)7 (b))
= (b.(g}s(0)v. g5 (0)v)
= (b, gji(b)v) -
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Thus, by Theorem 2.14, we may endow E! @ E? with a smooth atlas such that the

projection map p is smooth and, furthermore, & ® & = (E' @ E?, p, B,R™™2) is a vector
bundle. We call & @ & the Whitney sum of & and &;.

Remark 2.18. From any vector bundle £ = (F, p, B), we can form a new vector bundle
SymBil(§) = (SymBil(E), pga, B) whose fiber SymBil(E), is the vector space of all

symmetric bilinear forms E, x F, — R.

Corollary 2.19. Let B be a manifold and {Uy,Usy} an open cover such that Uy # U,
and Uy N Uy # 0. For any smooth map g : Uy N Uy — GL(n,R), there is a vector bundle
& = (Ey pg B,R", A) for which gy = g, where T = {gi;}ij=12 s the collection of

transition functions of &,.

Proof. For all b € B, let E, = R". Let E and p be as in Theorem 2.14. The maps

e1: pH(Uh) — U, x R™
. { (p(v).v) if p(v) € Uy — U
(p(v), g(p(v))~tv) otherwise

and
Y9 pil(Ug) — U2 x R"™

v = (p(v),v)

are bijective and their restriction to fiber gives a linear isomorphism. Furthermore, the

maps
gi1: U1 — GL(’R, R) s g1,2: U1 N U2 — GL(TL, ]R)
b — idgn v —  g(b)!
ga1: UQ N U1 — GL(’TL, R) and 922 U2 — GL(n, R)
b — g(b) v — idgn

are smooth and we have
¥j © gp;l(bu U) = (ba g],l(b)v> )
for all (b,v) € (U;NU;) x R* and 4, j = 1,2. Therefore, Theorem 2.14 guarantees the

existence of the bundle ¢;. That g = g»; follows from the equation above.

O

Spheres are smooth manifolds admitting an open cover by two distinct open sets.
The preceding corollary yields, for this case, a method by which we can associate a vector
bundle of rank n over S™ from a smooth mapping f : S™! — GL(n,R). We call such a

process clutching construction.
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Example 2.20. Let Uy :=S"™ — {—e,,11} and Uy :=S™ — {e;41}. Then, {U;,Us} is an
open cover of S™ with U; N Uy # (). Consider the retraction onto the equator given by

T U NU, — S
1

7<x1’ . ’xm)
Ve T

Clearly, r is smooth. Thus, for any smooth map g : S*™! — GL(n,R), we get a smooth
map gor : Uy NU; — GL(n,R). By Corollary 2.19, there is a vector bundle ., =
(Egor, Dgor, S™, A) for which go1 = g or, where T = {g;; : UiNU; — GL(n,R)}; j=12 is

the collection of transition functions of &4,

($1,"' 7$maxm+1) —

We now give an important criterion by which one can decide when two vector

bundles with comparable atlases are isomorphic.

Theorem 2.21. Let & = (E* py, B,R", Ay) (k = 1,2) be two vector bundles with
comparable atlases and let Ty, = {g}; : Uy N U; = GL(n,R)} (k= 1,2) be their associated
collection of transition functions. Then, & and & are isomorphic if and only if there is a
collection of smooth maps {f; : Uy — GL(n,R)} such that g;;(b) = f;(b)~'g2,(b) fi(D), for
allb e U;NU;.

Proof. Let F : E* — E? be a vector bundle isomorphism. Notice that F(p;*(U;)) =
Py -(U;). In fact,
vep ' (U) = p) eU; & (poF)v)el;, < F)ep(U),

where the second equivalence follows from p; = py o F'. Then, writing A; = {(U;, ¢;)} and
Ay = {(U;, ;) } for the bundle atlases of & and &, respectlvely, and since F restricts to
linear isomorphisms on the fibers, the map T; := ; o F' o gpi U, xR - U; x R" i
a diffeomorphism satisfying the following condition. For every b € U;, there is a linear
map f;(b) € GL(n,R) such that T;(b,v) = (b, fi(b)v), for all v € R". The association
fi : Uiy = GL(n,R™) so obtained is smooth and we have
(b gis0w) = (00 )(b.0)
= (T7 ooty o Ti)(b,v)
= (T; " othy oy )(b, filb)v)
= Tﬁ(bg]m i(b)v)
= (b)) fibW)
for all (b,v) € (U;NU;) x R™. Thus, {f; : U; = GL(n,R)} is a collection of smooth maps
with
gjlz(b) = fj(b)_lgjz,i(b)fi(b) )
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for all b € U; N U;.

Reciprocally, suppose {f; : U; — GL(n,R)} is a collection of smooth maps such

that
gjlz(b) = fj(b)_lgjz‘,z’(b)fi(b) )

for all b € U; N U;. Then, the map L; : U; x R* — U; x R™ given by (b,v) — (b, f;(b))
is a diffeomorphism such that the restrictions L; : {b} x R" — {b} x R" are linear
isomorphisms. Define F; := 1), ' o Lyop; : py ' (U;) — p3 ' (U;). Then, F; is a diffeomorphism
whose restriction to the fibers are linear isomorphisms. Now, define F : E* — E? by the
following rule. Given v € E*, let i be an index such that p;(v) € U;. Put F(v) := F;(v).
We claim that the value F'(v) does not depend on the particular index chosen. Indeed, if j
is another index for which p,(v) € U; and ¢;(v) = (b, vo), then

(FjloF)(v) = (90*1 o Li' oot o L) (b, v)
= (g5' o Li oty oth")(b, fi(v)wo)
= (90; oL; >(b, gj,z-< ) fi(b)vo)
= o7 (b, 10 g2 (0) fi(b)wo)
= 5 <b7 9;,i(b)00) = ¢ '(bw) = v,
and we clearly have Fj(v) = F}(v). Besides well-defined, the map F' is a bijective local
diffeomorphism, for its restriction to each fiber is a linear isomorphism and its restriction

to the open set p; ' (U;) gives the diffeomorphism F;. Thus, F is a diffeomorphism and it

follows from the construction that p; = py o F.

]

Theorem 2.22. There exists a group homomorphism
i me(SO(n)  — mr(Ga(R*))

such that the vector bundles &for and f* 2 qre S™-isomorphic. Here & o, is the rank n vector
bundle over S™ obtained by clutching construction via the map for: Uy NUy; — SO(n),
where = Uy N Uy — S™ 1 is the retraction onto the equator S™. And f2" is obtained
by pulling back the tautological vector bundle 42" over the grassmaniann G,(R*") via the
smooth map f : S™ — G, (R>").

Proof. For a proof in the topological case, see [Tio09, Proposition 1.3]. The smooth case
then follows from the topological case together with the fact that
loo : T(N) — m(N)
fls —[f]
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is a group isomorphism, whenever N is a manifold without boundary.

]

We need one more concept from the theory of vector bundles, one which will be of

interest mainly in our study of de Rham cohomology.

Definition 2.23. A section of a vector bundle £ = (F,p, B) is a smooth map s : B — F
such that po s = idp.

Remark 2.24. Geometrically, the commutativity p o s = ¢dg means that to each point b

in the base space, we associate a vector s(b) in the fiber over it.

T
4

Figure 4 — Illustrating the image of a section

E

B

Example 2.25. A vector field on a manifold M is a section of its tangent bundle 7,,. A
Riemmanian metric on M is a section s of SymBil(7ys) such that s(b) is positive definite,
for all b € M. A differential form of degree k on M is a section of AF7ry;. The zero section

7 : B — E of a vector bundle £ = (E, p, B) is a section. Compare Figures 2 and 4.

2.3.2 Riemannian Bundles

Definition 2.26. A Riemannian metric on a vector bundle £ = (F,p, B) is a section s of
the vector bundle SymBil(§) such that (-,-), := s(b) : E} x E, — R is positive-definite,
for all b € B.

Remark 2.27. A Riemannian metric on a manifold M is nothing but a Riemannian

metric on its tangent bundle 7.

Theorem 2.28. ([Tul7, Theorem 10.8]) Every vector bundle can be given a Riemannian

metric.
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Proof. Let & = (E,p, B,R", A) be a vector bundle. Take a smooth partition of unity
{fi : B — [0, 1]};es subordinate to the open cover {U, };c; formed by the open sets figuring
in the bundle atlas A = {(U;, ;) }ier of & Now, define
(o= D L)@ (0)(, eua
el
where (-, -)eua is obtained by pulling back the standard euclidean metric (-, -)eye in R™

to Ej through ¢;. More precisely, for b € U;, we set

(pj(b)<, '>eucl . Eb X Eb — R

(v, v2) > (70 i)(v1), (75 0 ©i)(V2)) s

where 7 : U; x R™ — R™ stands for the projection onto the second coordinate. For b ¢ U;,
we put ¢ (b)(-, )eua to be the everywhere null symmetric bilinear form, so the sum giving
(-, )y above is well-defined. O

If s : B — SymBil(F) is Riemannian metric for £ = (E,p, B), then the map
@ : £ — R given by v — (v,v)p( is smooth and its restriction to each fiber @y : E — R
is a positive-definite quadratic form on Ey. Conversely, if Q) : E — R is a smooth map with

this property, for every b € B we put
S(b) : By x B, — R
) (W) 3 QT w) - Q) - QW)

We then get a Riemannian metric s : B — SymBil(E) on &, so the two approaches are

equivalent.

We are specially interested in vector bundles for which all the transition functions
take values in O(n)? for, in this case, it is possible to construct a Riemmanian metric such
that the bundle charts are fiberwise isometries. In this context, an isometry is a linear map
preserving the positive-definite quadratic forms of its domain and codomain. Therefore,
we are going to construct a smooth map @) : £ — R such that the restriction to each fiber

Q@ : By, — R is a positive-definite quadratic form and, moreover,
Q) = [[(mow)I* (ve k),
whenever b € U;. We recall that || -||? := (-, )eue and note that

10l = ll(mo)@)I* (el veE),

The condition of all transition functions to take values in O(n) is not as restrictive as it may seem at
a first glance. In fact, by applying Gram-Schmidt process to every bundle chart, one can reduce the
structure group GL(n,R) of the fiber bundle to O(n).

3
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gives a positive-definite quadratic form in {b} x R" so that it makes sense to speak of the
restriction ¢; : By, — {b} x R", to be an isometry between ([, Q) and ({b} x R™ || - ||%b1))

Let £ = (E,p, B,R", A) be a vector bundle whose transition functions take values
in O(n). Consider the function ¢ : E — R given by the following rule. For x € F
and b := p(x), if ¢ € I is such that b € U;, put Q(z) := ||} o ¢;(x)||*>. Here we write
7h + Uy x R® — R” for the projection onto the second coordinate. We claim that such
definition of Q(x) is independent of the particular index i € I chosen. Indeed, let j € I be
another index for which b € U;. Observe that

(Mow)(z) = (mopjop op) ().
Now, since @;(x) = (b,v), for some v € R", and
i 0w (bv) = (b f(b)v) ,
for some f(b) € O(n), we conclude that
(Mop)) = mb.fO)-v) = fb)-v.
In particular,
Imop@)® = I = IfO)-lP = lImep@)]

It follows immediately from the definition that () is a positive-definite quadratic form on
each fiber Fj,. That Q is smooth follows from the fact that it is smooth on each p~!(U;).

Lemma 2.29. The set crit(Q) of critical points of Q) is precisely the image of the zero
section Z(B) of the vector bundle.

Proof. Let « € Ey = E — Z(B) and put b := p(z). Consider the smooth path a, :
(0, +00) — Ep given by t — tz. Since Q o a,(t) = t?Q(z), for all t > 0, we have

00 = S@oa)

= dQ(z) - da,(1) .

t=1

Now, Q(z) # 0 since z € Ej and, therefore, we have dQ(z) - da,(1) # 0. In particular,
dQ(z) # 0, proving that z is not a critical point. This shows that crit(Q) C Z(B). To
prove the reverse inclusion, it suffices to note that all points of Z(B) takes on the minimal
value of the function Q. In fact, @Q(x) > 0, for all = € E, with equality holding if and only
if € Z(B).

O
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R FE
Td(}cm (1)
®
1 T
s Oy > ! Z(B)
0 0p
p
B

Figure 5 — The path «, pass trough z at time 1 with velocity vector da, (1)

Now, since 1 is a regular value of (), a well-known result from differential topology

asserts that the sets

D¢ == Q7([0,1]) = Q7' ((~o0,1]))  and  SE = Q7'({1})
are smooth submanifolds of £ with S¢ bounding D¢.

Remark 2.30. We observe that () is the square of a norm on each Ej,. More precisely, if
we write || - || for the norm in {b} x R™ given by (b, v) + ||v||, where || - || is the standard

euclidean norm on R", then the restrictions

o, (B /@) — ({0} < R - 1)

are isometries of normed vector spaces. In particular, these restrictions map D&, := DENE,
and S& = SEN Ey to {b} x D" and {b} x S"~!, respectively. Therefore, we have fiber
bundles

D" — D¢ S B and St S¢ B B

with compact fibers. If B is also compact, the total spaces D& and S¢ will be compact, for

fiber bundles with compact fiber and base space have compact total spaces.

2.4 &, i Milnor and Shimada’s Bundles

Let fii; : S*' — SO(a) be as in Section 1. We write & ; = (Ef ;,p} ;,S% Af. )

for the vector bundle over S* obtained by clutching construction. Then the transition
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functions of & ; take values on SO(a) C O(a) and we can give it the Riemannian metric

as in the preceding section. Thus, we can consider Dj ; := D¢j ; and Sj, ; := S&j ..

Definition 2.31. For a = 4, we call {; ; a Milnor’s vector bundle, and for a = 8, a

Shimada’s vector bundle.

Let DO“ ;1= — S}, ; and notice that D ; 1s a smooth manifold without boundary.
We claim that it is orlentable Therefore, the Whole manifold Dy ; is orientable and, in
particular, so is the boundary Sy ;. Indeed, let {U1,Us} be the open cover of S* as in
Example 2.20 and let p; : Uy — R* and py : Uy — R® be the stereographic projections
from the south and north poles, respectively. Writing A}, ; = {(Us, i) }i=1,2 , we define
Vi o= (pp )N (U) N DY, = o7 (U; x D?) and ¢ := (pi, idga) © ¢; : V; — R x De. Then,
B = {(Vi,¥s) }i=12 is a smooth atlas for Df, ; and since

rova) = (g (o) O )

holds for all (uy, us) € (R* — {0}) x D2, we conclude that B is an oriented atlas for Dc,aw
We orient Dj ; with the orientation whose restriction to the interior D%’ ; coincides with

the orientation of B. We give the boundary Sj ; = 0Dj, ; the induced orientation.

In the following, we present two results related to the bundles & ; that will be

important in further developments.

Proposition 2.32. The vector bundles & ; and §%; _,, are isomorphic.

Proof. The map f; : U; — GL(n,R) (i = 1,2) given b — C is constant and, consequently,
smooth. Moreover, writing 7,%; = {4, }ru=1,2 and T% _, = {gi; }ri=1,2 for the collection of

transition functions of the bundles ¢ ; and £, _,, respectively, we have

glil(b) = fx(b)” gkl( )fi(D)

for all b € U, N U,. The conclusion follows from Theorem 2.21.

[]

Recall the following result from Morse Theory, known as Reeb’s Theorem. We will
use it to show that some of the Sy ; are homeomorphic to S?e~! We say that f: M — R

is Morse function if it is smooth and all of its critical points are non-degenerate.

Theorem 2.33. Let M be closed n-manifold. If there is a Morse function f : M — R

with only two critical points, then M is homeomorphic to S™.
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Corollary 2.34. If h+j =1, then Sy ; is homeomorphic to S2a-1,

Proof. Write A, . = {(U;, ;) }i=1,2 and consider again the stereographic projections p; :
U; = R* (i = 1,2). Define V; := (p} ;) (Us) N Sp; = ¢; ' (U; x S*71). Clearly, {Vi, Va} is

an open cover of Sy ; and @iy, : Vi = U; x S*"!is a diffeomorphism. Thus, the composition
Wi = (piyidga) 0 ;0 Vi — R x §71
is a also diffeomorphism. To simplify notation, we write
(u,v) = (ﬂi oy, s owl) = 1y and (u',0') = (W%O%mg 01/12> = 1y .

In particular, ¥z := (u'(v')71,0') : Vo — R® x S*7! is also a diffeomorphism. Again to
simplify notation, write u” = u/(v')™!, so 13 = (u”,v’). In the intersection V; N V5, the

functional equation

(W) = ¢ = (oot = (ot )(u,v) = (m,uﬁjom@mu))v)
holds. But since
_ u
rop)w) = o

we have .

b _1( ) ( u )h ( u )j wlon?

- O u))v = —_— v ra—— =

(s o)y Tall)  \ [Tl Tl

where the last equation follows from the hypothesis h 4+ 7 = 1. Thus, in the intersection
Vi N Vs, one has
hiyya,d
u  u'vu
oy = (Y,
[wl[* [[ul]

In particular, in the same intersection, we have the functional equation

_h w vy~ uvTuT
u —= = s

u
[Jul[?

the last equation following again from h + j = 1.

1

W= )T = e

Now that we have the functional relations between ¢, and 3 in the intersection
Vi N Va, we are ready to exhibit a Morse function f : Sp; — R with only two critical

points. First, notice that the maps

f1 R % Sa—l — R f2 o R x Sa—l — R

(0y) o ¥ and ()

1+ [[]]? 1+ [[]]?
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are smooth. Furthermore, f; has only two critical points, namely (0, £1), and they both
are non-degenerate. Since f, always increases in the x-direction, it has no critical points,
for in this case the partial derivative with respect to the first coordinate is always positive.
Now, define f : Si . — R by the following rule. Given z € S ; , we put f(z) = (fio¢1)(),
if x € V}. Otherwise, we have z € V, and we set f(x) := (fy 0 ¢3)(x). We claim that f is

well-defined. Indeed, in the intersection V; N V5, the functional relations
hy—1,—h g g
uv T T uMvu
(W' o) = ( | )

hold. Since u # 0 in the overlapping V) NV, and ||v|| = 1, Corolary 2.2 implies

Re(®) = Re(v™') = Re(uv'u™").

But since Re(v) = Re(7), we see that

Re(u") = Re <uhv_1u h) = Re(uvtu™") = Re(v) ,
] [Jul] [l
in the intersection V7 N V5. Still in this intersection, we get
Re(v)
Re(u!) Tell  _ _Rel) o

fQ(U,/,U/)
1+ [[u] \2 /1Jr ./1+y|u |2

proving that f is well-defined. Finally, since 1 and 15 are diffeomorphisms, it follows that
f is a Morse function with only two critical points, namely ;' ((0, £1)).

2.5 Fundamentals of de Rham Cohomology

2.5.1 Differential Forms

Recall that a differential form of degree k, or simply a k-form, on a smooth n-
manifold M is a section s : M — A*TM of the vector bundle A*71y,. The collection
of all k-forms on M is denoted by QF(M). For k = 0, we define Q°(M) := €>~(M;R).
Each QF(M) is a vector space over the reals and, in particular, so is their direct sum
Q(M) := @p_,QF(M). For any smooth map f : M — N, there is an induced linear map
f*:Q(N) — Q(M) taking k-forms on N into k-forms on M. Given w € Q(N), we define
f*w pointwise by

f*wz(vh'" 7Uk) = We(x) (dfx(vl>’ 7dfx(vk)) )
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where € M and vy, --- ,v;, € T, M. It can be shown that the section f*w : M — AFTM
obtained is smooth, i.e., it is a differential k-form. We call f*w the pullback of w by f.

We also recall that the wedge product A : Q(M) x Q(M) — Q(M) is a bilinear map
such that A(QF(M)) x QY(M)) C QFF(M), turning Q(M) into a real graded algebra with
unity. The unity is given by the constant function 1,, : M — R taking all points of M
into 1. Furthermore, the following properties are satisfied. For proofs, we refer the reader
to [Tull] or [Leel3].

Proposition 2.35. The following properties of wedge product hold.
1. Graded Commutativity: If wy is a k-form and wy is a [-form, then w; A ws is a
(k + 1)-form. Moreover,
Wi Awy = (—1)”%12 Awr

i.e, the algebra Q(M) is graded commutative. In particular, if w is differential form
of odd degree, then w Aw = 0.

2. Associativity: For any wy,ws,ws € Q(M), we have

(wl /\Wg) /\OJ3 = w1 VAN (CUQ /\Wg)

3. Algebra homomorphism: For any smooth map f: M — N and wy,ws € Q(N), we
have
[fwiAws) = ffwr A ffws
or, in other words, f*: Q(N) — Q(M) is an algebra homomorphism. Moreover, we
clearly have f*(1y) = 1.

Let us now introduce the exterior derivative. For w a differential k-form on a smooth
manifold M and (U, ) = (U,z'--- ,z") a chart for the same manifold, there are smooth

functions a; : U — R such that w can be written as

w(z) = > ar(z)dzl, ,

I€Ty,

for all x € U. Here,
e = { (- i) | 1<ip<---<ip<n} and  dx; = dxy N Nday, .

We then define dw with respect to the chart (U, z!, -+ 2") to be

do(r) = ¥ (igﬁw) do;

I1€T, \i=1
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for all # € U. Thus, dw gives a (k + 1)-form on U. It is possible to show that dw is

pointwise well-defined. More precisely, if (U, z',--- ,2") and (V,y',--- ,y") are charts of
M with x € UNV, then the values of dw(z) with respect to the charts (U, x',---  z")
and (V,y!, -+ ,y") coincide. Therefore, we have defined a map

OF (M) —2— QM)
We further notice that d?w = 0. Indeed, for any chart (U, z,--- ,2") of M, we have

n n 2
Zzﬁiﬂa Z dx /\dacj) dry

j=14i=1

d*w(z) = Z(

I1€Ty,

825” aQal i j
- Z (1§i<j§n (al‘laxj N 833]81“) dx' N dx dl’[

IeIk
= 0,

the last equation following from Clairaut-Schwartz’s theorem. The following properties of

exterior derivative can also be found in [Tull] and [Leel3].

Proposition 2.36. The following properties are true.

1. The map d : Q(M) — Q(M) is linear.
2. For any wy,ws € Q(M), we have
d(wl VAN (A)Q) = dwl Nwo + (—1)kw1 A dwg s

where k is the degree of wy.

3. Let f: M — N be a smooth map. The pullback f* commutes with exterior derivative

d, i.e., we have
fHdw) = d(f'w)
for allw € Q(N).

Definition 2.37. Let w € QF(M). We say that w is closed if dw = 0. If there is wy €

QF1(M) such that w = dwy, we say that w is eract.

Since d? = 0, every exact form is closed. In general, the converse is false. A way by
which one can measure how much closed forms are far from being exact is by computing

the de Rham cohomology of the underlying manifold. Let us introduce such cohomology.
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Note that the set of all closed k-forms on a smooth manifold M is given by the vector
space
ZEM) = ker{d:Q"(M)— QM)

while the set of all exact forms on M is the vector space
B*(M) = im{d: QY (M) — Q¥ (M)} .

The k-th de Rham cohomology group of M is defined to be the quotient vector space

ZNM)  ker{d: QM) — Q¥1(M)}

HanM) = FrGn) = G d: @100 90D

and the de Rham cohomology of M, as being Hyr(M) = @&7_oH55(M). From the properties
we have stated so far, it is possible to prove that the pullback f* and the wedge product

descend to cohomology, i.e., the maps

N HdR(M) X HdR(M) — HdR(M) and f* : HdR(N) — HdR(M)
([wr]; [wa]) > wi A wy [w] — [fw]
are both well-defined. Moreover, the first one is bilinear and the later, linear. Just as

for Q(M), the wedge product turns the de Rham cohomology Hyr(M) into a unitary,

associative, and graded commutative algebra.

2.5.2 Two Exact Sequences

Let {Uy,Us} be an open cover of the smooth manifold M such that U; N U, # ().
Write i, : U, — M and j, : Uy N Uy — U, (p = 1,2) for the inclusions. For every k, there
is a linear map A : H5,(Uy NUy) — HEF(M). Tt is possible to show that

e
11D,

A P*ik Sk ik A

s S HEp(M) 2= Hip(Ur) © Hjp(Us) 2=2 Hip(Ur 0 Us) = HyE (M)
is a long exact sequence, known as Mayer-Vietoris long exact sequence, or Mayer-Vietoris
exact sequence.

Let M be a smooth n-manifold with non-empty boundary and let i : 9M — M be
the inclusion. We set
QF (M, 0M) = {weQ*M)|if'w=0}.

For w € QF(M,0M), we have i*dw = di*w = 0, so dw € QF¥1(M,dM). Consequently, we
can define the de Rham relative cohomology groups as the quotient vector spaces

ker(d : Q¥(M,0M) — Q*Y(M,0M))
im(d : Q1(M, OM) —s QF(M, M)

HEL(M,OM) =
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An equivalence class in the relative cohomology group H%,(M,0M) is denoted by [w]a.
Writing j :=idy; : M — M for the identity map, we have induced linear maps

* 0 Hip(M) —  Hjp(OM) and j*: Hip(M,0M) — Hj(M)
Wl — W] [w]o — (W]

For each k, there is a linear map 0 : H5,(OM) — H5H (M, 0M). One can prove that
o HE (M 0M) s HY (M) D HE(0M) S HES (M 0M) D -

is a long exact sequence, called de Rham relative long exact sequence, or relative exact

sequence for short. For a detailed and general account on this topic, we recommend [God71].

2.5.3 Signature

Let V be a finite dimensional real vector space and B : V x V — R a symmetric
bilinear form. For any basis B = {vy,--- ,v,} of V, we can consider the square matrix
M = (B(v;,v;)):; giving the representation of B relatively to the basis B. Since B
is symmetric, so is the matrix M and, therefore, the Spectral Theorem implies M is
diagonalizable. The elements figuring in a diagonal presentation of M are either positive,
negative or zero. Let e™ denote the number of positive elements and e~ the number of
negative elements in such presentation. We define the index of B as index(B) = et —e™.
The fact that the value index(B) is well-defined, i.e., it depends neither on the basis B

choosen nor on the diagonalization of M found, follows from Sylvester’s Inertial law.

We recall that a bilinear form B : V x V' — R is non-degenerate if and only if the
linear map B : V — V* given by v — (u — B(v,u)) is an isomorphism. Equivalently,
for every v # 0 in V| there exists vy in V' such that B(v,vg) # 0.

Remark 2.38. The following properties follow easily from the definitions.
1. Let V be a 1-dimensional real vector space. Then, a symmetric bilinear form B :

V x V — R has either index 0 or £1. If, in addition, B is non-degenerate, then its

index is either 1 or —1.
2. index(—B) = —index(B) .

3. Let V; be a vector space and B; a symmetric bilinear form on it (i = 1,2). If

V.=V, ® Vs, then By @& Bs is a symmetric bilinear form on V' and we have
index(By ® By) = index(By) + index(Bs) .
In particular,

index(By @ —B3) = index(B;) — index(Bs) .
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4. Let V and W be isomorphic vector spaces and let ¢ : W — V be an isomorphism. If
B :V xV — R is a symmetric bilinear form on V', then B o (p, ) is a symmetric

bilinear form on W and
index(Bo (¢,p)) = index(B) .

Indeed, let {vy,---,v,} be a basis of B for which the matrix M = (B(v;,v;));; is
diagonal. Then, putting w; := ¢~ (v;), we get a basis {wy, -+ ,w,} of W for which
the matrix of B o (¢, ) is also M. Since the index of a bilinear form is given by the
number of positive entries minus the negative entries in the diagonal of a diagonal

matrix representing it, the result follows.

For M a closed, oriented 4n-manifold, the map
By o H2A(M) x HA(M) — R
()l = [ wnnw

is a well-defined bilinear form. Indeed, if

((fwn]; [wa]) = (([er]; [wa])
there are
a; € Q¥ H(M) (i=1,2)
such that
wi —w; = doy (i=1,2) .
Thus,

wi A w :/ W+ day) A (why + da
/M 1 2 M( 1 1) ( 2 2)
:/ wi A wy + dog Awy + wi A dag + dag A dag
M

:/ ngw;Jr/ d(on Awh 4+ as Aw;y + ag A das)
M M

= /M Wi Awy
The second equality follows from bilinearity of wedge product. The third one follows from

the following remarks. By elementary operational rules of wedge product, we have

dlog Awhy) = dog Awhy + (=1)"" g Adwhy = dog Ay,
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where we used that ws is closed in the second equation. Similarly,
Wi Ndoay = ()PP day AW = dag AWl + (D)7 ap Adw, = d(og AW,
where we used the closedness of w] in second equation. Moreover,
dlay Aday) =day Aday + (—=1)*tag Ad(day) = dog Adas

where we used d? = 0 in second equation. Therefore, by linearity of the exterior derivative,

we get
day Awh + Wy Adag + day Aday = d(ag Awh + as Aw) + ag Adas) .

Finally, since M has no boundary, the integral of a top dimensional exact form is zero by
Stoke’s Theorem. That Bj; is bilinear and symmetric follow from the properties of the

wedge product.

Definition 2.39. The signature of a closed, oriented 4n-dimensional manifold M is given

by o(M) := index(Byy).

Remark 2.40. If we change the orientation of M, the sign of the signature changes, i.e.,
o(—M)=—o(M).

Example 2.41. The sphere S*" is closed, oriented with dimension divisible by 4. Therefore,
its signature is defined. Since H7%(S*") = {0}, we have o(S**) = 0.

The same formula defines a symmetric bilinear form whenever M is a compact,
oriented 4n-manifold. The only difference is in that we have to use relative cohomology

instead of usual cohomology for it to be well-defined. More precisely, the map
Bowomy 1 HIp(M,0M) x Hip(M,0M) — R
(o, [welo) — [ e

is well-defined. Indeed, let ([wi],[wa]) = ([w}],[wh]) be in HIR(M,0M) x Hix(M,0M).
Then, there are a; € Q*"~1(M,0M) (i = 1,2) such that w; — w} = do;. Thus, we have

w1 Nwy = (Cd/l + dOél) A (Wé + dOég)
= W AWy + Wy Adag + dag Awy + dag A dag

Now, note that

WiNday = d(agAwy) , dogAwy = d(og Awsy) and  dogAday = d(ogNdas) .
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Therefore,

/wl/\wQ = /wi/\wé + /d(aﬂ\wi—kal/\w;—i-al/\dag).
M M M
If we write ¢ : 9M < M for the inclusion, then Stokes Theorem gives

/Md(aQ/\wHalAwngalAdaz) = /ZjML*(ag/\w’lJralAw;Jral/\daz) :

But since o € Q" 1(M,0M), we have t*(o;) = 0 and, consequently, the integral on the
right side of the above equation vanishes. This shows that B onr) is well-defined. That it

is symmetric and bilinear follows again from elementary properties of the wedge product.

Definition 2.42. The signature of a compact, oriented 4n-dimensional manifold M is
defined by 0y(M) := index(Bronr))-

Remark 2.43. Changing the orientation of M, we change the sing of its signature,
0'3(—M) = —O'a(M).

Example 2.44. The disk D*" is compact, oriented manifold with dimension divisible by 4.
All of its cohomology groups, except by the 0-th one, are trivial. Thus, the signature of D"
is well-defined. To compute it, we observe that its boundary S*~! has trivial (2n—1)-th and
2n-th cohomology groups. The relative exact sequence then implies H3n (D S¥1) =0

and, consequently, o5(D1") = 0.

Let us take a look on the conditions upon which we can assure that Bj, and

B(a,any are non-degenerate.

Theorem 2.45. Let M be a closed, oriented 4n-manifold. The symmetric bilinear form

By is non-degenerate.

Proof. Give M a Riemannian metric, so we can make use of the powerful results of Hodge
Theory. Let [w] € H34(M) with [w] # [0]. We can assume w is harmonic. Since each
cohomology class has a unique harmonic representative and [w] # [0], we have w # 0.

Finally, writing % for the Hodge star operator, we have [xw] € Hip(M) and

Bu(ll b)) = [ waww = |l # 0,
where ||w|| # 0 follows from w # 0.

]

Before proving B(a,0nr) is non-degenerate, we introduce a useful gluing construction

for smooth, oriented manifolds. It will also be important for subsequent developments.
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Let B; and By be two compact, oriented n-manifolds whose boundaries are
orientation-preserving diffeomorphic to a closed, oriented (n — 1)—manifold M, so we
have identifications 0B; = 0By = M. Gluing B; and — B, along the boundary, i.e, via
the orientation-reversing diffeomorphism id : M — —M, results in a closed, oriented

n-manifold, which we will denote by

Bl < BQ = Bl |_| —BQ .

B,

Figure 6 — Gluing two compact oriented manifolds whose boundaries are the same closed,
oriented manifold by preserving the orientation of the first and reversing the
orientation of the second results in a closed, oriented manifold

Bl <>B2

M

Figure 7 — The closed oriented manifold obtained by gluing construction

The inclusions ¢; : By < B; ¢ By and iy : —By — B ¢ By are orientation-preserving and,
consequently, the images ix(By) (k = 1,2) have orientations induced by the one of By ¢ Bs.
Moreover, the intersection i;(By) Niy(—B2) has measure zero, since it is diffeomorphic to

a codimension one submanifold of By ¢ By. Thus, for any w € HJr(B; ¢ By), the integral
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/ <& o / 7
B] Bz ’L](B]) ‘Z(Bg)

= / w +/ w
i1(B1) i2(Ba2)

Let us state this result for later use.

Proposition 2.46. Let By and By be compact, oriented n-manifolds having as boundary
a closed, oriented (n — 1)-manifold M. Then, for any w € H}p(B; ¢ Bs), we have

/ w = / w — / Low
Bl<>BQ B1 B2

where 11 : By — By © By and 1y : —By < By ¢ By stand for the inclusion maps.

Corollary 2.47. Let M be a compact, oriented 4n-manifold with Hap ' (OM) and H¥(OM)
trivial. The symmetric bilinear form B gary s non-degenerate. In particular, if H3j(M,OM)
is 1-dimensional, og(M) = £1.

Proof. Since the cohomology groups Hi ' (OM) and H%(OM) are trivial, from the relative

long exact sequence we conclude that
Hij(M,0M) = Hify (M)

is an isomorphism. Now, let C' := M o —M be the closed, oriented 4n-dimensional manifold
obtained by the gluing construction described above. Taking collar neighborhoods of M
and — M, one sees that there are open sets U; such that M; C U;, U; deformation retracts
onto M; and U; N U, deformation retracts onto OM . Therefore, the cohomology groups of
U; are isomorphic to the ones of M and the cohomology groups of U; NU, are isomorphic to
the ones of M. Replacing these isomorphisms in the Mayer-Vietoris long exact sequence
and recalling that H3p '(OM) and H2%(OM) are trivial, we see that

it
Hi(C) == Hgp(M) & Hap(M)
is an isomorphism. By composing isomorphisms, we get the isomorphism

) ()@ (*) ™ Ho(i®is)

o Hi(C Hap(M,0M) & Hyp(M,0M) .
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If [0]s # [0]p € HZ(M,0M), then, [w] := ¢ ([0]s & [0]s) # [0] € H7%(C). Since Be is
non-degenerate, there is [wy] € Hip(C') such that

/Cw Awo = Beo(lwl, [wo]) # 0.
Being ¢ an isomorphism, there is

such that
(17 @i3)wo] = (" @57)([0o]o @ [h]a) = [6o] & [64] .

In particular, [0p] = ¢}[wo] and [61] = i5[wo]. Observing that
(i @ip)lw] = [ @[0],
it follows that if[w] = [0] and i}[w] = [0]. Thus,
/9/\90 = /f{w/\ifwo — /z;w/\i;wo = /w/\wo # 0,
M M M c

where the last equation follows from Proposition 2.46. Hence, B(ns,0nr) is non-degenerate.

Finally, if H32(M,0M) is 1-dimensional, for any basis {[W]s} we have

c = B(M,&M)([W]a7 [W]a) # 0,

because Baran is non-degenerate. Then,
1
[WO = W]
]

B(MﬁM)([WO]ﬁa[WO]a) = ?B(M,aM)([W]a,[W]a) = — = #1.

is a basis of H3%(M,9M) and

]

There is yet another important consequence of Proposition 2.46, which we will

make use to prove that Milnor and Shimada’s invariants are well-defined.

Corollary 2.48. Let By and By be compact, oriented 4n-manifolds having as boundary a
closed, oriented manifold M with Hap '(M) and H¥Y (M) trivial cohomology groups. We
have

o(B; ¢ By) = o9(B1) — oa(B3) .
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Proof. We proceed as in the proof of Corollary 2.47. Since Hip '(M) and H%(M) are

trivial, Mayer-Vietoris long exact sequence implies that
iy @3 Hig(By o By) — Hii(By) ® Hip(Bs)
is an isomorphism. Moreover, from the relative exact sequence we conclude that
Ji + Higp(By, M) — Hi%(By)
are isomorphisms (k = 1,2). Thus, the composition
p = (U))@)) o (i @i3) : Hip(Bu o Ba) — Hip(By, M) & Hipy(Bs, M)
is an isomorphism. Finally, for all [w;], [ws] € H3%(B; ¢ By), we have

Bpiop(fonl o) = [ A
1 2
= / iiwl VAN iTWQ - / Z;wl AN i§w2
By B

= (Bs,m) @ —=Bsamn) (@([wi]), ¢([wa])) -
Therefore,
o(By ¢ By) = index(Bp,op,) = index(Bp, my) — index(Bp,m)) = 0o(B1) — 0a(B2) ,

by the properties given in Remark 2.38.
O

For more information about signatures and its uses in different branches of Mathe-

matics, we recommend the paper [GR16].
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3 Pontryagin Classes

3.1 Connections, Curvature and Invariant Polynomials

Recall that the collection of all vector fields on a smooth manifold M is denoted
by X(M). Moreover, we will write I'(¢) for the set of all sections of a vector bundle &.
We write Mat,x,(R) for the vector space of n x n matrices with real coefficients and
Mat;,,

references for this section are [Tul7] and [Leel§].

(R) for the Lie group of all invertible n x n matrices with real coefficients. The

Definition 3.1. Let £ = (E,p, B) be a vector bundle. A Koszul connection on £ is a map

V: X(B)xTI'(§) — T(§
(X, s) — Vyxs

which is €*°(B;R)-linear in the first entry and R-linear in the second. Moreover, the

Leibniz rule

Vx(fs) = (Xf)s + fVxs
must be satisfied for all f € €*(B;R), X € X(B) and s € I'(£).

Remark 3.2. Let £ = (E,p, B,R", A) be a vector bundle and let U be an open subset
of B. Write A = {(U;,;)} for the bundle atlas. Setting E|y := p~'(U) and A|y :=
{(U NU;, cpi|p71(UmUi))}, we obtain a new vector bundle ¢|U := (E|y, plv, U,R™, Aly). We

call £|y the restricted vector bundle or the restriction of & over U.

Remark 3.3. Let £ = (E, p, B) be a vector bundle and let V be a connection on it. For
every open subset U, there exists a unique connection VY on the restricted bundle |y
such that

Vi, Glo) = (Vxs)lu

for all X € X(B) and s € ['(§). We call VY the restriction of V to U. See [Leel8,
Proposition 4.3].

Definition 3.4. Let £ = (E,p, B) be a vector bundle and let V be a connection on it.

The curvature tensor of V is the 3-linear map
R:X(B) x X(B) xI'(¢) — I'(¢)

given by (X,Y,s) — VxVys — VyVyxs — Vixys.
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Let £ = (E,p, B) be a vector bundle of rank n and let V be a connection on it.

If U is an open subset of B such that {|y is trivial, then there are sections eq,--- e, :
U — Ely such that {e1(b),--- ,e,(b)} is a basis of Ej, for all b € U. We call the collection
F:={e1, - ,en} a frame over U. For every section s : U — E|y of €|y, there are smooth
functions a',---,a™ : U — R such that
s(b) = > a'(b)e;(b)
i=1
for all b € U. In particular, there are maps
w! : X(U) — € (U;R) and Q: X(U) x X(U) — €°(U;R)
such that
Vie; = Y uwiX)e and RY(X,Y)e; = Y QUX,Y)e
i=1 i=1

in U, where VY is the restriction of the connection V to U and RV is the curvature tensor
of VY. The matrices
WE() = [wi()] and () =[]

nxn nxn

are called connection matriz and curvature matriz, respectively. The €*°(U; R)-linearity
of VY with respect to X implies that w¥ : X(U) — €*(U;R) and Q% : X(U) x X(U) —
¢ (U;R) are €>°(U; R)-linear and €*°(U; R)-bilinear, respectively. Now, by the definition
of the curvature tensor, one can see that QY is alternating. By the lemma below, we can

regard wY¥ and QY as matrices of 1-forms and 2-forms, respectively. For a proof, see [Tul7,
pg. 59].

Lemma 3.5. Let M be a smooth manifold. Suppose w : X(M) x -+ x X(M) — € (M;R)
is a map that is € (M;R)-linear in each of the k entries and, in addition, is alternating,
i.e.,

w(X17"' 7Xk) = SgTL(O')W(Xg(l),"' 7X0(k)) )
for all 0 € Si,. Then, there is a unique differential k-form & : M — A*TM such that
wb<X1|b7"' >Xk|b> = W<X17"' 7Xk>(b) )

forallb e M and Xq,--- ,X), € X(M).

Definition 3.6. Let z} be indeterminates and define X := [}], the matrix of indetermi-
nates, where i, 7 = 1,--- ,n. We say that P(X) is a polynomial in X if there are constants
co, -+ ,¢ € Rand ef’j € N, where 7,7 =1,--- ,nand k =1,---r, such that

P(X) = kZi:Ck (ﬁl(x;)fﬁj)
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We say that P(X) is homogeneous of degree d, or shortly that P(X) has degree d, if
ZZj:lgk = d,forallk=1,---r.

i,J
Definition 3.7. Every polynomial P(X) in a n X n matrix of indeterminates X defines a
function P : Mat,«,(R) — R by the formula

P(a) = kick (ﬁ (a;'.)sf,j> ,

ivj=1

where a = [a}] € Matyxn(R). We say that P(X) is an invariant polynomial if
P(a™'ba) = P(b),

for all b € Mat, x,(R) and a € Mat? ., (R).

Example 3.8. Let X = [a:;]nxn be a matrix of indeterminates and let A be another

indeterminate. There are polynomials f1(X),- -, f,(X) such that
det (Nidgn + X) = A"+ AN+ oo+ fo (XN + fu(X)

In other words, fi,(X) is the coefficient of A*~*. In particular, fi,(X) has degree k. Moreover,
the polynomials fx(X) are invariant. See [Tul7, Example 23.1].

Let G = {s1,- -+, Sn} be another frame over U and let wy and QF be the associated
connection and curvature matrices, respectively. There are smooth functions aé U —R
such that

n .
_ i,
s; = Eaje,
i=1

in U. Then, the map a : U — Mat?,,(R) given by a : b — a(b) := {a?(b)} is smooth and

nxn J

we have
QG (,) = a7 ()Q%(,)al)

in U. Therefore, every invariant polynomial P(X) of degree d defines a differential 2d-form
on B. Indeed, let P(Q) : B — A%T*B be given by the following construction. For b € B,
take an open set U such that b € U and |y is trivial. Then, take a frame F over U and
define P(Q), := P(QY%). This value depends neither on the open set U nor on the frame F.
In fact, let V' be another open set with b € V' and &|y trivial, and take G a frame over V.
Then, W := U NV is an open set such that b € W and with two frames F|y and G|w

over it, where F|y and G|y are obtained by restriction. Thus, there is a smooth map
a:W — Mat! . (R) such that

nxn

QgL () = a ()Y, () al)
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in W. Thus, since P(X) is invariant,
P(Qg,,) = PQ%,)
in W and, in particular,
PQg)y = PQg, )y = POz, = PQ5) ,

proving that P(Q2) is well-defined. Smoothness of P(2) follows from definition, for it
implies that P(2) is smooth on each open set U such that |y is trivial. Finally, P(Q2) has
degree 2d because P(X) has degree d and the entries of QY are differential 2-forms.

Remark 3.9. For a real number ¢, we have P(c) = ¢? P(Q), where d is the degree of
P(X). Thus, P(cQ) = ¢ P(Q). In particular, when d is even and c is a purely imaginary

complex number, P(c{) is a real form.

Let € = (E,p, B,R™) be a vector bundle. It is possible to show that we can endow
it with a connection V and, in particular, we can also consider the form P(), for any
invariant polynomial of degree d. It is possible to show that P((2) is closed and that its de
Rham cohomology class [P(€2)] does not depend on the connection. See [Tul7] for more

information.

Definition 3.10. Let £ = (F,p, B) be a vector bundle. We define the k-th Pontryagin

class of £ as .
i
pe(§) = [f% (%Q)] € Hyp(B) .
The total Pontryagin class is defined by

- Ldim(B)/4]
&) = dYm& = > ml),
k=0 k=0

where dim(B) is the dimension of the smooth manifold B.
Remark 3.11. Since fo(X) = 1, we have py(§) = 1, for any vector bundle &.

Remark 3.12. Since for(X) has degree 2k, the complex number ¢ will disappear. It is
included in the definition in order to get sign free formulas. We divide by 27 to obtain
the cohomology class of an integral form. Recall that a [-form is integral if, whenever it is

integrated over a submanifold of dimension [, we obtain an integer number.

Remark 3.13. For k odd, the classes [f;(€2)] are trivial, so we have ignored them and
kept only with [for(2)]. See [Tul7, Theorem 24.3].
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Definition 3.14. For M a smooth manifold, we define its Pontryagin classes as the

Pontryagin classes py(M) := pi(mpr) of its tangent bundle 7.

Theorem 3.15. Pontryagin classes satisfy the following properties:

1. Naturality. Let f : By — B be a smooth map and let & be a vector bundle over B.
Then,

pe(f78) = [ (pe(§)) ,
where f*¢ is the pullback bundle of & and f* : Hjp(Bo) — Hjr(B) is the induced

map in cohomology.

2. Whitney sum formula. Let & and & be two vector bundles over B. We have
p&i® &) = p&)®pé) -

3. If & and & are B-isomorphic vector bundles, then py(&1) = pr(&2).

Example 3.16. Regard S” embedded in R"*! and consider its tangent 7,, and normal
N, bundles. The Whitney sum 7,, @ 7, is isomorphic to the trivial bundle ¢, = (S" X
R 7y, S*, R™™1). Therefore, Whitney product formula for Pontryagin classes imply

pleny1) = p(Tn@%) = p(Tn)p(%)‘

But since 7, and ¢, are trivial bundles over S™, we have p(n,) = p(e,+1) = 1. Thus, we
get p(S™) = 1. In particular, px(S™) = pi(7,) = 0, for all & > 1.

Definition 3.17. Let n be a positive integer number. A weighted partition of 4n is a

n-uple (iy,--- ,i,) of non-negative integer numbers such that

The collection of all such partitions is denoted by W P(4n).

If M is a closed, oriented, 4n-manifold and I = (i1, -+ ,4,) € WP(4n), then the

cohomology class
pr(man)™ Apa(Tar)® A=+ A p(Tar)™
has top degree and can be integrated over M. More precisely, if p;, (M) = [wy] € Hix(M),
then
Diyorr i (M) = / WEAWR A AW
M

is well-defined. The value obtained by the evaluating the above integral is called a

Pontryagin number of M. From Remark 3.12, Pontryagin numbers are integers.
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Though it is possible to define Pontryagin classes for manifolds with boundary,
the same can not be said about Pontryagin numbers. In case M is a compact, oriented
4n-manifold, it may happen that choosing two different representatives for the cohomology
class p; (M) A -+ A p,(M)™, one yields at two different numbers after integration. The
problem here is the contribution such different representatives can have on the boundary.
However, it is still possible to define relative Pontryagin numbers under certain additional

assumptions.

Definition 3.18. Let M be a compact, oriented 4n-manifold. We say that weighted

partition [ of 4n is compatible with M if, for every non-zero entry iy of I, the homomorphism
J5* 2 Hip(M,0M) — Hyp(M)
is an isomorphism.

Let M be a compact, oriented 4n-manifold and let I be a compatible weighted

partition of. For every non-zero entry iy of I, let

lowlo = () (pu(M)) € Hap(M,0M) .
Then, if {ig,, - i, |k1 < --- < kp} is the collection of all non-zero entries of I, the relative
Pontryagin number
ir e in (M) = / A A g
Pir e sin (M) Mak1 A,

is well-defined and, moreover, belongs to Z.

If B; and By are compact, oriented 4n-manifolds for which we can perform the

gluing construction, then the naturality of Pontryagin classes implies that

i (Pe(TBy0By)) = k(i (TBioBy)) = pr(7B) ,

where i; : (—=1)""1B; < B, o By (I = 1,2) are the inclusion maps. In particular, if we write

[wk] = pk(31<>32) )
then
lijwe] = pe(Bi) |

for [ = 1,2. Let M be the closed, oriented (4n — 1)-manifold for which 0By = 0By =
M. Suppose [ is weighted partition of 4n compatible with both B; and B, and let

{iky, -+ ik, |k1 < -+ < ky} be the collection of all non-zero entries of . Then, setting

[oeJo = (7)o (B1)) € Hyp(By, M)
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and

[BrJo = (3) "ok (B2)) € Hypy (Ba, M)

where j; : H5a (B, M) — Hb,(B;) (I = 1,2) is the homomorphism given in the relative

long exact sequence, we have

iy ik
Diy, - in Bl<>Bg = / w N Aw
1 ( ) Bl<>BQ k‘l kp
ik ik i ik
— / Wkll/\"'/\wkp + / wkl/\“‘/\wkp
By P -By, ! »
= / il wkl/\~~~/\wk" - / iy Wit A Aw”
B p By ! P
Zkl ’Lkl lkp
- A S SESRY
Joy 0

= pil,-~~,in(Bl) - pil,m,in(BQ) .
This proves the following result.

Proposition 3.19. Let By and By be two compact, oriented 4n-manifold whose boundaries
are the same closed, oriented manifold M. If I = (iy,--- ,i,) is a weighted partition of 4n
compatible with By and Bs, then

Piein(B10 B2) = iy in(B1) — Dy iy (B2) -

Let M be a compact, oriented 4n-manifold. Suppose I is a weighted partition of 4n
for which Hi&1(OM) and H3%(OM) are trivial whenever 4, # 0. Then, the relative long

exact sequence implies [ is compatible with M and we get the following result.

Corollary 3.20. Let By and By be two compact, oriented 4n-manifold whose boundaries
are the same closed, oriented manifold M. If I = (iy,--- ,i,) is a weighted partition of 4n
such that Hix (M) and Hi%(M) are trivial whenever iy # 0, then I is compatible with
both By and Bs. In particular, we have

DPiy i (BlOBQ) = pilf“yin(Bl) Piy,e i (BQ) .

Example 3.21. We now compute the relative Pontryagin numbers of D**. Let I =
(i1, -+ ,i,) be a weighted partition of n for which ¢, = 0. Notice that the cohomology of
S*=1 and the relative long exact sequence imply that j* : H5, (D", S™"=1) — HE, (D)
are isomorphisms, for k = 1,--- ,4n — 1. Therefore, I is compatible with D*". Since D*"

has trivial cohomology in all degrees greater than zero, it follows that the Pontryagin
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classes pi(ID'") are exact and, therefore, so are [ag]s := (5*) " (pe(D")) € Hix (D", Sn—1).
Let p € {1,--- ,4n — 1} be such that i, # 0 and take 8 € Q#~1(D §¥"~!) satisfying
a, = df. We have

d(ﬂAo/fA---/\dﬁ"ﬁ‘l/\--~/\ai‘;;t{) = dBAQ A ANdBPTI N Al
— BAd(af Ao AdBPTIA - AaiT))

Since ot A--- AdBPEA - A afﬁf_’{ is the wedge product of closed forms, it is also closed.

In particular, its exterior derivative vanishes and we get
d(BAal Ao NdBPTI A AaTl) = Eaft A Al

after reoganzing the elements in the first term of the above equation. Writing ¢ : S**~1 —

D** for the inclusion and observing that df»~! = air~!, Stokes theorem gives

/Ep4noz§1/\---Aai‘§;’_’11 = + (BN A AT A Al

§4n—1

If i, > 1 or 4; # 0, for some [ # p, then the integral on the right vanishes, because each
form ay, is in Q* (D S*~1). We claim that it is not possible to have i, = 1 and all the
other coefficients #; equal to zero. Otherwise, we would have 4n = 4pi, = 4p. Therefore,
p=mnand 1 =i, = 4,. This is a contradiction, since we have assumed ¢, = 0. We finally
conclude that p;, .. ;. ,o(D™) = 0.

3.2 Pontryagin numbers of D7

We recall that S, ; is homeomorphic to S?=! whenever h+j = 1. Then, for h+j = 1,
the de Rham long exact sequence implies that j* : Hip(Dj 5, S ;) — Higr(Dyj ;) is an
isomorphism. But since Dj ; has the same cohomology of §%; it follows that Hiz(Dj, ;, S ;)

is a 1-dimensional vector space. By Corollary 2.47, o5(Dj; ;) = £1.

Definition 3.22. Let k£ an odd integer and consider the integer numbers

14k . 1—-k
hy = —5 and I = —

Since hy, + jr = 1, the preceding discussion shows o5(Dj, ;) = £1. If 05(Dj,, ;) = 1, we
set Di* := Dj. ;. Otherwise, oy(Dj. ;) = —1 and we define D}* := —Dj . . The point
of such convention is that we always have o5(D3*) = 1.

The goal of this section is to establish the following result, which will play a role in

later computations.
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Proposition 3.23. Let k be an odd integer. We have

1. D% is a compact, oriented 8-manifold with
poo(DY) = 4k and oo(DY) = 1.
We further have that 9D} = ST is diffeomorphic to the 7-sphere

2. D;® is a compact, oriented 8-manifold satisfying
p072,070(D,i6) = 36]{32 s O'a(D,lgﬁ) =1

and
PrLogo(DR0) = p2100(D%) = papoo(D’) = 0.
Moreover, 0Di® = S}5 is diffeomorphic to the 15-sphere.

We first compute the Pontryagin classes p,/4(j, ;). To this end, let us fix the

standard orientation of S* and also the generator [u,] of H5(S*) for which

/uazl.

Being [u,] a generator of Hjp(S%), for all h, j integers, there is a real number ¢f, ; such

that paya(&f, ;) = ch jlual-

Proposition 3.24. We have p,/4(&; ;) = ca(h — j)[ua), where cq := cfy.

To prove the above proposition, we need the following result.

Lemma 3.25. The map ¢, : Z X Z — H*(S) given by pa(h, j) := pasa(&f; ;) is a group

homomorphism.

Proof. The idea is to write ¢, as a composition of group homomorphisms. We know from

Theorem 2.22 that there is a group homomorphism

v i (S0(e) — 7w (Ga(R™))

such that the vector bundles ., and f *~v2a are S isomorphic. See [Tio09] for the topological

case. Moreover, consider the isomorphism

0:7Zx7— 7°,(S0(a))
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given in section 2 of the previous chapter.The map

Aot TR(Ga(R*)) — Hip(S?)

[/ — pasa(f*(02)
is also a group homomorphism, for
Paps(FF(2) = [ (Paya(72)

and
(M) —  Hom(Hjr(M), Hjp(S"))

[l — I

is a group homomorphism. Finally, we see that

va(h,3) = pPaja(&hy) = (Aaotpob)(h,j) .

Proof. (Proposition 3.24) Since ¢, is a group homomorphism, we have
Pa(h,j) = hea(1,0) + jea(0,1) .
Recall from Lemma 2.32 that &; ; and §?; _, are S?-isomorphic vector bundles. Therefore,
Pa(h,j) = paja(&hy) = paja(€;_) = wal—J,—h),

as isomorphic vector bundles over the same base space have equal Pontryagin classes. In

particular,
Qoa(()?l) = Qpa(_lao) = —gﬁa(l,O),

and it follows that

va(h,3) = (h=J)pa(1,0) = (h=j)ciolua] = calh —7)lual,

as we wanted to prove.

a

Proposition 3.26. We have p,/4(Ej ;) = ca(h — j)[wi ], where [wi ;] :== (pf ;)" ([ta])-

Proof. Roughly speaking, the tangent space to each point v € Ej; is given by the

combination of two directions:

L. a “horizontal direction”, given by the tangent space T'Sj. () at pj; ;(v) and
2 ’
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Ef ~-o -
7 I (E;;,j)pz‘j(‘u)

(B s, )

, J('l')S“

T S(l

ph (V)

Figure 8 — Two directions spanning T, Ej ;

2. a “wertical direction”, given by the fibre (E,f,j) over pj ;(v) itself.

pZJ‘ (’U)

To be more precise, the tangent bundle e is Ej -isomorphic (not canonically, though)
to the Whitney sum (pf; ;)*(7s) © (pf, ;)* (ﬁh]) Thus,

P ) = b ()& & (0h,) (7s0))

and by Whitney sum formula, we have
a/4
pa/4(EZ7j) = pa/4 TE}: Zpk ( phj fh])) Paja)— (pi,j)*(TSa)) .
Now, by naturality of Pontryagin classes, we obtain
a/4
pa/4(EZ,j) = Z(pij)* (pk(ﬁﬁj)) (p%,j)* (p(a/4)—k(7'sa)) = (p(}lz,j)* (pa/4(£§i,j)) )
k=0

where the last equation follows from the fact that the only non-vanishing Pontryagin
class of 7ga is the O-th one, which is precisely 1. See Example 3.16. It then follows from
Proposition 3.24 that

Paja(Erj) = (0h;)" (calh = )[ual) = calh = 5)(Wh;)" ([ual) = calh —j)[wh,l,
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as we wanted to prove.

[l
Let ¢, ; : Dj,; — Ej; be the inclusion and set [0f ;] = (¢f, ;)" ([wp;]) = (i, ©
thg)" ([Ua])-
Corollary 3.27. We have pa/a(Dj, ;) = ca(h — 7)[07 ;]

Proof. The tangent bundle 7pg = of Dy ; is isomorphic to the pullback bundle (LZJ-)*(TEZ]_).
Thus,

Pajs(D}) = Pasa(top ) = Papa ((6h,) s ) = (t53) (Paal7i ) = (5,)" (Paja(EL,))

where the second equality follows from the fact that isomorphic vector bundles have the
same Pontryagin classes and the third, by naturality. The thesis follows from the preceding

proposition, for
(5 )" (pasa(ERy)) = (4 )" (calh = Dlwp]) = calh— )65,
0

Let I, be the weighted partition of 2a given by 2 in the (a/4)-entry and 0, otherwise.
For h + j = 1, the relative long exact sequence and the fact that Sy ; is homeomorphic to
S?¢~! imply that I, is compatible with Dy, ;. Let

[ lo = (J‘*)‘l([@‘i,ﬂ) € Hir(Dy ;5 Sh;) -

Proposition 3.28. ap;Nag; = £1.
g, " ’

Proof. Observe that the image of the zero section Mj ; := Z} ;(S?) is an oriented submani-

fold of Dj, ;. Moreover, the class
05,] € Hig(Di;) ~ Hom (H,(Dj)),R)

is characterized by

ga . pr— 1 .
/Ma h.j
hog

In order to compare [0f ;| with j.(PD(Mf ;)), for PD(Mj ;) Poincaré dual (see [Lef26]) of
My ;, we recall that

PO = [ e
h

Mg . .
h,j \J
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where e € H*(S% Z) is the Euler class (see [BT82] and [MS74]) of the vector bundle & ..
Then we look at the following piece of the Gysin sequence (see [Gys42]) for the sphere
bundle Sj ; — S%:

H*\(Sp ;1 Z) — HO(S" Z) = H*(S%Z) — H*(Sh;) -
Since S, ; is homeomorphic to §*~*, it follows that Ue is an isomorphism, and hence
/ e = *1.
Mg
Therefore, j.(PD(Mj ;) = £[05 ;] or, PD(Mj ;) = £[aj, ;]. Hence,

/D ap;Nap; = £ O‘Z,j/\PD(M;?,j) = + ol = £1.

a a a »J
h,j Dh,j Mh,j

Corollary 3.29. If k is an odd integer, then pr, (D) = c2k?.

Proof. Observe that

() (o) (D, 5) = G ealhn =505, ) = caklog, ;]
so the corresponding relative Pontryagin number of Dy, . is
D1, (D%k»jk) = /D“ Cak&%k»jk A Caka%kﬁ'k = Cng / o a%kvjk A aZka :
higsdk hgodk

By the proposition above, the integral on the right is equal to £1. If it is equal to 1, then

2a _ Na 2a) a — 272 : :
Dit = Dy, . and pr, (D) = p1,(Dj, ;) = c;k*. Otherwise, such integral equals —1 and
2a __ a
Di* = =Dy, ., from what follows
a a _ a a _ a a —
/D2H‘ ahky.]k: /\ ahk»]k o /—D”‘ ahkv]k /\ ahkv]k o ‘/Da ahka]k /\ ahka]k 1 ’
k hi,Jk higsdk

In any case, pr, (D) = k.

Proposition 3.30. ¢ = 4 and ¢ = 36.

Proof. Recall that A = H or A = O, accordingly to a = 4 or a = 8. In order to determine
c2, we remark that D{ is diffeomorphic to M, := AP* — B2 ie., the projective plane
AP? with an open 2a-cell removed. The proof of this fact is technically involved. See the

proof of Proposition 2.3.1 in [Grel2] for the case A = Q. One can mimic the ideas involved
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there for the case A = H because HP? and QP? are both obtained by similar constructions
involving Hopf maps. Notice that M, is diffeomorphic to S?*~!. Therefore, orienting M,
as a submanifold of AP? and orienting D?* in such a way that the induced orientation on
the boundary S**~! is the same one of OM,, we see that AP? is diffeomorphic to M, o D%,
In particular, Proposition 3.19 and Example 3.21 imply

pr(AP?) = p;(M,) — pr(D*) = pi(M,),

for all weighted partition I of 2a compatible with M, and D?*. Since Diy and M, are
diffeomorphic, their relative Pontryagin number are the same up to sign, accordingly to
the diffeomorphism between them being orientation preserving or reversing . Moreover, I,

is a partition of 2a compatible with booth M, and Df,, and so we have
pL(DSy) = +p,(My) = +pi(AP?) .

We will complete our analysis by considering the cases a = 4 and a = 8 separately.

For a = 4, we have py, (HP?) = pyo(HP?) = 4. See [BH58, Section 18.1]. Thus,

i = Epo(HP?) = +£4.

But since ¢y is a real number, we must have ¢ = 4.

Now let a = 8. It follows from [BH58, Theorem 19.4] that pg200(QP?) = 36. Thus,

g = Epo2oo(OP?) = +£36.

Being cg a real number, we must have c2 = 36.

]

Proof. (Proposition 3.23) As we have already pointed out, the definition of D?* implies
that o5(D3*) = 1. Moreover, Corollary 3.29 and Proposition 3.30 imply that

pQ,O(Dli) = 4k2 and p0,2,0,0(D]£6> = 36]€2
It only remains to show that

Pl,o,l,o(D;G) = pz,l,o,o(D;iﬁ) = p4,0,0,0(Di6) = 0.

Since D;}% has the same cohomology of S®, the de Rham relative long exact sequence implies
that j* : H'p(D}S,0DI) — H!p(D}6) is an isomorphism for [ = 4,16. Furthermore,
for these values of I, the cohomology group Hin(D}6) is trivial and, therefore, so is
Hl (D% 0D;®). This implies that the forms figuring in the integrals that give the above
three relative Pontryagin numbers are exact and, since they all vanish on the boundary

OD15 Stokes theorem implies that they integrate to zero.
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3.3 Hirzebruch Signature Theorem

The content of Hirzebruch signature theorem is that the signature of any closed,
oriented 4n-manifold is expressible as a Q-linear combination of its Pontryagin num-
bers. Therefore, this theorem relates a homotopy type invariant (the signature) with a

diffeomorphims invariant (Pontryagin numbers).

Theorem 3.31 (Hirzebruch). For a closed, oriented 4n-manifold M, we have
o) = [ L), pa(a)) |
where Ly (z1, -+ ,x,) € Q[xq,- -+, x,] s the n-th L-polynomial.

For a proof, we refer the reader to [MS74]. In an appendix of [Tul7], the reader
can consult the definition of the polynomials L,,. It is possible to compute the first few of

them by hand, but we will not follow this approach. Instead, we register that

1
Lg(.ﬁEl, $2) = g(?ﬂfz — .CE%)
and .
Ly(xy, 29,73, 04) = ———=(381xy — Tlay23 — 1923 + 220719 — 327) ,

14175
together with Theorem 3.31, immediately yield the following corollaries.
Corollary 3.32. For a closed, oriented T-manifold M, we have

o(M) = = (Tpa(M) — pao(M))

Corollary 3.33. For a closed, oriented 15-manifold M, we have

1
a(M) = Tm{%lpo,op,l(M) — Tlpio10,(M) — 19pg200(M)
+ 22p2100(M) — 3pap00(M)} .
The reader can find a Mathematica code, due to Carl McTague, to compute

L-polynomials in the page https://oeis.org/A237111. For a first hand account on

Hirzebruch siganture theorem, we refer the reader to [Hir71].
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4 Exotic Spheres

4.1 Milnor's invariant

Let M be a closed, oriented 7-manifold such that H3p(M) = Hiz(M) = {0},
e.g., M = S". Assume further that M bounds a compact, oriented 8-manifold B. Then,
by the relative long exact sequence, j* : Hip(B, M) — Hjn(B) is an isomorphism, i.e.,
the weighted partition (2,0) of 8 is compatible with B and we can consider the relative
Pontryagin class peo(B). We define Milnor’s invariant as

AM)  E 2p0(B) — 0p(B)  (mod 7).

We claim that A is well-defined. Indeed, let B; (i = 1,2) be compact, oriented 8-manifolds
whose boundaries are M. By Hirzebruch’s Signature Theorem,

1
0(31032) = 4*5(7170,1(31032) - p2,o(B1<>BQ>) )

from what follows that
450(B1 o By) + peo(B1oB2) = Tpoa(BioBy) = 0 (mod 7).
By multiplying both sides by 2, we get
2p20(B1oBy) — o(ByoBy) = 0 (mod?7). (4.1)
From Corollary 2.48 and Corollary 3.20, we see that
0(B1¢o By) = 05(By) — 0a(Bs2)

and
p2,0(B1<>BQ) = pz,o(Bl) - p2,0(32)7

respectively. Therefore, substituting these values in equation (4.1) and rearranging the

terms, we conclude that

2p20(B1) — 09(B1) = 2pyo(B2) — 05(B2)  (mod 7)
proving that X\ is well-defined.

Remark 4.1. The french mathematician R. Thom showed that the 7-th oriented cobordism
group is trivial [Tho54, Théoréme IV.13]. In other words, every closed, oriented 7-manifold
is the boundary of a compact, oriented 8-manifold. Thus, Milnor’s invariant is actually
defined for every closed, oriented manifold M for which the third and the fourth Betti

numbers are zero.
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Proposition 4.2. Let M and N be closed, oriented 7-manifolds for which Milnor’s
invariant is defined. If they are diffeomorphic, then
AMM) = £AN)  (mod?7),

according as the diffeomorphism preserves or reverses orientation. In particular, A\(—M) =
—A(M) (mod 7).

Proof. Let B be a compact, oriented 8-manifold with 0B = M. If M and N are orientation-
preserving (resp.orientation-reversing) diffeomorphic, then we may regard N as the
boundary of B (resp. —B). In particular, A(M) = A(N) (mod 7) (resp. A(M) = —A(N)
(mod 7)).

]

Corollary 4.3. Suppose M is a closed, oriented T-manifold with A\(M) #Z 0 (mod 7).

Then, there is no orientation reversing diffeomorphism of M onto itself.

Proof. Assume there exists ¢ : M — M an orientation-reversing diffeomorphism. Com-
posing it with ¢ := id : M — —M, we get an orientation preserving diffeomorphism
vop: M — —M. Thus,

AMM) = MN-M) = —AXM) (modT),
from what follows A(M) =0 (mod 7). This is a contradiction.

]

Example 4.4. The standard 7-sphere S” is a closed, oriented 7-manifold for which the
cohomology groups H3,(S7) and Hj,(S*) are trivial. Moreover, it bounds the unit disk
D8, which is a compact, oriented 8-manifold. Thus, we can consider A\(S7). By Examples
2.44 and 3.21, it follows that

AMST) = 2pap(D?) — 05(D¥) = 2x0 -0 = 0 (mod?7) .

We can generalize the computations in the preceding example in the following way.
Let B be a compact, oriented 8-manifold with non-empty boundary. Assume further that
H3,(0B) and Hj,(0B) are trivial. Thus, we can consider A\(0B). If Hjz(B) = {0}, the

relative long exact sequence implies that we also have Hj,(B,0B) = {0}. In particular,
o9(B) = 0 and pao(B) = 0,

Therefore,
ANOB) = 2pyo(B) — 09(B) = 0 (mod7) .

This proves part of the following result.
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Proposition 4.5. Let S be a compact, oriented T-manifold such that H3x(S) = Hiz(S) =
{0} and suppose it bounds a compact, oriented 8-manifold B. If A(S) #Z 0 (mod 7), then

the fourth Betti number of B is non-zero. In particular, S can not be diffeomorphic to S”.

Proof. Suppose the fourth Betti number is zero, i.e., Hiz(B) = {0}. Then,
AS) = A0B) = 0 (mod?7),

by the preceding discussion. This is a contradiction, since we have assumed A(S) # 0
(mod 7).

Finally, if the oriented manifold S were diffeomorphic to S7, then we would have
AMS) = £AS) = 0 (mod7).
This is a contradiction, for A(S) # 0 (mod 7), by hypothesis.
]

Example 4.6. For each odd integer k, let S} be the boundary of D§ with the induced

orientation. Then, Proposition 3.23 gives
poo(D}) = 4k and oa(DY) = 1,
from what we get
AMST) = 8k -1 = K> — 1  (mod7).

Remark 4.7. In particular, for ¥ an odd integer with k? # 1 (mod 7), the manifold S}

does not admit an orientation reversing diffeomorphism onto itself.

The oriented 7-manifold S} is homeomorphic to S7. When A(Sf) # 0 (mod 7),
they can not be diffeomorphic and, in this case, Sy is an exotic 7-sphere. Besides, if
A(ST) #£ A(ST) (mod T7), there is no orientation preserving diffeomorphism between S}
and S7. In particular, if both values are non-zero, we have non-equivalent oriented exotic
spheres. Indeed, recall that we consider oriented exotic spheres equivalent if, and only if,

there is an orientation preserving diffeomorphism between them. Therefore, since
#{A(S]) | kis an odd integer } = #{6,0,3,1},
we get the following result.

Theorem 4.8. There are at least three distinct equivalence classes of oriented exotic

T-spheres. In particular, exotic 7-spheres exist.
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Remark 4.9. From the 27 distinct equivalence classes of oriented exotic 7-spheres, precisely

15! are represented by total spaces of S3-bundles over S* (see [EK62]). With Milnor’s
invariant, we were able distinguish between 3 classes in the last collection.

4.2 Shimada's invariant

To simplify notation, for any closed, oriented 16-manifold N, we write
Q(N) =

= T1p1010(N) + 19po200(N) — 22p2100(N) + 3pa000(N)

Now, if N is a compact, oriented 16-manifold with non-empty boundary, we write
q(N)

= T1p1,010,(N) + 19p0200(N) — 22p21,00(N) + 3pa000(N) ,

whenever all the relative Pontryagin numbers figuring in the sum above are defined for N
Let M be a closed, oriented 15-manifold such that
Hgp(M) = {0}

(k = 3,4,7,8,11,12) .

Assume further that M bounds a compact, oriented 16-manifold B. Then, by the relative

long exact sequence, the weighted partitions
(1,0,1,0), (0,2,0,0), (2,1,0,0) and (4,0,0,0)

of 16 are compatible with B and we can consider g(B). We define Shimada’s invariant by

(M) q(B) + 14175 04(B)

(oW
o]
—n

q(B) + T7804(B)

(mod 381) .
We claim that 6 is well-defined. Indeed, let B; (i = 1,2) be compact, oriented 8-manifolds
whose boundaries are M. By Hirzebruch’s Signature Theorem,

O'(BloBg) = —0

14175

(381 p0’0’071(81 <o BQ) — Q(Bl & Bg)) s
from what follows that

14175 O'(Bl < BQ) + Q(Bl < BQ)

381 pO,O,O,l(Bl < BQ) = 0
From Corollary 2.48 and Corollary 3.20, we see that

(mod 381) . (4.2)

1

O'(Bl <& Bg)

= Ua(Bl) — (Ta(Bg)
In [EK62], the reader will actually find out that 16 equivalence classes in ©7 can be represented by

total spaces of S3-bundles over S*. However, one of these classes is the class of the oriented standard
7-sphere. Indeed, S7 is diffeomorphic to S, as pointed out in [Mil56].
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and
Q(BloB2) = Q(B1) - C](Bz) )

respectively. Therefore, substituting these values in equation (4.2) and rearranging the

terms, we conclude that
q(B1) + 1417505(B)) = q(By) + 1417505(B,)  (mod 381) ,
proving that 6 is well-defined.
Example 4.10. The standard 15-sphere S'° is a closed, oriented 7-manifold for which
HEL(SY) = {0} (k=3,4,7,811,12) .

Moreover, it bounds the unit disk D¢, which is a compact, oriented 8-manifold. Thus, we
can consider §(S'®). By Examples 2.44 and 3.21, it follows that

B(S®) = (D) + 780p(D®) = 0+ 78x0 = 0 (mod 381) .

The following proposition collects the algebraic rules involving Shimada’s invariant.
Note that they are similar to the ones satisfied by Milnor’s invariant. Since the proofs of
such properties are, mutatis mutandis, the same as for Milnor’s invariant, we omit the

demonstration.

Proposition 4.11. The following hold.

1. Let M and N be closed, oriented 15-manifolds for which Shimada’s invariant is
defined. If they are diffeomorphic, then

O(M) = +0(N) (mod 381) ,

according as the diffeomorphism preserves or reverses orientation. In particular,

0(—M) = —0(M) (mod 381).
2. Let M be a closed, oriented 15-manifold for which

Assume further that M bounds a compact, oriented 16-manifold B. If (M) # 0
(mod 381), then the Betti numbers By, Bs and (12 of B are non-zero. In particular,
M can not be diffeomorphic to S'°.

3. Let M be a closed, oriented 15-manifold for which (M) is defined. If (M) # O

(mod 381), then M has no orientation reversing diffeomorphism onto itself.
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Example 4.12. For each odd integer k, let S}° be the boundary of D;® with the induced

orientation. Then, Proposition 3.23 gives

q(D}) = 19 x 36k* and oa(D}) = 1,
from what we get

0(SP®) = 303k + 78 = 78(1 — k*)  (mod 381) .

Remark 4.13. In particular, for k an odd integer with 6(S}%) # 0 (mod 381), the manifold

S} has no orientation reversing diffeomorphism onto itself.

The oriented 15-manifold S{° is homeomorphic to S'*. When 6(S}°) # 0 (mod 381),
they can not be diffeomorphic, so Si° is an oriented exotic 15-sphere. Moreover, if 6(S}) #
0(S7) (mod 381), there is no orientation preserving diffeomorphism between S}° and S}'°.
In particular, if both values are non-zero, we have non-equivalent oriented exotic spheres.
Therefore, since

#{0(S®) | kis an odd integer } = 64,

we get the following result.

Theorem 4.14. There are at least 63 distinct equivalence classes of oriented exotic

15-spheres. In particular, exotic 15-spheres exist.

Remark 4.15. From the 16255 distinct equivalence classes of oriented exotic 15-spheres,
precisely 4095 are represented by total spaces of S™-bundles over S® (see [EK62]). With

Shimadas’s invariant, we were able to distinguish between 63 classes of the last kind.

2 In [EK62], the reader will actually find out that 4096 equivalence classes in ©15 can be represented by

total spaces of S”-bundles over S®. However, one of these classes is the class of the oriented standard
15-sphere. Indeed, S'8 is diffeomorphic to S;°, as pointed out in [Shi57]
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