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Resumo

Gaussian Processes and Multi- Fidelity

Ivani Ivanova Ivanova

Resumo da dissertacao de Mestrado apresentada ao Programa de Pés-graduacgdo em Matematica,
Instituto de Mateméatica da Universidade Federal do Rio de Janeiro (UFRJ), como parte dos
requisitos necessarios & obtencdo do titulo de Mestre em Matematica.

Resumo: Varios fenomenos de interesse, originados na fisica, engenharia, biologia,
meteorologia, financas e muitas outras areas importantes, podem ser explicados por
uma grande quantidade de modelos matematicos. Tais modelos podem ter diferentes
ordens de acuricia quando usados para descrever o fené6meno analisado, assim como
as muitas simulacdes que podem ser realizadas baseadas em cada um deles. Nao é
incomum que simulacoes computacionais precisas sejam bastante custosas, tornando,
desse modo, inviadvel obter observagoes de resposta suficientes. Em tais casos, se
modelos mais baratos do mesmo fenémeno estiverem disponiveis, suas respostas,
assim como as observacoes de alta fidelidade, podem ser usadas para uma melhor
predicao e estimativa do fenémeno estudado. Isto é precisamente o objetivo de
modelos de multi-fidelidade: integrar informagao de alta e baixa fidelidade.

Nesta dissertacdo, estudamos uma abordagem Bayesiana para o design de multi-
fidelidade, em que os outputs de cada nivel de fidelidade sdao modelados por um
processo Gaussiano e tais niveis sao combinados de uma maneira auto-regressiva.
Além disso, exploramos desenvolvimentos recentes nessa técnica que proporcionam
custos computacionais mais baixos para predicao e validacdo cruzada.

Palavras—chave. Inferéncia Bayesiana, Processos gaussianos, Modelagem de multi-fidelidade.

Rio de Janeiro
Outubro de 2019
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Abstract

Gaussian Processes and Multi- Fidelity

Ivani Ivanova Ivanova

Abstract da dissertacdo de Mestrado apresentada ao Programa de Pos-graduagao em Matematica,
Instituto de Mateméatica da Universidade Federal do Rio de Janeiro (UFRJ), como parte dos
requisitos necessarios & obtencao do titulo de Mestre em Matematica.

Abstract: Many phenomena of interest, originated in physics, engineering, biology,
meteorology, finance, and many other important fields, can be explained by a large
number of mathematical models. These models can have different order of accuracy
when they are used to describe the targeted phenomenon, and so do the many
different computer simulations one can perform based on each one of them. It is
not uncommon for precise computer simulations to be very expensive, thus making
obtaining enough response observations not viable. In such cases, if cheaper models of
the same phenomenon are available, their responses, in addition to the high-fidelity
observations, can be used for better prediction and estimation of the underlying
phenomenon. This is precisely the objective of multi-fidelity models, to integrate
high and low-fidelity information. In this dissertation, we study a Bayesian approach
to multi-fidelity design, where the output of each level of fidelity is modeled by a
Gaussian process and the fidelity levels are combined in an autoregressive manner.
Furthermore, we explore recent developments of this technique that provide lower
computational cost for prediction and cross-validation procedures.

Keywords. Bayesian inference, Gaussian processes, Multi-fidelity modeling.

Rio de Janeiro
October 2019
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Chapter 1

Introduction

1.1 Once upon a time, in a golden land...

Danie Gerhardus Krige (1919-2013) was a South African statistician and mining engineer
who studied exploitation data of several orebodies, particularly gold ores. Specifying
accurately the tonnage and grade of ores in a mine is of extreme importance to carry out
appropriate selective mining when using these estimates. This means that for stoping
(the removal of the desired ore from an underground mine), only parcels of ore which
contain a sufficient amount of gold to cover the costs of extraction are selected and parcels
with insufficient amount of gold are left intact. Krige observed in [Krige 51| that the
method used when trying to estimate the gold content of a block of ore was simply to
take the mean of the limited available observations on its boundary and sought ways to
determine the reliability and improve the accuracy of the estimate, see [Krige ’51] and
[Chilés & Desassis "18§].

D. G. Krige’s contributions to ore grade estimation inspired the French mathematician
and civil engineer of mines Georges Matheron (1930-2000) in his development of a linear
unbiased predictor, a technique which he named kriging after Krige in [Matheron "63].
Matheron was also interested in inferring the grade of a panel using a weighted average
of available samples.

In the context of Matheron’s work, we suppose that the spatial data Z(x),..., Z(z,)
are observations of a process Z(r) with z € X C R? with d = 2 or 3 at the locations
x1,...,T,. Furthermore, we write the expression of this process as a sum of a known
mean m(z) and a deviation factor §(x):

Z(z) = m(x) + ().
The deviation §(x) is a zero-mean stochastic process with known covariance function
k(z,2") = Cov{d(z),d(2")} = Cov{Z(x), Z(2")}, x,2' € X.

This covariance function is not known a priori and must be defined or estimated using
the available data and their variability.



CHAPTER 1. INTRODUCTION 4

Matheron proposed the simple kriging predictor in this setting when looking for an
unbiased predictor at a location xo that is a linear combination of the available samples:

i LZ(x;) + c,
i=1

with [; for ¢ = 1,...n and ¢ unknown constants. The predictor is chosen by minimizing
the mean-squared prediction error

E| (200 - (;";zizm) ¥ k)”

Thus, the minimum is obtained when
" =k"K™" and ¢ =m(z¢) — "'m(X),

with I = (..., 1), k = (k(zo,71), ..., k(xo,z0))", Kij = k(x;,x;) and m(X) =
(m(x1),...,m(z,))". Matheron’s best linear unbiased predictor is then

psk (o) = m(wo) + k'K~ (Z(X) — m(X)),

with Z(X) = (Z(x1),...,Z(x,))", and this predictor has a mean-squared prediction error
given by
E[(Z(x0) — psi(w0))?] = k(zo, 70) — kT K k.

Other forms of kriging on which Matheron worked are known as ordinary kriging and
univeral kriging, cases when the mean function m(z) is not assumed as known, and they
yield other optimal predictors linear in the data, but with larger prediction errors than
simple kriging, see [Cressie "93|. For these methods, predictive expressions with simple
dependences on the variogram, defined as

2y(z,2") = Var[Z(x) — Z(2')] = B[((Z(z) — m(z)) — (Z(2') — m(z"))’],

for a stochastic process Z(x) with mean function m(z), at the locations = and ', are
found, and a sample variogram could be used when determining the covariance structure
[Cressie "90).

Outside of the spatial context of kriging, similar approaches were proposed before
the work of Matheron. But, for an equivalent situation, using spatial data, we only
know that Russian meteorologist Lev Semenovich Gandin proposed a similar approach
in the field of meteorology. In his 1965 book “Objective Analysis of Meteorological
Fields”, concerned with both theory and application, Gandin presents analyses of spatial
prediction and design. There, simple kriging is called optimal interpolation and ordinary
kriging is called optimal interpolation with normalization of weighting factors [Cressie "90],
[Chilés & Desassis '18].
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1.2 It’s all about that Gauss(ian)

The previously presented method, kriging, is concerned with estimating one part of a
random process using information about other parts. Kriging is widely used for spatial
data in geostatistics; however, a predictive procedure need not be restricted to these
cases. In a more general case, a predictor p(zo) for Z(z() is one that minimized an
error characterized by a loss function L£(a,b). Then, the optimal predictor is given by
minimizing the expected value of the loss when estimating Z(z¢) using p(xo):

E[L(Z (o), p(x0))]-

The previous expression does not include the information of the available observations
Z(xy1),...,Z(xy,). This is done by conditioning the loss function on the data:

E[L(Z(x0), p(20))|Z(X)].
When the squared error loss is used for L(a,b), we have
E[(Z(z0) — p(0))?|Z(21), .. ., Z(2n)].

By minimizing this expected error, the resulting best predictor is given by
p(wo) = E[Z(x0)| Z(X)].

So why is this all about Gaussian processes???

The conditional distribution Z(z¢)|Z(xy),...Z(x,) is needed to determine the
predictor p(xg), however, the estimation of this distribution may not be available unless
some simplifying model assumptions are made. The most simple of these assumptions is
that Z(z) is a Gaussian random process (this means that the joint distribution of Z(z) at a
finite number of locations is a multivariate Gaussian distribution, a precise definition will
be given in Section 2.1). In this case, when assuming Gaussian data, E[Z(z¢)|Z(X)] has a
closed form expression and the predictor p(xg) is exactly the best linear unbiased predictor
psk (o) given by the simple kriging procedure. Also, both have the same predictive error
[Cressie "93|. Indeed... kriging and Gaussian processes are equivalent techniques.

And why the name “Gaussian Processes”? In his work “Theoria motus
corporum coelestium in sectionibus conicis solem ambientium”, German physicist and
mathematician Karl Friedrich Gauss (1777-1855) introduced several novel mathematical
objects, such as least squares, maximum likelihood and the famous normal (Gaussian)

distribution
1 _(a=p)?

e 202
V2mo?

Gaussian processes take their name from Gauss simply because their construction is
entirely based on the Gaussian distribution.

Other famous researchers who contributed to the theory of Gaussian processes
were Soviet mathematician Andrey Nikolaevich Kolmogorov (1903-1987), and American
mathematician and philosopher Norbert Wiener (1894-1964). In his work on turbulence
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developed in the 40’s, Kolmogorov also assumed the existence of the variogram, but
considered an equally spaced timeseries with known mean. He was interested in the limits
of mean-squared prediction errors for interpolation and extrapolation of data. During
World War II, Wiener obtained similar equations to Kolmogorov’s in a spatial setting.
When he was studying the prediction of enemy aircraft movements from known radar
measurements. Their approach was not well adaptable for the sparse and irregular spatial
data found in the geological context [Chilés & Desassis "18|, [Rasmussen & Williams *05].

More recently, the modern Gaussian process theory was developed in [O’Hagan '78§],
where O’Hagan presents Gaussian process prediction in a general Bayesian regression
setting and uses this theory in a number of illustrative examples.

And why modern Gaussian process theory?

The need to obtain accurate predictions using known observations is a common topic
throughout science. When we have noisy data of the form

y=f(z) +e

and the function f(z) must be specified, a regression procedure is usually performed.
Classical regression models, such as linear regression, are not flexible enough when dealing
with generic functions f(x) and may lead to overfitting if a large number of basis functions
are used in order to accommodate many possible latent functions.

A more flexible tool to tackle this kind of problem is precisely Gaussian processes (GP),
which can be seen as a kind of nonparametric regression. This regression technique can be
understood as carrying out Bayesian inference on the function space by placing a prior over
the functions and incorporating the information of observations through Bayes theorem
to obtain a posterior over all possible functions. The flexibility of the GP is achieved
through the covariance function k(z,z’), which is used to translate the variability of the
data throughout space and encodes other not so explicit features of the possible latent
functions, such as smoothness and length-scale.

This adaptability of GP explains its expanding use in the many areas of science.
Particularly in engineering, (Gaussian processes are used for interpolation of data that
are responses of expensive computational experiments. In this situation, a few response
observations are obtained and a surrogate model such as a Gaussian process is employed to
interpolate and predict the outcome of the computational experiment at unknown design
points.

1.3 Gotta stack ’em all!

Many phenomena of interest, originating in physics, engineering, biology, meteorology,
finance, and many other important fields, can be explained by a large number of
mathematical models. These models can have different levels of accuracy when compared
to the phenomenon, and so do the many different computer simulations one can do
based on each one of them. As an example, take differential equations and versions
with linearizations and/or approximations, their finite element simulation on a refined or
coarser grid. Unfortunately, in many cases, obtaining a large amount of responses of more
precise simulations of a complex model is computationally expensive, and only a small
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quantity of outputs can be acquired in a reasonable amount of time. This makes describing
the underlying modeled phenomenon difficult. Methods for interpolation, regression and
prediction that work with the available simulation results of the computer codes may be
used to infer the desired quantities in input regions where there is no response data, but
this creates large errors in areas of no information and can lead to misleading conclusions,
especially when in high-dimensional input spaces.

Then... what can be done?

If cheaper computational models are available, we can use the data they provide
to aid us in estimating the desired quantities or to profile the phenomenon. In other
words, we can integrate the information of a large number of computationally cheap
data that captures a few important features, even if less precise, and a small number
of computationally expensive and accurate data to achieve better estimates than only
using the “good” data. This integration of various levels of accuracy is the idea behind
multi-fidelity modeling. A great number of multi-fidelity models are available, see
|[Fernandez-Godino et al. "16], and we will examine a particular class of models that uses
(Gaussian processes as a tool for prediction.

Kennedy and O’Hagan propose an autoregressive multi-fidelity model in
[Kennedy & O’Hagan '98| for combining the information of data obtained from
deterministic computational codes. In their work, the fidelity levels are sorted by
increasing level of fidelity (accuracy) and a Gaussian process prior is used for each one
of them. Even though it is a powerful model, difficulties arise when working with a large
number of data points, which is exactly what is desired as it means more information.
Since Gaussian process prediction requires the inversion of a matrix that has a number
of lines and columns equal to the number of data points, this process quickly becomes
expensive. In fact, in this original model the dimension of the matrix that needs to be
inverted is the sum of the number of observations of all levels of fidelity. As we wish
to work with a large number of low-fidelity data and several evaluations of the model
for selection of parameters and further elements, this can easily become an intractable
problem.

The more recent work of Le Gratiet |Le Gratiet & Garnier '14], |Le Gratiet "13],
[MuFiCokriging| explores a simple idea that reduces the computational cost by rewriting
the model of Kennedy and O’Hagan in a smart way that allows to break down the problem
of inverting the big matrix into several smaller inversion problems. Both models, in
fact, offer the same predictive distributions, which shows the importance of the model
improvements made by Le Gratiet. Furthermore, this work provides formulas for a fast
cross-validation procedure that does not require several model fittings when performing
model selection.



Chapter 2

(Gaussian Process Regression

2.1 Basics

We begin with the definition of the main object that will permeate the next few chapters
and that is the fundamental tool in multi-fidelity modeling via Gaussian Processes.

Definition 2.1. A Gaussian process is a collection of random variables, any finite number
of which have a joint GGaussian distribution.

A Gaussian process is completely specified by its mean function and covariance
function, see [Rasmussen & Williams '05] and [Adler '09]. We define the mean function
m(x) and the covariance function k(z, ") of a real process Z(x) as

m(z) = E[Z ()],
b(r,a") = BI(Z(x) ~ m(@) (Z() ~ m(z))] 2y
and denote the Gaussian process Z(x) as
Z(x) ~ GP(m(z), k(z,2")). (2.2)

In this case, the mentioned random variables represent values of the function Z(z) at
a location z, with the Gaussian process being defined, for example, over time or space.
In this dissertation, we will use Gaussian processes for x € X C R”.

Usually, for simplicity, the mean function is taken to be zero, since it is usually
unknown and would require a parametrization and subsequent estimation of a larger
set of heyperparameters.

The covariance function may take many forms, as will be disscussed later, but for a
first example, consider the squared exponential covariance function, given by

||z — 2'||?
ksg(z,z') = exp{ — T oE (-

where [ is a length-scale parameter. This basic covariance function, the most widely used,
is based on the Gaussian function of Figure [2.1]
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0.2
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Figure 2.1: The Gaussian function.

2.2 Prediction

For training the model, we have a training data set D with n observations of a latent
function z(z), D = {(x;, 2;) }i=1.. n, where z; € RP denotes an input vector of dimension
D and z; € R the associated scalar output called target. The n inputs are aggregated
in a n x D matrix X, and the outputs in a n-dimensional vector y. We want to make
inference about the output value for any given input. For this, first we will obtain the
necessary expressions for the zero-mean case, with which it is simple to generalize for an
arbitrary m(zx).

2.2.1 Noise-free observations
For the noise-free case, our observations are of the form
z = 2(z),
as in Figure We model the latent function as a Gaussian process Z(z),
Z(x) ~ GP(0, k(x, ")), (2.3)

such that the output z; = z(x;) stands for a realization of the the random process at the
location x;.

Let our observations (training data) be {(x;,z)}iz1,.» with 2; € R” and y; € R
for i = 1,...,n, and the test inputs, for which we wish to make inference, {x.;}i—1  n.
with z,;, € R? for i = 1,...,n,. We aggregate the training inputs and test inputs as
rows of matrices X and X,, respectively, and aggregating in the same way, we have
Z(X) = (Z(x1),...,Z(z,))T € R" and Z(X.) = (Z(241),.-., Z(2:))T € R™. Let
K (X, X,) be the n x n, covariance matrix of the process evaluated at all pairs of points
in the training and test sets,

K(X, X*)” = k’([[‘“ l'*j),
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and consider the equivalent expressions for the matrices K(X,, X), K(X,X) and
K (X, X.). Then, the joint distribution of the training and test outputs, according to the
specified Gaussian process prior (2.3)) is

Z6) (][R, Kaex)]) o

When observing Z(X) = y, we can condition the joint Gaussian distribution on the
observations using (A.2)) to obtain

Z(X)| X,y ~ N (2., Cov[2.]),

with

and
Cov]z] = K(X,, X,) - K(X,, X)K(X, X)'K(X, X.). (2.6)

Notice that, since K (X, X) represents a covariance matrix, it is positive semi-definite
and, therefore, K(z,, X)K (X, X) 'K(X,z,) > 0 for every z,, which implies that, when
we condition on observed values, the predictive variance at any possible input z, decreases
when compared to the prior covariance K(z.,x.) = k(x.,z.). Also, on points used for
training, Cov|z,] = 0, since we assumed that the exact value of the function is obtained in
the observations. Compare the prior and posterior distribution for the data of Figure
displayed in Figures[2.3]and [2.4] The decrease in variance on any input can be observed in
Figure , where the hyperparameters are not optimized and have the same value as in
the prior model. In Figure (2.4b)), the parameters are optimized via maximum likelihood,
this will be clarified in Section R.7.11

2.2.2 Noisy observations

In more realistic situations, we do not have access to the values of the desired function,
but to noisy versions of them,
y==z(z)+e,

where ¢ denotes an additive independent and identically distributed Gaussian random
variable with mean 0 and variance o2, see Figure .
In this case, we have

COV{yi,yj} = k(.ﬁEi,l'j) + O'Z(Sij —— COV[y] = K(X,X) + O’TQL[,

where §;; denotes the Kronecker delta. The joint distribution of y and Z(.X,) then becomes

o) ([ [R5 R en

with the noise only affecting the diagonal of the covariance submatrix relative to the
observations X only, since, for X,, we wish to make inference on the latent function itself
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Figure 2.3: Prior samples of a GP modeled by a squared exponential kernel kgp(z,z’)
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_ 2
o? exp{—%} with hyperparameters 02 = 1 and [ = 1. 95% confidence intervals are shown.
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(b) Optimized hyperparameters ¢ = 0.897 and I = 0.626.

Figure 2.4: Posterior samples of a GP with squared exponential kernel kgp(x,z’) =

2 .
o? exp{—%}. 95% confidence intervals are shown.
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and not on it’s noisy version. This, as in the noiseless case, gives rise to the predictive

distribution

with

and

(Z(X)IX,y) ~ N (2, Cov]z]),

z, = K(X,, X)[K(X, X) 4+ o211y,

Covlz] = K(X., X)) — K(X., X)[K(X, X) + 2] 'K(X, X,).

As in the previous case, we know that [K (X, X) + o21] is positive definite, thus, we
also have a decrease in the variance when conditioning the Gaussian process on a set of
observations. It is interesting to remark that the predictive covariance Cov|z,] does not
depend on the observed values, but only on the variances associated to training and test

locations.

2.0

v

N 0.0

—0.5 1

real function

noisy observation

-2.0

4 5 6 7 8
input z

Figure 2.5: The latent function and noisy observations obtained using o2 = 0.49.

2.2.3 Non-zero mean

For an arbitrary mean function m(z), we can obtain the predictive mean and variance
of Z(x) ~ GP(m(z),k(x,2")) simply by noting that Z(z) — m(x) ~ GP(0,k(z,z")).
Therefore, if K, denotes the covariance matrix at the location of the observations, being
equal to K (X, X) or K(X, X) + 021 for the noiseless and noisy case, respectively, then
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Figure 2.6: Posterior GP of the noisy observations modeled by the kernel 0?kgp(z, ') +026(z, 2')
with optimized hyperparameters o2 = 0.805, [ = 0.416 and 02 = 0.272.

Z(XI)IX,y ~ N(Z, Covlz]),

with
while the predictive covariance remains equal

Cov|z] = K(X,, X,) — K(X*,X)Ky’lK(X, X.). (2.9)
Here, we use m(X) = (m(xy),...,m(x,)) and m(X,) = (m(x.1),...,m(x.m,))"

While incorporating a mean function may be useful for interpretability of the model
and integration of prior knowledge, setting it to zero does not restrict the model too
much, since the posterior is not confined to be zero too. Specifying the mean may be a
difficult task, however. A more practical approach is to perform regression, expressing
the mean of the Gaussian process as a combination of fixed basis functions. For this, we
let h(z) = (hi(x), ..., hy(x))" be p fixed basis functions, for example, polynomials up to
order p—1, (1,2, 22, ..., 21T and B € RP a parameter vector, which must inferred from
the data. The new model consists of assuming that the observations y are realizations of
a process W (x), and

W(z) = Z(z) + h' (z)8,

with Z(z) ~ GP(0,k(z,2")) in a noiseless or noisy case.
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It is common to put an independent Gaussian prior on the parameters 3, such that
S ~ N (b, B). In this case, the prior distribution at any input point x is given by

W(z) ~ GP(h" (z)B, k(z,2") + h" () Bh(z")).
Hence, using equations and (2.9)), the predictive distribution W(X,)|X, W(X) =
y at the test inputs X, is given by N (w,, Cov[w,]) with
w, = H'b+ (K + H'BH)(K, + H'BH) '(y — H"b),
and
Cov[w,] = K(X.,X,) + H'BH, — (K + H'BH)" (K, + H' BH) (K, + H' BH,),

where H and H, are the matrices that collect the vectors h(z) in their rows at the
training and test locations, respectively. That is, the ¢ row of H is equal to the vector
h(z;) = (hi(;), ... hy(x;)), and similarly for H,. Moreover, for simplicity we will denote
K. = K(X,X.) = K(X.,X)T. After rearranging the terms [see section (A.5)], the

predictive mean and covariance can be rewritten as
@ = H' B+ KTK; \(y — H'B) = 2, + R"3, (2.10)
Covlw,] = Covlz| + R"(B™' + HK,'H") 'R, (2.11)

with 5 = (B™' + HK,'H")""(HK 'y + B~'b) and R = H, — HK'K,. We can, now,
interpret the predictive mean as the mean linear output HT B plus the prediction of the
(Gaussian process for the residuals K*TKy_l(y — H"B3) and the covariance as the sum of the
usual covariance and a term R (B~'4+ HK 'H")"'R with non-negative diagonal entries
(uncertainty is added in the predictions when we include uncertainty on f3).

2.2.4 Marginal likelihood

The marginal likelihood p(y|X) is obtained when we integrate the latent function at the
training locations Z(X) from the likelihood p(y|X, Z(X)) = p(y|Z(X)), obtaining just
the probability of the outputs given the inputs. This will be important when performing
model selection in Section 2.7 Observe that

p(y]X) = / p(y|X, Z(X)p(Z(X)|X)dZ(X).

For the noisy zero mean case, we know that y|Z(X) ~ N (Z(X),02I) and Z(X)|X ~
N(0, K), with K = K(X,X). Since we have a product of two Gaussian functions, using
equation ({A.3)), we easily obtain

Y| X ~ N(0, K + o21). (2.12)

For the non-zero mean case, we have that y|X,b,B ~ N(H"b,K,+ H"BH). We
may integrate out b and B if a prior is available or use b = 0 and the limit B~! — O (a
matrix of zeros) if the prior is vague, see [Rasmussen & Williams *05)].
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2.3 General properties of Gaussian Processes

Definition 2.2. A stochastic process Z(x) is said to be strictly stationary if its finite
dimensional distributions are invariant under translations in the location x. That means
that, for any set of points 7, z1,...,z, € RP, the joint distribution of Z(zy),..., Z(x,)
should be the same as the joint distribution of Z(xy 4+ 7),..., Z(x, + 7). For this type of
process, it is evident that the mean function must be constant.

A less restrictive condition than strict stationarity, when dealing with random
processes, is to impose the mean E[Z(z)] to be a constant m and that the covariance
function E[(Z(z) — m)(Z(x') — m)] to be a function of r = z — 2’ only. These processes
are known as second order, wide-sense (WSS), or weakly stationary. Evidently, strict
stationarity implies weak stationarity, though the reverse need not be true. For a Gaussian
process, however, the wide-sense stationarity conditions for the mean and covariance are
necessary and sufficient for it to be strictly stationary. This follows from the fact that a
Gaussian distribution is fully characterized by its first and second moments. If, moreover,
the covariance function is a function of x —a’ only through the Euclidean distance ||z —2'|],
the process is said to be isotropic. The concept of isotropy arises when there is no special
meaning attached to the axes being used.

For weakly stationary processes, there is a representation of the covariance funtion in
the Fourier transform space:

Theorem 2.3 (Bochner’s Theorem, Theorem 1 of [Stein "99]). A complex valued function
k(r) on RP is the autocovariance function for a weakly stationary mean square continuous
complez-valued random process on RP if and only if it can be represented as

k)= [ emduts),

where |1 s a positive finite measure.

If i has a density S(s), then

k(r):/ ™57 S (s)ds,
RD

and S(s) is known as the spectral density (or power spectrum) of k(r). The criterion to
guarantee that the spectral density exists is to verify if k(r) is an absolutely integrable
function in RP”. If, additionally, the covariance is isotropic and the spectral density exists,
then S(s) is a function of ||s|| only. Refer to [Gihman & Skorohod 74| for the proof of
Bochner’s Theorem and further details.

If both k(r) and S(s) satisfy the conditions for the Fourier inversion to be valid, then
by the Wiener-Khinchin theorem k(r) and S(s) are duals of each other and

S(s) = / k(r)e 27 dr.

It is immediate that the power spectrum must be integrable, since [ S(s)ds = k(0).
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2.4 Continuity and differentiability

In many situations, when modeling a physical phenomenon, we may want the underlying
stochastic process to be continuous, differentiable, or even smooth in time or space, for
example. This required continuity or differentiability in a given sense translates the
necessary physical realism. In some cases, we can relate the autocovariance function
to these properties of the stochastic process.

Continuity and differentiability of a function f(z), for x € R”, at a point z* can be
stated in terms of the convergence of sequences of the form { f(z,)}, when ||z, —2*|| = 0
as n — oo. For stochastic processes, there are many forms of convergence. We will
consider mean square (m.s.) and almost sure (a.s.) convergence and state properties that
imply continuity and differentiability of a Gaussian process.

Theorem 2.4 (Theorem 2.2.1 of [Adler ’09]). A random processes Z(x) is continuous in
mean square at the point x* € RP if and only if its covariance function

k(z,2') = E[(Z(x) = B[Z(2)])(Z(2") — E[Z(2")])]

is continuous at the point x = =’ = x*. Also, if k(z,2") is continuous at every diagonal
point © = 2, then the process is everywhere continuous in mean square.

For a stationary process, this reduces to checking if k() is continuous at r = 0. We
stress that continuity in mean square does not imply sample path continuity, which is
defined in the following.

Definition 2.5. Let z(z) be an R™-valued function that is a realization of the random
process Z(z) for x € R™. Then, the set in R"*™ determined by the points {(z, z(x)),z €
R™} is called a sample function, or sample path of the process Z(z).

Theorem 2.6 (Theorem 2.2.2 of [Adler "09]). If the derivative 0*k(x,x")/0x;0x, exists
and is finite at the point (x*,x*) € R2P, then, if e; denotes the i-th canonical basis vector,

the limit 97 (2" Z(s 4 B 2
() 2+ he) = Z()

8%2' h—0 h

ezists, and 0Z(x*)/0x; is called the mean square derivative of Z(x) at the point x*. If this
exists for every x € RP, then Z(z) is said to posses a m.s. derivative. The covariance
function of Z;(x) is then given by
O?k(x,x)
Similarly, the second order derivatives of Z(x), 8°Z(x)/0x;0x;, for 1 < 4,5 < D, are
defined as

0?Z(z) . Z(x+he;+lej) — Z(x + he;) — Z(x + lej) + Z(x)

= 111m
dx;0x;  hi=0 hl ’
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and are Gaussian Processes whose covariance function is the fourth order derivative of
k(x,z")
Ok(x, 1)

For a stationary process with covariance function k(z, 2’), we can write k(x, z’) = k(r),
where r = x — 2/, and the m.s. continuity and differentiability properties of the process
are determined by the smoothness of k(r) at the point » = 0. In this case, if the 2m-th
order partial derivative of k(r), 0*™k(r)/0%r;, ...0%r; , exists and is finite at r = 0, then
the m-th order partial derivative of Z(z), 0™Z(x)/0x;, ...0x;,,, exists for every x as a
mean square limit.

A stronger definition of continuity is given by means of almost sure convergence.

Definition 2.7. A stochastic process Z(z) is said to be almost surely continuous at z*
if for every sequence {x,},—1 . for which ||z, — z*|| = 0 as n — oo, and is denoted by
Z(x,) =% Z(x*). We say that Z(x) is almost surely continuous throughout a set A C RP
if it is almost surely continuous at each point x € A. This type of continuity is referred
as sample path continuity.

In particular, for Gaussian Processes, a.s. continuity is, again, a consequence of a
certain condition on the covariance function, as we see in the following.

Theorem 2.8 (Theorem 3.4.1 of [Adler '09]). Let Z(z), with x € RP, be a real-valued,

zero-mean, Gaussian process with a continuous covariance function. Then, if for some
0<C < oo and somee >0,

\\2 C
B = 200 = Tiog e —mie:

for all x,x’ in the unit cube Iy, Z has, with probability one, continuous sample functions
over I.

If the Gaussian process Z(x) is stationary, this translates as requiring that

C
MO = Tiog(lhre

for some 0 < C' < oo and some ¢ > 0.

2.5 Length-scale

For a 1-dimensional Gaussian process, the length-scale of the process can be understood
in terms of the number of upcrossings at a certain level u as in [Adler *09].

Definition 2.9. Let f(z), with 2 € R, be a continuous function on an interval I = [a, b]
such that f(z) is not identically equal to w in any subinterval, and neither f(a) nor f(b)
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is equal to u. Then f is said to have an upcrossing of level u at the point z if there exists
an € > 0 such that f(z) <win (zg — &,2¢) and f(x) > win (xo, o + €).

The number of such points zy in I is called the number of upcrossings of u by f in [,
and it is denoted by N,,.

Theorem 2.10 (Theorem 4.1.1 of [Adler '09]). If N, is the number of upcrossings of the
level u by a zero-mean stationary almost surely continuous Gaussian process on [0, 1], then

E[N,] = % —’2"(—%'))&;){ - %«))} (2.13)

This theorem is valid regardless of the finiteness of £”(0). Thus, only if the Gaussian
process is mean square differentiable, there is a finite number of upcrossings in a given
finite interval (refer to Theorem [2.6)). For the squared exponential kernel in dimension
1, ksp(d) = exp{—d?/(21*)}, with d = ||z — 2'||, the expected number of upcrossing of
the corresponding 1-dimensional Gaussian process in the interval [0,1] is (27/)~!, which
confirms [ as a length-scale parameter, see Figure for an illustrative example of the
behavior of sample paths when different length-scales are fixed.

—
—

-~
o 4

0 1 2 3 4 5 6
input x

Figure 2.7: Sample functions of GP with squared exponential kernel kgg(d) = exp{—d?/(2(?)},
with d = ||z — 2'||, and different length-scales .
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2.6 Examples of covariance functions

In the study of integral operators, any integral transform of a function f can be written
as

/f Kz, ) dp(z),

where p denotes a measure and k(z,z’) is the kernel or nucleus of the transform, a
function mapping a pair of inputs x € y and 2’ € x into R. An arbitrary function will
not necessarily be a covariance function, since the Gram matrix K for a set {x;}i=1.»
with entries K;; = k(z;, z;) must be a valid covariance matrix for any number of arbitrary
input points. A valid covariance matrix K is symmetric and positive semidefinite, this
translates to a kernel that is symmetric, k(z, ') = k(2/, ), and positive semidefinite, that
is

/ F @)k, o) f(&)dpu()da(a) > 0,

for all functions f € L*(x, pt), which means that f : x — R is such that ||f|[r2¢,) =
( f |f(x)Pdu(z )1 < oo0.

We present a selection of the most relevant covariance functions used for inputs in
RP. For a broader discussion refer to [Rasmussen & Williams "05], [MacKay 98], and
[Duvenand ’14].

1. The squared exponential covariance function is the most widely used covariance
kernel in machine learning. It is given by the Gaussian function

/112
SE(J:7$) exp{ 2[2 )

and gives rise to an infinitely m.s. differentiable Gaussian process, given that it
is a stationary kernel with smooth covariance function at the origin. Furthermore,
the squared exponential is a function of d = ||z — 2’||, and has an analytic Fourier
transform, which is also a Gaussian function,

F(ksg)(s) = S(s) = (2m1?)P/? exp{—21%12s%}.

2. A class of more realistic isotropic covariance functions, that unlike the squared
exponential do not confer infinite derivatives to the GP, are the Matérn covariance
functions named after the Swedish forestry statistician Bertil Matérn (1917-2007).

They are given by
217V (\2vd\ " V2vd
k,(d) = =——) K,] — |,
=15 () = ()

with v,l > 0 and K, is the modified Bessel function of the second kind of order
v. The parameter v is a smoothness parameter which relates to k,(d) being
[v] — 1 times differentiable, while [ has a role of length-scale parameter. As seen
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in |[Rasmussen & Williams ’05], for v = p + 1/2, and p a non-negative integer, the
expression of the covariance simplifies to

\@d} T(p+1) i (p+1)! (@d)p—i‘

ku=pr1/2(d) = eXp{ I N RV R AN

For p =1 and p = 2, we obtain the most interesting cases, which are differentiable
but yet distinguishable from a smooth process. Their covariance functions are

ks a(d) = exp{ - @} (1 + @)

and

V/5d Vhd  5d?
k,j:5/2(d) = exXp { — T} (1 + T + ﬁ)

All covariance functions of the Matérn have analytic expressions for their respective
spectral densities and for v — oo they converge to the squared exponential kernel.
See [Stein "99] and |[Rasmussen & Williams ’05] for further details.

In Figure (2.8)), we have the functions for different value of the parameter v, and
Figures (2.9) and (2.10) exemplify the behavior of sample paths corresponding to
such kernels.

0.8

0.6 4

0.4

0.2

0.0

0.0 0.5 1.0 1.5 2.0 2.5 3.0

Figure 2.8: Matérn kernels for different values of v and [ =1
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Figure 2.9: Prior Matérn samples for different values of v and | = 1.

input x

Figure 2.10: Posterior samples for different values of v and optimized hyperparameter [.
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3. When the parameter v of the Matérn class is equal to 1/2, we have a rough
process which is known as the Ornstein-Uhlenbeck (OU) process with the exponential

covariance function J
kou(d) = eXP{ - 7}

4. A similar covariance kernel to the Ornstein-Uhlenbeck is given by the v-exponential
class with covariance function

By expld) = exp{ - (%)}

for 0 < v < 2, which is an alternative but less flexible class than the Matérn as
mentioned in [Stein "99|, since it is not m.s. differentiable except for v = 2. In
Figure (2.11]), we see the kernel for different values of the parameter .

1.0

0.8 1

0.6

0.4

0.2 1

0.0 1

T T T T T T T
0.0 0.5 1.0 1.5 2.0 2.5 3.0

Figure 2.11: ~-exponential kernels for different values of v and [ = 1.

5. The rational quadratic covariance function, with parameters o, ! > 0, is given by

2\
kro(d) = {1 .
ra(d) ( + 2al2)
A Gaussian process with this covariance kernel is m.s. differentiable for any value
of a, see [Rasmussen & Williams "05].

In Figure (2.12)), we observe the kernel for different values of the parameter «, and
Figures (2.13) and (2.14) exemplify the behavior of sample paths.
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Figure 2.12: Rational quadratic kernels for different values of « and [ =1
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Posterior samples with rational quadratic kernel different values of « and
hyperparameter [ optimized.

6. For non-stationary processes, a simple covariance function is given by using a general
covariance matrix ¥ to create a dot product kernel:

k(x,2') = of + 2722,

The special case ¥ = I, yields k(z,2') = 02 + 272’, while X = 0, yields the constant
covariance function k(z,z') = of.
k(z,z') = (02 + x73a’)P, for a positive integer p.

Another possible choice is the polynomial one,
u(z) =

7. Periodization may be obtained by mapping the inputs by a periodic function, as
(sin(x), cos(x)) for 1-dimensional inputs, and using this in a known kernel.
For the squared exponential, this gives us

9 i 2(x—x
k(x,x’)—exp{—w}.

This kind of approach is known as warping or embedding as in [MacKay "9§].
8. We may expect to have different length-scale behavior throughout the input space.
Simply replacing the length-scale parameter | with a function [(z) in the covariance

expression will not necessarily produce a positive semidefinite kernel. [Gibbs '97|
constructs a covariance kernel based on the squared exponential for which the

25
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characteristic length-scale is a function of the input points. This function is given

by

where each [4(x) is a positive function.

Finally, it is worth mentioning that there are straightforward ways to construct new
covariance functions from previously known ones. For this, if ki(z,2') and ko(z,2’)
are valid covariance functions, so is their sum kq(z,2") + ko(z,2’) and their product
ki(x, 2" )kay(z,x"). If k(z,2’) is a covariance function, a deterministic function a(z)
produces the covariance kernel a(z)k(x, z")a(x’). An extension of this is called the blurring
effect when performing a convolution with a fixed kernel h(w, w’), with which it is possible
to construct the covariance function [ h(x, 2)k(z, 2" )h(2',2")dzdz'.

2.7 Model selection

The families of covariance functions presented previously have free hyperparameters such
as length-scale which must be chosen in some way. While some hyperparameters may be
easily interpretable, this is not always the case. Nevertheless, efficiently selecting the best
values is extremely important in order to make accurate predictions. Furthermore, while
the context may give us some information about properties like stationarity, isotropicity
or periodicity, for example, our knowledge about the exact form of the covariance function
is vague. Therefore, we must compare different covariance functions, and values for their
respective hyperparameter in order to determine these elements of the modeling. This may
be made level-wise, first selecting the general model (GP vs. other types of regression),
then the covariance kernel, and then the hyper-parameters, for example.

In the following, we will briefly explore two ways of performing model selection:
Bayesian and cross-validation.

2.7.1 Bayesian model selection

In a general framework, we can construct a hierarchical approach with a finite number
of models M;. For each model M; (upper level), there are parameters w (lower level)
which depend on hyper-parameters 6 (medium level), but there may be as many levels as
needed. We intend to select the model, hyperparameters and parameters which maximize
the posterior probability of each one of these elements.

First, we specify priors p(M;), p(8|M;) and p(w|f, M;). Broad or non-informative
priors can be chosen if the prior knowledge about each set of elements is vague. Then,
one level at a time, we infer its free elements. To begin, we use Bayes rule to infer the
parameters of the bottom level

p(y| X, w, M;)p(w]f, M;)
p(y‘XJ QJMY,) ’

p(w’waa eaMz) =
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where p(y| X, w, M;) is the likelihood with implicit dependence on € through w, and
P10 M) = [ Dol Mop(wlp, M

is the marginal likelihood (also called evidence). For the next level, the hyperparamenter
level, we again use Bayes rule and obtain the marginal likelihood

p(y| X, 0, M;)p(8| M;)

0 ,X,Mi - )
plly, X, My) Py, M)

with
p(y] X, M) = / P(y] X, 0, Mo)p(6]My)db.

Finally, at the top level we have

A _ plylX, Mi)p(M;)
p(Mily, X) = (Y] X) )

with normalizing constant
p(y|X) = ZP(Z/’X,M1>P(M1;)-

This approach demands many integral evaluations. If these integrals are not
analytically tractable, we must resort to analytical approximations such as Markov Chain
Monte Carlo (MCMC), and if a step is particularly difficult, it may be substituted with
the maximization of the likelihood instead of using the full knowledge (of the prior and
marginal). When the expressions or approximation of the posteriors are available, the
selection is straightforward.

For Gaussian process regression, the role of hyper-parameters and models is quite
unambiguous, with the various covariance functions determining the model and the free
variables in each covariance function being the hyperparameters. For other models,
such as neural networks, the parameters are also identifiable and interpretable (see
[Rasmussen & Williams *05] and [MacKay ’03]), but since Gaussian Processes are non-
parametric models this may not be so simple in this case. The parameters in the Gaussian
process modeling are the noise-free values of the latent function z(z) at the training
locations, thus we have as many parameters as training points. The positive side is that
the bottom level Bayesian inference concerning the parameters has already been performed
in Section 2.2l

By Equation (2.12), thus, we have a log marginal likelihood given by

1 -~ 1 n
log p(y|X, ) = Sy" K,y — 5 logdet(K,) — 7 log(27),

with dependence on the hyperparameters 6 through K, see Figure for an illustrative
example of a negative log marginal likelihood.
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o Negative log marginal likelihood
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Figure 2.15: Negative log marginal likelihood for the data and model of Figure with
hyperparameter o = 0.8972.

Maximizing on the hyperparameters passes through obtaining the derivatives

a T 13Ky 1 laKy
a6, ey X,0) = 2y Ky 5g, B §t (Ky a0, )
For this, observe that
0K 0K, 0K
y K, &gyK ly=tr(y" K" 50 LK y) = (K, y(K )" 89?)
1 -1 S g1, 9K,
= 5, ogp(y|X.6) = St (K, (K, )" = K, ) - ).

This procedure has a cost of O(n?) for the inversion of K, and O(n?) for computing
the derivative of K, with respect to each hyper-parameter 6;, therefore a gradient based
optimizer may be used for maximizing the log marginal likelihood.

The use of the marginal likelihood (also refered as evidence), for example p(y|X, M;)

in p(M;ly, X) = W, automatically incorporates a trade-off between model

complexity and model fit. This happens because frequently flat priors p(M;) are used for
the models, such that we have approximately

p(Mily, X) o< p(y| X, M;).
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In Figure we have a schematic plot of the marginal likelihood p(y| X, M;) in the
vertical axis when the number of data points n and input data X are fixed for a particular
model M;. The horizontal axis is a representation of all possible output sets y, with a
particular set indicated by the vertical dotted line. Since the curves describe probability
distributions, they must integrate 1 over all possible datasets.

A model which is too simple will describe well few possible data sets, for which the
marginal likelihood will attain a large value, but it is unlikely that this model will generate
a particular dataset {X,y}. A complex model has a broader range of possible targets,
which translates to a flatter marginal likelihood, thus, it describes well a large collection
of possible outputs, but since it must integrate 1, the value of the marginal likelihood
at any particular data set is small. Therefore, there is a preference for a model with an
intermediate level of complexity. This effect is known as Occam’s Razor, a principle of
“parsimony of explanations”, which chooses the simplest model that still explains well the
data. For more details, see [Rasmussen & Ghahramani *01].
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Figure 2.16: Schematic view of the marginal likelihood p(y|X, M;) over all possible datasets,
with fixed inputs X, for three levels of model complexity. A specific data set {X,y} is indicated
by the vertical dotted line.

2.7.2 Cross-validation

(GGaussian processes are a very powerful and flexible tool, but, because of that, attention
is needed when training the model. When using all the data for training, we may come
across problems like overfitting, when the training error is very small, yet the model fails
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to generalize for new points.

With the cross-validation (CV) procedure, we can lower the generalization error and
prevent overfitting. It consists in splitting the data set in two: the training set which
will be used for training the model and the wvalidation set which is used to monitor the
performance of the model. Using this hold-out method, if the validation set is small,
one obtains estimates with large variance and one loses the information given by the
points in the validation set. To avoid these problems, generally the k-fold setting is used:
the original training set is split into & equally sized disjoint sets and a cross-validation
procedure is performed k times, each of them using one of the sets as the validation set
and the union of the remaining £ — 1 as the training set. The value of k is usually set
between 3 and 10. When k = n, this is called leave-one-out cross-validation (LOO-CV)
and consists of training n models. In general, this is an extremely expensive procedure,
however some models including GP have computational shortcuts, which we will briefly
discuss.

A possible objective function used for measuring the fit, which will be maximized w.r.t.
the hyper-parameters, is the log predictive probability when leaving out of the training
a validation set. In short, maximizing the log predictive probability means that we wish
to select parameters that favor the dataset we have, giving higher probability on closer
values of the outputs than to other ones.

Let & be the set of indices of the points in the validation set. When training with the
points in the set X_,, which consists of all data points except for the ones with indices
in £, the equations for the predictive mean and variance of a zero-mean GP (we drop the
subscript y of K, in a possible noisy case for simplicity of notation) give us

y§|X7 Y-¢, O~ N(K(X§7 X—f)(K(X—fa X—E)_ly—f)a

K(Xe, Xe) — K(Xe, X_¢) (K (X_¢, X_¢)) 'K (X_¢, Xe)).

The notation in this section and in the next chapter will be as follows. We will use
ve for a vector containing the entries of v with indices in the set ¢, v_ for the vector of
entries of v with indices not in (, [A](¢, for the submatrix of A containing the rows with
indices in the set ¢ and columns with indices in the set ~, and similarly as in the vector
case for the submatrices [A]_¢ ., [A]c,—y and [A]j_¢,—+). The sets ¢ and v may consist of
only one index ¢, in this case we will simply use ¢ instead of a set.

Back to our Gaussian process prediction, observe that the costly part is the inversion
of the matrix K(X_¢, X_¢), which will be of size (n — #&) x (n — #£), with #£ =n/k in
the k-fold setting. If we rearrange the points so that the ones with indices in ¢ come last,
we can rewrite the matrix K as

_ _ | [K]—e—g (K]
K=KXX)= (Klie—g  [Kleg |

Therefore, using Equations (2.5 and (2.6]), we have that

Yel X, y-e, 0 ~ N ([Kle, g [K] e _g¥-e: [Klee — [Kle gl K] e _g[Kleq)-
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By the block matrix inversion identity (A.7), we have that

SIS

BT Q7!
with
A=K g+ K e _glK]i-eg QK] -g[K] e .
BT = —Q 'Kl g[K] ¢ _g
and

—1
Q= [[Kﬁlhs,d] = [Kleg — [Kle-alK] e gl K] e
And this implies that

-1

~1
[[K_l][&ﬂ] (K ylg = [[K_l][s,ﬂ} (BTy—g + Q_ly£> = —[Klie, g [K] e _gy-¢ + Ve

Observe that now we are able to rewrite the expression of p(ye|X,y_¢,60) without
needing to obtain the inverse of [K]_¢ _¢ for each set {. This predictive probability is
given by

Ye| X, y—e, 0 ~ N (ye — QK 'y]e, Q).

For the particular case of the LOO-CV, the set of indices £ consists only of a index .

Then, Q = 1/[K~'];;, and the predictive probability is given by

yZ|X7 yfiae ~ N(/jfmaf)

with
i = Yi — [K_ly]i/[K_l]u‘,
and
op = 1/[K ;.

Note that the computational cost is O(n?) for inverting K and O(n?) for the LOO-CV
when K~! is known.

Thus, the log predictive probability of the LOO-CV scheme, which will be the objective
function for optimization, is given by

n

. 1 i —pi)? 1
Lioo(X,y,0) = Zlogp(yi\X, Yy-i,0) = Z — log(a7) — M - 51085(277)-

: , 2 2072
i=1 i=1 g
The derivatives for the means and variances w.r.t. the hyperparameters are

o, _ (KA K I K,

o6 ~ K2 |

and
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Now, by the chain rule, the derivative of the log predictive probability is

n

O0L1.00 _ Z Olog p(yi| X, y—i,0) Op; N dlog p(yi| X, y—,0) 007

891 i1 8#, 891 80’22 893
N | G L i AW ik v
;[ ol [K s a 2[K-1]2 2Ky

The computational cost is O(n?) for inverting K and O(n?) for the computation

of the derivative for each hyper-parameter, since the matrix multiplication K _1% is
J

unavoidable. Therefore, this method is more costly than the previously discussed Bayesian
model selection which was based on the marginal likelihood.

A discussion about the CV procedure for a non-zero mean (Gaussian process is present
in |[Le Gratiet "13].



Chapter 3

Multi-Fidelity Modeling

3.1 A gist of multi-fidelity

Many accurate computer simulations are too costly to be run a considerable amount of
times for them to describe appropriately the underlying modeled phenomenon, with only
a few data points that can be obtained in a reasonable amount of time. Another problem
that can be encountered when modeling a phenomenon is the need to specify a large
number of parameters, which can be difficult to identify or measure directly.

However, in some situations, there are multiple computational models available which
describe the phenomenon of interest. These computational models can have varying
fidelity and computational cost. High-fidelity models represent the behavior of the system
accurately for the intended application, yet often are expensive and multiple realizations
cannot be afforded. Low-fidelity models estimate the same phenomenon with a lower
accuracy than the high-fidelity model, but are less expensive and many realizations
are obtainable. The low-fidelity models are usually obtained through, for example,
dimensionality reduction, linearization, simpler physics models, coarser domains, etc.

A method to integrate the information of the simpler and inexpensive simulations,
which capture basic features of the phenomenon, and data of the expensive and more
reliable simulations would be a practical approach for understanding the phenomenon
given the cost restrictions. This is precisely what multi-fidelity models intend to
accomplish by combining the information of both low and high-fidelity models.

The fidelity level of a model concerns how well the model approximates a physical
phenomenon /system. It is commonly associated with:

(1) How close the mathematical model is to reality: many differential equations can
model the same systems (for example, inclusion or not of turbulent effects when
describing a flow, linearization of equations, simplification of boundary conditions,
etc.).

(2) Changing the discretization model by using finer or coarser discretizations.

(3) Using experimental data, which constitute the high-fidelity data.

In general, multi-fidelity models require the construction of surrogate models to
reduce the computational cost when a large number of expensive simulations are needed.

33
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Surrogate models may be used for the low-fidelity model and for the high-fidelity one, but
usually even with this the high-fidelity model alone would require too many evaluations.
The idea behind multi-fidelity (surrogate) models is to correct the low-fidelity models
using the high-fidelity models. Many correction methods are known, some of which we
briefly describe below for a 2-level fidelity model (but which are easily extended for more
levels). We denote by yyr(x) the estimator of the high-fidelity model at the point x
and yrp(z) the low-fidelity model at z. The following are some of the most common
corrections:

1. Additive correction:
yuar(z) = yrr(r) + 0(z),
with §(z) an additive correction/discrepancy function based on the difference
between the high and low fidelity models.

2. Multiplicative correction:
yur(@) = p(x)yrr(z),
with p(z) a multiplicative correction constructed using the ratio between the high
and low fidelity models.

3. Comprehensive corrections: two examples are when both additive and multiplicative
corrections can be used as in

yur(r) = p(x)yrr(z) + (2),
or a hybrid version of both of them
yur(z) = w(z)p(x)yrr(@) + (1 — w(z))(yr(z) + (),

where w(z) is a weight function.

To illustrate one way of obtaining the corrections, we will use the additive and
multiplicative cases. In these cases, the difference ygr — yrr and ratio ygr/yrr on
sampling points are used to obtain the corrections 6(x) and p(x), respectively. We suppose
that we have M data points for the low-fidelity model and m for the high-fidelity, with
M > m. First, we observe if the low-fidelity model is cheap enough to generate response
output at other necessary locations. If it isn’t, we need to build a surrogate, such as a
Gaussian process model, to replace it. After, a surrogate is constructed for the difference
or ratio of high and low fidelity models on the m common points. Last, we can either use
the surrogate for low-fidelity points and create the multi-fidelity model by adding (for the
difference) or multiplying (for the ratio) the two surrogate models or use the surrogate for
the difference or ratio to approximate the discrepancy at the M — m points where only
the low-fidelity model is available and fit a surrogate model for the m high-fidelity data
and M — m approximated data.

To summarize, the basic idea behind multi-fidelity models is that high-fidelity data is
used to establish accuracy and convergence, while the low-fidelity are used for speedup.
More details and a survey on multi-fidelity models can be found in [Peherstorfer et al. "18]
and |[Fernandez-Godino et al. "16].
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3.2 A first autoregressive model

The work of Kennedy and O’Hagan in [Kennedy & O’Hagan "98| concerns the use of an
autoregressive model based on Gaussian processes for combining data from deterministic
simulations of different accuracies in order to infer about the most accurate and reliable
code and perform uncertainty analysis, that is, it is a multi-fidelity (surrogate) model.
The following assumptions are made:

(1) Different levels of code are correlated in some way.

(2) The codes have a degree of smoothness: the output values for similar inputs are
close. Individual runs of rough codes do not provide information outside of a very
small neighborhood.

(3) Prior beliefs of each level of the code can be modeled using Gaussian processes.

(4) The outputs of each level are scalars.

We suppose that we have s levels of code {z:(x)}i=1,. s sorted by increasing order
of fidelity and modeled by Gaussian processes {Z;(x)}i—1,. s, with x € D C R", thus
considering the z;(x) being the most accurate and costly code. This mean that we consider
each level z(z), with x € D, as a realization of the random process Z(z). The object
of inference is Z,(z), the highest-fidelity level, conditioned on all outputs of all levels of
code that we have.

Furthermore, consider the following assumption about two levels Z;(z) and Z;_;(z):

Cov{Z(x), Z;_1(2")|Z;_1(x)} =0 for all 2’ # . (3.1)

It translates as a kind of Markov property: given the nearest point to Z;(z) at the level
t —1, which is Z;_1(x), we learn nothing more about Z;(x) from any other point Z;_;(z’),
for ' # x.

In [O’Hagan 98], it is proved that this Markov property implies the following model.
Consider for t =2,...,s:

Zy1(x) L &(x) , (3.2)
pi-1(z) = ggll(x)ﬁptfl
where
5i(x) ~ GP(f] () Br, ofri(w, a")), (3.3)
and
Zy(x) ~ GP(f{ () By, o7 (z,2")). (3.4)

Also, g;—1(x) is a vector of g,_; regression functions, fi(x) is a vector of p; regression
functions, ry(x,2’) is a correlation function (ri(z,2’) € [—1,1] for all z,2’ € D and
o?ry(z,2) is a valid covariance function), §; is a p,-dimensional parameter vector, 3,, |
is a q;_i-dimensional parameter vector, and o? is a positive real number. We denote
2 _ (2 2 _ (AT T\T _ (AT T \T : :
ot = (0f,...,07), B=(B,....5,) and B, = (B,,,...,B,,_,)" - In this way, we write

the expected value of Z;(x) as

]E[Zt(x)|02, B, 5;:] = Elpi-1(2)Z_1(x) + 5t($)|UQa B, 5;)] =



CHAPTER 3. MULTI-FIDELITY MODELING 36

o1 (D) E[Zir (2|02 B, B,) + FT (@) = -« =

> ( I Pj($)> f(@)B; = hu(2)" B,

i=1 \ j=
where

(o) = ((prx))ff(x), (prx))f;“(wx...,pt_1<x>f£1<x>,ff<x>,oy...,o>,

with dim(h(x)) = dim(B) = -7, pi, thus hy(2)” having >°7_, .| p; zeros at its right end.
The covariance of the process Z;(x) at two different points is given by
Cov{Z(x), Zi(2)|0?, B, 8,} =
Cov{pr1(2) Ze1(2) + 6:(), pr1(2') Zea (a') + 6:(2")|0?, B, B, } =
o211 () Cov{Zo1(2), Zoa(@)o%, B, B} + oPrle,al) = = (3.5)

> (ﬁp@-<x>p@-<x'>)m<x,:c'>.

We use the convention that the empty product is equal to 1.
Next, for different levels ¢ and ¢/, with ¢ > t’, and different input points = and z’, the

covariance is
Cov{Z,(x), Zy(2')|0?, 3, By} =
Cov{pi_1(2)Zi_1(x) + 8¢(x), Zu(2')|0?, B, B,} =
pr1(2)Cov{Z; 1 (x), Zp(2')|0®, B, By} = -+ = (3.6)

t—1
( 11 pi(ﬂﬁ)) Cov{Zy(x), Zu(a")}.
i=t'

Let us now consider Z;, the Gaussian vector containing the values of Z;(z) evaluated
at the points in Dy = {at}imy. ,, fort = 1,...,s, and let Z& = (ZT ... ZT)T be the

Gaussian vector containing the values of all processes Z;(z) at their respective points in
Dy, and let us assume that Dy C D, 1 C --- C D;. Namely, let

29 = (Zy(2)), - Zilap), Zo(a), oy Zoa (2 1), Zo(35), ., Zs(25)).

With the h,(-) vectors, it is easy to construct the mean of Z(), which is given by H,3
with H, being the matrix constructed by stacking hi(-)? evaluated at the points in Dj,
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followed by the values of hy(+)T evaluated at the points in D, and so forth,

—  hi(z) —]
[— (D) —] —  h(z,) —
[—  ha(D2)  —] —  he(zy) —
[_ h 1(Dsfl> _] - hs—1<xvs1;11) -
[_ hs(Ds) _] - hs(x8> -
—  h)  —

The covariances are all conditioned by the values of the same hyperparameters,
therefore, for simplicity, the dependencies on the vectors o2, and 3, are left implicit.
Now, we can construct the vector k,(z) of covariances between Z,(x) and Z()

kL(z) = (el (z,Dy),...,cl(z, D))", (3.8)

with ¢! (z, D;) = Cov{Zs(x),Zt(Dt)} = (Cov{Z(z), Zi(a})}, ..., Cov{Zs(x), Z,(at))}).
Using (3.5) and , the expression of ¢! (x, D;) can be rewritten as

(z,D,) = (sz )COV{Zt(x),Zt(Dt)}:
(sz ) per(@)pi1(Dy) © CovlZe+(x), Ze 1(D)} + oPr(e, D)) = (39)

pr—1(Dy) © ¢/ (x, Dy) + (sz )Uﬂ’t (z, Dy),

where ® represents the element by element matrix (or vector) product,
¢l (z, Dy) = Cov{Z(z), Zi(Dy)} for i < t,

rl(z, Dy) = (ry(z,2t), ... iz, :Um))

T(x,Dy) = (le )COV{Zl(:C),Zl(Dt)} = (Epi(x))afﬁ(:c, D,).

The covariance matrix V; of Z() can also be contructed using (3.5 and (3.6):
Vin .. Vi
V,=Cov{Z® 2z = | : . |, (3.10)
Vor oo Vi,

and

with diagonal elements
t—1 t—1

Vie=Cov{Z, 2} = o}R,+ Y o7 ( 1T pi(Dt)piT(Dt)> ® R;,

j=1 i=j
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fort =1,...,s, where R; = [r;j(2,2')]s.0ep,, and off-diagonal entries given by

Vt/,t = COV{Zt’, Zt} = COV{Zt’(Dt’)v Pt—l(Dt) © Zt—l(Dt) + 5t(Dt)} =
(1ntxpf_1(Dt)) © Cov{Zy(Dy), Zi1(Dy)} = -+ - =

(@ 1”t’pZT<Dt)) © COV{Zt’(Dt’)v Zt’(Dt)}7

=t/

(3.11)

for 1 <t <t<s,and V;,Tt otherwise. Here, for ¢ > t/, we denote by Vi y(D;, Dy) the
submatrix of Vi » with entries corresponding to the points in D; € Dy in the rows and
points in Dy in the columns.

Last, let v} (x) denote the variance of Z,(x). By Equation , this variance is

() = VarlZ,(2)|o, 8, 6,] = 0 + Z . (Hp<>) - Z o H pi(a)).

Thus, the joint distribution of Z,(z) and Z©), given o2, 3,8,, is the following

multivariate normal:
T 2 T
aQ,ﬁ,Bp] ~N( {hg)ﬁ 5} : {Ukis(%) kv(x)} ) (3.12)

Zs()
Z()

By the predictive identities for Gaussian processes (2.8]) and (2.9), it is straightforward

that, when observing Z() = 2(%)

ZS(:E)|Z(S) = Z(S)v 0-2’ B, 6/) ~ N(st (l’), 32ZS<$>>7 (3'13)

with
myz, () = bl ()8 + k] (2)V (=) — H,B), (3.14)

and
sz, () = vg (x) =k (2)V k(). (3.15)

Note that, since
Tyl R, R 4
k‘l(l’> ‘/1 = COV{Zl<I>, Zl(D1>}7 = 0'17"1(1’, D1)7 = 7‘1(.%‘, Dl)Rl
1 1

does not depend on ¢, by Proposition we have that k7' (z)V,7! is independent of
o2, for t = 1,...,s, and, therefore, the predictive mean mz_(z) does not depend on the

variance hyperparameters of any level.

3.3 The recursive autoregressive model

The work in [Le Gratiet '13] and [Le Gratiet & Garnier "14] is an extension
and improvement of the autoregressive model of Kennedy and O’Hagan in
|[Kennedy & O’Hagan "98| previously presented. In his work, Le Gratiet discusses a
new way of performing the co-kriging (this expression arises from the idea that multiple
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correlated kriging procedures are performed) with the aim of reducing the computational
complexity by breaking the s-level co-kriging into s independent Gaussian processes.
In this new model, for t =2,...,s, let

Zy(x) = pr1(2) Zo—1 () + 6 (x)
Zi_1(z) L 6(x) : (3.16)
pi1(x) = g/ (2) By,

where Z,_,(z) is a Gaussian process with the distribution of
thl(l')lz(t_l) = Z(t_l)7 Ut2—17 6t717 ﬂpt—za

d(z) is a Gaussian process with distribution , and the experimental design sets have
the nested property

DsC D,y C...,C Dy
The only difference from the classical autoregressive multi-fidelity model is that,
instead of expressing Z; as a function of Z;, ;, we first condition Z;, ; by the realization
of Z; at the points in D;, for i = 1,...,t — 1, that is, Z¢~1 is equal to the values

200 = (21, ..., 221).
Since the joint distribution of Z; (z) and Z*~Y) conditioned on o2 |, 3 1,8,, , is
Gaussian, for t = 2,...,s, so will be the distribution of

[Zt—l(x) = Zt—1<x>|Z(t_1) = Z(t_1)> O-t2717 615—17 Bpt72]7

whose mean and variance we will denote by pz,_,(z) and ¢, _ (). By Equation (3.16)),
we have that

[Zt@)’Z(til) = Z(tfl)y Ut27ﬁt7 5pt71] = ﬂtfl(llf)zq(ﬂ?) + 6(2)

~ N(pr-1 (@) iz, (x) + [ B, pi_i(2)0F, () + 0f (2)),
since ry(x, x) = 1V, given that it is a correlation function. This way, the joint distribution
of Zy(x) and Z; conditioned by ZU=Y = (=1 52 8, and 8, | is

Zi()| - -
|: ét ‘Z(t 1) :Z(t 1)70_?,/8t;/8pt—1:| ~

(3.17)
pior @)z, () + [l ()8 | [pica(@)og,_ () +of(x) rf(x)
N( [Ptl(Dt) ® piz, ,(Dt) + Ftﬂj ’ { ri() R, } )

For simplicity, we use Ry = [ri(z,2')],wep, for the correlation matrix of the Gaussian
process () at the points in Dy, r/ () for the correlation vector r] (z) = (ri(x,2’))wen,,
pi—1(Dy) for the vector containing the values p;_1(x) for € D;, and F; the experience
matrix containing the values of fI(z) on D; as rows. In other words,

re(xl, xt) oo r(al,al,)
Ry = [Tt(xa x/)]x,x/eDt = )
ro(xh,, @t) .. r(al,,a2l)
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T?(I) = (rt(xu SL’%), s >rt(x7 xfmt))a
pii(Dy) = (pra (1), -, proa(27,,)),
and
— fi@) —
F, = :
— fia,) —

Observe that Equation shows that the process Z, conditioned by Z¢-1 =
2= 52 3, and Bp,_, is Gaussian. Therefore, using again the Gaussian process predictive
equations, Equations and (2.9), for further conditioning Z;(z) by Z, = z, we obtain
the expressions for iz, (x) and o7 (2) of the distribution of

Zi(w) = [Z()| 2D = 2,07, Bi, Bpi) ~ Nz (), 0%, (). (3.18)

Thus, these functions are given by

1z, () = pra (@) pz,_, () + f1 (@) B+ 1] (@) Ry (2 — pr1(Dy) © iz, (Dy) — FoBy), (3.19)

and
07, () = pi_i(2)og, , (x) + of (L —r{ (x) R 'r(2)), (3.20)

These last predictive equations are referent to the simple co-kriging model (SK), when
we consider fixed values for the hyperparameters. Both the the predictive mean and
variance at the level ¢t are expressed as functions of the predictive mean and variance at
the level t — 1, respectively. Furthermore, as in basic Gaussian process regression when
using covariance kernels of the form k(z,2’) = o?r(z,2’), the predictive mean does not
depend on the variance parameters {2}, . 4, and the variance does not depend on any
of the observed values z®.

Note that, similarly, for ¢t = 1,

47 (2.6 7))

- Zl(x)‘z(l) = 2(1)7U%7ﬁ1 NN(MZ1<:E>7O%1($))7

-----

with
{um@:ﬁwm+ﬁ@ﬁf@—ﬂm
0%, (z) = of(1 —r{ (x) Ry 'r1(2)).
Remark 1. For the recursive model above, it is true that for, t =1,...,s,

iz, (D) = 2,

where z; = z(Dy) is the vector containing the observed values of Zy(x) at the points in
Dy.

Proof. Fort =1,
piz, (x) = fl (2)B1 + r{ (x) Ry (21 — F1 1)



CHAPTER 3. MULTI-FIDELITY MODELING 41

= /’LZ1(D1) = Flﬁl + RlRfl(zl — Flﬁl) = 2.
Equivalently, for ¢ > 1, we know that

HZt@) = Pt—l(ff)MZt,l(l‘) + ftT<$)5t + TtT@)Rt_l(Zt - Pt—1(Dt) O] HZt,l(Dt) - Ft/Bt)
= 1z,(D:) = pi1(Dy) ® piz,_, (D) + FiBe + R Ry (2 — pr1(Dy) © g, (Dy) — Fi3y) =
= Zt.

m
This, in addition to the nested property of the sets D;, gives

1z, (Dy) = 2e-1(Dy),
for t = 2,...,s, which can be replaced in equation to obtain
pz (@) = proi(@)pz,  (x) + (@) + i (@) Ry (2 — 1 (De) © 201 (Dy) — Fify). (3.21)
Remark 2. In the same conditions of the previous remark,
oy (x}) =0 Vai € D,.

Proof. Observe that the i-th column of R, is equal to r;(zf). Therefore, using the identity
given by Equation (A.10)), we obtain

Ogi—1)x1
Ry () = 1
O(n,—i)x1
_— r;p(xf)Rt_lrt(xf) =ry(zl,2l) = 1.

1771
Substituting this in the expression for 0% (x!) and using the recursion of this expression

combined to the nested property of the sets gives us the desired relation. O]

Remark 3. The use of the nested property, Dy C Dy_1 C --- C Dy, can be relaxed. This
extension is found in Appendiz B of the thesis of Loic Le Gratiet, [Le_Gratiet ’13).

Despite the different formulation of the the classical autoregressive model (3.2) and
the recursive autoregressive model (3.16]), both of them have, in fact, the same predictive
equations. This result is stated in the following proposition:

Proposition 3.1 (Proposition 1 of [Le Gratiet & Garnier "14]). Let us consider s
Gaussian processes {Zy(x)}i=1.. s, and 2B = (Z,)=1.._ the Gaussian vector containing
the values of {Zy(x)h=1... s at points in {D;}1=1. s, with Ds C Ds_y C --- C Dy. If we
consider the mean , and the variance induced by the model when we

condition the Gaussian process Zy(x) by the observed values 2*) of Z®), and parameters

B, B, and o?, and the mean and variance induced by the model when

we condition Z(s) by 2*) and parameters B, B, and o?, then, we have:

pz,(x) = mz, (),
and

0. () = 57, ().
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Proof. Throughout this proof, we will use the nested property of the sets, specifically
that D, C D, 1, and a particular ordering of the points in each of these sets, that is
D, = (Dy_1\Dy, Dy).

For the mean: By Equation (3.14)), we know that for the classical model,
mz,(x) = hi (2)B + k (2)V, (2 — H,p).

Then, for a t-level model with t = 2,..., s, we have
mz,(x) = h (2)8Y + k[ (2)V, 7 () — H,BY), (3.22)
where O = (BT, ..., 1T, 20 = (2T, ..., 27, and
t—1 t—1
201 = (o )70 (o) 2600700
i=1 i=2

= hi (2) = (p-1(0)hi_1(2), f (2)).
This way,
t t—1
HAGERESDY < Pj(l’)) £ (@)B;.
i=1 \ j=i
For t = 1,...,s, H; can be constructed similarly to the H, matrix of equation ({3.7)),

but it is simpler to observe that H; is a submatrix of H, containing its first 25:1 7; TOWS
and its first >2'_, p; columns. If ¢ > 1, we can use the same idea to write H, as

[Ho 0
Ht—|: A E(Dt):|7

where A is the submatrix of H; containing its last n, rows and its first ZE;} p; columns:

A= [ptfl(Dt)lgg;%pi] ® hy1(Dy),

where

ht—l(fﬁ)

ht_l (xiLt)
By Proposition found in the Appendix,

K (2)Vit = (1 (0 (0)ViZ = (0, [pli(De) @ rf ()] R, 7l () Ry ).
This equality implies that

hi-1(Dy) =

Z(t_l)
v = v 7] -
t
pror(@)ki_y () V120D — [l [(Dy) @ rf ()| Ry 21 (Dy) + 1 () Ry 2.

Using again Proposition [4.2] and the expression we obtained for H;, we get
KL (0)V;  HBY = pr (2)kT () VoL H B0 =
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i1 (De) © 17 ()] Ry ey (D) B4+
(@) Ry ([pe-1 (D) 15 f;im] © he_1(Dy)) B4 + 0T (2) Ry F By =
pra @)k (@) Vi He Y70 + 0" (@) Ry Ry,
since the two middle terms cancel each other. Therefore, using the obtained expressions
for hl'(z), kI'(x)V, 12 and k' (2)V, " H,®" in Equation (3.22)),

my,(z) = ptfl(x)htfl(x)ﬁ(til) + ftT(x)ﬂH—
Pt ()KL (2)V, 120D — [pT (D) © ] (2)] Ry Y2 (D) + 7 () Ry L2
pro1(@)kl (@) Vo Hea B0 — 7T () RV E B, =
pra(@mz, @) + f7 @)6 + T @) R (50— pia (D) © 21 (D) = Fify).

From the last line of the previous equation, we notice that both my(x) and uz(z)
follow the exact same recursive relations. This, added to the fact that puyz, (z) = my (z) =
[T (x)B", gives us the desired equality

pzs(T) = mzs(x).

For the variance: We follow similar steps as before.
For the t-level classical co-kriging model, equation (3.15)) states that

sz, (@) = v, (2) — K/ (2)V, k(). (3.23)
For the variance term v%t(x), we use equation 1) to obtain
vz (x) = Var(Zy(2)] = pi_y(z)Var[Zi—1(2)] + o = pi_ (2)v,_, (2) + of. (3.24)

For the kT (2)V, 'k, (x) term, we know from Proposition of the Appendix chapter
that

ki @)V = [pa @)k @)V = [0, (o (D) © ()] R, o () Ry,
and, by Equations (A.22)) and (3.5)), it is clear that
ki () = (p-1(0)k (), Cov{Zi(2), 2,}) =
(-1 (2)k 1 (2), peor(@)pi_1(Dy) © Cov{Z—1(2), Zi—1(Dy)} + ofri (x)).
These last two equalities, in turn, imply that
K (2)V, ko) =
[ (@)1 (2)V,21 = [0, [ (Dy) © ¢ ()R], v () Ry

pi—1(w) ki1 ()
pi—1(2)pr—1(Dy) © CoviZi—i(2), Zi—1(De) Y + ofri(2)

Note that, because of the ordering of the points in D, 1, the last n, terms of k] ;(z) are
exactly Cov{Z,_1(z), Z;_1(D;)}. For this reason,

ke ()i ke(@) = piy () ko Visi ke () —
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[oi-1(Dy) @ r{ (2)] Ry pr-1(2)Cov{Z,1(2), Zi-1(De)} +
1t (©) Ry (1 () pi—1(Ds) © Cov{Zi—i(2), Zir(Dy)}' + ofrf (2)) =
Pl (@i Visike (2) + opr (o) By ()
Using this result, together with Equation (3.24), in Equation ([3.23), gives us

sz, () = pi_y (@) (vZ,_, (2) — kb Visikea(2) + 07 (1= 1y (2) Ry Mre(2)) =

pia(@)sy,  (x) + of (1 =1 (z) R 'ry()).
This is the same recursive relation that o7 (z) satisfies. Noting that 03 = s% (z), we
obtain
07, (x) = s7,(2).
An analogous argument proves the equivalence for predictive covariances, see
[Le Gratiet "13]. O

Therefore, we proved that both the classical autoregressive model and
the recursive autoregressive model have the same predictive Gaussian distribution
for Zs(x), and, while the computational cost of the model proposed in
[Kennedy & O’Hagan '98| is dominated by the inversion of the matrix V; of size
>oo_ i X Y .;_n;, the recursive model proposed in [Le Gratiet & Garnier '14] is built
on s independent krigings, each having its computational cost dominated by the inversion
of the R; matrix of size n; X n; for t = 1,..., s, which results in a lower computational
cost. Besides that, the memory cost is also lower for this model, since it requires storing
the s matrices {R;}+—1 ., instead of the matrix V; for the classical approach.

3.3.1 Bayesian parameter estimation
The parameter vectors (3, (3, and o of the recursive autoregressive model may be
determined using methods such as maximum likelihood or Bayesian estimation. Given
the recursive formulation, (5, 3,,,07), for t = 2...,s, and (81,07) can be estimated
separately. For the Bayesian approach, a smart choice of prior distributions gives us
closed form expressions for the posterior distributions. We consider two such choices:

(i) all priors are informative

(ii) all priors are non-informative.

Case (ii): we consider the Jeffreys priors

1 1
P(Bi1oD) o< 1, p(o}) o —, Pl 0V 0F) x 1, ploF ) x5 (3.25)
1 t

Case (i): all prior means and variances can be prescribed by using the following priors
[Biloi] ~ N, (br, 07 W1)

(=1 52] 0 A b, — by, 21, 2 We, 0
[ﬁpt7176t|z vgt] ~ Ng_1+p | 0t = 5 |, oWy =0y B (3.26)
by 0 4%
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[0F] ~ ZG(an, ), (o712 Y] ~ TG (s, ),

where

by is a vector of size py,

by, a vector of size ¢, — 1,

bf is a vector of size py,

Wy is a p; X p; matrix,

WL a g1 X g1 matrix,

Wtﬁ a p; X py matrix,

and o, 71, o,y > 0 parameters of inverse Gamma distributions.

The posterior distributions are obtained in Section [A.7] and are given by

[51|21,0'%] NNm(Zl’/lvzl)v [ﬁpz—1aﬂt|z(t)’gt2] NMt—1+pt(tht’Zt)’ (327>
where )
-1 —17—
M+ | ()
L S , (3.29
M (i)
HtT Rcil zZy + V[Z:;lbt} (i)
Vy = R_/l t s (329)
M zt] (id)
with Hy; = Fy, and H; =[Gy © (Zt_1(Dt)1g:H) F,], with G;_; being the experience
matrix containing the values of g;_1(z)T at the points in D; as rows:
— gﬁl(ﬁ) -
Gy = gil(Dt) = :
— gtT—l(th) -
Also, for t > 1,
21,07 ~ @
[O-t |Z ] Ig <ata 2 )a (330)
with R R R
A e+ X)Wt MR H ™) M e — M) + Qe (3)
Qt — ~ . )
o (ii)
Q\t = (Zt + Hi\\t)TRt_l(Zt — Ht/):t),
N = [MI R\ Hy) " "HT R 2,
ot (i)
ay = T%t* t—qt— Y
t { p2 qt—1 (11)
and ¢ = 0.

Interestingly, there are some equivalences when using the non-informative case (ii) to
maximum likelihood estimates. It is straightforward that the posterior mean of (3, 3,,),
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for t = 2,...,s and f;, is the maximum likelihood estimator of these parameters given
that the prior distribution is constant.

For the variance, in [Patterson & Thompson 71| the concept of restricted likelihood
was introduced in order to reduce bias in estimates for variance components via maximum
likelihood. We follow [Santner et al. 03] and [Harville "74] to obtain the restricted
maximum likelihood estimate for o?.

First, we need to transform our vector z; by a matrix CT of size n; X (ny — py — qi—1)
with rank n; — p; — ¢;_1, such that the transformed vector C7z; has mean equal to 0 (the
particular choice of C' is not important, see [Harville '74]). The idea behind this is that
the transformed vector will not depend on parameters other than o2, and this implies that
there will not be an increase of bias due to the estimation of the parameters 3, and 3,, |,
Bﬁt1:|
B |
for t > 1, and 3, = 1. Observe that Z; conditioned by Zt=1 = »¢=V 3,3 and o?
has distribution

therefore prior information of these parameters is ignored. For simplicity, let B, = {

Zt’Z(Fl% gm Ut2 ~ N(HtBu O-tQRt>'

To clarify where this distribution comes from, return to the expression of Z;(x) in Equation

(3.16), and the check Remarks |1} and
Thus, a possible choice of C'is one such that CCT = [ —H,(HIH;)'H! and CTC = I.

Then, we have that
C™H, = (CTC\CT™H, = CT(I — Hy(HIH) " H)H, =0
— CTHtBt == 0 Vgt

Then, the likelihood of ¢, = C7z, (we let the dependencies on z*~Y implicit) is given
by

lout(Gi0%) = ! ! L (OTR,:C)*@},

eX -
(QW)(nt*pt*Qt—l)/Q \/det(CT(o'tQRt)C) P { 20t2

which can be rewritten as

1 det(H] H,) { 1 ~ }
ex —H A\ R, (ze—HiNy) ¢,
@m) w0\ [aet(o7 Ry) det(H] (07 B) Hy) L 20 507 R ()

with A, = (1T Ry H,]"'"HT Rz being the maximum likelihood estimate of f; using the
data z'. This implies that the log-likelihood is

Ny — Pt — qi—1

1 .
10 (et (615 97)) = — log(2r) +  log(det (K] Hy)) — ~—5—=log(07)
1 1 1 ~ -
51 (det(Rt)) — 5 log(det(?—[th_l’Ht)) — T‘?(zt — Ht)\t)TRt_l(Zt — Ht>\t)
Olog(lrest(Gi507))  mi—pi—qia 1 1 N ~
9o? M= - 5 oZ + 2(02)? (20 — HM) Ry (20 — Hee).

(3.31)
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Maximizing the log-likelihood by taking its derivative equal to zero, gives us the
maximum likelihood estimate of o2,

~2 B (2 — Ht)\t)TRt_l(Zt — Hit) - @y
Ot EMIL — =5
Nt — Pt — qt-1 2a;
which is closely related to the posterior distribution of o?.

Note that {r:(x,2")},ep, is considered as known, but in a practical application the
correlation function r,(z, ') would have to be chosen from a family of correlation functions
ri(z,2'; ). Thus, the matrix Ry is, in fact, a function R;(¢;). The hyperparameter o,
has to be estimated in some way. One possible approach is to maximize the concentrated
restricted log-likelihood, which is obtained by plugging the value 3ZEML(SOt> (it depends
on ¢ through Ry(¢;)) for o7 in the expression of the log-likelihood (3.31). Therefore, we

would need to minimize

log(det(Re(e0r))) + log(det(Hy By (o) He)) + (ne — pe — e-1) 108(57 s (1)),

and this has to be performed numerically.

3.3.2 Universal co-kriging model

The predictive distribution of Z,(z) given the observations Z*) = 2(*), and parameters
B, B, and o} of the recursive co-kriging model is given in . This corresponds to
the universal co-kriging model (UK), when the hyperparameters are not treated as known
constants. In a Bayesian approach, we need to integrate the uncertainty of the parameters
to obtain the distribution of Z,(z) conditioned by Z() = 2(*) only. We already obtained
the posterior distributions of 2|2} and B, 8,, ,|2®, 02, for t = 2,...,s, and o7|z(V
and 51\2(1),0% Thus, the desired marginal distribution for t = 1,... s is obtained by
performing the following integration:

p(Zy()|) = / p(Zi(@)129, 07, i, Bou P (Be, Bprs |29, 0} (07 120) dBid B, do.

Nevertheless, the distribution of Z;(z)|2(*) is not Gaussian and it does not have a
closed form expression, requiring approximations or Monte Carlo integration. However,
both mean and variance, E[Z;(x)|z®] and Var[Z,(z)|z"], respectively, have closed form
expressions. This is summarized in the following proposition.

Proposition 3.2 (Proposition 2 of [Le Gratiet & Garnier "14]). Let us consider s
Gaussian processes {Z(x) }i=1.. s, and Z6) = (Z¢)i=1,. s the Gaussian vector containing
the values of {Zi(x)}i—1,. s at the points in {D;}i—1. s, with Dy C Dg_y C --- C Dy. If
we consider the conditional predictive distribution in equation , and the posterior
distribution of the parameters given in equations and , then we have, for
t=1,...,s,

E[Z(2)|Z2Y = 2] = ol (2)Z, 4+ r] (2) R (2 — HeXewy) (3.32)

with
up = f1,



CHAPTER 3. MULTI-FIDELITY MODELING 48

Hl = Fl;
uf (x) = (g1 (©)B[Z 1 (2)| 207D = 207V, fi()T),
and
Hi =[G 1O Zt—l(Dt)lg;,l, Fy,

fort > 1. Furthermore, we have

Var[Z,(z)| 29 = 2] =52 (z)Var[Z,_(z)| 20D = (Y]

Pt—1

+2(%11%1 T (@) BT (@) + (ul (2) — T (@) Ry HOSe(ul (2) — 1T () Ry Ho)T
(3.33)
with -
a\gt—l(x) = piy(x) + gtT—l(x>Ep,tgtfl<l'>,
and

ﬁt—l(x) - gi?ll(x)[xt?ﬁt]l 77777 qt—1>

where im s the submatriz with the first q;_1 rows and columns of it (relative to the

hyperparameter vector B, , ), which has the same expression of ¥y, but with o} replaced

by its posterior mean, and similarly for v;.

Proof.
Mean for t > 1: By the law of total expectation (see Section [A.3.1]), we have that

BIZ(0)| 2 = 0] = BEIZ(@)| 20 = 20,07, 5, f,, ]| 20 = 2]
Using equations and (3.19), we have that, for ¢ > 1,
(Zu(2)| 29 = 29,07, 81, By, ] ~ Nz (x), 0%, (x))
= E[Z(2)|2Y = 2,07, B;, By, ) = pz, () =

per(@) iz, (2) + f (@) +1rf (2) Ry (2 — pi—1 (D) © 2-1(Dy) = Fif3y),
thus, using the fact that p,_1(z) = g ,(x)B,, ., and given that uz, ,(x) is independent
of both p;_1(z) and z (which is a constant vector of observed values), we obtain

E[Zt($)|Z(t) - Z(t)] — E[,UZt(ZUHZ(t) _ Z(t)] _
G (@) E B 1|20 = 2ONEfuz, () 20 = 209 4 7 @) E[B ()] 29 = 20
+17 ()R (20— GiaB[B,, |29 = 2] @ 21(Dy) — REB| 2" = 20)).

Note that, when we take the expectation of (8, ,,/3:) conditioned by (), we need
to use the law of total expectation again, since we only have their posterior distribution
conditioned by o2, which is greatly facilitated by the fact that the posterior mean, vy,
does not depend on ¢?:

E[ﬂpt—ﬂﬁt‘z(t) = Z(t)] = E[E[ﬁpt—17ﬁt|0t2> Z(t) = Z(t)”Z(t) = Z(t)] —

E[EtVt|Z(t) = Z(t)] = Ztl/t = it/y\t
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Thus,
E[Z,(2)| 2" = 2] = w(x )Zt’/t + 7 ()R (2 tht’/t)

Mean for t = 1: Again, from the law of total expectation we have that
E[Z(2)|2W = 2] = E[E[Z)(«)| 2 = Billz® = 2],
We know that
[Zl(l')’Z(I) = 2(1)7 O-%v 51] ~ N(le(l'), 0-%1 (ZE)),

{ fiz, (x) = f (2 )51+7“1( VR = FiBy)
0%1 —‘71(1_7’1( )Ry 7"1( ) .

with

Therefore,
E[Zy ()| 2% = 2] = Elug, (z)| 21 = 2] =
A @EB|ZY =20+l (2) Ry ' (2 — RE[B |2 = 2]) =
f1 (z )El’/l +rp(x ( )R1_1<Z(1) Flill//\l) =
Uq (l’)zll/l + U (CII)R 1( M _ Hlil/y\l).

Variance for t > 1: For this step of the proof, we will use the law of total variance (see
Section [A.3.2)) twice to obtain the desired variance identity. We know that

E[Zy(2)| 2" = 29, 8, B, 0] = E[Zi(2)] = iz ()
= Var[E[Z,(2)|2Y = 29, 8, B, ,, 0}]| 2¥) = 2V, 0f] =

Var[p,1(2)uz,_, (@) + [ (@) B+ r{ (@) R (2 = pioa(D2) © pz,_y(Dy) = Fi3)| 210 = 20, 0] =
= (ug (x) — 7/ (&) R He) Dy (2) — v (@) R7H)T,

(3.34)
when we observe that, here, uz, ., (z) and rf'(x)R; 2, act as constants.
We also know that
Var(Z;(2)| 29 = 2, 3, B,,_,,07] = Var[Zi(z) = 07, (x)
= E[Var[Z,(2)]| 2" = 29, 3, B,,_,, 07|29 = 2, 0] = Elo7,(2)]|2¥) = 21, 0}] =

Elpi(2)| 2 = 21, 0}|E[07, , (2)|2" = Z(t) Joi]+ ot (L= (2) Ry 're(2)),
by observing that p,_1(z) and ¢ _ (z) are independent. Furthermore, 03  (z) depends
on Z® = z® through Z¢~1 = 2= only, and it is independent of o?. With this result,
we obtain

Elo}, (2)|2Y =2, 0]] = Var[Z,_1(2)] = Var[Z,_1(2)| 2470 = 207D, 8,1, B,y 074].
Note that
Elp;_1(2)| 29 = 29, 07] = g/ | (2)E[B,,_, BL_ |2V =2 07]g,1(2) =
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9i-1(2)(Spt + (S0, vil1,ge 1) 911 (),
therefore, we obtain

Var[Z,(2)]|2Y = 29, 5,,8,, ,,07] = 72, 1( r)Var[Z,_y ()| 2070 = 207Y)]
+of(L—rf ()R 'r ( ))-
By the law of total variance and equations (3.34) and (3.35)), we get:
Var[Z,| 2 = 2 2] = Var |E| t(:z:)|Z(t) =20 By, By, 02|20 = (t),atQH—
+E[Var[Z,(z)| 29 = 2, 8, B,,_,,07]| 2V = 2V 7] =
(uf (x) — 1 (2) R™"Ho)So(uf (2) — ) (x) R™H,) "+
+0,, (@) Var[Z 1 (2)| 207 = 2D 4 a2 (1= v (2) R ()

To drop the dependence on o2 in Var[Z,|Z®) = 2 2], we use the law of total variance
again, and obtain

(3.35)

Var[Z,(2)| 20 = 2] =
= Var[E[Z,(2)| 2 = 21 ¢2]|2®) = 2] + E[Var[ ()| 20 = 2 at]|Z = 2],
Note that, as previously stated, B[uz, (z)|Z®) = 2®)] is independent of ¢2, thus
E[Z(x)| 2" = z(t)’ﬁt’/gptfﬂo-?] = E[E[Z(x)| 2" = ZU)?ﬁt’ﬁﬂwﬁleZ(t) =2 =
Elpz, (x )lZ(t) = 2]
[Zt<rc>|z<” =29, 8., Bp] L o7
For this reason, the term Var[ [Z4(2)| 20 = 2 o ]|Z ®) = 2®)] is equal to 0, since
E[Z(2)|2" = 2, 0f] = E[E[Z,(x)| 2" = 2, ;. B,,_,, 07|29 = 2, 7],

and this is independent of o2
Therefore, now, we only need to take the expectation in o2 of the term Var[Z,|Z® =
2® 2] which is equal to

(u (x) =7 (2) R H) Sy (2) — 7/ (@) R™He) "+
+0,, , ()Var[Ze1 (2)| 2070 = 2V 4 of (1= (@) By (2)).

Pt—1
2(ai—1)
We also note that, since ¥ is linear in o7, the expectation of 3; is the expression for %,
with o7 replaced by its posterior mean. Thus,

Var[Zt(x)]Z(t) = z(t)] 52 (= )Var[Zt_l(:z:)|Z(t_1) _ Z(t—l)]+

Q T -1,.T T T 1 S 1
—|—2<at — 1)(1 —rl@)R7 T (2) + (u! — vl (2) Ry H) S (ul — vl () Ry Y H,) T

Observe that [02]2()] ~ ZG <at, %) implies that the posterior mean of o7 is 5

Variance for t = 1: Follows from easier but similar steps as for the ones performed above
for t > 1, noting that every term p;_;(z) must be equal to 0. O

Remark 4. Where we need to take the expectation of Yv; with respect to o2, we, in fact,

have an expression that does not depend on o? anymore. We have replaced that with itl//\t
only to simplify the notation and understanding.
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3.3.3 Cross-validation procedure

Though a cross-validation procedure might be extremely time-consuming for a general
model, the recursive formulation of the co-kriging model allows shortcuts for it.

We let & be the set of indices of ny.s test points in Dy, which constitute the test set
Dyest, and &, for 1 < t < s, be the corresponding set of indices in D;. Notice that this
is possible because of the nested property D, C Dy C --- C Dy, meaning that if we
remove a subset of the data from the highest level of code, we can remove it from all of
the other levels as well.

The following proposition gives the predictive error and variance vectors for the cross-
validation procedure for the non-informative case. This is an extension of the cross-
validation for Gaussian processes (subsection and it provides the predictive error
and variance for known or unknown parameters (8, 3,, ,,07), for 1 <t < s, and (51, 0%),
the simple co-kriging and universal co-kriging models, respectively.

As in subsection we use v for a vector containing the entries of v with indices in
the set (, v_¢ for the vector of entries of v with indices not in ¢, [A]¢ - for the submatrix
of A containing the rows with indices in ¢ and columns with indices in v, and similarly
to the vector case for the submatrices [A]_¢ ., [A]jc,—, and [A]—¢,—-

Proposition 3.3 (Proposition 3 of [Le Gratiet & Garnier "14]). Let us consider s
Gaussian processes {Zy(x)}i=1, s, as in the recursive model presented in (3.16), and
Z6) = (Zy,...,2,), with Z, containing the values of {Z,(x)}sep,, fort = 1...,s, and
D, C D, 1 C...Di. Wedenote by Dyos a set consisting of points of index & of Dy and &
the corresponding indices of the points in D, for 1 <t <'s. Let A\, _¢, denote the posterior

mean of the regression, and adjustment parameters ( Zt—l BV, Then, if £4,¢, are the

errors (i.e. observed values minus predicted values) of the cross-validation procedure at
the level t when we remove the points of Dies from levels u to t, we have

<€Zt,§t - @—1<Dt65t) © €Zt71,5t71)[R;1][§tafz] = [R;1<Zt - Ht)‘t,—ﬁz)][ﬁtb (336)
with €z,¢, = 0, fori < u,

Mg, = ([Ml{ e o[ M] [—&})_1[Ht]igthZt(Dt\Dtest% (3.37)

Pi-1 = gtjll(DwSt)[At7*§t]17~--7%—17
and .
Ky = [R;l][_£t7_£t} - [R;l][—ﬁtét]([R;l][ﬁtét]) [R;l][§t7—§t}'

Furthermore, if we denote by a%t ¢, the variances of the corresponding cross-validation
procedure, we have

o~ . _ —1
U%t,ﬁt = O'it—ly_gt(Dte‘St) © U%t—lygt—l + Uf,—ftdlag(([Rt 1][&752]) ) + Vt’ (338)
with
/U\gt_l,—gt(Dtest) = gtT—1<Dtest> (Eptq,ﬁz + [)‘t,*&]l,...,qtq [At,fEt]lT,...,qt_l)gtfl(Dtest>7

Ept—h{t = [([H?] [7&}Kt [%t] [7&})71] 1 ’

st =151, Q1]
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and
T
52 (2e(Di\Dyest) — [Mili-enMi—e,) Ki(2(D\Diest) — [Hil—g M, —¢,) (3.39)
b Ny — Pt — Gt—1 — Niest 7
where o7 . = 0 for i < u, nys is the length of the index vector &, Hy = [Gi—1 ©

7

(21 (DL ) F], and

qt

-1
V, = ut([H?][*gt]Kt[Ht][*ft]) utT’

_ —1 _
U = vy + ([Rt 1][&7&]) [Rt I/Ht] (&
and v, = —[gtT_l(Dtest) ® (€Zt—1:£t—1 1:},;_1) 0]

Proof. We begin by ordering the points in D; so that the points with index & are the n
last points of D, for every t. Then,

R, = |:[Rt][—§t,—§t] [Rt][—fuft}] .
[Rt] [&¢,—&2] [Rt} [&¢,&¢]
Using the blockwise inversion formula (A.7), we have that
_ A B
Rt b= |:BT Q—l} )
with
-1 -1 _ -1
A= (Rlre-a)  + ((Rdre-a) [RiliaenQ Relig-e (Ril e —ea)

_ -1
B" = Q7' R, —e ([Re e, —en)
and .
Q = [Rilige) — [Rilie,—e) ([Re)—er-e))  [Rili—cca)-

Now, we must compute the prediction for the points in D;.g at level the t. This will
be done for two cases: the simple co-kriging, when the parameters are fixed, and the
universal co-kriging, when they must be estimated.

Simple co-kriging: In this case, we have the variance and trend parameters fixed: afﬁ& =

%, At —e, = Xy and V; = 0 (refer to Equation (3.20]) and compare to (3.33))); V; is an

additive term related to the parameter estimations in the universal co-kriging case). Note

that Q = ([Rt’l][&’&])_l, thus 2(a?t—1)Q represents the covariance matrix of a Gaussian

process with kernel %rt(x, z’) on the points in Dy, and conditioned by the value of

the process on the points in D;\ Dyess. Also,
i 1 i
Q’i,i =1- rt(xta Dt\Dtest)T([Rt][—gt,—gt}) Tt(l’t, Dt\Dtest)-

Therefore, by Equation (3.20]), achieving (3.38]) is straightforward.
For the predictive mean, by Equation (3.19)), we have that the predicted output values

for inputs in Dy are

112, (Diest) = hi (Drest)Zeve + [Rilie,—e[Rel e, ey (2e(De\Drest) — [H]Le  Zer),  (3.40)
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with hf (z) = [uz,_, (v)g/ () fI(z)] and Bpp = A, ¢,
Now, note that

(R (2 = Hi M —e)ie) = [Ry iene (2e(Diest) — [HilfegM—e)+

(R, e, e (2e(Di\ Drest) — [Heleqhi—e,)-
: _ 1o _
Since ([R; Yie.en)  [Bi i) = QBT = —[Rilje, ey [Rd] [71&’7&], we have that

_ .
([Rt 1][&,&]) (R, 1(Zt - 7‘[?)\157—&)][&] = 2(Drest) — [Ht][zgt]At7_§t_

[Relier. [ Re] e, —e (2 (De\Drest) — [Hel g Me—e.)-

We then add and Subtract h?(Dtest) = [931_1(Dtest) MZt 1 Dtest 1 1 ft Dtest]
multiplied by A, _¢, in the previous equation. This, Equation *, the equality
At —¢e, = 2y, and the fact that ez, ¢, = 2¢(Dyest) — ,uZt(Dtest) imply that

_ .
(B ieren)  [Bi (ze = Hi Mme)lien) = €206 — ([Heleg = 1 (Diest)) M.
Finally, note that

(Helie) — P (Diest) = [9i—1(Drest) © ((26-1(Drest) = piz,_y (Drest))1q,_,) 0] =

[gil(Dtest) © (6Zt717§t711£,1) O]
= ([Ht][jéjt} - h?(DtBSt)))‘t,*ft = 1/0\15*1<Dt68t) O €z 1,61
_ —1 _ ~
— ([Rt l][{tft]) [Rt 1(’275 - HtT)‘tﬁft)][ﬁz] = &7 — ptfl(DtBSt) © €Zi_1,60-1-

Universal co-kriging: When the trend and variance parameters are unknown, they must
be re-estimated with the data set with observations on the points in D;\ Dyes. We must
refer to Subsection where we have expressions for the estimates of the parameters
when trained on D, and obtain similar ones training only on D\ Dieg.

Notice that all expressions in Subsection involve R; . In our case, this must
be replaced by [Rt]f—lgt,—gt}' Since we do not want to invert new (and big) matrices for

each different set Dy, we must write an expression for [Rt][’_l& ¢l including only the

previously obtained inverse matrix R;' and multiplications. For this, we will use the
block matrix inversion formula (A.7)) again. We write the inverse of R; as

R—IZ [Rt_jl[*ft,*ft] [Rt_jl[*fuét}
t [Rt ][ﬁn—ﬁt] [Rt ][Et,Et]

_ _ _ . -1
= [Rt] [—&,—&] — ([Rt 1][*&7*&} - [Rt 1][*&7&][Rt 1][&7&} [Rt 1][&,*&]) :
Hence, [Rt][ “¢,—¢) = K¢ With this, it is easier to obtain the estimates for the trend

and variance parameters. By (3.30)), we promptly obtain the estimate for the variance
parameter written in Equation (3.39). Similarly, the trend parameters estimate in is

obtained using (3.28)) and ({3.29).
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For the mean, we recall Equation (3.32)), with which we get the predictive mean when
training on the set D\ Dyeg:

E[Zt(l‘)\z(t) = Z(t)] = UtT(JC))\t,—& + [TtT(l’)][—st][Rt]f_lgt,_gt](Zt(Dt\Dtest) — [Hel—enAe—e.)

with ul'(z) = (¢f(2)E[Z_1(z)|Z¢Y = D] f(2)T). We highlight that the
conditioning term in the expectations is on the known values of the Gaussian processes
Z;(x) on the points in D;\ Dyey, for u < i <t and D; for i < u, but we keep the previous
notation for simplicity. Then,

E[Z(Diest)| 29 = 29 = uf (Drest) M, —e, H[ Rl e [Rel Y, _ e (2(Di\Diest) = [Hil e At —e.).

We obtained an equivalent expression to the one in the simple co-kriging case. This way,
the same algebraic manipulations performed in the previous case, only replacing h; with
uy, which also have similar expressions, yield equation (3.36]).

The variance of the universal co-kriging is given by Equation (3.33)), therefore when
training on D;\ Dyest, for u < i <t and D; for i < u, we obtain an equivalent expression
to the simple co-kriging case except for the last term which then becomes

(UtT(Dtest) —[Ry] [st,—st]Kt [H,] [—&] ) ([’H?] [—&] Ky [H,] [—&])71 (UtT(Dtest) —[Ry] [&,—&]Kt [H,i] [—&] )T-
We have that

Ui (Diest) = [Relieo,—e Ke[Hil1-e) = (uf (Drest) — [Halie) + ((Halie — [Reljer,—e Ke[Hel e,
with

] (Diest) — [Milfey = =9/ 1(Dtest) © (2,1 6,115, ) 0] =y,
and, since from the block matrix inversion of R; we know that

(R, " Hile, = BT [Mili—ey + Q' [Hil e,

= QIR Hile, = QB [Mil i + [Helie = Q= Q' [Rielje,—e Ko) [Hel ey + [Hil e
= [Hilie) = [Biig, e K[ Hil .-
Therefore, we obtained the expression for V;:

Vi = U([Hi e K[l -eg) U
with U, = vy + ([Rt_l][ft,ét])_l[Rt_lHt][&t}' -

Remark 5. The expressions for t = 1 are obtained by ignoring all terms that are
function of pi—1(x), gi—1(z) and B,, ,. For ezample, hl (xz) = fI'(z) instead of hl (z) =
lnz,- (x)g{ 1 (x) i (2)].

The equations presented in the previous propositions are closed form expressions for
the k-fold cross-validation procedure. They are still valid for s = 1, which defines a
simple Gaussian process model, and allow re-estimation of the parameters of the model
for each test set Dy.s;. The cost of the procedure is determined by the inversion of the
matrices [Rt_l][gtjgt] of 8ize Nyest X Nyesr Tor u <t < s and 1 < u < s fixed, when intending
to remove the points of D, from all sets D,. This is far less when compared to the
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standard estimation, which would require the inversion of matrices [R;][_¢, ¢, of size
(ny — Myest) X (ny — Nyest). Notice that, for small ¢, we expect a big number n; of data
points at level ¢.

Nevertheless, this proposition does not allow the re-estimation of the hyperparameters
of the correlation functions r;(x, z’), this would have to be done separately. Even in this
case, however, the computational cost is reduced by using the aforementioned results.

3.4 Examples

In the next few sections, we present some toy data that exemplify the behavior of the
recursive co-kriging model for various settings.

3.4.1 1-dimensional input data and 2 levels of fidelity
We consider the following functions for the high and low-fidelity levels:
frign(x) = (62 — 2)*sin(12x — 4),

1 1
frow(x) = 5(6x —2)?sin(127 — 4) + 102 — 10 = §fh¢gh(x) + 102 — 10;

For the low-fidelity level, we use 11 equally spaced points in the interval [0, 1], and for
the high-fidelity level we use the first, fourth, seventh and last of them, see Figure [3.1|
The most basic Gaussian process with zero-mean in the noiseless case is fitted to the data
and the prediction is shown in Figure 3.2

Different universal co-kriging models are fitted to the data and their predictions are
shown in Figures [3.3]-[3.8] The root mean square error (RMSE) and mean absolute error
are computed on 200 equispaced points in [0, 1]. Respective summaries are exhibited in

Tables B.11 - B.6
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Figure 3.1: Low and high fidelity functions with 11 low fidelity observations and 4 high fidelity

observations.

10 4

ot

— high fidelity function
---- GP regression mean

v high fidelity observation

0.0 0.2 0.4 0.6 0.8
input x

1.0

Figure 3.2: Noiseless Gaussian process regression with 95% confidence intervals using only the
high fidelity observations for training. The kernel used was o2 exp{—(x — 2')?/2I?} and the
hyperparameters were optimized. The model presented a RMSE of 5.575 and a MAE of 3.947.
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201 —— high fidelity function
---- multifidelity mean
151 ¥ high fidelity observation

® [ow fidelity observation

10 A

—10 4

0.0 0.2 0.4 0.6 0.8 1.0
input x

Figure 3.3: UK model 1 fitted to the data with 95% confidence intervals. The model presented
a RMSE of 3.861 and a MAE of 2.793.

Table 3.1: Model 1 summary.

Level Model specifications Estimates

Kernel Matérn 5/2 [ =0.346
2 Matérn 5,2 1 =0.01
1 ) =1 BT = -1.028
Trend 2 fz)=1 BT =7.383
. 1 - 0? = 59.888
Variance 9 i a% — 7118
Adjustment 2 gi(x) =1 BT =0.93




CHAPTER 3. MULTI-FIDELITY MODELING o8

154 — high fidelity function
----  multifidelity mean /
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input x

Figure 3.4: UK model 2 fitted to the data with 95% confidence intervals. The model presented
a RMSE of 0.184 and a MAE of 0.079.

Table 3.2: Model 2 summary.

Level Model specifications Estimates
Kernel 1 Matérn 5/2 1 =0.346
2 Matérn 5,2 [ =0.103
1 fL(x) =1 BT = -1.028
frend @) =(,0) BT =(20,-20)
Variance ! i of = 59.888
2 - 03 =13x10"2
Adjustment 2 g1 (z) =1 B;;Fl =2
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154 — high fidelity function
---- multifidelity mean /
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Figure 3.5: UK model 3 fitted to the data with 95% confidence intervals. The model presented
a RMSE of 0.182 and a MAE of 0.08.

Table 3.3: Model 3 summary.

Level Model specifications Estimates
Kernel Matérn 5/2 [ =0.346
2 Matérn 5/2 [=0.01
1 fl(z)=1 BT = —-1.028
Trend 2 leT((x)) . 5{1 = —17.067
Variance L i oj = 59.888
2 - 03 = 114.965
Adjustment 2 gi () =1 B;gpl = 2.01
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154 — high fidelity function
---- multifidelity mean i/
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°
0
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0.0 0.2 0.4 0.6 0.8 1.0

input x

Figure 3.6: UK model 4 fitted to the data with 95% confidence intervals. The model presented
a RMSE of 1.544 and a MAE of 1.211.

Table 3.4: Model 4 summary.

Level Model specifications Estimates
Kernel 1 Matérn 5/2 [ =0.346
2 Matérn 5/2 [ =0.01
1 fl(z)=1 BT = —-1.028
Trend 2 fIQT ((x)) =1 lﬁQT = 3.69
Variance L i of = 59.888
2 - o3 = 0.002
Adjustment 2 g1 (x) = (1,2) BT = (0.082,1.452)




CHAPTER 3. MULTI-FIDELITY MODELING 61

154 — high fidelity function
---- multifidelity mean g
v high fidelity observation 4
"7 @  low fidelity observation
°
0
_104
0.0 02 04 06 08 10

Figure 3.7: UK model 5 fitted to the data with 95% confidence intervals. The model presented
a RMSE of 0.327 and a MAE of 0.233.

Table 3.5: Model 5 summary.

Level Model specifications Estimates
Kernel 1 Matérn 3/2 [ =0.279
2 Matérn 3,2 =2
1 ffz) =1,z AT = (—10.159, 15.817
Lrend 2 1JSQT)(QC) (: x ) 1 5§T = —14.447 )
Variance ! i of = 15.455
2 - 03 =104.317
Adjustment 2 gl (z) =1 BT =1.923
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Figure 3.8: UK model 6 fitted to the data with 95% confidence intervals.The model presented a
RMSE of 0.56 and a MAE of 0.369.

Table 3.6: Model 6 summary.

Level Model specifications Estimates
Kernel 1 ou [ =1.053
2 ou [ =0.01
1 @) =1 BT =172
frend @) =(,0) BT = (20,-20)
Variance ! i of = 48.402
2 - 02 =12x10"%
Adjustment 2 g1 (z) =1 B;;Fl =2
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In Figure [3.9] we compare the errors for different UK model setting. We use the
same high and low-fidelity functions, but choose to use more observations, 20 equispaced
points in [0, 1] for D; and Dy, in order to better observe the behavior of the errors of the
cross-validation procedure.

The errors were obtained by sequentially removing observations in a randomized order
from the high fidelity level only and computing the mean absolute error and the root
mean squared error on the removed observations. For the UK multi-fidelity models, we
used a simple trend and adjustment setting, f{'(z) = fJ (z) = g} (z) = 1, and different
correlation kernels, using always the same for both levels. For comparison, the same
was done for a 1-level Gaussian process with Matérn 5/2 kernel and optimized constant
mean g fit to the high-fidelity data. The resulting errors were averaged over 100 runs of
observation removal.

Note that when we have almost all of the observations of the high-level of fidelity, a
Gaussian process is as good or even better compared to the multi-fidelity models. This
happens because we have almost equal input sets D; and D, and, we gain not much
more information from the low-fidelity observations. However, when there are few high-
fidelity observations, all multi-fidelity models show smaller errors compared to the 1-level
Gaussian process. This is exactly the context in which multi-fidelity is needed, when there
is only a small amount of high-fidelity data.
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Figure 3.9: Comparison of the average cross-validation when 20 equally spaced observations in

[0,1] are used and they are removed from the highest level of fidelity only.
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3.4.2 1-dimensional input data and 3 levels of fidelity

For this brief example, we use the following functions for the three levels of fidelity:

1
fnign(z) = 62° + cos(12x) + 3 sin(24x),

1
fmedium(x) = thigh(x) + 1'2 + 17
and

Fuoul@) = (¥ + 7 ) Fnetiun(z) — 7 — 1.

— high fidelity function
medium fidelity function

o low fidelity function

v high fidelity observation

41 @ medium fidelity observation

low fidelity observation

T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0

Figure 3.10: 3 levels of fidelity functions with 4 high fidelity, 7 medium fidelity and 13 low fidelity
observations.

13 equispaced points in [0, 1] were used for the low fidelity points, 7 for the medium
level, and 4 for the high fidelity observations. A simple UK model, with f{(z) = f](z) =
fi(x) = g} (x) = gl,(x) = 1 is fitted to the data in Figure , and a slightly more
complex one with f{(z) = f(z) = f{(x) = g, (z) = g},(x) = (1,2), in Figure 3.12
Matérn 5/2 kernels were used for both. The average errors are more than halved in the
second model compared to the simpler one.
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— high fidelity function

61 ---- multifidelity mean

v high fidelity observation *
¢  medium fidelity observation

low fidelity observation

0.0 0.2 0.4 0.6 0.8 1.0
input z

Figure 3.11: UK model 1 fitted to the data with 95% confidence intervals. Matérn 5/2 kernels
were used for all levels, f{ (z) = f§ (z) = f§ (z) = g, (z) = g}, (x) = 1. The RMSE on 200
equispaced points in [0, 1] is 0.366 and the MAE is 0.286.

— high fidelity function
61 ---- multifidelity mean
v high fidelity observation ®

o
L
QS
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ad low fidelity observation

0.0 0.2 0.4 0.6 0.8 1.0
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Figure 3.12: UK model 2 fitted to the data with 95% confidence intervals. Matérn 5/2 kernels
were used for all levels, f{ (z) = f(z) = f{(x) = g;;Fl (x) = gz; (x) = (1,z). The RMSE on 200
equispaced points in [0, 1] is 0.155 and the MAE is 0.127.
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3.4.3 2-dimensional input data and 2 levels of fidelity
For this two-dimensional example, we used the functions
Frign(,y) = cos(z® + y?) + 0.5(sin(ay) — 2?),

and
flow(xv 3/) = (09 + 0.1z — O'2y)fhigh<'r7 y) + 05(.]73/ + 05y + 1)

for low and high-fidelity. Observe the behavior of these two functions in the surface plots
of Figures and and contour plots in Figure [3.16

100 input points were uniformly selected in [—2, 2] x [2, 2], 30 of which were randomly
selected for the high-fidelity data. The distribution of the input data points is shown in
Figure |3.13]

We fit two models to the data, a simpler UK model, with fI(z,y) = fI(z,y) =
gfl (x,y) = 1 and compare it to a Gaussian process with optimized mean in Figure Zl?t
and a more complex UK model, with f{(z,y) = f](z,y) = ¢ (z,y) = (1,z,y,3y),
and compare it to the corresponding Gaussian process with prior mean (1, z,y, xy)n with
n € R* optimized via maximum likelihood (ML) in Figure [3.18] All kernels used are
Matérn 5/2 and the Gaussian processes are fitted only to the high-fidelity data.

In Figures[3.19]and [3.20] we compare CV errors when using equispaced observations on
a 10 x 10 grid in [—2, 2] x [-2, 2] for different models. Matérn 5/2 kernels are used for all
models. For the UK models, observations are removed from the high-fidelity level only,
and the Gaussian process has optimized constant mean and uses only the high-fidelity
data.
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Figure 3.13: Location of the observations.
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Figure 3.14: High fidelity function.

Figure 3.15: Low fidelity function.
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High fidelity function

2.0 7= ~ -
/7 [ B -0. /lu)“\‘)

y axis

0.0 05 . . 2.0
T axis

Low fidelity function

2.0

Y axis

Figure 3.16: High and low fidelity functions with inputs in [~2,2] x [~2,2] C R? used for the
multi-fidelity procedure.
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Figure 3.17: Comparative plots between the high fidelity function, multi-fidelity and Gaussian
process regression. A UK multi-fidelity model with fI (z,y) = f1 (z,y) = f1 (z,y) = gg; (z,y) =

g;;g (x,y) = 1 was fit to the data. The corresponding Gaussian process with prior mean n with
1 € R coefficient estimated via ML is fit in the third panel.
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Figure 3.18: Comparative plots between the high fidelity function, multi-fidelity and Gaussian
process regression. A UK multi-fidelity model with f{ (z,y) = i (z,y) = gz;1 (x,y) = (1, z,y,xy)
was fit to the data. The corresponding Gaussian process with prior mean (1, z,y,zy)n with
n € R* coefficients estimated via ML is fit in the third panel.
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Figure 3.19: Comparison of average CV errors for a multi-fidelity model with f{ (z,y) =
fF(z,y) = g;fl (z,y) = 1 and kernel Matérn 5/2 and a Gaussian process with optimized constant
mean and kernel Matérn 5/2. In the multi-fidelity model, the observations are removed from the
high-fidelity level only.
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Figure 3.20: Comparison of average CV errors when removing observations from the high-level
of fidelity for a multi-fidelity model with kernel Matérn 5/2, and different basis functions used
for ff'(z,y) = ff(z,y) = gzl (z,y), which given in the legend.



Chapter 4

Conclusion and Perspectives

We present, in Chapter [3] the work of Le Gratiet in |[Le Gratiet & Garnier '14] and
[Le Gratiet "13| in establishing the equivalence of the recursive formulation of the co-
kriging procedure and the classical co-kriging multi-fidelity model of Kennedy and
O’Hagan proposed in [Kennedy & O’Hagan ’98|. This new formulation provides a lower
computational cost for the inference steps, since, for the Gaussian process prediction,
the s-level model requires the inversion of s matrices of sizes n; x ng, with t = 1,..., s,
instead of the previous classical model, which required the inversion of a matrix of size
Soi_yme x >, ny. Furthermore, closed form expressions for cross-validation error and
variance are available, which allow us to perform model selection via cross-validation at
a lower computational cost than carrying out several necessary fittings.

In the examples of Section [3.4] we observed the fitting nature of multi-fidelity models.
Models 1-6 of Section show us how different kernels for the correlation function, and
different trend and adjustment basis functions influence the predictions. Furthermore, in
Figure 3.9 we note how the errors decrease for different kernels when we have more high-
fidelity observations, and we compare them to a 1 level Gaussian process. It is evident
that in the important case of few high-fidelity observations available, the multi-fidelity
co-kriging models greatly surpass the power of Gaussian processes. Also, in Figure [3.20],
we observe how increasing the number of basis functions for the trend and adjustment
improves the fitting results for a more interesting case in 2 dimensions.

Thus, we see that the recursive co-kriging multi-fidelity model provides us a powerful
tool for situations where the high-fidelity observations are scarse, yet we still have plenty
of low-fidelity data.

In the future, we wish to further examine studies that are based on the recursive
model presented in [Le Gratiet & Garnier "14]. One important extension of this model is
the framework presented in [Perdikaris et al. "16] for high-dimensional input spaces and
big data sets. In this paper, the authors use a graph-theoretic approach to encode the
structure of the covariance matrix of the Gaussian processes priors of each level, and
frequency domain machine learning algorithms to reduce the overall cost of the inference
process.

Another work, presented in [Perdikaris et al. "17|, generalized the recursive model with
the classical autoregressive formulation to include nonlinearity by rewriting the expression
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of Z,(x) as
Zi(w) = fi1(Zioa(x) + 0u(x)),

where f;_;(z) is a function to be inferred from the data.
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Chapter 5

Appendix

A.1 Probability distributions

A.1.1 Gaussian distribution

The multivariate normal (Gaussian) distribution of an n-dimensional random vector X =
(X1,...,X,)7T is written following the notation

X ~N(p, %),

where ;1 denotes the mean vector and X the covariance matrix of X. This distribution
has density equal to

_exp{—3(@— )8 (= — )}
(2m)" det(X) '

/()

A.1.2 Inverse-gamma distribution

The inverse-gamma, distribution of a positive random variable X is written as
X ~ZIG(a,p),

with shape parameter > 0 and scale parameter 5 > 0. Its density is given by

flz) = %xo‘lexp{ - g}, for x > 0.
X ~ ZG(a, ) has mean equal to %, for a > 1, and variance equal to #&72), for

o> 2.

A.2 Gaussian Identities

A.2.1 Conditional probability

Let z and y be jointly Gaussian random vectors

(] [ 5]) s
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Then, the conditional distribution of x given y is

zly ~ N(p, + OBy —p,), A—CBCT). (A.2)

A.2.2 Product of Gaussian functions

A product of two Gaussian distributions is another (un-normalized) Gaussian (we write
here A/ (z|m,Y) for the density of the Gaussian distribution in RP with mean m and
covariance ¥ at the point x):

N(z|a, AN (z|b, B) = Z7'N(z|c, C) (A.3)
with
c=C(Aa+B'b)
C=A"+BH"
and

77t = (2n) P2 det(A + B) " exp { - %(a —b)"(A+B) Ha - b)}

A.3 Probability identities

A.3.1 Law of total expectation
Let X and Y be random variables such that Y has finite mean. Then
E[E]Y|X]] = E[Y]. (A.4)

A.3.2 Law of total variance

If X and Y are arbitrary random variables for which the necessary expectations and
variances are finite, then

Var[Y] = E[Var[Y|X]] + Var[E[Y|X]]. (A.5)

A.4 DMatrix identities

A.4.1 Woodbury matrix identity
This identity, also known as matriz inversion lemma, states that
(A+vUcV)yt=A"1-AlUuCct+vAalu) VAT (A.6)

when A is an n X n invertible matrix, C' is an m x m invertible matrix, U is n X m, and
Vis m X n.
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A.4.2 Block matrix inversion

If a matrix M is partitioned into four blocks, it’s inverse can be partitioned blockwise as

yE [A B} o {Al +A'B(D—CA'B)"'CA™' —A'B(D - CAlB)l]

C D —(D-CA'B)"tcA™! (D—-CA'B)™!
(A7)
where we assume that both A and D are invertible. Alternatively, we can write
Ml (A-BD'C)™! —(A—-BD™'C)'BD! (A.8)
~ |-D'C(A-BD'C)"' D'+ D7 'C(A-BD'C)'BD! '

A.4.3 A particular block multiplication

Suppose that we have M, an invertible m X m matrix, partitioned as

M=[M X],
where M, consists of the m — n first columns of M and X of its last n columns. Then
M1'X = [IO] . (A.9)

This is derived simply by observing that if Y = P;l} , with Y7 of size (m —n) x n and Z

of size n x n,

MX=Y — X=MY=MY+XZ,
which is true if Y7 = 0 and Z =1,,. The result follows from the fact that Y is unique.

Similarly, let
M == |:M1 X MQ] 5

with M of size m x m, M; of size m x mq, M of size m x my and X of size m x n. If
Y1

Y=1|Z

Y,

Y

with Y of size m x n, M; of size mq x n, Y5 of size my X n and Z of size n x n, then

M1IX=Y < X=MY=MY1+XZ+MY, < Y, =0, Z=1, and Y, = 0.
(A.10)

A.5 Proof of equations (2.10) and (2.11])

Using the Matrix inversion lemma (A.6]), it is possible to rewrite the expressions for the
mean and covariance

w, = H'b+ (KX + H'BH)(K, + H'BH) *(y — H"b),
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and
Covlw,] = K(X., X.)+ H BH, — (K + H'BH)" (K, + H' BH) ' (K. + H" BH,.),
to obtain more interpretable ones. Indeed, note that
(K, +H"BH) '=K,' -~ K/'H'(B™' + HK;'H")"HK . (A.11)
For the expression of the predictive covariance, we have that
Covlw,] = K(X,,X,) + H BH.—
(K] +HIBH)(K,;' = K;'"H"(B™'+ HK,'H") "HK ") (K, + H" BH,).
Observe that
(B'+HK,'H"Y(B'+ HK,'H") "' = (B"'+ HK,'H") " "(B"'+ HK,'H") = I

(A.12)

therefore
(K'+ H!'BH)K,;"(K,+ H"BH,) = K/ K,'K, + K/ K,'H" BH,+
H'BHK,'K,+ H/BHK,'"H"BH, =

K/'K'K,+ K/K;'"H' (B™'+ HK;'"H")""(B™' + HK,'H")BH,+ (A-13)
HI'B(B'+HK,'H")(B™'+ HK,'H") 'HK,'K, + H/ BHK,'H" BH,
The last term in the previous expression can be rewritten as
HI'BHK,'H"BH, = H!B(B™'+ HK,'"H")BH, — H! BH, = (A14)

HIB(B™'+ HK,'H")(B™'+ HK,'H")""(B™' + HK,'H")BH, — H BH,.
In addition to this, we have that
(K + HI'BH)(K,'"H"(B™'+ HK,'H")"'"HK')(K, + H'BH,) =
KIK"H"(B™'+ HK,'"H") '"HK, 'K, + K] K, '"H" (B~ + HK,'H") "' HK,'H" BH.+
HIBHK,'H"(B™'+ HK,'H") "HK 'K+ (A15)
HI'BHK'H"(B™'+ HK,'H")"'"HK'H" BH,.

Lastly, observe that
—H!B(B™'+HK,'H") (B~ + HK,'H")""(B™' + HK,'"H")BH,+
H'BHK,'H"(B™'+ HK,'H")"HK,'H" BH, = (A.16)
~H/(B'+HK,;'H")"'H, — 2H] BH,.
Substituting all the terms of Equations (A.13)-(A.16]) back in Equation (A.12)) for Cov|w,],

we obtain
Cov[w,] = Cov|z,] + R"(B™' + HK,'H") 'R,
with
Covlz,) = K(X., X,) - K[ K,'K,.
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For the predictive mean, using Equation (A.11]), we have that
w, =H/b+ (K + H'BH)(K,;' - K,"H"(B™' + HK,'"H")'"HK")(y — H"b) =
HIb+ (K] +HBH)K, " (y — H"b)—
(K'+H'BH)K,'"H"(B™' + HK,'"H") 'HK, ' (y — H"b) =
KI'K;'y+ (H/B— (K] + H'BH)K,"H" (B~ + HK,'H" )" Y HK,'y+
(HZ — (KT + H'BH)K,;'H" + (KT + H'BH)K, ' H" (B + HK;HT)*HK;HT)ZJ
(A.17)

We can now identify the term KT K, 'y = Z,. For the second term containing y, the
second term of the fourth row of the last equation, note that

HI'B— (Kl + HIBH)K,'"H"(B™' + HK,'H")™' =
(H,TB(B—l + HE;UHT) — (KT + HEBH)K;HT) (B + HE;'H™) ™ = (A.18)
RT(Bfl 4 HKyleT)flj
and for the term with b,
(H = (KT + HIBH)K, H” + (K + HY BH)K, HY (B + HI HT) 7 HE HT) =
(H.B(B™ + HE, HT)(B™ + HE, H) 7' 5) = (KT + HTBH)K, ' HT )+
<(K*T + H'BH)K,'"H” — (K' + H' BH)K, ' H"(B~" + HKy‘lHT)‘lB‘1> -

R"(B™'+HK,'H")B™".
(A.19)
Using all these rewritten Equations (A.18)) and (A.19) in Equation (A.17)), we obtain

w, = 7, + RT .

A.6 Requisites for the proof of Proposition of Section (3.3

We leave all dependences on hyperparameters implicit for the sake of notation.

Proposition A.1 (Proposition 3.1 of [Le Gratiet "13|). If we consider the covariance
matriz Vy in and sort the experimental design arranged so that, fort =2,...,s, first
come the points that are in Dy but not in Dy, and then the points in Dy, (Dy—1\Dy, Dy),
then the inverse of Vi has the form

0 0 0
V. T ol )17 )oR;!
Vol= s—1 T 0 (ps—l(DS)ps;gl(DS))QRS [(051(&()7?5)@& ] 7 (A.20)

— 10 (lnsPZ—l(DS))QRs_I} R:1
2
US
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and
Rt

27
01

Vo=
where V,_1 is a (Zf;ll n; X Zf;ll ni) matriz, and Ry = [rs(x, 2")|zwep, an (nsxng) matriz.
Proof. Let

Vis

VS:[X?Tl [{/1} with Uy_y= | 1 | =Cov{2¢7Y 2.},
s—1 S,S
‘/s—l,s

where Vi1 = Cov{Z,_1, Z,_1} and V, ; = Cov{Z,, Z,}.
Using (A.7), we can write the inverse of V; as

Vir U] _ [V +VEULQUT VL —V UL Q5!
UL, Vis Q ULk, Q!
where Q, = — UL V.- U,_,. From (3.11), we know that for ¢ < s,

Vt,s = [11%/)5—1(178)] © Vt,sfl(Dta DS)

Vi,s ‘/1,5—1(D17 Ds)
— Us—l = [122 i nzps 1(D )] ©
‘/sfl,s ‘/sfl,sfl(Dsflu Ds)

Note that the ng last columns of V_; are precisely

‘/1,371 (Dla Ds)

‘/;—l,s—l(Ds—la Ds)

By (A.9) and the fact that the Hadamard product is between a matrix with all identical
rows and the one made of the ng last columns of V,_;, we obtain

‘/l,s—l(Dh Ds)
ViU =V, [12 Ps (D) © : =
‘/s—l,s—l(Ds—l;Ds)
1 D 0
[ lenps 1( )]Q ITLS )

with the 0 in the last equality being a (Zf;ll n; — ng) X ng matrix with all entries equal
to 0.
Now we can rewrite ()5 as something more familiar:

QS: ss+UT1V 1Us 1=
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= Cov{Z,, Z,} — Cov{Z*7 !, Z,}"Var[27V]Cov{ 20D, 2.
And this is exactly the predictive variance of Z, conditioned by Z¢~1. In addition to
this,
ZS - ZS(DS) - ps—l(Ds) ®© Zs—l(Ds) + 55(Ds)
— Var[Z,|Z267Y] = Var[p,_1(D,) ® Z,_1(Ds) + 04(Dy)| 2¢7V] =
= Var[d,(D,)| 247V = Var[é,(D,)] = o2R,,
since Z,_1(D,) is a constant when conditioned by Z¢~Y and d,(z) is independent of
Z(s=h),
Having expressions for V. 1U,_; and Qs, it becomes easier to construct the matrix
V1. Note that

— — O R'S_l

Ng ) O'S

_ | Ostmengsn,
o1 (D)L ] © 25

)

Ot minyn,
(DHSPZ—l(DS)] © Ins)%

and this implies that

Ot m—nayxn
[ps-1 (D)1 ] ©

Js

VoUQ7 UL VI = [0 x (52t nimnyy [Ps-1(D)LL] O L] =

O (st nimns) x (532 nimns) 0=t nine)xns
0 [(Psfl(DS)Pz_ﬂDS))@Rs_l]

ns X (32521 ni—ns) o?

Therefore, using everything we constructed, we obtain a recursive form for V,71:

[Wm W1,2:|

Vol =
WEQ W272

s

with

0 0
0 [(ps_uDs)pL(Ds))@R;l} )

2
Os

0
Wl,z = - [[psl(Ds)lfs]GRsll )

2
T

wT 1n,pT_ 1 (Ds)]ORS!

12— — |:O [Lns e 15‘3 ) :| 5
Rt

T o2

S

_ R!
and V] -
a7
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Proposition A.2 (Proposition 3.2 of [Le Gratiet "13]). If Vi is the covariance matriz in
equation and kI'(z) the covariance vector in equation (@, the following equality

18 valid:

kD ()Vh = (poi ()bl (2)VT — (0, [pl (D) ©rl(z, Dy)|R"), rl(x, Ds)R.).

S

Proof. In (3.8) and (3.9), we obtained a recursive expression for kI (z):

k() = Cov{Z,(x), Z(s)} = (cI'(z,Dy),...,cI(z, D)7,

with
cl (v, D;) = Cov{Z,(x), Z,(D)}
T
— ¢ (2,Dy) = pi_1(Dy) ® ¢l (2, Dy) + (sz )O'tTt x, Dy). (A.21)
By Proposition
Lo 0 0
T Vit (poma (DI (DR | | (pema (DL, YRS |

0 [1nspg‘71(D5)]®R;1:| R
o‘% 0'3

which we will split as V! = [A B] with

. 0 0 0

A Vit | (ps_lws)pSU;( Dy))oR; " wd B |7 (ps_lws()fl?zs)@zz;l
0 [l i (DoR: ] Rt
o2 o2

This implies that

K@)Vt = [F(0)A kT (2)B].

0 0
0 (Psfl(DS)Ple(DS))@RS_I -

For A:

kN (2)A = (cI'(z,Dy),...,cl (z,D,_1))

s

Vi +

2
Os

l(z,Dy) [0 DnsPsT_l(Ds)]@R;l}

o3
Note that Equation (3.6 implies that, for 1 <t <s—1,
ci(x, Dy) = Cov{Zs(x), Zy(Dy)} = ps—1(x)Cov{Zs_1(x), Z:(Dy)}

= (c[(2,D1),....c" \(z,D51))" = ps1(2)kl_ 1 (2) = ps_i1(2)Cov{Z,_1(x), 257V},
(A.22)
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As in Proposition the points in the sets D; | are ordered such that first come
the points in D, 1\D; and after the ones in D;. This ordering helps us manage many
expressions we come across. Therefore,

CsTf1<fU> Dsfl) = (Czll@;? Dsfl\DS>> CSTA(% Ds))

and with these last expressions we obtain

(Ps—1(Ds)pi1(Ds)) © Rs,‘l)

2
Os

K7 (2)A = posy (kT @)V + (o, T (2.D.)

o3

—cq (x, Dy) [O [1nspZ_I(Ds)]®R;1] ‘
Also, by Equation (A.21]), we know that

Cz(L Dy) = ps1(Ds) ® Cz—l(xv Dy) + UgTsT(ffa D;) (A.23)

— ! (z, D) {o [lnsp?fl(Ds)]@Rs—l] _

[ps—l(DS)psT—l(DS)] © R;1
o?

(0. st F (D) @ 7w DR

= K (0)A = por (R @)V = Oy ity [0 1(D2) @17 (2, DYIRTY).

For B: We'll use the identities already obtained in the previous part of the proof.

0 R1
ks (2)B = —(ci (2, D1),.... ¢,y (2, Ds1)) [(pH(Ds)lzs)@R:l +¢ (v, D) —5 =
o2 s
. Ds 1T @R—l R—l
—cg_l(m,Ds)(p i )U;S) — + (ps—1(Ds) © ¢y (x, Dy) + o2r] (x, D)) 082 =

=ri(z, D) R
And all together...

ke @)V = (psma(@)k g (@) V1 = (0, [pi_y(Ds) ©rd (2, DGR, 1] (2, D)RTY).
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A.7 Parameter estimation of subsection

We'll use the approach presented in [Hoff ’09] for the problem of finding the posterior of
two parameters 6 and y when their prior distributions are of the form p(6|y) and p(y). If
we call the data X, we observe that the joint posterior distribution can be decomposed
as

p(0,71X) = p(0ly, X)p(v]X).
Then, the posterior distribution p(6|X, ) is obtained by noting that

p(0]7)p(X10,7)

p(0]X,v) = o< p(0]7)p(X10,7).
01X, = F e (01)p(X16,7)
Next, the posterior distribution of ~ is given by a marginalization:
p(v)p(X|y
MﬂX%ZJ%éaLQ&pWW@WﬂZPWX/ﬂXWWWWWﬂg

First considerations: Again, the obvious dependencies are left implicit.
We know that
Zl(Dl) = 51(D1) ~ N(Flﬁlﬁle),

and that
Zy(Dy) = pr—1(Dy) ® Zt—l(Dt) +0,(Dy) = [Gi=18p 1] © Zt—l(Dt) +6:(Dy) =

(Gio1 © [Zi-a (DAL 1By, + 61(Dy)
~N(Gio1 © [Zt—l(Dt)lg;,l]ﬁpt,l + Fif1, 07 Ry)

(see Remarks [1] and 2] for clarification).
Let Hy = Fy and Hy = [Gio1 O [z1(D)1] | F], for t > 1. Also, for simplicity,

Bt = [6 %1], for t > 1, and Bl = (1. Then, we can rewrite the previous expressions
t
simply as ~ ~
Zt(Dt)|Z(t71)>ﬁta 0,:2 ~ N(Htﬁb U,?Rt%
for t =1,..., s, with the convention 2 = (.
Now we can construct the likelihood equations, for our observations z, fort =1,... s:

-1

1 ~ R ~
{ - 5(% - Htﬁt)T?(zt - 7‘£tﬂt>}

t

1

1
ex
(2m)m/2 | /det(c2Ry) P

p(zt|z(t_1)’ﬁ~t, Uf) =

All priors non-informative (ii):
Note that
I -
(2t — Htﬁt)TF(zt —Hify) =

t
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R—l 5 R—l 5 N R—l R—l 5
N e R LR
-1

i i R
(B — Z) 'S (B — Bun) + th?Zt — v/ S,

t

-1
where >, = [ ] and v, = [’HtT R2 zt] Therefore,
p(Zt|Z(t_1), Bh 0-752) =

-1

1/, ~ ~ R
exp {—5 ((ﬁt_ztyt)TEt_I(6t_2tyt)+zf_2

t

1 1
RN Gy

Zt—V;TZtVt> } (A24)

. R ! . . ~
Since z/ =4z — v/ Ly1y is constant with respect to Sy,
t

(Bt - ZtVt>TEt_1(Bt - 2t%)}

DN | —

p(Bil2Y, 7)o p(Bil2 Y, o}yl 27V By, o) o exp{ -

= [Bt|z(t)7‘7t2] ~ N (Zewy, 3p).

For the posterior of o2, we know that

p(02]29) ox p(o?]21) / P20, By 02 p(Grl 2, 02)dBy o

-1

1 1 1 1/ - 1= R ~
o? / P { ) <(5t—EtVt)TEt YB =S+ 2~ —VthtVt> }kwt h
( Ry) 2 o

g 27T)nt/2 det(02 t

1 1 R T 1( > Tv—1,7 >
0727(03)%/2 exp { 3 (Zt 01;2 2t — Uy Et’/t) } /eXp { 5 <(5t — )" B (B — Etl/t)) }dﬁt x
11 SR
a_?—(af)"t/Q exp { ~3 (zt p ——2z — U} Etut) } det(%;) o

1

Rt T 2\ (pt+qi—1)/2
Y T exp{ ~3 (zt p ——z — U} EtVt> }(at) )

Note that

Rt 1 _ _ -1 _
thngzt — VtTEtVt = 0—? (ZtTRt Ly — (”HtTRt 1zt)T [HtTRt 17—[& ’HtTRt lzt),

and that if Q, = (2, — H\) Ry Y20 — He\y), and A = [HT Ry "M, "HT Ry ', then
@t = (Zt - Htj\t)TRgl(Zt - Htj\t) = ZtTR;lzt — % R lHt[HTR 1?‘[ ] 17‘[?]%;12,5—
(Ha[H{ Ry VH T H Ry ) Ry 2t
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(He[H{ RV H) T HY Ry )" Ry MM RV 1Y Ry 2
= TRz, — (HIR2,)T [H?R;%}‘IH;’” Rz

1 Q
21 (1) _ Xt
p(gt |Z ) x (J%)(nt*pt*%—l)/Z‘Fl exp{ 2 }

= Ut|z Nzg(ataét/Q)a
with a; = (ny — py — q;—1)/2 + 1 and the convention gg = 0.

All priors are informative (i): We will follow the same steps as in the non-informative
case (ii), recycling many expressions we found there. First, recall the likelihood function
given in Equation (A.24). Now, observe that as a function of §, and o2,

p(Bt‘Z(Fl)a Ug)p(zt‘ﬁta Ut2)

1 Wt ~ 1
> (O’t)(Pt+fIt N7z { (Bt B b)T t (Be = b)} (o’tQ)"t/2 %

oo {4 (] ] ) ) (o 4] )

t t t t O

For the sake of notation, let us complete squares without all indexes and parameters, with
C and D generic self-adjoint matrices and x, ¢ and d vectors with appropriate dimensions:

(x—d)"D(@—d)+ (x —Ce)'Cla —Cle) =

=27(D+C)x — 2" Dd — (Dd)"x +d"'Dd — 2"c — v+ TC e =
=27 (D+C)x — 2" (Dd+c) — (Dd+ )’z +d"Dd+ "C e =
=(x—(D+0) Y Dd+c)"(D+C)(x— (D+C) ' (Dd+ ¢)+
d"Dd + c"C e — (Dd + )" (D + C) Y (Dd + ¢)
In our case, z = B, d = b, D = %, c = [’HT&?%} and C' = ["HTR#?/HJ Then,

D+C =" HTRQHt Vand Dd+c =%
t t
in the expressions for hIN and Uy Compared to the non- 1nf0rmat1ve case), and we have

HTR2 z; = 14 (observe the change

_— . 1 1 - L
p(ﬁt|z(t 1)7 Utz)p(ztwt, Utz) X (0-2)(nt+pt+(k71)/2 exp { — 5(5t — Etl/t)TZt 1(5t — Etl/t)}x
t

exp { ~3 <b W 1bt + [HTRt zf}T [H?R;?Ht} - [H?ijzt] — utTEtl/t) } exp { — &}

2
o} o} o lop 20}
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To simplify the next algebraic manipulations, let us call H' R; 'z, = v and HI R, '"H, = S,

and let’s drop the index t. We will use the matrix inversion lemma (A.6]) in the form
W4t =W -WW + 5 H'w,

and
(Wfl 4 S)fl — Sfl _ Sfl(W_'_ Sfl)flsfl'

Note that
VW o+ 0" S o — (Wb 4+ o) T (W + 9) Wb+ 0) = 0" Wb + 0TS -
W WS TTW T bt (W ES) T T 0T W (W TS T oot (W HS) ),
and that, for the last 4 terms, which we will call
O =Wt W+ Wi,
Q=0"(W=+9)" W1,
E=b"WI W +9) M,

and
A=0"T(W 4 9) o,
we have
O=b"W W -—WW+SH TWYW b =b"Wb—-b"(W + S 1),
Q=0"ST' (W + S,
= =0"(W + 57ty
and

A=0"( S =S W+ S Sy =o' ST — T STHW + STH LS.
Therefore, it becomes clear that
VW o+ 0TS o — (W o+ o) (W 4+ 9) ' (Wb +v) =
VWb +0"S™ 0 - (0+Q+E+A) =
(b—S')T(W+S5H 1 b—- S 1),
and, therefore,

exp{ _ 1(17?“2—:@ n [H? %lztr [%3 Rglfﬂt} - [HZ’ %lzt] . y,?ztyt>} _

2 t t 0y t

o { = g (050004578 5710) } -
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exp{ - % (b = 30" (W (T R 7 00— )

t

We have already obtained all necessary expressions. Now, paying attention to what
goes into the multiplicative constant, it is easy to obtain the posterior of f;:

p(Bt‘Z(t)> af) X p(@t‘z(tfl)a U?)P(%‘Bt, UtZ) (8 eXP{ - %(Bt - EtVt)TE;l(Bt - Zt”t)}

— Bt\z(t),af NN(tht,Zt).

For the posterior of o2, we have to integrate p(3|2¢~1, 02)p(2|5;, 0?), and using the
tediously obtained expressions above, we get

p(02]29) o p(o?]21) / Pzt 20, By 2)p(Bil 2, 02)dBy o

1 Tt 1 1 - 1
(7)o tt o { - ‘7_?} / (o})(utpita—1)/2 xp { N §(ﬁt = X)X (B — S ¢ X

exp { . %‘2 ((bt “A)T(W, + [HERIYH] ™) (b, — Xt)) } exp { . &}dﬁt _

t

| 1 A L
(o2)atnctpeta) /241 exp {—T‘Q (27t+(bt_)\t)T(Wt+[H;FRt M) 1(bt_)\t)+Qt) } X

t

/exp{ - %(Bt - EtVt)TE;I(Bt - EtVt)}dBt =

1 1
(02)art(nrpirar) /2] eXP{ - @Qt} det(2;) o

t

1 1
(02yortne/z+ P T 2529t (-

t

This way, we obtain

n
o2z ~ TG (é + ay, %) :
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