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✏◆✉♠❜❡r ❚❤❡♦r②✱ ❛♠♦♥❣ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❞✐s❝✐♣❧✐♥❡s✱ ♦❝❝✉♣✐❡s ❛♥ ✐❞❡❛❧✐③❡❞ ♣♦✲

s✐t✐♦♥✱ s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ t❤❛t ♠❛t❤❡♠❛t✐❝s ❤♦❧❞s ❛♠♦♥❣ t❤❡ s❝✐❡♥❝❡s✳ ❯♥❞❡r ♥♦

♦❜❧✐❣❛t✐♦♥ t♦ s❡r✈❡ ♥❡❡❞s t❤❛t ❞♦ ♥♦t ♦r✐❣✐♥❛t❡ ✇✐t❤✐♥ ✐ts❡❧❢✱ ✐t ✐s ❡ss❡♥t✐❛❧❧② ❛✉t♦✲

♥♦♠♦✉s ✐♥ s❡tt✐♥❣ ✐ts ❣♦❛❧s✱ ❛♥❞ t❤✉s ♠❛♥❛❣❡s t♦ ♣r♦t❡❝t ✐ts ✉♥❞✐st✉r❜❡❞ ❤❛r♠♦♥②✳

❚❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ❢♦r♠✉❧❛t✐♥❣ ✐ts ❜❛s✐❝ ♣r♦❜❧❡♠s s✐♠♣❧②✱ t❤❡ ♣❡❝✉❧✐❛r ❝❧❛r✐t② ♦❢ ✐ts

st❛t❡♠❡♥ts✱ t❤❡ ❛r❝❛♥❡ t♦✉❝❤ ✐♥ ✐ts ❧❛✇s✱ ❜❡ t❤❡② ❞✐s❝♦✈❡r❡❞ ♦r ✉♥❞✐s❝♦✈❡r❡❞✱ ♠❡r❡❧②

❞✐✈✐♥❡❞❀ ❧❛st ❜✉t ♥♦t ❧❡❛st✱ t❤❡ ❝❤❛r♠ ♦❢ ✐ts ♣❛rt✐❝✉❧❛r❧② s❛t✐s❢❛❝t♦r② ✇❛②s ♦❢ r❡❛s♦✲

♥✐♥❣ ✲ ❛❧❧ t❤❡s❡ ❢❡❛t✉r❡s ❤❛✈❡ ❛t ❛❧❧ t✐♠❡s ❛ttr❛❝t❡❞ t♦ ♥✉♠❜❡r t❤❡♦r② ❛ ❝♦♠♠✉♥✐t②

♦❢ ❞❡❞✐❝❛t❡❞ ❢♦❧❧♦✇❡rs✳ ✑

❏✉r❣❡♥ ◆❡✉❦✐r❝❤



❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts

Pr✐♠❛ ❢❛❝❡❛✱ ■ ❛♠ ❣r❛t❡❢✉❧ t♦ ●♦❞ ❢♦r t❤❡ ❣♦♦❞ ❤❡❛❧t❤ ❛♥❞ ✇❡❧❧ ❜❡✐♥❣ t❤❛t ✇❡r❡

♥❡❝❡ss❛r② t♦ ❝♦♠♣❧❡t❡ t❤✐s ✇♦r❦✳

■ ✇♦✉❧❞ ❧✐❦❡ t♦ ❡①♣r❡ss ♠② s✐♥❝❡r❡ ❣r❛t✐t✉❞❡ t♦ ♠② ❛❞✈✐s♦r Pr♦❢✳ ❆❢t❛❜ P❛♥❞❡ ❢♦r

t❤❡ ❝♦♥t✐♥✉♦✉s s✉♣♣♦rt ♦❢ ♠② ▼✳❙❝ st✉❞②✱ ❢♦r ❤✐s ♣❛t✐❡♥❝❡✱ ♠♦t✐✈❛t✐♦♥✱ ❛♥❞ ✐♠♠❡♥s❡

❦♥♦✇❧❡❞❣❡✳

❇❡s✐❞❡s ♠② ❛❞✈✐s♦r✱ ■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ♠② ❝♦❧❧❡❛❣✉❡s✱ ❘✐❝❛r❞♦ ❚♦rs♦ ❛♥❞

❆♥❞ré ▲❡❧✐s✱ ❢♦r t❤❡ ✈❛❧✉❛❜❧❡ s✉❣❣❡st✐♦♥s ❛♥❞ ❤❡❧♣ ❞✉r✐♥❣ t❤❡ st✉❞②✳

■ ❛♠ ❛❧s♦ ❣r❛t❡❢✉❧ t♦ t❤❡ ❈P◆q ❢♦r t❤❡ ✜♥❛♥❝✐❛❧ s✉♣♣♦rt✳

❋✐♥❛❧❧②✱ ■ ♠✉st ❡①♣r❡ss ♠② ✈❡r② ♣r♦❢♦✉♥❞ ❣r❛t✐t✉❞❡ t♦ ♠② ♣❛r❡♥ts ❢♦r ♣r♦✈✐❞✐♥❣

♠❡ ✇✐t❤ ✉♥❢❛✐❧✐♥❣ s✉♣♣♦rt ❛♥❞ ❝♦♥t✐♥✉♦✉s ❡♥❝♦✉r❛❣❡♠❡♥t t❤r♦✉❣❤♦✉t ♠② ②❡❛rs ♦❢

st✉❞② ❛♥❞ t❤r♦✉❣❤ t❤❡ ♣r♦❝❡ss ♦❢ r❡s❡❛r❝❤✐♥❣ ❛♥❞ ✇r✐t✐♥❣ t❤✐s t❤❡s✐s✳ ❚❤✐s ❛❝❝♦♠✲

♣❧✐s❤♠❡♥t ✇♦✉❧❞ ♥♦t ❤❛✈❡ ❜❡❡♥ ♣♦ss✐❜❧❡ ✇✐t❤♦✉t t❤❡♠✳ ❚❤❛♥❦ ②♦✉✳



❆❜str❛❝t

❚❤❡ ♣✉r♣♦s❡ ♦❢ t❤✐s t❤❡s✐s ✐s t♦ ❣✐✈❡ ❛ ♣r♦♦❢ ♦❢ ❛ t❤❡♦r❡♠ ♦❢ ❋✳ ❚❤❛✐♥❡ ❬❚❤❛❪

❛❜♦✉t ❛♥♥✐❤✐❧❛t♦rs ♦❢ ❝❧❛ss ❣r♦✉♣s ♦❢ r❡❛❧ ❛❜❡❧✐❛♥ ♥✉♠❜❡r ✜❡❧❞s✳ ❆♥ ✐♠♣r♦✈❡♠❡♥t ♦❢

❘✳ ❑✉❝❡r❛ ❬❑✉❝❪ ✐s ❛❧s♦ tr❡❛t❡❞✳

❋✐rst✱ ✇❡ s✉♠♠❛r✐③❡ s♦♠❡ ❜❛s✐❝ ❢❛❝ts✱ ✐♥❝❧✉❞✐♥❣ ❆❧❣❡❜r❛✐❝ ◆✉♠❜❡r ❚❤❡♦r②✳ ■♥

t❤❡ ✜rst ❝❤❛♣t❡r✱ ✇❡ ❞❡✈❡❧♦♣ ●❧♦❜❛❧ ❈❧❛ss ❋✐❡❧❞ ❚❤❡♦r② ✱❛❝❝♦r❞✐♥❣ t♦ ◆✳ ❈❤✐❧❞r❡ss✬

❜♦♦❦ ❬❈❤✐❪✳ ■♥ t❤❡ s❡❝♦♥❞ ❝❤❛♣t❡r✱ ✇❡ ❣✐✈❡ ❛ ♣r♦♦❢ ♦❢ ❚❤❛✐♥❡✬s t❤❡♦r❡♠ ❢♦r ♦❞❞

♣r✐♠❡s✳ ❚❤❡ t❤✐r❞ ❝❤❛♣t❡r ❣✐✈❡s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ ❘✳ ❑✉❝❡r❛ ♦❢ ❚❤❛✐♥❡✬s t❤❡♦r❡♠ ❢♦r

p = 2✳ ❋✐♥❛❧❧②✱ ❛♥ ♦✉t❧✐♥❡ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❈❛t❛❧❛♥✬s ❈♦♥❥❡❝t✉r❡ s❤♦✇s ❛♥ ❛♣♣❧✐❝❛t✐♦♥

♦❢ t❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s t❤❡s✐s✳ ❚❤❡ ❧❛st ❝❤❛♣t❡r ✐s ❜❛s❡❞ ♦♥ ❛♥ ❛rt✐❝❧❡ ♦❢ ❚✳ ▼❡t✲

s❛♥❦②❧❛❬▼❡t❪✳

❑❡②✇♦r❞s✿ ❚❤❛✐♥❡✬s t❤❡♦r❡♠✱ ❛♥♥✐❤✐❧❛t♦rs✱ r❡❛❧ ♥✉♠❜❡r ✜❡❧❞✱ ✐❞❡❛❧ ❝❧❛ss ❣r♦✉♣s✳



❘❡s✉♠♦

❖ ♣r♦♣ós✐t♦ ❞❡st❛ ❞✐ss❡rt❛çã♦ é ♣r♦✈❛r ✉♠ t❡♦r❡♠❛ ❞❡ ❋✳ ❚❤❛✐♥❡ ❬❚❤❛❪ s♦❜r❡

❛♥✉❧❛❞♦r❡s ❞❡ ❣r✉♣♦s ❞❡ ❝❧❛ss❡s ❞❡ ❝♦r♣♦s ♥✉♠ér✐❝♦s ❛❜❡❧✐❛♥♦s r❡❛✐s✳ ❯♠ ❛♣❡r❢❡✐ç♦✲

❛♠❡♥t♦ ❞❡ ❘✳ ❑✉❝❡r❛ ❬❑✉❝❪ t❛♠❜é♠ é tr❛t❛❞♦✳

Pr✐♠❡✐r❛♠❡♥t❡✱ ♥♦s s✉♠❛r✐③❛♠♦s ❛❧❣✉♥s ❢❛t♦s ❜ás✐❝♦s✱ ✐♥❝❧✉✐♥❞♦ ❛ t❡♦r✐❛ ❞♦s ♥ú✲

♠❡r♦s ❛❧❣é❜r✐❝♦s✳ ◆♦ ♣r✐♠❡✐r♦ ❝❛♣ít✉❧♦s✱ ♥♦s ❞❡s❡♥✈♦❧✈❡♠♦s ❛ t❡♦r✐❛ ❞♦s ❝♦r♣♦s ❞❡

❝❧❛ss❡ ❣❧♦❜❛✐s✱ s❡❣✉✐♥❞♦ ♦ ❧✐✈r♦ ❞❛ ◆✳ ❈❤✐❧❞r❡ss ❬❈❤✐❪✳ ◆♦ s❡❣✉♥❞♦ ❝❛♣ít✉❧♦✱ ♥♦s

♣r♦✈❛♠♦s ♦ t❡♦r❡♠❛ ❞❡ ❚❤❛✐♥❡ ♣❛r❛ ♣r✐♠♦s í♠♣❛r❡s✳ ◆♦ t❡r❝❡✐r♦ ❝❛♣ít✉❧♦ é ❞❛❞❛ ❛

❡①t❡♥çã♦ ❞❡ ❘✳ ❑✉❝❡r❛ ❞♦ t❡♦r❡♠❛ ❞❡ ❚❤❛✐♥❡ ♣❛r❛ p = 2✳ ❋✐♥❛❧♠❡♥t❡✱ ✉♠ r❡s✉♠♦ ❞❛

♣r♦✈❛ ❞❛ ❝♦♥❥❡❝t✉r❛ ❞❡ ❈❛t❛❧❛♥ ♠♦str❛ ✉♠❛ ❛♣❧✐❝❛çã♦ ❞♦ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ ❞❡st❛

❞✐ss❡rt❛çã♦✳ ❖ ú❧t✐♠♦ ❝❛♣ít✉❧♦ é ❜❛s❡❛❞♦ ❡♠ ✉♠ ❛rt✐❣♦ ❞❡ ❚✳ ▼❡ts❛♥❦②❧❛❬▼❡t❪✳

P❛❧❛✈r❛s✲❝❧❛✈❡✿ ❚❤❡♦r❡♠❛ ❞❡ ❚❤❛✐♥❡✱ ❛♥✉❧❛❞♦r❡s✱ ❝♦r♣♦s ♥✉♠ér✐❝♦s r❡❛✐s✱ ❣r✉♣♦s

❞❡ ❝❧❛ss❡s ✐❞❡❛✐s✳



❈♦♥t❡♥ts

❇❛s✐❝ ❘❡s✉❧ts ✶

✵✳✶ ❆❧❣❡❜r❛✐❝ ◆✉♠❜❡r ❚❤❡♦r② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶

✵✳✷ ■♥✈❡rs❡ ▲✐♠✐ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹

✵✳✸ ❙❡♠✐s✐♠♣❧❡ ❘✐♥❣s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺

✵✳✹ ●r♦✉♣ ❘✐♥❣s ❛♥❞ ▼❛s❝❤❦❡✬s ❚❤❡♦r❡♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻

✵✳✺ ●r♦✉♣ ❘❡♣r❡s❡♥t❛t✐♦♥s ❛♥❞ ❈❤❛r❛❝t❡rs ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼

✶ ❈❧❛ss ❋✐❡❧❞ ❚❤❡♦r② ✽

✶✳✶ ❯♥✐✈❡rs❛❧ ◆♦r♠ ■♥❞❡① ■♥❡q✉❛❧✐t② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽

✶✳✷ ❈②❝❧✐❝ ◆♦r♠ ■♥❞❡① ❊q✉❛❧✐t② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾

✶✳✸ ❆rt✐♥ ❘❡❝✐♣r♦❝✐t② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷

✶✳✹ ❚❤❡ ❊①✐st❡♥❝❡ ❚❤❡♦r❡♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹

✷ ❚❤❛✐♥❡✬s ❚❤❡♦r❡♠ ❢♦r ♦❞❞ ♣r✐♠❡s ✶✻

✷✳✶ ❋❛❝t♦r✐③❛t✐♦♥ ♦❢ ❝❡rt❛✐♥ ♣r✐♥❝✐♣❛❧ ✐❞❡❛❧s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻

✷✳✷ ■❞❡❛❧ ❝❧❛ss❡s ❛♥❞ ✉♥✐ts✳ ❆ ❧♦❝❛❧✲❣❧♦❜❛❧ t❤❡♦r❡♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

✷✳✸ ❆ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ✐❞❡❛❧ ❝❧❛ss ❣r♦✉♣ ❛♥❞ t❤❡ ✉♥✐ts ♦❢ F ✳ ✳ ✳ ✳ ✳ ✳ ✷✷

✷✳✹ ❆♥♥✐❤✐❧❛t♦rs ♦❢ ✐❞❡❛❧ ❝❧❛ss❡s ♦❢ ♣r✐♠❡ ♦r❞❡r t♦ [F : Q] ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻

✸ ❚❤❡ ❝❛s❡ p = 2 ✷✽

✸✳✶ ❘❡❞✉❝t✐♦♥ t♦ ❝②❝❧✐❝ ✜❡❧❞s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽

✸✳✷ ❈✐r❝✉❧❛r ♥✉♠❜❡rs ♦❢ ❛♥ ❛❜❡❧✐❛♥ ✜❡❧❞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾

✸✳✸ ❈②❝❧✐❝ ✜❡❧❞s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾

✸✳✹ ❆♥ ❛✉①✐❧✐❛r② ✜❡❧❞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵

✸✳✺ ❆♥♥✐❤✐❧❛t✐♥❣ t❤❡ ✐❞❡❛❧ ❝❧❛ss ❣r♦✉♣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷

✹ ❆♥ ❛♣♣❧✐❝❛t✐♦♥✿ ❈❛t❛❧❛♥✬s ❈♦♥❥❡❝t✉r❡ ✸✹

✹✳✶ ❆♥ ♦✉t❧✐♥❡ ♦❢ t❤❡ ♣r♦♦❢ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹

✹✳✷ ❆♥♥✐❤✐❧❛t♦rs ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻

✈✐✐✐



❈♦♥t❡♥ts ✐①

✹✳✸ ❆ ❝♦♥tr❛❞✐❝t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼

❇✐❜❧✐♦❣r❛♣❤② ✸✾



❇❛s✐❝ ❘❡s✉❧ts

✵✳✶ ❆❧❣❡❜r❛✐❝ ◆✉♠❜❡r ❚❤❡♦r②

❆ ♥✉♠❜❡r ✜❡❧❞ ✐s ❛ ✜♥✐t❡ ❛❧❣❡❜r❛✐❝ ❡①t❡♥s✐♦♥ ♦❢ Q✳ ■❢ F ✐s ❛ ♥✉♠❜❡r ✜❡❧❞✱ ❞❡♥♦t❡

t❤❡ r✐♥❣ ♦❢ ❛❧❣❡❜r❛✐❝ ✐♥t❡❣❡rs ♦❢ F ❜② OF ✳ ■t ✐s ✇❡❧❧✲❦♥♦✇♥ t❤❛t OF ✐s ❛ ❉❡❞❡❦✐♥❞

❞♦♠❛✐♥✱ s♦ t❤❛t ❛♥② ✐❞❡❛❧ ♦❢ OF ❤❛s ❛ ✉♥✐q✉❡ ❢❛❝t♦r✐③❛t✐♦♥ ✐♥t♦ ❛ ♣r♦❞✉❝t ♦❢ ♣r✐♠❡

✐❞❡❛❧s✳ ❆ ❢r❛❝t✐♦♥❛❧ ✐❞❡❛❧ ♦❢ F ✐s ❛ ♥♦♥✲③❡r♦ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ OF ✲s✉❜♠♦❞✉❧❡ ♦❢ F ✱

✇❤✐❝❤ ❢♦r♠s ❛ ❣r♦✉♣ IF ✉♥❞❡r ♠✉❧t✐♣❧✐❝❛t✐♦♥✳ ❚❤❡ ♣r✐♥❝✐♣❛❧ ❢r❛❝t✐♦♥❛❧ ✐❞❡❛❧s ♦❢ F

❢♦r♠ ❛ ♥♦r♠❛❧ s✉❜❣r♦✉♣ ♦❢ IF ✱ ❞❡♥♦t❡❞ PF ✳ ❚❤❡ q✉♦t✐❡♥t ❣r♦✉♣ CF = IF/PF ✐s

❝❛❧❧❡❞ t❤❡ ✐❞❡❛❧ ❝❧❛ss ❣r♦✉♣ ♦❢ F ✳ ■t ✐s ❛ ✜♥✐t❡ ❣r♦✉♣✳ ■ts ♦r❞❡r ✐s t❤❡ ❝❧❛ss ♥✉♠❜❡r

♦❢ F ✱ ❞❡♥♦t❡❞ hF ✳

❚❤❡ ✐❞❡❛❧ ❝❧❛ss❡s ✐♥ OF ❛r❡ ❣❡♥❡r❛t❡❞ ❛s ❛ ❣r♦✉♣ ❜② ♣r✐♠❡ ✐❞❡❛❧s p ✇✐t❤ ♥♦r♠

N(p) ≤ BK ✱ ✇❤❡r❡

BK =
∏

σ:F →֒C

n∑

i=1

|σ(ei)|

❢♦r s♦♠❡ ❝❤♦✐❝❡ ♦❢ Z✲❜❛s✐s {e1, · · · , en} ♦❢ OF ✳ ❆s ❛♥ ❡①❛♠♣❧❡✱ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t

Q(
√
−5) ❤❛s ♦♥❧② t✇♦ ✐❞❡❛❧ ❝❧❛ss❡s✳ ▲❡t {e1, e2} = {1,

√
−5}✳ ❙✐♥❝❡

BK = (|e1|+ |e2|)(|e1|+ |e2|) = (1 +
√
−5)2 ≈ 10.4,

✇❡ ❤❛✈❡ t❤❛t CQ(
√
−5) ✐s ❣❡♥❡r❛t❡❞ ❜② ♣r✐♠❡s p ✇✐t❤ N(p) ≤ 10✳ ❚❤❡♥ p ❞✐✈✐❞❡s

(2), (3), (5), ♦r (7)✳ ❚❤❡s❡ ♣r✐♠❡s ❞❡❝♦♠♣♦s❡ ❛s

(2) = p22, (3) = p3p
′

3, (5) = (
√
−5)2, (7) = p7p

′

7.

■♥ CQ(
√
−5) ♣r✐♥❝✐♣❛❧ ✐❞❡❛❧s ❜❡❝♦♠❡ tr✐✈✐❛❧✱ s♦

[p22] = 1, [p3][p
′

3] = 1, [p7][p
′

7] = 1.

❚❤✉s CQ(
√
−5) ✐s ❣❡♥❡r❛t❡❞ ❜② p2✱ ❡✐t❤❡r ♣r✐♠❡ ✐❞❡❛❧ ♦❢ ♥♦r♠ 3✱ ❛♥❞ ❡✐t❤❡r ♣r✐♠❡ ✐❞❡❛❧

♦❢ ♥♦r♠ 7✳ ❙✐♥❝❡ (1+
√
−5) = p2p3 ❛♥❞ (3+

√
−5) = p2p7✱ ✇❡ ❤❛✈❡ t❤❛t [p3] ❛♥❞ [p7]

❜♦t❤ ❡q✉❛❧ [p2]
−1✳ ❚❤✉s CQ(

√
−5) = 〈[p2]〉✳ ❙✐♥❝❡ p2 ✐s ♥♦t ♣r✐♥❝✐♣❛❧ ❛♥❞ ✐ts sq✉❛r❡ ✐s

♣r✐♥❝✐♣❛❧✱ [p2] ❤❛s ♦r❞❡r 2 ❛♥❞ t❤✉s CQ(
√
−5)
∼= Z

2Z ✳

✶



❇❛s✐❝ ❘❡s✉❧ts ✷

●✐✈❡♥ ❛ ✜♥✐t❡ ❡①t❡♥s✐♦♥ K/F ♦❢ ♥✉♠❜❡r ✜❡❧❞s✱ ❧❡t p ❜❡ ❛ ♥♦♥✲③❡r♦ ♣r✐♠❡ ✐❞❡❛❧

♦❢ OF ✳ ❯s✐♥❣ ✉♥✐q✉❡ ❢❛❝t♦r✐③❛t✐♦♥ ♦❢ ✐❞❡❛❧s ✐♥ OK ✱ ✇❡ ❤❛✈❡

pOK = Pe1
1 · · ·Peg

g ,

✇❤❡r❡ t❤❡ Pj ❛r❡ ❞✐st✐♥❝t ♣r✐♠❡ ✐❞❡❛❧s ♦❢ OK ✱ g ❛♥❞ ej ❛r❡ ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs✳ ❲❡ ❝❛❧❧

ej = e(Pj/p) t❤❡ r❛♠✐✜❝❛t✐♦♥ ✐♥❞❡① ♦❢ Pj✴p✳ ■❢ K/F ✐s ❛ ●❛❧♦✐s ❡①t❡♥s✐♦♥✱ t❤❡♥ t❤❡

●❛❧♦✐s ❣r♦✉♣ ♣❡r♠✉t❡s t❤❡ Pj tr❛♥s✐t✐✈❡❧②✱ s♦ t❤❛t e1 = · · · = eg = e✱ s❛②✳

❙✐♥❝❡ ❡✈❡r② ♥♦♥✲③❡r♦ ♣r✐♠❡ ✐❞❡❛❧ ✐s ♠❛①✐♠❛❧ ✐♥ ❛ ❉❡❞❡❦✐♥❞ ❞♦♠❛✐♥✱ t❤❡ q✉♦t✐❡♥ts

FPj
= OK/Pj ❛♥❞ Fp = OF/p ❛r❡ ✜❡❧❞s✱ ❝❛❧❧❡❞ r❡s✐❞✉❡ ✜❡❧❞s✳ ❲❡ ♠❛② ✈✐❡✇ Fp ❛s ❛

s✉❜✜❡❧❞ ♦❢ FPj
✳ ❚❤❡ ✐♥❡rt✐❛ ❞❡❣r❡❡ ✐s

f(Pj/p) = [FPj
: Fp].

■❢ K/F ✐s ❛ ●❛❧♦✐s ❡①t❡♥s✐♦♥✱ t❤❡♥ f(P1/p) = · · · = f(Pg/p) = f ✱ s❛②✳

■♥ ❣❡♥❡r❛❧✱ ✇❡ ❤❛✈❡

g∑

j=1

e(Pj/p)f(Pj/p) = [K : F ]✳

■❢K/F ✐s ❛ ✜♥✐t❡ ❡①t❡♥s✐♦♥ ♦❢ ♥✉♠❜❡r ✜❡❧❞s✱ ✇❡ s❛② t❤❛t t❤❡ ♣r✐♠❡ p ✐s ✉♥r❛♠✐✜❡❞

✐❢ e(Pj/p) = 1, ∀j✱ p ✐s t♦t❛❧❧② r❛♠✐✜❡❞ ✐❢ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ ♣r✐♠❡ P ❛❜♦✈❡ p ✇✐t❤

e(P/p) = [K : F ]✱ p r❡♠❛✐♥s ✐♥❡rt ✐❢ pOK ✐s ♣r✐♠❡ ✐♥ OK ✱ ❛♥❞ p s♣❧✐ts ❝♦♠♣❧❡t❡❧② ✐❢

g = [K : F ]✳

❚❤❡♦r❡♠ ✵✳✶✳ ✭❉❡❞❡❦✐♥❞✲❑✉♠♠❡r✮✿ ▲❡t K/F ❜❡ ❛♥ ❡①t❡♥s✐♦♥ ♦❢ ♥✉♠❜❡r ✜❡❧❞s

❛♥❞ s✉♣♣♦s❡ OK = OF [α]✳ ▲❡t f(X) = ■rrF (α,X)✱ ❛♥❞ ❧❡t p ❜❡ ❛ ♣r✐♠❡ ✐❞❡❛❧ ♦❢

F ✳ P✉t Fp = OF/p✱ ❛♥❞ ❞❡♥♦t❡ t❤❡ ✐♠❛❣❡ ♦❢ f(X) ✐♥ Fp[X] ❜② f(X)✳ ■❢ f(X) =

p1(X)
e1 · · · pg(X)

eg
✱ ✇❤❡r❡ t❤❡ pj(X) ❛r❡ ❞✐st✐♥❝t ♠♦♥✐❝ ✐rr❡❞✉❝✐❜❧❡ ♣♦❧②♥♦♠✐❛❧s ✐♥

Fp[X]✱ t❤❡♥ pOK = Pe1
1 · · ·Peg

g ✱ ✇✐t❤ t❤❡ Pj ❞✐st✐♥❝t ♣r✐♠❡ ✐❞❡❛❧s ♦❢ OK✳

▲❡t {v1, ..., vn} ❜❡ ❛ F ✲❜❛s✐s ♦❢ K✱ ❞❡✜♥❡ t❤❡ ❞✐s❝r✐♠✐♥❛♥t ♦❢ t❤✐s ❜❛s✐s ❛s

d(v1, ..., vn) = ❞❡t[σi(vj)]
2,

✇❤❡r❡ σ1, ..., σn : K →֒ F❆❧❣ ❛r❡ F ✲♠♦♥♦♠♦r♣❤✐s♠s✳ ◆♦t❡ t❤❛t ❞✐✛❡r❡♥t F ✲❜❛s❡s ❢♦r

K ♥❡❡❞ ♥♦t ❤❛✈❡ t❤❡ s❛♠❡ ❞✐s❝r✐♠✐♥❛♥t✳ ❍❡♥❝❡ t❤❡ ❞✐s❝r✐♠✐♥❛♥t ♦❢ t❤❡ ❡①t❡♥s✐♦♥

♠✉st ❜❡ ❞❡✜♥❡❞ ✐♥ t❡r♠s ♦❢ ❛❧❧ ♣♦ss✐❜❧❡ ❜❛s✐s ❢♦r K✳

❙✉♣♣♦s❡ ▼ ✐s ❛ ♥♦♥✲③❡r♦ OF ✲s✉❜♠♦❞✉❧❡ ♦❢ K ❛♥❞ ▼ ❝♦♥t❛✐♥s ❛♥ F ✲❜❛s✐s ❢♦r K✳

❲❡ ❧❡t ❞✭▼✮ ❜❡ t❤❡ OF ✲♠♦❞✉❧❡ ❣❡♥❡r❛t❡❞ ❜② ❛❧❧ d(v1, ..., vn) ✇❤❡r❡ {v1, ..., vn} ⊂ ▼

✈❛r✐❡s t❤r♦✉❣❤ t❤❡ F ✲❜❛s✐s ❢♦r K ❝♦♥t❛✐♥❡❞ ✐♥ ▼✳ ❚❤❡ ❞✐s❝r✐♠✐♥❛♥t ♦❢ t❤❡ ❡①t❡♥s✐♦♥

K/F ✐s dK/F = d(OK)✱ ✇❤❡r❡ OK ✐s ❝♦♥s✐❞❡r❡❞ ❛s ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ OF ✲♠♦❞✉❧❡✳

❚❤✐s ♠❛❦❡s dK/F ❛♥ ✐❞❡❛❧ ♦❢ OF ✳ ❋♦r ❛ ♣r✐♠❡ ✐❞❡❛❧ p ♦❢ OF ✱ ✇❡ ❤❛✈❡ t❤❛t p ✐s

r❛♠✐✜❡❞ ✐♥ K/F ✐❢ ❛♥❞ ♦♥❧② ✐❢ p|dK/F ✳
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▲❡t p ❛♥❞ P ❜❡ ♣r✐♠❡ ✐❞❡❛❧s ♦❢ OF ❛♥❞ OK ✱r❡s♣❡❝t✐✈❡❧②✱ s✉❝❤ t❤❛t P|pOK ✳
❉❡✜♥❡ t❤❡ ♥♦r♠ ♦❢ P ❛s NK/FP = pf(P|p)✳ ◆♦✇ ❡①t❡♥❞ NK/F t♦ ❢r❛❝t✐♦♥❛❧ ✐❞❡❛❧s ♦❢

K ♠✉❧t✐♣❧✐❝❛t✐✈❡❧②✱ ✐✳❡✳✱

NK/F (P
a1
1 · · ·Pag

g ) = NK/F (P1)
a1 · · ·NK/F (Pg)

ag .

◆♦t❡ t❤❛t ✐❢ K/F ✐s ●❛❧♦✐s✱ t❤❡♥ NK/F (A)OK =
∏

σ∈●❛❧✭❑✴❋✮
σ(A)✳ ■❢ F ⊆ E ⊆ K ❛r❡

♥✉♠❜❡r ✜❡❧❞s✱ t❤❡♥ NK/F = NE/F ◦NK/E✳

❙✉♣♣♦s✐♥❣ K/F ●❛❧♦✐s✱ ✇❡ ❝❛♥ ❞❡✜♥❡ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❣r♦✉♣

Z(P/p) = {σ ∈ G; σ(P) = P}.

◆♦t❡ t❤❛t Z(P/p) ❛❝ts ♦♥ FP✱ ❛♥❞ ✜①❡s t❤❡ s✉❜✜❡❧❞ Fp ❡❧❡♠❡♥t✇✐s❡✱ s♦ t❤❡r❡ ✐s ❛

♥❛t✉r❛❧ ❤♦♠♦♠♦r♣❤✐s♠ ♦❢ ❣r♦✉♣s

Z(P/p)→ ●❛❧(FP/Fp).

❚❤❡♦r❡♠ ✵✳✷✳ ▲❡t K/F ❜❡ ●❛❧♦✐s ❛♥❞ p ❜❡ ❛ ♣r✐♠❡ ✐❞❡❛❧ ♦❢ OF ✳
✭✐✮ ● ❛❝ts tr❛♥s✐t✐✈❡❧② ♦♥ t❤❡ s❡t ♦❢ ♣r✐♠❡ ✐❞❡❛❧s P ♦❢ OF t❤❛t ❞✐✈✐❞❡ pOK ✇❤❡♥❝❡

[G : Z(P/p)] = g.

❆❧s♦✱ ✐❢ P1✱P2 ❛r❡ ♣r✐♠❡ ✐❞❡❛❧s ♦❢ OK ❛❜♦✈❡ p✱ t❤❡♥ Z(P1/p) ❛♥❞ Z(P2/p) ❛r❡

●✲❝♦♥❥✉❣❛t❡❀

✭✐✐✮Np = #Fp✱ NP = #FP✱ ❛♥❞ ●❛❧(FP/Fp) ✐s ❝②❝❧✐❝✱ ❣❡♥❡r❛t❡❞ ❜② t❤❡ ❋r♦❜❡♥✐✉s

❛✉t♦♠♦r♣❤✐s♠ ϕp : x 7→ xNp❀

✭✐✐✐✮ ❚❤❡ ❤♦♠♦♠♦r♣❤✐s♠ Z(P/p) → ●❛❧(FP/Fp) ✐s s✉r❥❡❝t✐✈❡❀ ✐ts ❦❡r♥❡❧ ✐s ❝❛❧❧❡❞

t❤❡ ✐♥❡rt✐❛ s✉❜❣r♦✉♣✱ ❞❡♥♦t❡❞ T (P/p)✳ ◆♦t❡ t❤❛t ❬Z(P/p)✿T (P/p)] = f ❛♥❞

★T (P/p) = e✳

❚❤❡♦r❡♠ ✵✳✸✳ ▲❡t KZ =■♥✈(Z(P/p)) = {x ∈ K; σ(x) = x, ∀σ ∈ Z(P/p)} ❛♥❞

KT =■♥✈(T (P/p))✳ ■❢ K/F ✐s ❛❜❡❧✐❛♥✱ t❤❡♥ p s♣❧✐ts ❝♦♠♣❧❡t❡❧② ✐♥ KZ/F ✳ ❚❤❡

♣r✐♠❡s ❛❜♦✈❡ p r❡♠❛✐♥ ✐♥❡rt ✐♥ KT/KZ ❛♥❞ r❛♠✐❢② t♦t❛❧❧② ✐♥ K/KT ✳

Pr♦♣♦s✐t✐♦♥ ✵✳✹✳ ▲❡t K1 ❛♥❞ K2 ❜❡ t✇♦ ❡①t❡♥s✐♦♥s ♦❢ ❛ ♥✉♠❜❡r ✜❡❧❞ F ✳ ■❢ ❛ ♣r✐♠❡

✐❞❡❛❧ p ♦❢ F s♣❧✐ts ❝♦♠♣❧❡t❡❧② ✐♥ ❜♦t❤ K1 ❛♥❞ K2✱ t❤❡♥ p s♣❧✐ts ❝♦♠♣❧❡t❡❧② ✐♥ K1K2✳

■❢ e(P/p) = 1✱ t❤❡♥ Z(P/p) ∼= ●❛❧(FP/Fp)✱ ❤❡♥❝❡ ∃! σ ∈ Z(P/p) t❤❛t ❝♦rr❡s♣♦♥❞s
t♦ ϕp ✉♥❞❡r t❤❡ ♥❛t✉r❛❧ ✐s♦♠♦r♣❤✐s♠✳ ❚❤✐s ❡❧❡♠❡♥t σ ✐s ❝❛❧❧❡❞ t❤❡ ❋r♦❜❡♥✐✉s ❡❧❡♠❡♥t

❛t P✳
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Pr♦♣♦s✐t✐♦♥ ✵✳✺✳ ▲❡t K/F ❜❡ ●❛❧♦✐s✱ p ❜❡ ❛ ♣r✐♠❡ ✐❞❡❛❧ ♦❢ OF ✉♥r❛♠✐✜❡❞ ✐♥ K/F

❛♥❞ P ♣r✐♠❡ ✐❞❡❛❧ ♦❢ OK ❛❜♦✈❡ p✳ ❚❤❡♥ t❤❡ ❋r♦❜❡♥✐✉s ❡❧❡♠❡♥t ❛t P ✐s t❤❡ ✉♥✐q✉❡

❡❧❡♠❡♥t σ ∈ ●❛❧(K/F ) t❤❛t s❛t✐s✜❡s σ(α) ≡ αNp mod P, ∀α ∈ OF ✳ ■❢ K/F ✐s

❛❜❡❧✐❛♥✱ t❤❡♥ t❤❡ ❋r♦❜❡♥✐✉s ❡❧❡♠❡♥t ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ P✳

❚❤❡♦r❡♠ ✵✳✻✳ ✭❈♦♥s✐st❡♥❝② Pr♦♣❡rt②✮✿ ▲❡t F ⊆ L ⊆ K,F ⊆ E ⊆ K ❜❡ ♥✉♠❜❡r

✜❡❧❞s ❛♥❞ s✉♣♣♦s❡ K/F ✐s ●❛❧♦✐s✳ ▲❡t p ❜❡ ❛ ♣r✐♠❡ ✐❞❡❛❧ ♦❢ OF t❤❛t ✐s ✉♥r❛♠✐✜❡❞

✐♥ K/F ❛♥❞ ❧❡t PK ❜❡ ❛ ♣r✐♠❡ ✐❞❡❛❧ ♦❢ OK t❤❛t ❞✐✈✐❞❡s p✳ ▲❡t PL = L∩PK ,PE =

E ∩PK✳ ❚❤❡♥

(
PK

K/E

) ∣∣∣∣
L

=

(
PL

L/F

)f
✱ ✇❤❡r❡ f = f(PE/p)✳

F

L ∩ E

EL

LE

K

p

PEPL

PK

Pr♦♣♦s✐t✐♦♥ ✵✳✼✳ ❚❤❡ ♣r✐♠❡ p s♣❧✐ts ❝♦♠♣❧❡t❡❧② ✐♥ Q(ζm) ✐❢ ❛♥❞ ♦♥❧② ✐❢

p ≡ 1 mod m✳

❚❤❡♦r❡♠ ✵✳✽✳ ✭❉✐r✐❝❤❧❡t ❯♥✐t ❚❤❡♦r❡♠✮ ❉❡♥♦t❡ O×
F ❜② UF ✳ ▲❡t F ❜❡ ❛ ♥✉♠❜❡r ✜❡❧❞

❛♥❞ ❧❡t r1 ❛♥❞ r2 r❡♣r❡s❡♥t t❤❡ ♥✉♠❜❡r ♦❢ r❡❛❧ ❡♠❜❡❞❞✐♥❣s ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♥❥✉✲

❣❛t❡ ♣❛✐rs ♦❢ ✐♠❛❣✐♥❛r② ❡♠❜❡❞❞✐♥❣s ♦❢ F ✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡♥ ∃ ε1, · · · , εr1+r2−1 ∈ UF
s✉❝❤ t❤❛t

UF ∼=WF × 〈ε1〉 × · · · × 〈εr1+r2−1〉,

✇❤❡r❡ WF ✐s t❤❡ ❣r♦✉♣ ♦❢ r♦♦ts ♦❢ ✉♥✐t② ✐♥ F ✳ ❚❤❡ εj ❛r❡ ❝❛❧❧❡❞ ❛ ❢✉♥❞❛♠❡♥t❛❧

s②st❡♠ ♦❢ ✉♥✐ts ♦❢ F ✳

❋♦r t❤❡ ♣r♦♦❢s✱ s❡❡ ❬▼❛r❪✳

✵✳✷ ■♥✈❡rs❡ ▲✐♠✐ts

❆ s❡q✉❡♥❝❡ (En, ϕn)n≥0 ♦❢ s❡ts ❛♥❞ ♠❛♣s ϕn : En+1 → En ✐s ❝❛❧❧❡❞ ❛♥ ✐♥✈❡rs❡

s②st❡♠✳ ❆ s❡t E t♦❣❡t❤❡r ✇✐t❤ ♠❛♣s ψn : E → En s✉❝❤ t❤❛t ψn = ϕn ◦ψn+1 ✐s ❝❛❧❧❡❞

❛♥ ✐♥✈❡rs❡ ❧✐♠✐t ♦❢ t❤❡ s❡q✉❡♥❝❡ (En, ϕn)n≥0 ✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥ ✐s s❛t✐s✜❡❞✿

❋♦r ❡❛❝❤ s❡t X ❛♥❞ ♠❛♣s fn : X → En s❛t✐s❢②✐♥❣ fn = ϕn ◦ fn+1 t❤❡r❡ ✐s ❛ ✉♥✐q✉❡

❢❛❝t♦r✐③❛t✐♦♥ f ♦❢ fn t❤r♦✉❣❤ t❤❡ s❡t E✿ fn = ψn ◦ f : X → E → En✳
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❚❤❡♦r❡♠ ✵✳✾✳ ❋♦r ❡✈❡r② ✐♥✈❡rs❡ s②st❡♠ (En, ϕn)n≥0 ♦❢ s❡ts✱ t❤❡r❡ ✐s ❛ ✐♥✈❡rs❡ ❧✐♠✐t

E = lim←−En ⊂
∏

n≥0

En ✇✐t❤ ♠❛♣s ψn ❣✐✈❡♥ ❜② r❡str✐❝t✐♦♥ ♦❢ ♣r♦❥❡❝t✐♦♥s✳ ▼♦r❡♦✈❡r✱ ✐❢

(D,Ψn) ✐s ❛♥♦t❤❡r ✐♥✈❡rs❡ s②st❡♠ ♦❢ t❤❡ s❛♠❡ s❡q✉❡♥❝❡✱ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ ❜✐❥❡❝t✐♦♥

f : D → E s✉❝❤ t❤❛t Ψn = ψn ◦ f ✳

❈♦r♦❧❧❛r② ✵✳✶✵✳ ❲❤❡♥ ❛❧❧ t❤❡ ♠❛♣s ϕn ❛r❡ s✉r❥❡❝t✐✈❡✱ t❤❡♥ t❤❡ ✐♥✈❡rs❡ ❧✐♠✐t (E, (ψ))

❛❧s♦ ❤❛s s✉r❥❡❝t✐✈❡ ♣r♦❥❡❝t✐♦♥s ψn✱ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ s❡t E ✐s ♥♦t ❡♠♣t②✳

❊①❛♠♣❧❡✿ ❚❤❡ r✐♥❣ ♦❢ p✲❛❞✐❝ ✐♥t❡❣❡rs Zp = lim←−Z/(pnZ)✳

❋♦r ♣r♦♦❢s✱ s❡❡ ❬❘♦❜❪ ♣❛❣ ✷✾✳

✵✳✸ ❙❡♠✐s✐♠♣❧❡ ❘✐♥❣s

❆ r✐♥❣ R ✐s s❛✐❞ t♦ ❜❡ s❡♠✐s✐♠♣❧❡ ✐❢ ✐t ✐s ❛ ❞✐r❡❝t s✉♠ ♦❢ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ♠✐♥✐♠❛❧

r✐❣❤t ✐❞❡❛❧s✳

❊①❛♠♣❧❡✿ ▲❡tMn(D) ❞❡♥♦t❡ t❤❡ ❢✉❧❧ r✐♥❣ ♦❢ n×n♠❛tr✐❝❡s ♦✈❡r ❛ ❞✐✈✐s✐♦♥ r✐♥❣D✳ ❙❡t

L1 =




D 0 · · · 0

D 0 · · · 0
✳✳✳

✳✳✳
✳✳✳

✳✳✳

D 0 · · · 0



, · · · , Ln =




0 0 · · · D

0 0 · · · D
✳✳✳

✳✳✳
✳✳✳

✳✳✳

0 0 · · · D



.

❲❡ ❤❛✈❡ t❤❛t Li ✐s ❛ ♠✐♥✐♠❛❧ r✐❣❤t ✐❞❡❛❧ ♦❢ Mn(D) ❛♥❞ Mn(D) = L1 ⊕ · · · ⊕ Ln✳
❚❤✉s Mn(D) ✐s s❡♠✐s✐♠♣❧❡✳

❚❤❡♦r❡♠ ✵✳✶✶✳ ❆ r✐♥❣ R ✐s s❡♠✐s✐♠♣❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❡✈❡r② r✐❣❤t ✐❞❡❛❧ I ♦❢ R ✐s ♦❢

t❤❡ ❢♦r♠ I = eR✱ ✇❤❡r❡ e ∈ R ✐s ❛♥ ✐❞❡♠♣♦t❡♥t✭ ✐✳❡✳ e2 = e✮✳

❚❤❡♦r❡♠ ✵✳✶✷✳ ▲❡t R = ⊕Ni=1Ii ❜❡ ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❛ s❡♠✐s✐♠♣❧❡ r✐♥❣ ❛s ❛ ❞✐r❡❝t

s✉♠ ♦❢ ♠✐♥✐♠❛❧ r✐❣❤t ✐❞❡❛❧s✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ s❡t {e1, · · · , eN} ♦❢ ✐❞❡♠♣♦t❡♥ts ♦❢

R s✉❝❤ t❤❛t

✭✐✮ ■❢ i 6= j✱ t❤❡♥ ei.ej = 0❀

✭✐✐✮ 1 = e1 + · · ·+ eN ❀

✭✐✐✐✮ ei ❝❛♥♥♦t ❜❡ ✇r✐tt❡♥ ❛s ❛ s✉♠ ♦❢ t✇♦ ♦t❤❡r ♦rt❤♦❣♦♥❛❧ ✐❞❡♠♣♦t❡♥ts✳

❈♦♥✈❡rs❡❧②✱ ✐❢ t❤❡r❡ ❡①✐sts ❛ s❡t ♦❢ ✐❞❡♠♣♦t❡♥ts {e1, · · · , eN} s❛t✐s❢②✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥s
❛❜♦✈❡✱ t❤❡♥ t❤❡ r✐❣❤t ✐❞❡❛❧s Ii = ei.R ❛r❡ ♠✐♥✐♠❛❧ ❛♥❞ R = ⊕Ni=1Ii✳

❚❤❡♦r❡♠ ✵✳✶✸✳ ▲❡t R = R/I✱ ✇❤❡r❡ I ✐s ❛ t✇♦✲s✐❞❡❞ ✐❞❡❛❧ ♦❢ R ❝♦♥t❛✐♥❡❞ ✐♥

❘❛❞(R)✳ ❆ss✉♠❡ ❡✐t❤❡r



❇❛s✐❝ ❘❡s✉❧ts ✻

✭✐✮ R ✐s r✐❣❤t ❛rt✐♥✐❛♥❀

✭✐✐✮ R ✐s ❛♥ R1✲❛❧❣❡❜r❛✱ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❛s R1✲♠♦❞✉❧❡✱ ✇❤❡r❡ R1 ✐s ❛ ❝♦♠♠✉t❛t✐✈❡

❝♦♠♣❧❡t❡ ❧♦❝❛❧ ♥♦❡t❤❡r✐❛♥ r✐♥❣✳

❚❤❡♥ ❡❛❝❤ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ R ✐♥t♦ ✐♥❞❡❝♦♠♣♦s❛❜❧❡ r✐❣❤t ✐❞❡❛❧s eiR✱ ②✐❡❧❞s ❛ ❞❡❝♦♠✲

♣♦s✐t✐♦♥ R = e1R⊕ · · · ⊕ enR ✐♥t♦ ✐♥❞❡❝♦♠♣♦s❛❜❧❡ r✐❣❤t ✐❞❡❛❧s eiR✳

❈♦♥✈❡rs❡❧②✱ ❡❛❝❤ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ R ❝♦♠❡s ❢r♦♠ ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ R✳

❋✉rt❤❡r♠♦r❡✱ ❢♦r 1 ≤ i, j ≤ n✱ ✇❡ ❤❛✈❡ eiR ∼= ejR⇔ eiR ∼= ejR✳

Pr♦♦❢✳ ❙❡❡ ❬❈❘❪✱ ♣❛❣ ✶✷✺✳

✵✳✹ ●r♦✉♣ ❘✐♥❣s ❛♥❞ ▼❛s❝❤❦❡✬s ❚❤❡♦r❡♠

▲❡t G ❜❡ ❛ ❣r♦✉♣ ✭♥♦t ♥❡❝❡ss❛r✐❧② ✜♥✐t❡✮ ❛♥❞ R ❛ r✐♥❣✳ ❲❡ ❞❡♥♦t❡ ❜② R[G] t❤❡

s❡t ♦❢ ❛❧❧ ❢♦r♠❛❧ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥s ♦❢ t❤❡ ❢♦r♠

α =
∑

g∈G
agg,

✇❤❡r❡ ag ∈ R ❛♥❞ ag = 0 ❛❧♠♦st ❡✈❡r②✇❤❡r❡✳ ❲❡ ❞❡✜♥❡ t❤❡ s✉♠ ♦❢ t✇♦ ❡❧❡♠❡♥ts ✐♥

R[G] ❝♦♠♣♦♥❡♥t✇✐s❡

{∑

g∈G
agg
}
+
{∑

g∈G
bgg
}
=
∑

g∈G
{ag + bg}g.

❆❧s♦✱ ❣✐✈❡♥ t✇♦ ❡❧❡♠❡♥ts α =
∑
agg ❛♥❞ β =

∑
bgg ✐♥ R[G] ✇❡ ❞❡✜♥❡ t❤❡✐r ♣r♦❞✉❝t

❜②

αβ =
∑

u∈G
cuu, ✇❤❡r❡ cu =

∑

gh=u

agbh.

■t ✐s ❡❛s② t♦ ✈❡r✐❢② t❤❛t✱ ✇✐t❤ t❤❡ ♦♣❡r❛t✐♦♥s ❛❜♦✈❡✱ R[G] ✐s ❛ r✐♥❣✱ ✇❤✐❝❤ ❤❛s ✉♥✐t②✱

♥❛♠❡❧②✱ t❤❡ ❡❧❡♠❡♥t 1 =
∑
ug.g ✇❤❡r❡ t❤❡ ❝♦❡✣❝✐❡♥t ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ✉♥✐t

❡❧❡♠❡♥t ♦❢ t❤❡ ❣r♦✉♣ ✐s ❡q✉❛❧ t♦ 1 ❛♥❞ ug = 0 ♦t❤❡r✇✐s❡✳

❲❡ ❝❛♥ ❛❧s♦ ❞❡✜♥❡ ❛ ♣r♦❞✉❝t ♦❢ ❡❧❡♠❡♥ts ✐♥ R[G] ❜② ❡❧❡♠❡♥ts λ ∈ R ❛s

λ
{∑

ag.g
}
=
∑
{λag}g.

❚❤❡ s❡t R[G]✱ ✇✐t❤ t❤❡ ♦♣❡r❛t✐♦♥s ❛❜♦✈❡✱ ✐s ❝❛❧❧❡❞ t❤❡ ❣r♦✉♣ r✐♥❣ ♦❢ G ♦✈❡r R✳

❚❤❡ ❤♦♠♦♠♦r♣❤✐s♠ ε : R[G] → R ❣✐✈❡♥ ❜② ε(
∑
agg) =

∑
ag ✐s ❝❛❧❧❡❞ t❤❡

❛✉❣♠❡♥t❛t✐♦♥ ♠❛♣♣✐♥❣ ♦❢ R[G] ❛♥❞ ✐ts ❦❡r♥❡❧ ✐s ❝❛❧❧❡❞ t❤❡ ❛✉❣♠❡♥t❛t✐♦♥ ✐❞❡❛❧ ♦❢

R[G]✳



❇❛s✐❝ ❘❡s✉❧ts ✼

❚❤❡♦r❡♠ ✵✳✶✹✳ ✭▼❛s❝❤❦❡✮ ❚❤❡ ❣r♦✉♣ r✐♥❣ R[G] ✐s s❡♠✐s✐♠♣❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡

❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❤♦❧❞

✭✐✮ R ✐s ❛ s❡♠✐s✐♠♣❧❡ r✐♥❣❀

✭✐✐✮ G ✐s ✜♥✐t❡❀

✭✐✐✐✮ #G ✐s ✐♥✈❡rt✐❜❧❡ ✐♥ R✳

❈♦r♦❧❧❛r② ✵✳✶✺✳ ▲❡t G ❜❡ ❛ ✜♥✐t❡ ❣r♦✉♣ ❛♥❞ ❧❡t F ❜❡ ❛ ✜❡❧❞✳ ❚❤❡♥ F [G] ✐s s❡♠✐s✐♠✲

♣❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❝❤❛r✭F ) ∤ #G✳

❋♦r t❤❡ ♣r♦♦❢s✱ s❡❡ ❬▼❙❪ ❝❤❛♣t❡r ✸✳

✵✳✺ ●r♦✉♣ ❘❡♣r❡s❡♥t❛t✐♦♥s ❛♥❞ ❈❤❛r❛❝t❡rs

❆ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❛ ❣r♦✉♣ G ✐s ❛ ❤♦♠♦♠♦r♣❤✐s♠ ϕ : G→●▲✭V ✮ ❢♦r s♦♠❡ ✜♥✐t❡

❞✐♠❡♥s✐♦♥❛❧ ✈❡❝t♦r s♣❛❝❡ V ♦✈❡r ❛ ✜❡❧❞ F ✳ ❆ s✉❜s♣❛❝❡ W ⊆ V ✐s G✲✐♥✈❛r✐❛♥t ✐❢✱ ❢♦r

❛❧❧ g ∈ G ❛♥❞ w ∈ W ✱ ♦♥❡ ❤❛s ϕ(g)w ∈ W ✳ ■❢ t❤❡ ♦♥❧② G✲✐♥✈❛r✐❛♥t s✉❜s♣❛❝❡s ♦❢ V

❛r❡ {0} ❛♥❞ V ✱ ✇❡ s❛② t❤❛t ϕ ✐s ✐rr❡❞✉❝✐❜❧❡✳

❊①❛♠♣❧❡✿ ❚❤❡ ❢✉♥❝t✐♦♥ ϕ : Z/(4Z)→ C ❣✐✈❡♥ ❜② ϕ(m) = im ✐s ❛ r❡♣r❡s❡♥t❛t✐♦♥

❚❤❡ ❝❤❛r❛❝t❡r ρ ♦❢ G ❛✛♦r❞❡❞ ❜② t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ϕ ✐s t❤❡ ♠❛♣♣✐♥❣ ρ : G→ F

❣✐✈❡♥ ❜② ρ(g) =❚r(ϕ(g))✳ ■❢ ϕ ✐s ✐rr❡❞✉❝✐❜❧❡✱ t❤❡♥ t❤❡ ❝❤❛r❛❝t❡r ρ ✐s ❝❛❧❧❡❞ ❛♥

✐rr❡❞✉❝✐❜❧❡ ❝❤❛r❛❝t❡r✳

❚❤❡♦r❡♠ ✵✳✶✻✳ ❚❤❡ ❡❧❡♠❡♥ts eρ = (#G)−1
∑

g∈G
ρ(1)ρ(g−1)g✱ ✇❤❡r❡ ρ ✐s ❛♥② ✐rr❡✲

❞✉❝✐❜❧❡ ❝❤❛r❛❝t❡r✱ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥s✿

✭❆✮ e2ρ = eρ❀

✭❇✮ eρ1eρ2 = 0 ✐❢ ρ1 6= ρ2❀

✭❈✮ 1 =
∑

ρ eρ❀

✭❉✮ ■❢ M ✐s ❛ ♠♦❞✉❧❡ ♦✈❡r F [G]✱ t❤❡♥ ✇❡ ♠❛② ✇r✐t❡ M =
⊕

ρ

eρM ✳



❈❤❛♣t❡r ✶

❈❧❛ss ❋✐❡❧❞ ❚❤❡♦r②

✶✳✶ ❯♥✐✈❡rs❛❧ ◆♦r♠ ■♥❞❡① ■♥❡q✉❛❧✐t②

▲❡t F ❜❡ ❛ ♥✉♠❜❡r ✜❡❧❞✳ ■❢ ❛♥ ❡❧❡♠❡♥t α ∈ F s❛t✐s✜❡s σ(α) > 0 ❢♦r ❡✈❡r② r❡❛❧

❡♠❜❡❞❞✐♥❣ σ ♦❢ F ✱ ✇❡ s❛② t❤❛t α ✐s t♦t❛❧❧② ♣♦s✐t✐✈❡✱ ❛♥❞ ✇r✐t❡ α ≫ 0✳ ▲❡t m ❜❡ ❛

♥♦♥✲③❡r♦ ✐♥t❡❣r❛❧ ✐❞❡❛❧ ♦❢ OF ✳ ❉❡✜♥❡

IF (m) ={a ∈ IF ; ♦r❞p(a) = 0, ∀p | m}
P+
F,m ={〈α

β
〉 : α

β
≫ 0; α, β ∈ OF ♣r✐♠❡ t♦ m; α ≡ β mod m}.

❚❤❡ str✐❝t r❛② ❝❧❛ss ❣r♦✉♣ ♦❢ F ❢♦r m✱ ✐s

R+
F,m = IF (m)/P+

F,m.

❊①❛♠♣❧❡✿ ▲❡t F = Q✱ m = mZ✱ ✇❤❡r❡ m ≥✶✳ ■❢ 〈r〉 ∈ IF (m)✱ t❤❡♥ ✇❡ ♠❛② s✉♣♣♦s❡

r ≥ 1 ❛♥❞ r = a/b✱ ✇❤❡r❡ (a,m) = (b,m) = 1✳ ❚❤❡ ♠❛♣

IF (m) −→ (Z/mZ)×

〈r〉 7−→ ab−1 mod m

❤❛s ❦❡r♥❡❧ {〈r〉 : r > 0, r = a/b, (a,m) = (b,m) = 1, a ≡ b mod m} = P+
Q,m✳ ❍❡♥❝❡

R+
Q,m = (Z/mZ)×✱ ❢♦r m = mZ✳

Pr♦♣♦s✐t✐♦♥ ✶✳✶✳ R+
F,m ✐s ❛ ✜♥✐t❡ ❣r♦✉♣✳

■❢ S ✐s ❛ s❡t ♦❢ ♣r✐♠❡ ✐❞❡❛❧s ♦❢ OF ✱ ❛♥❞

lim
s→1+

∑
p∈SNp−s

❧♦❣( 1
s−1

)
= δ, ❡①✐sts,

t❤❡♥ ✇❡ s❛② t❤❛t S ❤❛s ❉✐r✐❝❤❧❡t ❞❡♥s✐t② δ = δF (S)✳

✽



❈❤❛♣t❡r ✶✳ ❈❧❛ss ❋✐❡❧❞ ❚❤❡♦r② ✾

Pr♦♣♦s✐t✐♦♥ ✶✳✷✳ ▲❡t K/F ❜❡ ●❛❧♦✐s✱ ❛♥❞ ❧❡t SK/F = { Pr✐♠❡ ✐❞❡❛❧s p t❤❛t s♣❧✐t

❝♦♠♣❧❡t❡❧② ✐♥ K/F}✳ ❚❤❡♥ δF (SK/F ) =
1

[K:F ]
✳

▲❡t S,T ❜❡ t✇♦ s❡ts ♦❢ ♣r✐♠❡ ✐❞❡❛❧s ♦❢ OF ✳ ❲❡ ✇r✐t❡ S ≈ T t♦ ♠❡❛♥ δF (S \ T) =
δF (T \ S) = 0✳

■❢ m ✐s ❛ ♥♦♥✲③❡r♦ ✐♥t❡❣r❛❧ ✐❞❡❛❧ ♦❢ OF ✱ ❛♥❞ H s❛t✐s✜❡s P+
F,m < H < IF (m)✱ t❤❡♥

✇❡ s❛② K ✐s t❤❡ ❝❧❛ss ✜❡❧❞ ♦❢ F ♦✈❡r H ✐❢ K/F ✐s ●❛❧♦✐s ❛♥❞ SK/F ≈ { Pr✐♠❡ ✐❞❡❛❧s

p ♦❢ OF ❀ p ⊂ H}✳
❊①❛♠♣❧❡✿ ❋♦r F = Q ❛♥❞ m = mZ✱ ✇❡ ❤❛✈❡

{pZ : pZ ∈ P+
Q,m} = {pZ : p ≡ 1 mod m, p > 0}

= {pZ : pZ s♣❧✐ts ❝♦♠♣❧❡t❡❧② ✐♥ Q(ζm)/Q}
= SQ(ζm)/Q

❚❤✉s Q(ζm) ✐s t❤❡ ❝❧❛ss ✜❡❧❞ ♦✈❡r Q ♦❢ P+
Q,m✳

❚❤❡♦r❡♠ ✶✳✸✳ ■❢ t❤❡ ❝❧❛ss ✜❡❧❞ K ♦❢ H ❡①✐sts✱ t❤❡♥ ✐t ✐s ✉♥✐q✉❡✳

❚❤❡♦r❡♠ ✶✳✹✳ ❙✉♣♣♦s❡ K/F ✐s ●❛❧♦✐s✱ P+
F,m < H < IF (m)✱ ❛♥❞ ∃ T ⊆ { Pr✐♠❡

✐❞❡❛❧s p t❤❛t s♣❧✐t ❝♦♠♣❧❡t❡❧② ✐♥ K/F} ✇✐t❤ SK/F ≈ T✳ ❚❤❡♥ [IF (m) : H] ≤ [K : F ]✳

❉❡✜♥❡ NK/F (m) = NK/F (IK) ∩ IF (m)✳

❚❤❡♦r❡♠ ✶✳✺✳ ✭❯♥✐✈❡rs❛❧ ◆♦r♠ ■♥❞❡① ■♥❡q✉❛❧✐t②✮ ▲❡t K/F ❜❡ ●❛❧♦✐s ❛♥❞ H =

P+
F,mNK/F (m)✳ ❚❤❡♥ [IF (m) : H] ≤ [K : F ]✳

Pr♦♦❢✳ ■❢ p ∈ SK/F ❛♥❞ P|p✱ ✇❤❡r❡ P ✐s ❛ ♣r✐♠❡ ✐❞❡❛❧ ♦❢ OK ✳ ❚❤❡♥ NK/FP = p✳

❍❡♥❝❡ SK/F \ { Pr✐♠❡ ✐❞❡❛❧s p ♦❢ OF ; p|m} ⊆ NK/F (m) ⊆ H✳ ❇② t❤❡ ♣r❡✈✐♦✉s

t❤❡♦r❡♠✱ [IF (m) : H] ≤ [K : F ]✳

✶✳✷ ❈②❝❧✐❝ ◆♦r♠ ■♥❞❡① ❊q✉❛❧✐t②

▲❡t F ❜❡ ❛ ♥✉♠❜❡r ✜❡❧❞✳ ❆♥ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦♥ F ✐s ❛ ♠❛♣♣✐♥❣ ‖.‖ : F → [0,∞)

t❤❛t s❛t✐s✜❡s ‖0‖ = 0✱ ✇❤♦s❡ r❡str✐❝t✐♦♥ t♦ F× ✐s ❛ ❤♦♠♦♠♦r♣❤✐s♠ ♦❢ ♠✉❧t✐♣❧✐❝❛t✐✈❡

❣r♦✉♣s F× → R×
+✱ ❛♥❞ t❤❛t s❛t✐s✜❡s ‖1 + x‖ ≤ c ✇❤❡♥❡✈❡r ‖x‖ ≤ 1✱ ❢♦r s♦♠❡

c ≥ 1✳ ❆♥ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ✐♥❞✉❝❡s ❛ ♠❡tr✐❝ t♦♣♦❧♦❣② ♦♥ F ✈✐❛ ❢✉♥❞❛♠❡♥t❛❧ s②st❡♠s

♦❢ ♥❡✐❣❤❜♦✉r❤♦♦❞s ♦❢ t❤❡ ❢♦r♠

{x ∈ F : ‖x− a‖ < ε}, ε > 0.
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❲❡ s❛② t❤❛t t✇♦ ❛❜s♦❧✉t❡ ✈❛❧✉❡s ❛r❡ ❡q✉✐✈❛❧❡♥t ✐❢ t❤❡② ✐♥❞✉❝❡ t❤❡ s❛♠❡ t♦♣♦❧♦❣②✳

❆ ♣❧❛❝❡ ♦❢ F ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss ♦❢ ♥♦♥✲tr✐✈✐❛❧ ❛❜s♦❧✉t❡ ✈❛❧✉❡s ♦♥ F ✳ ❉❡♥♦t❡

t❤❡ s❡t ♦❢ ♣❧❛❝❡s ♦❢ F ❜② VF ✳ ❇② ❖str♦✇s❦✐✬s ❚❤❡♦r❡♠✱ ❡❛❝❤ ♦❢ t❤❡ ♣❧❛❝❡s ♦❢ F ❢❛❧❧s

✐♥t♦ ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❛t❡❣♦r✐❡s✿

✭✶✮ P❧❛❝❡s t❤❛t ❝♦♥t❛✐♥ ♦♥❡ ♦❢ t❤❡ p✲❛❞✐❝ ❛❜s♦❧✉t❡ ✈❛❧✉❡s ❣✐✈❡♥ ❜②

‖α‖p = Np−♦r❞p(α)✱ ❢♦r p ❛ ♣r✐♠❡ ✐❞❡❛❧ ♦❢ OF ✳ ❚❤❡s❡ ❛r❡ t❤❡ ✜♥✐t❡ ♣❧❛❝❡s ♦❢ F ✳
✭✷✮ P❧❛❝❡s t❤❛t ❝♦♥t❛✐♥ ♦♥❡ ♦❢ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡s ‖α‖σ = |σ(α)|R✱ ❢♦r s♦♠❡ r❡❛❧

❡♠❜❡❞❞✐♥❣ σ : F →֒ R✳ ❚❤❡s❡ ❛r❡ t❤❡ ✜♥✐t❡ r❡❛❧ ♣❧❛❝❡s ♦❢ F ✳

✭✸✮ P❧❛❝❡s t❤❛t ❝♦♥t❛✐♥ ♦♥❡ ♦❢ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡s ‖α‖σ = |σ(α)|2C✱ ❢♦r s♦♠❡

✐♠❛❣✐♥❛r② ❡♠❜❡❞❞✐♥❣ σ : F →֒ C✳ ❚❤❡s❡ ❛r❡ t❤❡ ✐♥✜♥✐t❡ ✐♠❛❣✐♥❛r② ♣❧❛❝❡s ♦❢ F ✳

❚❤❡ ❝♦♠♣❧❡t✐♦♥ ♦❢ ❛ ♥✉♠❜❡r ✜❡❧❞ F ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ |.| ✐s

{❈❛✉❝❤② s❡q✉❡♥❝❡s ✐♥ F}/{◆✉❧❧ s❡q✉❡♥❝❡s ✐♥ F}

■❢ |.| = |.|p ❢♦r s♦♠❡ p ♣r✐♠❡ ✐❞❡❛❧ ♦❢ OF ✱ t❤❡♥ ❞❡♥♦t❡ t❤❡ ❝♦♠♣❧❡t✐♦♥ ♦❢ F ❜② Fp✳ ■❢

|.| = |.|σ ❢♦r s♦♠❡ σ : F →֒ C✱ t❤❡♥ t❤❡ ❝♦♠♣❧❡t✐♦♥ ♦❢ F ✐s ✐s♦♠♦r♣❤✐❝ ❡✐t❤❡r t♦ R ♦r

C✱ ❛❝❝♦r❞✐♥❣ ❛s σ(F ) ⊂ R ♦r ♥♦t✳

▲❡t Op = {x ∈ Fp; |x|p ≤ 1} ❜❡ t❤❡ r✐♥❣ ♦❢ p✲❛❞✐❝ ✐♥t❡❣❡rs✳ ■t ❤❛s ❛ ✉♥✐q✉❡

♠❛①✐♠❛❧ ✐❞❡❛❧ Pp = {x ∈ Fp; |x|p < 1}✱ ✇❡ ❛❧s♦ ❤❛✈❡ Pp = pOp ❛♥❞

Op/Pp
∼= OF/p

❈❤♦♦s❡ π ∈ p \ p2 ❛♥❞ ✈✐❡✇ π ❛s ❛♥ ❡❧❡♠❡♥t ♦❢ Fp✳ ❖❜s❡r✈❡ t❤❛t Pp = 〈π〉✱ ✇❡ s❛②

t❤❛t π ✐s ❛♥ ✉♥✐❢♦r♠✐③❡r ❢♦r Fp✳ ❊✈❡r② x ∈ Fp ♠❛② ❜❡ ✇r✐tt❡♥ ❛s x = επt✱ ✇❤❡r❡

t ∈ Z ❛♥❞ ε ∈ O×
p ✳

❆♥ ✐❞è❧❡ ✐s ❛♥ ❡❧❡♠❡♥t ❛ = (· · · , av, · · · ) ∈
∏

v∈VF

F×
v s✉❝❤ t❤❛t ‖av‖v 6= 1 ♦♥❧②

❢♦r ✜♥✐t❡❧② ♠❛♥② ♣❧❛❝❡s✳ ❚❤❡② ❢♦r♠ ❛ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❣r♦✉♣✱ ❞❡♥♦t❡❞ JF ✳ ▲❡t EF =∏

v∈VF

Uv✱ ❝❧❡❛r❧② ❛ s✉❜❣r♦✉♣ ♦❢ JF ✳ ❲❡ ♠❛② ❣✐✈❡ EF t❤❡ ♣r♦❞✉❝t t♦♣♦❧♦❣②✱ ✇❤❡r❡ ❡❛❝❤

Uv ❤❛s ✐ts ♠❡tr✐❝ t♦♣♦❧♦❣②✳

❊①❛♠♣❧❡✿ JQ = Q× × R×
∏

p

Z×
p ✳

❲❡ ✇❛♥t t♦ ♣✉t ❛ t♦♣♦❧♦❣② ♦♥ JF t❤❛t ✇✐❧❧ ♠❛❦❡ ✐t ❛ ❧♦❝❛❧❧② ❝♦♠♣❛❝t t♦♣♦❧♦❣✐❝❛❧

❣r♦✉♣✳ ❚♦ ❞♦ s♦✱ ✇❡ r❡q✉✐r❡ ❛EF t♦ ❜❡ ❛♥ ♦♣❡♥ s✉❜s❡t ♦❢ JF , ∀ ❛ ∈ JF ✱ ❛♥❞ ❛❧s♦

r❡q✉✐r❡ t❤❛t t❤❡ ♠❛♣ EF 7→ ❛EF ❜❡ ❛ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❤♦♠❡♦♠♦r♣❤✐s♠ ∀❛ ∈ JF ✳

Pr♦♣♦s✐t✐♦♥ ✶✳✻✳ ❆ ❜❛s✐s ♦❢ ♦♣❡♥ s❡ts ❢♦r JF ✐s ❣✐✈❡♥ ❜②

{❛A : ❛ ∈ JF , ❛♥❞ A ✐s ❛♥ ♦♣❡♥ s✉❜s❡t ♦❢ EF}.

Pr♦♣♦s✐t✐♦♥ ✶✳✼✳ JF ✇✐t❤ t❤✐s t♦♣♦❧♦❣② ✐s ❛ ❧♦❝❛❧❧② ❝♦♠♣❛❝t t♦♣♦❧♦❣✐❝❛❧ ❣r♦✉♣✳
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Pr♦♣♦s✐t✐♦♥ ✶✳✽✳ JF/EF ∼= IF ✳

❲❡ ♠❛② ✈✐❡✇ α ∈ F× ❛s ❛♥ ✐❞è❧❡ (..., ιv(α), ...)✱ ✇❤❡r❡ ιv : F →֒ Fv ✐s ❛♥

❡♠❜❡❞❞✐♥❣ ♦❢ F ✐♥t♦ ✐ts ❝♦♠♣❧❡t✐♦♥ ❛t v✳ ❚❤✐s ❣✐✈❡s ❛♥ ❡♠❜❡❞❞✐♥❣✱ ❝❛❧❧❡❞ t❤❡

❞✐❛❣♦♥❛❧ ❡♠❜❡❞❞✐♥❣✱

ι : F →֒ JF ✱ ✇❤❡r❡ ι(α) = (..., ιv(α), ...)✳

❯s✉❛❧❧② ✇❡ s❤❛❧❧ ✐❞❡♥t✐❢② α ❛♥❞ ι(α)✱ ✇r✐t✐♥❣ F× ✇❤❡♥ ✇❡ r❡❛❧❧② ♠❡❛♥ ι(F×)✳

Pr♦♣♦s✐t✐♦♥ ✶✳✾✳ JF/(F
×EF ) ∼= IF/PF ✳

Pr♦♣♦s✐t✐♦♥ ✶✳✶✵✳ ▲❡t m ❜❡ ❛ ♥♦♥✲③❡r♦ ✐♥t❡❣r❛❧ ✐❞❡❛❧ ♦❢ OF ✱ ❛♥❞ ❞❡✜♥❡

J+
F,m = {❛ ∈ JF : av > 0 ❢♦r ❛❧❧ r❡❛❧ v, ❛♥❞ av ≡ 1 ( mod p

♦r❞v(m)
v ), ∀pv|m}

E+F,m = J+
F,m ∩ EF ✳

❚❤❡♥ JF/(F
×E+F,m) = R+

F,m

❈♦r♦❧❧❛r② ✶✳✶✶✳ ❚❤❡ s❡t ♦❢ s✉❜❣r♦✉♣s H ♦❢ JF ✱ ✇✐t❤ F×E+F,m ⊆ H ❢♦r s♦♠❡ m✱

❝♦rr❡s♣♦♥❞s t♦ t❤❡ s❡t ♦❢ ♦♣❡♥ s✉❜❣r♦✉♣s ♦❢ JF t❤❛t ❝♦♥t❛✐♥ F×✳

❉❡✜♥❡ NK/F : JK → JF ❜② NK/F (..., aw, ...) = (...,
∏

w|vNKw/Fv
(aw), ...)✳

▲❡t G ❜❡ ❛ ✜♥✐t❡ ❝②❝❧✐❝ ❣r♦✉♣✱ s❛② G = 〈σ〉✱ ❛♥❞ ❧❡t A ❜❡ ❛ Z[G]✲♠♦❞✉❧❡✳ ❉❡✜♥❡

s(G) = 1 + σ + · · · + σn−1✱ ✇❤❡r❡ n = #G✳ ❈♦♥s✐❞❡r✐♥❣ t❤❡ ♠❛♣ σ − 1 ♦♥ A✱ ✇❡

❤❛✈❡ ❦❡r(σ − 1) = {a ∈ A : σ(a) = a} = AG✳ ◆♦t❡ t❤❛t s(G)A ⊆ AG ❛♥❞ (σ − 1) ⊆
❦❡rs(G)✳

❲❡ ❞❡✜♥❡

QG(A) = [AG : s(G)A]/[❦❡r s(G) : (σ − 1)A],

✇❤❡♥ t❤❡s❡ ✐♥❞✐❝❡s ❛r❡ ✜♥✐t❡✳ ❚❤❡ ♥✉♠❜❡r QG(A) ✐s ❝❛❧❧❡❞ t❤❡ ❍❡r❜r❛♥❞ q✉♦t✐❡♥t

♦❢ A ❢♦r t❤❡ ❣r♦✉♣ G✳

❊①❛♠♣❧❡✿ ▲❡t G = 〈σ〉 ❜❡ ❝②❝❧✐❝ ♦❢ ♦r❞❡r n ❛♥❞ ❧❡t A = Z✱ ✇✐t❤ G ❛❝t✐♥❣ tr✐✈✐❛❧❧②

♦♥ A✳ ❚❤❡♥ AG = Z ❛♥❞ s(G)A = nZ✳ ❆❧s♦✱ ❦❡rs(G) = {0} = (σ − 1)A✳ ❲❡ ❣❡t

QG(A) = [Z : nZ] = n✳

▲❡t K/F ❜❡ ❛ ●❛❧♦✐s ❡①t❡♥s✐♦♥ ♦❢ ♥✉♠❜❡r ✜❡❧❞s✱ σ ∈ G =●❛❧✭K/F ✮✱ ❛♥❞ ❛ =

(· · · , aw, · · · ) ∈ JK ✳ ❋♦r ❛ ♣❧❛❝❡ w ♦❢ K✱ ❞❡✜♥❡ t❤❡ ♣❧❛❝❡ σw ❜②

‖α‖σw = ‖σ−1(α)‖w,

◆♦t❡ t❤❛t τ(σw) = (τσ)w✳ ❲❡ ❤❛✈❡ t❤❛t G tr❛♥s✐t✐✈❡❧② ♣❡r♠✉t❡s t❤❡ ♣❧❛❝❡s ♦❢ K

❛❜♦✈❡ s♦♠❡ ♣❧❛❝❡ ♦❢ F ✱ ❛♥❞ (K, ‖.‖w) ✐s ✐s♦♠♦r♣❤✐❝ t♦ (K, ‖.‖σw) ✈✐❛ σ✳ ❚❤✉s σ

✐♥❞✉❝❡s ❛♥ ✐s♦♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ t❤❡ ❝♦♠♣❧❡t✐♦♥s t❤❛t ✇❡ ❛❧s♦ ❞❡♥♦t❡ ❜② σ✿

σ : Kw

∼=−→ Kσw.
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❲❡ ♠❛② ♥♦✇ ❞❡✜♥❡ ❢♦r ❡❛❝❤ v ∈ VF

σ(· · · , aw, · · · )w|v = (· · · , bw, · · · )w|v,✇❤❡r❡ bw = σ(aσ−1w)

❚❤✐s ❣✐✈❡s ❛♥ ❛❝t✐♦♥ ♦❢ σ ♦♥ JK ✇✐t❤ JGK = JF ✳ ■❢ G ✐s ❝②❝❧✐❝✱ t❤❡♥

NK/F (❛) =
∏

σ∈G
σ(❛)✳

▲❡♠♠❛ ✶✳✶✷✳ ▲❡t CK = JK/K
×✱ ❛♥❞ CF = JF/F

×✳ ❚❤❡ ❡♠❜❡❞❞✐♥❣ JF →֒ JK

✐♥❞✉❝❡s ❛♥ ❡♠❜❡❞❞✐♥❣ CF →֒ CK✳ ❋✉rt❤❡r♠♦r❡✱ CG
K = CF ✳

Pr♦♣♦s✐t✐♦♥ ✶✳✶✸✳ QG(CK) = [K : F ]✳

Pr♦♣♦s✐t✐♦♥ ✶✳✶✹✳ ❋♦r ❛♥ ❛❜❡❧✐❛♥ ❡①t❡♥s✐♦♥K/F ♦❢ ♥✉♠❜❡r ✜❡❧❞s✱ ❧❡tH = F×NK/FJK✳

❚❤❡♥

✭✐✮ H ✐s ♦♣❡♥ ✐♥ JF ✱ ❛♥❞ E+F,m ⊆ H✱ ❢♦r s♦♠❡ m ❞✐✈✐s✐❜❧❡ ♦♥❧② ❜② t❤❡ ♣r✐♠❡s t❤❛t

r❛♠✐❢② ✐♥ K/F ✱

✭✐✐✮ JF/H ∼= IF (m)/(P+
F,mNK/F (m))

❚❤❡♦r❡♠ ✶✳✶✺✳ ✭❈②❝❧✐❝ ◆♦r♠ ■♥❞❡① ❊q✉❛❧✐t②✮ ■❢ K/F ✐s ❛ ❝②❝❧✐❝ ❡①t❡♥s✐♦♥ ♦❢

♥✉♠❜❡r ✜❡❧❞s✱ ❛♥❞ m ✐s ❛♥ ✐♥t❡❣r❛❧ ✐❞❡❛❧ ♦❢ OF t❤❛t ✐s ❞✐✈✐s✐❜❧❡ ❜② s✉✣❝✐❡♥t❧② ❤✐❣❤

♣♦✇❡r ♦❢ ❡✈❡r② r❛♠✐✜❡❞ ♣r✐♠❡ ✐♥ K/F ✱ t❤❡♥

[IF (m) : P+
F,mNK/F (m)] = [K : F ].

Pr♦♦❢✳ ❇② Pr♦♣♦s✐t✐♦♥ ✶✳✶✸✱

[CG
K : s(G)CK ] = [K : F ][❦❡rCK

s(G) : (σ − 1)CK ].

❇✉t ❛❧s♦ [CG
K : s(G)CK ] = [CF : NK/FCK ] = [JF/F

× : NK/FJK/(F
×NK/FJK)] =

[JF : F×NK/FJK ] = [IF (m) : P+
F,mNK/F (m)]✱ ✇❤❡♥❡✈❡rm s❛t✐s✜❡s E+F,m ⊆ F×NK/FJK ✳

❚❤✉s [K : F ] ≤ [IF (m) : P+
F,mNK/F (m)].

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❯♥✐✈❡rs❛❧ ◆♦r♠ ■♥❞❡① ■♥❡q✉❛❧✐t② ❣✐✈❡s

[IF (m) : P+
F,mNK/F (m)] ≤ [K : F ]✳

✶✳✸ ❆rt✐♥ ❘❡❝✐♣r♦❝✐t②

▲❡t K/F ❜❡ ❛ ●❛❧♦✐s ❡①t❡♥s✐♦♥ ♦❢ ♥✉♠❜❡r ✜❡❧❞s ✇✐t❤ ❛❜❡❧✐❛♥ ●❛❧♦✐s ❣r♦✉♣ G✳

▲❡t p ❜❡ ❛ ♣r✐♠❡ ✐❞❡❛❧ ♦❢ OF t❤❛t ✐s ✉♥r❛♠✐✜❡❞ ✐♥ K/F ✳ ❚❤❡♥ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥

❣r♦✉♣ Gp = Z(p) ♠✉st ❜❡ ❝②❝❧✐❝ ✇✐t❤ ❛ ❝❛♥♦♥✐❝❛❧ ❣❡♥❡r❛t♦r σp =

(
p

K/F

)
✱ t❤❡ ❆rt✐♥

❛✉t♦♠♦r♣❤✐s♠✳
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▲❡t m ❜❡ ❛♥ ✐❞❡❛❧ ♦❢OF t❤❛t ✐s ❞✐✈✐s✐❜❧❡ ❜② ❛❧❧ ♣r✐♠❡s t❤❛t r❛♠✐❢② ✐♥ t❤❡ ❡①t❡♥s✐♦♥

K/F ❛♥❞ ♥♦ ♦t❤❡rs✳ ❚❤❡ ♠❛♣ p 7→ σp ✐♥❞✉❝❡s ❛ ❤♦♠♦♠♦r♣❤✐s♠ A = AK/F :

IF (m) −→ G ❣✐✈❡♥ ❜② a 7→ σa =

(
a

K/F

)
✇❤❡r❡✱ ❢♦r a =

∏

p

pnp ∈ IF (m)✱ ✇❡ s❡t

σa =
∏

p

σ
np

p ✳ ❚❤❡ ♠❛♣ A ✐s ❝❛❧❧❡❞ t❤❡ ❆rt✐♥ ♠❛♣ ❛♥❞

(
a

K/F

)
✐s t❤❡ ❆rt✐♥ s②♠❜♦❧✳

❊①❛♠♣❧❡✿ ▲❡t F = Q✱ ❛♥❞ K = Q(ζm) ✇❤❡r❡ ζm ✐s ❛ ♣r✐♠✐t✐✈❡ mt❤ r♦♦t ♦❢ ✉♥✐t②✳

▲❡t pZ ❜❡ ❛ ♣r✐♠❡ ♦❢ Z✱ ✇❤❡r❡ (p,m) = 1✳ ❚❤❡♥

(
pZ
K/F

)
= σp : ζm 7→ ζpm✳ ■❢

a ∈ Z+✱ s❛② a = pe11 · · · perr ✇✐t❤ (pj,m) = 1✱ t❤❡♥
(

aZ
K/F

)
=

r∏

j=1

σejpj = σa : ζm 7→ ζam.

❚❤❡♦r❡♠ ✶✳✶✻✳ ✭❆rt✐♥ ❘❡❝✐♣r♦❝✐t②✮ ▲❡t K/F ❜❡ ❛♥ ❛❜❡❧✐❛♥ ❡①t❡♥s✐♦♥ ♦❢ ♥✉♠❜❡r

✜❡❧❞s✱ ❧❡t G =●❛❧(K/F )✱ ❛♥❞ ❛ss✉♠❡ m ✐s ❛♥ ✐❞❡❛❧ ♦❢ OF ✱ ❞✐✈✐s✐❜❧❡ ❜② ❛❧❧ t❤❡

r❛♠✐❢②✐♥❣ ♣r✐♠❡s✳ ❚❤❡♥

✭✐✮ A : IF (m) −→ G ✐s s✉r❥❡❝t✐✈❡✱

✭✐✐✮ ❚❤❡ ✐❞❡❛❧ m ❝❛♥ ❜❡ ❝❤♦s❡♥ s♦ t❤❛t ✐t ✐s ❞✐✈✐s✐❜❧❡ ♦♥❧② ❜② t❤❡ r❛♠✐✜❡❞ ♣r✐♠❡s ❛♥❞

s❛t✐s✜❡s P+
F,m ⊆ ❦❡r(A)✱

✭✐✐✐✮ NK/F (m) ⊆ ❦❡r(A)✳

❈❤♦♦s✐♥❣ m ❛s ✐♥ ✭✐✐✮✱ ✇❡ ❤❛✈❡ ❛ ✇❡❧❧✲❞❡✜♥❡❞ ❡♣✐♠♦r♣❤✐s♠

IF (m)/(P+
F,mNK/F (m)) −→ G✳ ❙✐♥❝❡ #

(
IF (m)/(P+

F,mNK/F (m))
)
≤ [K : F ] = #G

❜② t❤❡ ❯♥✐✈❡rs❛❧ ◆♦r♠ ■♥❞❡① ■♥❡q✉❛❧✐t②✱ ✐♥ ❢❛❝t ✇❡ ❤❛✈❡

IF (m)/(P+
F,mNK/F (m)) ∼= G

Pr♦♣♦s✐t✐♦♥ ✶✳✶✼✳ ▲❡t K/F ❜❡ ❛♥ ❛❜❡❧✐❛♥ ❡①t❡♥s✐♦♥ ♦❢ ♥✉♠❜❡r ✜❡❧❞s✳ ■❢ m ✐s ❛♥

✐❞❡❛❧ ♦❢ OF s✉❝❤ t❤❛t E+F,m ⊆ NK/FEK✱ t❤❡♥ m s❛t✐s✜❡s ❆rt✐♥ ❘❡❝✐♣r♦❝✐t②✳

Pr♦♣♦s✐t✐♦♥ ✶✳✶✽✳ ✭❈♦♠♣❧❡t❡♥❡ss ❚❤❡♦r❡♠✮ ▲❡t K/F ❜❡ ❛♥ ❛❜❡❧✐❛♥ ❡①t❡♥s✐♦♥ ♦❢

♥✉♠❜❡r ✜❡❧❞s✳ ■❢ t❤❡ ✐❞❡❛❧ m ♦❢ OF s❛t✐s✜❡s ❆rt✐♥ ❘❡❝✐♣r♦❝✐t②✱ t❤❡♥ K ✐s t❤❡ ❝❧❛ss

✜❡❧❞ ♦✈❡r F ♦❢ P+
F,mNK/F (m)✳

❆ ♣r♦♦❢ ♦❢ t❤❡ ♥❡①t r❡s✉❧t ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬❙❝❤❪✱ ❝❤❛♣t❡r ✶✺✳

❚❤❡♦r❡♠ ✶✳✶✾✳ ✭❈❤❡❜♦t❛r❡✈ ❉❡♥s✐t②✮ ▲❡t K/F ❜❡ ❛♥ ●❛❧♦✐s ❡①t❡♥s✐♦♥ ♦❢ ♥✉♠❜❡r

✜❡❧❞s ✇✐t❤ ●❛❧(K/F ) = G✳ ▲❡t σ ∈ G, [σ]G = {τστ−1 : τ ∈ G}. ❉❡✜♥❡

Sσ = {✉♥r❛♠✐✜❡❞ ♣r✐♠❡s p ♦❢ OF :

(
P

K/F

)
∈ [σ]G ❢♦r P|pOK}.

❚❤❡♥ δF (Sσ) =
#[σ]G
[K/F ]

✳
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■❢ m s❛t✐s✜❡s E+F,m ⊆ F×NK/FJK ✱ t❤❡♥ ✇❡ ❤❛✈❡

IF (m)/(P+
F,mNK/F (m)) ∼= G, ❜② ❆rt✐♥ ❘❡❝✐♣r♦❝✐t②❀

JF/(F
×NK/FJK) ∼= IF (m)/(P+

F,mNK/F (m)), ❜② Pr♦♣♦s✐t✐♦♥ ✶✳✶✹❀

JF ։ JF/(F
×NK/FJK), ❜② t❤❡ ❝❛♥♦♥✐❝❛❧ s✉r❥❡❝t✐♦♥✳

▲❡t ρK/F : JF → G ❜❡ t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ❛❜♦✈❡ ❢✉♥❝t✐♦♥s✳ ■t ✐s s✉r❥❡❝t✐✈❡ ✇✐t❤

❦❡r♥❡❧ F×NK/FJK ✳ ❲❡ s❛② K ✐s t❤❡ ❝❧❛ss ✜❡❧❞ ♦✈❡r F ♦❢ F×NK/FJK ❛♥❞ ✇❡ ❝❛❧❧

ρK/F t❤❡ ✐❞è❧✐❝ ❆rt✐♥ ♠❛♣✳

✶✳✹ ❚❤❡ ❊①✐st❡♥❝❡ ❚❤❡♦r❡♠

❚❤❡♦r❡♠ ✶✳✷✵✳ ✭❖r❞❡r✐♥❣ ❚❤❡♦r❡♠✮ ▲❡t

Φ : {✜♥✐t❡ ❛❜❡❧✐❛♥ ❡①t❡♥s✐♦♥s K ♦❢ F} −→ {♦♣❡♥ s✉❜❣r♦✉♣s H ♦❢ JF t❤❛t ❝♦♥t❛✐♥ F×}

❜❡ ❣✐✈❡♥ ❜② Φ(K) = F×NK/FJK✳ ❚❤❡♥✿

K1 ⊆ K2 ⇐⇒ Φ(K2) ⊆ Φ(K1).

❈♦r♦❧❧❛r② ✶✳✷✶✳ ❙✉♣♣♦s❡ K ✐s t❤❡ ❝❧❛ss ✜❡❧❞ t♦ t❤❡ ♦♣❡♥ s✉❜❣r♦✉♣ H ♦❢ JF ✱ ✇❤❡r❡

F× ⊆ H✱ ❛♥❞ ❧❡t H1 ⊇ H ❜❡ ❛♥ ♦♣❡♥ s✉❜❣r♦✉♣ ♦❢ JF ✳ ❚❤❡♥ H1 ❤❛s ❛ ❝❧❛ss ✜❡❧❞ ♦✈❡r

F ✳

Pr♦♣♦s✐t✐♦♥ ✶✳✷✷✳ ✭❘❡❞✉❝t✐♦♥ ▲❡♠♠❛✮ ▲❡t K/F ❜❡ ❛ ❝②❝❧✐❝ ❡①t❡♥s✐♦♥ ♦❢ ♥✉♠❜❡r

✜❡❧❞s ❛♥❞ s✉♣♣♦s❡ H ✐s ❛♥ ♦♣❡♥ s✉❜❣r♦✉♣ ♦❢ JF t❤❛t ❝♦♥t❛✐♥s F×✳ ■❢ N−1
K/F (H) ❤❛s

❛ ❝❧❛ss ✜❡❧❞ ♦✈❡r K✱ t❤❡♥ H ❤❛s ❛ ❝❧❛ss ✜❡❧❞ ♦✈❡r F ✳

▲❡t n ❜❡ ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r✳ ❆♥ ❛❜❡❧✐❛♥ ❣r♦✉♣ G ✐s s❛✐❞ t♦ ❤❛✈❡ ❡①♣♦♥❡♥t n ✐❢

gn = 1✱ ∀g ∈ G✳ ❙✐♠✐❧❛r❧②✱ ❛♥ ❛❜❡❧✐❛♥ ❡①t❡♥s✐♦♥ K/F ✐s s❛✐❞ t♦ ❤❛✈❡ ❡①♣♦♥❡♥t n ✐❢

t❤❡ ❛❜❡❧✐❛♥ ❣r♦✉♣ ●❛❧(K/F ) ❤❛s ❡①♣♦♥❡♥t n✳

▲❡t F ❜❡ ❛♥ ♥✉♠❜❡r ✜❡❧❞✳ ▲❡t S ❜❡ ❛ ✜♥✐t❡ s❡t ♦❢ ♣❧❛❝❡s ♦❢ F ❛♥❞ ❛ss✉♠❡ ④✐♥✜♥✐t❡

♣❧❛❝❡s ♦❢ F} = S∞ ⊆ S✳ ❉❡✜♥❡

JF,S =
∏

v∈S
F×
v ×

∏

v/∈S
Uv

FS = JF,S ∩ F×.

▲❡♠♠❛ ✶✳✷✸✳ ❚❤❡r❡ ✐s ❛ ✜♥✐t❡ s❡t ♦❢ ♣❧❛❝❡s S ⊇ S∞ s✉❝❤ t❤❛t JF = F×JF,S✳



❈❤❛♣t❡r ✶✳ ❈❧❛ss ❋✐❡❧❞ ❚❤❡♦r② ✶✺

❚❤❡♦r❡♠ ✶✳✷✹✳ ▲❡t F ❜❡ ❛ ♥✉♠❜❡r ✜❡❧❞ t❤❛t ❝♦♥t❛✐♥s ❛❧❧ t❤❡ nt❤ r♦♦ts ♦❢ ✉♥✐t②✳

▲❡t S ❜❡ ❛ ✜♥✐t❡ s❡t ♦❢ ♣❧❛❝❡s ♦❢ F ❝♦♥t❛✐♥✐♥❣ S∞✱ t❤❡ ♣❧❛❝❡s v s✉❝❤ t❤❛t pv|n✱ ❛♥❞
s✉✣❝✐❡♥t❧② ♠❛♥② ✜♥✐t❡ ♣❧❛❝❡s s♦ t❤❛t JF = F×JF,S✳ ▲❡t

B =
∏

v∈S
(F×

v )
n ×

∏

v/∈S
Uv.

❚❤❡♥ F×B ❤❛s ❝❧❛ss ✜❡❧❞ F (F
1/n
S

) ♦✈❡r F ✳

❚❤❡♦r❡♠ ✶✳✷✺✳ ✭❊①✐st❡♥❝❡ ❚❤❡♦r❡♠✮ ▲❡t F ❜❡ ❛ ♥✉♠❜❡r ✜❡❧❞✳ ▲❡t H ❜❡ ❛♥ ♦♣❡♥

s✉❜❣r♦✉♣ ♦❢ JF ✇✐t❤ F× ⊆ H✳ ❚❤❡♥ t❤❡r❡ ✐s ❛ ✜♥✐t❡ ❛❜❡❧✐❛♥ ❡①t❡♥s✐♦♥ K ♦❢ F s✉❝❤

t❤❛t H = F×NK/FJK

Pr♦♦❢✳ ❙✉♣♣♦s❡ t❤❛t JF/H ❤❛s ❡①♣♦♥❡♥t n✳ ❆ss✉♠❡ t❤❛t F ❝♦♥t❛✐♥s t❤❡ nt❤ r♦♦ts

♦❢ ✉♥✐t②✳ ❋✐♥❞ ❛ s❡t S ❛s ✐♥ ▲❡♠♠❛ ✶✳✷✹✱ t❤❡♥ ❡♥❧❛r❣❡ ✐t ❢✉rt❤❡r t♦ ❝♦♥t❛✐♥ ❛❧❧ v s✉❝❤

t❤❛t Uv * H✳ ❋♦r t❤✐s ❡♥❧❛r❣❡❞ S✱ ✇❡ ❣❡t B ⊆ H✳ ❇② ❚❤❡♦r❡♠ ✶✳✷✺✱ F×B ❤❛s ❛

❝❧❛ss ✜❡❧❞ ❛♥❞ H = HF× ⊇ F×B✳ ❇② ❈♦r♦❧❧❛r② ✶✳✷✷✱ H ❤❛s ❛ ❝❧❛ss ✜❡❧❞ t♦♦✳

■♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡✱ ❝♦♥s✐❞❡r t❤❡ ❡①t❡♥s✐♦♥ F (ζn)/F ✳ ❲❡ ❝❛♥ ✜♥❞ ❛ t♦✇❡r ♦❢

✐♥t❡r♠❡❞✐❛t❡ ✜❡❧❞s✿

F = F0 ⊆ F1 ⊆ · · · ⊆ Ft = F (ζn),

s✉❝❤ t❤❛t ❡❛❝❤ ●❛❧✭Fi+1/Fi✮ ✐s ❝②❝❧✐❝✳ ▲❡tHi = N−1
Fi/F
H✳ ◆♦t❡ t❤❛tHi = N−1

Fi/Fi−1
Hi−1✳

❲❡ ❦♥♦✇ t❤❛t Ht ❤❛s ❛ ❝❧❛ss ✜❡❧❞✳ ❆♣♣❧②✐♥❣ t❤❡ ❘❡❞✉❝t✐♦♥ ▲❡♠♠❛ t♦ t❤❡ ❝②❝❧✐❝

❡①t❡♥s✐♦♥ Ft/Ft−1✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t Ht−1 ❤❛s ❛ ❝❧❛ss ✜❡❧❞ t♦♦✳ ❈♦♥t✐♥✉✐♥❣ ✐♥ ❛ ✜♥✐t❡

♥✉♠❜❡r ♦❢ st❡♣s✱ ✇❡ ❣❡t t❤❛t H0 ❤❛s ❛ ❝❧❛ss ✜❡❧❞✳

❚❤❡♦r❡♠ ✶✳✷✻✳ ✭❑r♦♥❡❝❦❡r✲❲❡❜❡r✮ ❊✈❡r② ✜♥✐t❡ ❛❜❡❧✐❛♥ ❡①t❡♥s✐♦♥ F ♦❢ Q s❛t✐s✜❡s

F ⊆ Q(ζ) ❢♦r s♦♠❡ r♦♦t ♦❢ ✉♥✐t② ζ✳

Pr♦♦❢✳ F ✐s t❤❡ ❝❧❛ss ✜❡❧❞ ♦❢ Q×NF/QJF ✳ ❇② ❈♦r♦❧❧❛r② ✶✳✶✶✱ Q×E+Q,mZ ⊆ Q×NF/QJF ✱

❢♦r s♦♠❡ m ∈ Z✳ ❲❡ ❦♥♦✇ t❤❛t Q(ζm) ✐s t❤❡ ❝❧❛ss ✜❡❧❞ ♦❢ Q×E+Q,mZ✳ ❇② t❤❡ ❖r❞❡r✐♥❣

❚❤❡♦r❡♠✱

F = Φ−1(Q×NF/QJF ) ⊆ Φ−1(Q×E+Q,mZ) = Q(ζm).

Pr♦♣♦s✐t✐♦♥ ✶✳✷✼✳ ▲❡t F ❜❡ ❛ ♥✉♠❜❡r ✜❡❧❞✳ F1 = Φ−1(F×EF ) ✐s t❤❡ ♠❛①✐♠❛❧

✉♥r❛♠✐✜❡❞ ❛❜❡❧✐❛♥ ❡①t❡♥s✐♦♥ ♦❢ F ✭■t ✐s ❝❛❧❧❡❞ t❤❡ ❍✐❧❜❡rt ❈❧❛ss ❋✐❡❧❞ ♦❢ F ✮ ❛♥❞

●❛❧(F1/F ) ≃ CF ✈✐❛ t❤❡ ❆rt✐♥ ♠❛♣✳



❈❤❛♣t❡r ✷

❚❤❛✐♥❡✬s ❚❤❡♦r❡♠ ❢♦r ♦❞❞ ♣r✐♠❡s

✷✳✶ ❋❛❝t♦r✐③❛t✐♦♥ ♦❢ ❝❡rt❛✐♥ ♣r✐♥❝✐♣❛❧ ✐❞❡❛❧s

▲❡t F 6= Q ❜❡ ❛ r❡❛❧ ❛❜❡❧✐❛♥ ♥✉♠❜❡r ✜❡❧❞ ❛♥❞ ζm ❛ ♣r✐♠✐t✐✈❡ m✲t❤ r♦♦t ♦❢ ✉♥✐t②✱

✇❤❡r❡ m ✐s t❤❡ ❧❡❛st ♣♦s✐t✐✈❡ ✐♥t❡❣❡r s✉❝❤ t❤❛t F ⊆ Q(ζm) ✭❲❡ ❝❛❧❧ m t❤❡ ❝♦♥❞✉❝t♦r

♦❢ t❤❡ ✜❡❧❞ F ✮✳ ▲❡t G = ●❛❧(F/Q)✳ ❋♦r j ≥ 1 ✇❡ ❞❡✜♥❡

Cj(X) =

{
f(X) = ±

j∏

i=1

m−1∏

k=1

(X i − ζkm)aik : aik ∈ Z, f(X) ∈ F (X), f(1) ∈ UF
}
,

✇❤❡r❡ X ✐s ❛♥ ✐♥❞❡t❡r♠✐♥❛t❡✳

▲❡t C = ∪∞j=1Cj(1) ❜❡ t❤❡ ❣r♦✉♣ ♦❢ ❝②❝❧♦t♦♠✐❝ ✉♥✐ts✳ ❙✐♥❝❡ UF ✐s ❛ ♥♦❡t❤❡r✐❛♥

Z✲♠♦❞✉❧❡✱ t❤❡r❡ ❡①✐sts l ≥ 1 s✉❝❤ t❤❛t C = Cl(1)✳

Pr♦♣♦s✐t✐♦♥ ✷✳✶✳ ❲❡ ❤❛✈❡ t❤❛t #W <∞✱ ✇❤❡r❡ W = UF/C✳

Pr♦♦❢✳ ❙✐♥♥♦tt❬❙✐♥❪ s❤♦✇❡❞ t❤❛t ❛ s✉❜❣r♦✉♣ ♦❢ t❤❡ ❝②❝❧♦t♦♠✐❝ ✉♥✐ts ❤❛s ✜♥✐t❡ ✐♥❞❡①

✐♥ t❤❡ ❢✉❧❧ ❣r♦✉♣ ♦❢ ✉♥✐ts✳ ■t ✇❛s s❤♦✇♥ ❜② ●✳ ▲❡tt❧❬▲❡t❪ t❤❛t t❤❡s❡ t✇♦ ❣r♦✉♣s

❝♦✐♥❝✐❞❡✳

■♥ t❤✐s s❡❝t✐♦♥ q ✐s ❛♥ ♦❞❞ ♣r✐♠❡ ❣r❡❛t❡r t❤❛♥ l✱ t❤❛t s♣❧✐ts ❝♦♠♣❧❡t❡❧② ✐♥ F ✱ ζq

✐s ❛ ♣r✐♠✐t✐✈❡ q✲t❤ r♦♦t ♦❢ ✉♥✐t②✱ ❛♥❞ K = F (ζq)✳

✶✻



❈❤❛♣t❡r ✷✳ ❚❤❛✐♥❡✬s ❚❤❡♦r❡♠ ❢♦r ♦❞❞ ♣r✐♠❡s ✶✼

Pr♦♣♦s✐t✐♦♥ ✷✳✷✳ f(X) ∈ Cl(X)⇒ NK/F (f(ζq)) = 1✳

Pr♦♦❢✳ f(X) ∈ F (X)⇒ f(ζq) ∈ F (ζq) = K✳ ❇② ●❛❧♦✐s ❚❤❡♦r②✱

●❛❧(K/F ) ≃ ●❛❧(Q(ζq)/Q) ≃ ●❛❧(Q(ζmq)/Q(ζm))✳

Q

F Q(ζq)

KQ(ζm)

Q(ζmq)

❚❤❡♥

NK/F (f(ζq)) =
l∏

j=1

m−1∏

k=1

NQ(ζmq)/Q(ζm)(ζ
j
q − ζkm)ajk

=
l∏

j=1

m−1∏

k=1

(

q−1∏

i=1

(ζ iq − ζkm))ajk

=
l∏

j=1

m−1∏

k=1

(
1− ζqkm
1− ζkm

)ajk = f(1)σq−1,

✇❤❡r❡

(
q

Q(ζm)/Q

)
= σq : ζm 7→ ζqm✳ ❙✐♥❝❡ q s♣❧✐ts ❝♦♠♣❧❡t❡❧② ✐♥ F ✱

σq

∣∣∣∣
F

=

(
q

F/Q

)
❂✐❞❀ ❤❡♥❝❡ NK/F (f(ζq)) = 1✳

▲❡t Q ❜❡ ❛ ♣r✐♠❡ ✐❞❡❛❧ ♦❢ F ❛❜♦✈❡ q ❛♥❞ B t❤❡ ♦♥❧② ♣r✐♠❡ ✐❞❡❛❧ ♦❢ K ❛❜♦✈❡

Q✳ ❈❤♦♦s❡ ❛♥ ✐♥t❡❣❡r s s✉❝❤ t❤❛t 〈s〉 = (Z/(qZ))× ✭❲❡ ❝❛❧❧ s ❛ ♣r✐♠✐t✐✈❡ r♦♦t

♠♦❞✉❧♦ q✮✳ ▲❡t τ ∈ ●❛❧(K/F )✱ s✉❝❤ t❤❛t τ(ζq) = ζsq ✳ ❚❤❡♥ 〈τ〉 = ●❛❧(K/F )✳ ▲❡t

H = ●❛❧(K/Q(ζq))✳

Pr♦♣♦s✐t✐♦♥ ✷✳✸✳ ■❢ f(X) ∈ Cl(X)✱ t❤❡♥ t❤❡r❡ ❡①✐sts α ∈ K× s✉❝❤ t❤❛t τ(α) =

f(ζq)α✳ ❋♦r ❛♥② s✉❝❤ α✱

(α) = D
∏

σ∈H
σ−1(B)rσ ,

✇❤❡r❡ D ✐s t❤❡ ❧✐❢t ♦❢ ❛♥ ✐❞❡❛❧ ♦❢ F ❛♥❞ t❤❡ rσ ❛r❡ ✐♥t❡❣❡rs s✉❝❤ t❤❛t

srσ ≡ f(1)σ mod Q.

Pr♦♦❢✳ ❋r♦♠ ❍✐❧❜❡rt✬s ❚❤❡♦r❡♠ ✾✵ ❛♥❞ ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✷✳✷✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ✐❢

f(X) ∈ Cl(X)✱ t❤❡♥ t❤❡r❡ ❡①✐sts α ∈ K× s✉❝❤ t❤❛t τ(α) = f(ζq)α✳



❈❤❛♣t❡r ✷✳ ❚❤❛✐♥❡✬s ❚❤❡♦r❡♠ ❢♦r ♦❞❞ ♣r✐♠❡s ✶✽

❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r✐♠❡ ✐❞❡❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥s✿

qOF =
∏

σ∈G
σ(Q),

(ζq − 1)OK =
∏

σ∈H
σ(B),

QOK =Bq−1,

qOK =
∏

σ∈H
σ(B)q−1.

❚❤❡♥

(α) = D
∏

σ∈H
σ−1(B)rσ ,

✇❤❡r❡ D ✐s t❤❡ ❧✐❢t ♦❢ ❛♥ ✐❞❡❛❧ ♦❢ F r❡❧❛t✐✈❡❧② ♣r✐♠❡ t♦ q ❛♥❞ t❤❡ rσ ❛r❡ ✐♥t❡❣❡rs✳

▲❡t σ ∈ H ❛♥❞ α, rσ ❜❡ ❛s ❛❜♦✈❡✱ ❞❡✜♥❡ γ = α/(ζq − 1)rσ ✳ ❚❤❡♥ ♦r❞σ−1(B)(γ) =

0✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t t❤❡r❡ ❡①✐sts λ, µ ∈ OK ✱ ♥♦♥✲❞✐✈✐s✐❜❧❡ ❜② σ−1(B)✱ s✉❝❤ t❤❛t

γ = λ/µ✳ ❙✐♥❝❡ ★T (σ−1(B)/σ−1(Q)) = q − 1 = #●❛❧(K/F ) = #〈τ〉✱ ✇❡ ❤❛✈❡

t❤❛t τ ∈ T (σ−1(B)/σ−1(Q))✳ ❚❤❡♥ τ(λ) ≡ λ ❛♥❞ τ(µ) ≡ µ mod σ−1(B)✳ ❍❡♥❝❡

τ(γ) ≡ γ 6≡ 0 mod σ−1(B)✳

■❢ τ(α) = f(ζq)α✱ t❤❡♥ ((ζsq − 1)/(ζq − 1))rστ(γ) = f(ζq)γ✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱

0 < d < p⇒ (ζdq −1)/(ζq−1) ✐s ❛♥ ✉♥✐t⇒ (ζdq −1) = (ζq−1) =
∏
σ−1(B)⇒ ζdq ≡ 1

mod σ−1(B)⇒ s ≡
s−1∑

i=0

ζ iq = (ζsq −1)/(ζq−1) mod σ−1(B)⇒ srσ ≡ ((ζsq −1)/(ζq−

1))rσ mod σ−1(B)✳ ❚❤❡r❡❢♦r❡

srσγ ≡ ((ζsq − 1)/(ζq − 1))rστ(γ) = f(ζq)γ ≡ f(1)γ mod σ−1(B).

❚❤✐s ✐♠♣❧✐❡s t❤❛t srσ ≡ f(1) mod σ−1(B)✱ ❤❡♥❝❡ srσ ≡ σ(f(1)) mod B ❛♥❞ ❛❧s♦

mod Q✱ s✐♥❝❡ f(1) ∈ K✳

❚❛❦✐♥❣ ♥♦r♠s ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

(NK/F (α)) = Dq−1
∏

σ∈G
σ−1(Q)rσ ,

❢♦r s♦♠❡ ✐❞❡❛❧ D ♦❢ F ✳

✷✳✷ ■❞❡❛❧ ❝❧❛ss❡s ❛♥❞ ✉♥✐ts✳ ❆ ❧♦❝❛❧✲❣❧♦❜❛❧ t❤❡♦r❡♠

❋✐① ❛♥ ❡♠❜❡❞❞✐♥❣ ♦❢ F ✐♥t♦ R✱ ❛♥❞ ❞❡✜♥❡ |x| = sup{x,−x}✳ ●✐✈❡♥ ❛♥ ✐❞❡❛❧ ❝❧❛ss

C ♦❢ F ❛♥❞ ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r b✱ ✇❡ ❞❡✜♥❡ P (C, b) ❛s t❤❡ s❡t ♦❢ ❛❧❧ ♣r✐♠❡ ✐❞❡❛❧s Q ∈ C
❛❜♦✈❡ ♦❞❞ ♣r✐♠❡s q > l✱ s♣❧✐tt✐♥❣ ❝♦♠♣❧❡t❡❧② ✐♥ F ❛♥❞ s✉❝❤ t❤❛t q ≡ 1 ♠♦❞ b✳



❈❤❛♣t❡r ✷✳ ❚❤❛✐♥❡✬s ❚❤❡♦r❡♠ ❢♦r ♦❞❞ ♣r✐♠❡s ✶✾

▲❡t δ ∈ C✱ C ❛♥ ✐❞❡❛❧ ❝❧❛ss ❛♥❞ b ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r✳ ❋r♦♠ Pr♦♣♦s✐t✐♦♥ ✷✳✸ ✇❡

❝♦♥❝❧✉❞❡ t❤❛t ❢♦r ❛❧❧ Q ∈ P (C, b) t❤❡r❡ ❡①✐sts ❛ ♥♦♥✲③❡r♦ ✐❞❡❛❧ RQ ♦❢ F s✉❝❤ t❤❛t

Rb
Q

∏

σ∈G
σ−1(Q)rσ(Q) ✐s ❛ ♣r✐♥❝✐♣❛❧ ✐❞❡❛❧✱ ✇❤❡r❡ t❤❡ ✐♥t❡❣❡rs rσ(Q) s❛t✐s❢② s

rσ(Q)
Q ≡ σ(δ)

♠♦❞ Q✳

❙✉♣♣♦s❡ t❤❛t P (C, b) ✐s ♥♦♥✲❡♠♣t②✳ ▲❡t σ ∈ G ❜❡ ✜①❡❞✳ ❲❡ ❞❡✜♥❡ t❤❡ ♥✉♠❜❡r

g = g(δ, C, b, σ) ❛s t❤❡ ❣r❡❛t❡st ❝♦♠♠♦♥ ❞✐✈✐s♦r ♦❢ b ❛♥❞ ♦❢ ❛❧❧ t❤❡ rσ(Q) s✉❝❤ t❤❛t

Q ∈ P (C, b)✳

Pr♦♣♦s✐t✐♦♥ ✷✳✹✳ P (C, b) 6= ∅ ⇒ ∀Q ∈ P (C, b) ∃ βQ ∈ Z s✉❝❤ t❤❛t σ(δ) ≡ βgQ

mod Q✳

Pr♦♣♦s✐t✐♦♥ ✷✳✺✳ ▲❡t F ❜❡ ❛♥② r❡❛❧ ♥✉♠❜❡r ✜❡❧❞✳

✭❆✮ ■❢ P (C, b) 6= ∅✱ t❤❡♥ ✐t ✐s ❛♥ ✐♥✜♥✐t② s❡t❀

✭❇✮ ■❢ F ✐s ❛❜❡❧✐❛♥ ❛♥❞ t❤❡ ♦r❞❡r ♦❢ C ✐s ♣r✐♠❡ t♦ [F : Q]✱ t❤❡♥ P (C, b) 6= ∅❀
✭❈✮ ■❢ F ⊆ Q(ζpr) ❛♥❞ b = pn ✇✐t❤ p ♣r✐♠❡ ❛♥❞ r, n ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs✱ t❤❡♥

P (C, b) 6= ∅❀

Pr♦♦❢✳ ▲❡t F1 ❜❡ t❤❡ ❍✐❧❜❡rt ❈❧❛ss ❋✐❡❧❞ ♦❢ F ✳ ❲❡ ❦♥♦✇ t❤❛t ●❛❧(F1/F ) ≃ CF ✈✐❛

t❤❡ ❆rt✐♥ ♠❛♣✳ ▲❡t ϕ ∈ ●❛❧(F1/F ) ❝♦rr❡s♣♦♥❞✐♥❣ t♦ C✳ ❙✉♣♣♦s❡ P (C, b) 6= ∅ ❛♥❞
❧❡t Q ∈ P (C, b)✱ t❤❡♥ ϕ =

(
Q

F1/F

)
✳ ❙✐♥❝❡ q ≡ 1 ♠♦❞ b✱ ✇❡ ❤❛✈❡ t❤❛t q s♣❧✐ts

❝♦♠♣❧❡t❡❧② ✐♥ Q(ζb)✱ t❤❡♥ q s♣❧✐ts ❝♦♠♣❧❡t❡❧② ✐♥ F (ζb)✱ ❤❡♥❝❡ t❤❡ s❛♠❡ ✐s tr✉❡ ❢♦r Q✳

▲❡t J = F1 ∩ F (ζb)✳ ❚❤❡♥ ϕ
∣∣∣∣
J

=

(
Q

F1/F

) ∣∣∣∣
J

=

(
Q

J/F

)
=✐❞✳

F

J

F (ζb) F1

F1(ζb)

❇② ●❛❧♦✐s ❚❤❡♦r②✱ ●❛❧(F1/J) ≃ ●❛❧(F1(ζb)/F (ζb))✳ ❚❤❡♥ ✇❡ ❝❛♥ ❡①t❡♥❞ ϕ t♦ ❛♥

❛✉t♦♠♦r♣❤✐s♠ Φ ∈●❛❧(F1(ζb)/F (ζb))✳ ❇② t❤❡ ❈❤❡❜♦t❛r❡✈ ❉❡♥s✐t② ❚❤❡♦r❡♠✱

δF (ζb)(SΦ) =
1

[F1(ζb) : F (ζb)]
.

❙✐♥❝❡ δF (ζb)(p ∈ SΦ; f(p/(p∩Z)) > 1) = 0✱ ✇❡ ❤❛✈❡ t❤❛t δF (ζb)(p ∈ SΦ; f(p/(p∩Z)) =
1) > 0✱ t❤❡♥ t❤❡ s❡t {p ∈ SΦ; f(p/(p∩Z)) = 1 = e(p/(p∩Z)), p ❞♦❡s ♥♦t ❞✐✈✐❞❡ 2} ✐s
✐♥✜♥✐t❡✳ ❋♦r ❛♥② p ✐♥ t❤❡ ❛❜♦✈❡ s❡t✱ ✇❡ ❝❛♥ ✉s❡ t❤❡ ❈♦♥s✐st❡♥❝② Pr♦♣❡rt② ♦❢ t❤❡ ❆rt✐♥



❈❤❛♣t❡r ✷✳ ❚❤❛✐♥❡✬s ❚❤❡♦r❡♠ ❢♦r ♦❞❞ ♣r✐♠❡s ✷✵

♠❛♣ t♦ ❣❡t

(
Q

F1/F

)
=

(
p

F1(ζb)/F (ζb)

) ∣∣∣∣
F1

= ϕ✱ ✇❤❡r❡ Q = p∩OK ✳ ❍❡♥❝❡ Q ∈ C✳
■❢ f(p/(p ∩ Z)) = 1 = e(p/(p ∩ Z))✱ t❤❡♥ f(Q/(Q ∩ Z)) = 1 = e(Q/(Q ∩ Z)) ❛♥❞

t❤❡ ♣r✐♠❡ q ∈ Z ❛❜♦✈❡ Q s♣❧✐ts ❝♦♠♣❧❡t❡❧② ✐♥ Q(ζb)✱ t❤❡♥ Q ∈ P (C, b)✳ ❚❤❡r❡❢♦r❡

P (C, b) ✐s ❛♥ ✐♥✜♥✐t❡ s❡t✳

▲❡t F ❜❡ ❛ r❡❛❧ ❛❜❡❧✐❛♥ ♥✉♠❜❡r ✜❡❧❞✳ ❇② ●❛❧♦✐s ❚❤❡♦r② ✭❙❡❡ Pr♦♣♦s✐t✐♦♥ ✸✳✷✵

♦❢ ❬▼✐❧❪✮✱ ●❛❧(F (ζb)/Q) ✐s ✐s♦♠♦r♣❤✐❝ t♦ ❛ s✉❜❣r♦✉♣ ♦❢ ●❛❧✭F/Q)×●❛❧✭Q(ζb)/Q✮✱

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t J ✐s ❛❜❡❧✐❛♥ ♦✈❡r Q ❛♥❞ ✉♥r❛♠✐✜❡❞ ♦✈❡r F ✳ ❙✉♣♣♦s❡ ❛ ♣r✐♠❡ p

❞✐✈✐❞❡s [J : F ] ❜✉t ❞♦❡s ♥♦t ❞✐✈✐❞❡ [F : Q]✳ ▲❡t J (p) ❜❡ t❤❡ s✉❜✜❡❧❞ ✜①❡❞ ❜② t❤❡

♣✲❙②❧♦✇ s✉❜❣r♦✉♣ ♦❢ ●❛(J/F )✱ ✇❤✐❝❤ ✐s ❛❧s♦ t❤❡ p✲❙②❧♦✇ s✉❜❣r♦✉♣ ♦❢ ●❛❧✭J/Q✮✱

❜❡❝❛✉s❡

p ∤ [F : Q]✳ ❇② t❤❡ str✉❝t✉r❡ ❚❤❡♦r❡♠ ♦❢ ❛❜❡❧✐❛♥ ❣r♦✉♣s✱ ●❛❧(J/Q) =●❛❧(J/J (p))×
H✳ ❇② ●❛❧♦✐s ❚❤❡♦r②✱ ●❛❧(JH/Q) ≃ ●❛❧(J/Q)/H ≃ ●❛❧(J/J (p)) = p−❣r♦✉♣✳

▲❡t q ❜❡ ❛♥② r❛t✐♦♥❛❧ ♣r✐♠❡✳ ❙✐♥❝❡ J/J (p) ✐s ✉♥r❛♠✐✜❡❞ ❡✈❡r②✇❤❡r❡✱ ✇❡ ❤❛✈❡ t❤❛t

T (J/q)∩●❛❧(J/J (p)) =✐❞✱ t❤❡♥ p ∤ e(J/q)✳ ❍❡♥❝❡ p ∤ e(JH/q)✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t

e(JH/q) = 1✱ ❜❡❝❛✉s❡ T (JH/q) ✐s ❛ s✉❜❣r♦✉♣ ♦❢ ❛ p✲❣r♦✉♣✳ ❚❤❡♥ JH ✐s ✉♥r❛♠✐✜❡❞

p✲❡①t❡♥s✐♦♥ ♦❢ Q✱ ❝♦♥tr❛❞✐❝t✐♦♥✳ ❚❤❡♥ ❣❝❞✭♦r❞✭ C✮ ✱ [F : Q]) = 1 ⇒ ❣❝❞✭♦r❞✭ C✮ ✱

[J : Q]✮❂✶✳ ❙✐♥❝❡ ♦r❞✭C✮❂♦r❞✭ϕ✮✱ ✇❡ ♠✉st ❤❛✈❡ ϕ

∣∣∣∣
J

=✐❞❀ t❤✉s P (C, b) 6= ∅✳
■❢ F ⊆ Q(ζpr) ❛♥❞ b = pn✱ t❤❡♥ F (ζb) ⊆ Q(ζpr+n)✳ ❙✐♥❝❡ p ✐s t♦t❛❧❧② r❛♠✐✜❡❞ ✐♥

Q(ζpr)✱ ✇❡ ❤❛✈❡ t❤❡ s❛♠❡ ✐♥ J ✳ ❚❤❡♥ J ✐s t♦t❛❧❧② r❛♠✐✜❡❞ ❛♥❞ ✉♥r❛♠✐✜❡❞ ♦✈❡r F ✱

t❤❡r❡❢♦r❡ J = F ✱ ϕ

∣∣∣∣
J

=✐❞✳ ❚❤✐s ♣r♦✈❡s ✭❝✮✳

Pr♦♣♦s✐t✐♦♥ ✷✳✻✳ ▲❡t F ❜❡ ❛♥② ♥✉♠❜❡r ✜❡❧❞✳ ▲❡t γ ❜❡ ❛ ♣♦s✐t✐✈❡ ❡❧❡♠❡♥t ♦❢ OF ✱
❛♥❞ c > 0 ❛ ❞✐✈✐s♦r ♦❢ b✳ ❙✉♣♣♦s❡ t❤❛t P (C, b) 6= ∅ ❛♥❞ t❤❛t ❢♦r ❛❧❧✱ ❡①❝❡♣t ♣♦ss✐❜❧② ❛

✜♥✐t❡ s❡t✱ ♣r✐♠❡ ✐❞❡❛❧s Q ∈ P (C, b) t❤❡r❡ ❡①✐sts βQ ∈ OK s✉❝❤ t❤❛t γ ≡ βcQ mod Q✳

❚❤❡♥ γ = βc ✐❢ c ✐s ♦❞❞ ❛♥❞ γ = βc/2 ✐❢ c ✐s ❡✈❡♥✱ ❢♦r s♦♠❡ β ∈ OK✳

Pr♦♦❢✳ ▲❡t ν = c
√
γ ❜❡ t❤❡ ♣♦s✐t✐✈❡ c✲t❤ r♦♦t ♦❢ γ ❛♥❞ ❧❡t L ❜❡ t❤❡ ●❛❧♦✐s ❝❧♦s✉r❡

♦❢ F (ν)/F ✱ ✐✳❡✳ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ ❛❧❧ ●❛❧♦✐s ❡①t❡♥s✐♦♥s ♦❢ F t❤❛t ❝♦♥t❛✐♥s F (ν)✳

▲❡t p(X) ❜❡ t❤❡ ✐rr❡❞✉❝✐❜❧❡ ♣♦❧②♥♦♠✐❛❧ ♦❢ ν ♦✈❡r F ✱ t❤❡♥ p(X)|Xc − γ ❛♥❞ L ✐s t❤❡

s♣❧✐tt✐♥❣ ✜❡❧❞ ♦❢ p(X) ♦✈❡r F ✳ ❍❡♥❝❡ L = F (ν, ζe) ❢♦r s♦♠❡ e|c.
❙✉♣♣♦s❡ L ⊆ F1(ζb)✳ ❇② ●❛❧♦✐s ❚❤❡♦r②✱ ●❛❧(F1(ζb)/F ) ✐s ✐s♦♠♦r♣❤✐❝ t♦ ❛ s✉❜✲

❣r♦✉♣ ♦❢ ●❛❧✭F1/F )×●❛❧✭Q(ζb)/Q✮✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t F1(ζb)/F ✐s ❛❜❡❧✐❛♥✱ t❤❡♥

L/F ❛♥❞ F (ν)/F ❛r❡ ❛❜❡❧✐❛♥✳ ❍❡♥❝❡ L = F (ν), ζe ∈ F (ν) ⊆ R, ζe = ±1✳ ❚❤❡r❡✲

❢♦r❡ p(X) = X − ν ✐❢ c ✐s ♦❞❞ ❛♥❞ p(X) = X2− ν2 ✐❢ c ✐s ❡✈❡♥✳ ■♥ t❤❡ ✜rst ❝❛s❡ t❛❦❡

β = ν❀ ✐♥ t❤❡ ♦t❤❡r ❝❛s❡ t❛❦❡ β = ν2✳



❈❤❛♣t❡r ✷✳ ❚❤❛✐♥❡✬s ❚❤❡♦r❡♠ ❢♦r ♦❞❞ ♣r✐♠❡s ✷✶

❲❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t L ⊆ F1(ζb)✳ ▲❡t M = LF1(ζb) ❛♥❞ ϕ ∈●❛❧(F1/F ) ❝♦r✲

r❡s♣♦♥❞✐♥❣ t♦ C✳ ❙✐♥❝❡ P (C, b) 6= ∅✱ ✇❡ ❤❛✈❡ t❤❛t ϕ

∣∣∣∣
J

=✐❞✳ ❇② ●❛❧♦✐s ❚❤❡♦r②✱

●❛❧(F1/J) ≃ ●❛❧✭F1(ζb)/F (ζb)) ≃ ●❛❧(M/L(ζb))✱ s♦ ✇❡ ❝❛♥ ❡①t❡♥❞ ϕ t♦ ❛♥ ❛✉t♦✲

♠♦r♣❤✐s♠ Φ ∈●❛❧(M/L(ζb))✳

F

F (ν) F (ζe)

L F (ζb)

L(ζb) F1(ζb)

J

F1

M

▲❡t f ∈ ΦG✱ ✇❤❡r❡ G = ●❛❧(M/F1(ζb))✳ ❇② t❤❡ ❈❤❡❜♦t❛r❡✈ ❉❡♥s✐t② ❚❤❡♦r❡♠✱

t❤❡ s❡t {p ∈ Sf ; f(p/(p∩Z)) = 1 = e(p/(p∩Z)), p ❞♦❡s ♥♦t ❞✐✈✐❞❡ 2} ✐s ✐♥✜♥✐t❡✳ ❋✐①
p ✐♥ t❤❡ ❛❜♦✈❡ s❡t✳ ▲❡t P|pOM ❜❡ s✉❝❤ t❤❛t

(
P

M/F (ζb)

)
= f ✳

F

J

F1F (ζb)

F1(ζb)

M

❇② t❤❡ ❈♦♥s✐st❡♥❝② Pr♦♣❡rt② ❛♥❞ t❤❡ ❢❛❝t t❤❛t F1/F ✐s ❛❜❡❧✐❛♥✱(
Q

F1/F

)
=

(
P

M/F (ζb)

) ∣∣∣∣
F1

= f

∣∣∣∣
F1

= ϕ✱ ✇❤❡r❡Q = p∩OF ✳ ❍❡♥❝❡
Q ∈ C✳ ■❢ f(p/(p ∩ Z)) = 1 = e(p/(p ∩ Z))✱ t❤❡♥ f(Q/(Q ∩ Z)) =

1 = e(Q/(Q ∩ Z)) ❛♥❞ t❤❡ ♣r✐♠❡ q ∈ Z ❛❜♦✈❡ Q s♣❧✐ts ❝♦♠♣❧❡t❡❧②

✐♥ Q(ζb)✱ t❤❡♥ Q ∈ P (C, b) ❛♥❞ ✇❡ ❝❛♥ ❝❤♦♦s❡ p s♦ ❛s t♦ ❛✈♦✐❞ t❤❡

✜♥✐t❡❧② ♠❛♥② ❡①❝❡♣t✐♦♥s ❛♥❞ s✉❝❤ t❤❛t Q ❞♦❡s ♥♦t ❞✐✈✐❞❡ γ✳

❆♥② s✉❝❤ Q s♣❧✐ts ❝♦♠♣❧❡t❡❧② ✐♥ L✱ ❜❡❝❛✉s❡ p(X)✱ r❡❞✉❝❡❞ ♠♦❞

Q✱ s♣❧✐ts ❝♦♠♣❧❡t❡❧② ♦✈❡r t❤❡ ✜❡❧❞ OF/Q ✭p(X) | Xc− γ,Xc− γ ≡
Xc − βcQ

♠♦❞ Q ❛♥❞ OF/Q ❝♦♥t❛✐♥s t❤❡ c✲t❤ r♦♦ts ♦❢ ✉♥✐t② s✐♥❝❡ c | b
❛♥❞ b | (q − 1) = |(OF/Q)×|✮ ❛♥❞ ❜❡❝❛✉s❡ Q ❞♦❡s ♥♦t ❞✐✈✐❞❡ t❤❡

❞✐s❝r✐♠✐♥❛♥t ♦❢ ν ♦✈❡r F ✳❇② t❤❡ ❉❡❞❡❦✐♥❞✲❑✉♠♠❡r ❚❤❡♦r❡♠✱ Q

s♣❧✐ts ❝♦♠♣❧❡t❡❧② ♦✈❡r L✳

❇② t❤❡ ❈♦♥s✐st❡♥❝② Pr♦♣❡rt②✱ f

∣∣∣∣
L

=

(
P

M/F (ζb)

) ∣∣∣∣
L

=
(
P ∩ L
L/F

)
❂✐❞✱ ❜❡❝❛✉s❡ (P∩L)|QOL✳ ❚❤❡♥ ΦG ⊆●❛❧(M/L)✱ ❤❡♥❝❡

Φ ∈●❛❧(M/L) ❛♥❞ G ⊆●❛❧(M/L)✳ ❇② ●❛❧♦✐s ❚❤❡♦r②✱ L ⊆ F1(ζb)✳

F

F (ζe)

F (ζb)L

L(ζb)

M

❋♦r ❡❛❝❤ ✉♥✐t ε 6= ±1 ♦❢ OF ✇❡ ❞❡✜♥❡ φ(ε) ❛s t❤❡ ❣r❡❛t❡st ✐♥t❡❣❡r k s✉❝❤ t❤❛t



❈❤❛♣t❡r ✷✳ ❚❤❛✐♥❡✬s ❚❤❡♦r❡♠ ❢♦r ♦❞❞ ♣r✐♠❡s ✷✷

ε = µk ❢♦r s♦♠❡ µ ∈ F ✳ ❲❡ ❤❛✈❡ φ(σ(ε)) = φ(ε), ∀σ ∈ G✳ ▲❡t (c, d)❂❣❝❞(c, d) ❢♦r

❛♥② c, d ∈ Z✳

▲❡♠♠❛ ✷✳✼✳ ▲❡t δ ∈ UF − {±1}✳ ■❢ δ = βc ✇✐t❤ β ∈ K✱ t❤❡♥ c|φ(δ)✳

Pr♦♦❢✳ ▲❡t µ ∈ F s✉❝❤ t❤❛t δ = µφ✳ ▲❡t d = (c, φ✮✱ ♠❂❧❝♠✭c, φ)✱ ❛♥❞ x, y ∈ Z

s✉❝❤ t❤❛t xc+ yφ = d✳ ❖❜s❡r✈❡ t❤❛t m = cφ/d✱ t❤❡♥ (µxβy)m = (µφ)xc/d(βc)yφ/d =

δ(xc+yφ)/d = δ✳ ❍❡♥❝❡ m ≤ φ✱ t❤❡r❡❢♦r❡ c|φ✳

❚❤❡♦r❡♠ ✷✳✽✳ ▲❡t δ ∈ C − {±1}✳ ❙✉♣♣♦s❡ P (C, b) 6= ∅✱ t❤❡♥
✭✐✮ ■❢ b ✐s ♦❞❞✱ t❤❡♥ g = (φ(δ), b)✳

✭✐✐✮ ■❢ b ✐s ❡✈❡♥ ❛♥❞ σ(δ) > 0✱ t❤❡♥ g = (φ(δ), b) ♦r g = 2(φ(δ), b)✳

✭✐✐✐✮ ■❢ b ✐s ❡✈❡♥ ❛♥❞ σ(δ) < 0✱ t❤❡♥ g ❞✐✈✐❞❡s (4/(2, b/g))(φ(|δ|), b) ❛♥❞ ✐s ❞✐✈✐s✐❜❧❡

❜② (φ(δ), b)✳

Pr♦♦❢✳ ▲❡t d = (φ(δ), b), φ(δ) = md, b = Md✱ ❛♥❞ q − 1 = tb✳ ▲❡t δ = µφ(δ)✱ ✇✐t❤

µ ∈ K✳ Q ∈ P (C, b) ⇒ ∃n s✉❝❤ t❤❛t σ(µ) ≡ n ♠♦❞ Q ✭s✐♥❝❡ OF

Q
≃ Z

qZ) ⇒ s
rσ(Q)
Q ≡

σ(µ)φ(δ) ≡ nφ(δ) ♠♦❞ Q ⇒ s
rσ(Q)
Q ≡ nφ(δ) ♠♦❞ q ⇒ s

rσ(Q)Mt
Q ≡ nφ(δ)Mt ≡ (ntb)m ≡ 1

♠♦❞ q ⇒ ∃k ∈ N s✉❝❤ t❤❛t rσ(Q)Mt = k(q − 1) = ktMd ⇒ d|rσ(Q)✳ ❚❤❡r❡❢♦r❡

(φ(δ), b) ❞✐✈✐❞❡s g ✐♥ ❛♥② ❝❛s❡✳

❇② Pr♦♣♦s✐t✐♦♥ ✷✳✹✱ ∀Q ∈ P (C, b) ∃βQ ∈ Z s✉❝❤ t❤❛t σ(δ) ≡ βgQ ♠♦❞Q❀ ❤❡♥❝❡

σ(δ2) ≡ β2g
Q ♠♦❞Q✳ ▲❡t c = (2g, b)❀ s✐♥❝❡ P (C, b) 6= ∅✱ ✇❡ ❤❛✈❡ ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✻

t❤❛t σ(δ) = γg ♦r σ(δ) = γg/2 ✐❢ σ(δ) > 0 ❛♥❞ t❤❛t σ(δ2) = ηc ✐❢ c ✐s ♦❞❞ ❛♥❞

σ(δ2) = ηc/2 ✐❢ c ✐s ❡✈❡♥✱ ❢♦r s♦♠❡ γ, η ∈ K✳ ❇② t❤❡ ▲❡♠♠❛ ✷✳✼ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t✿

✭✐✮ ✐❢ b ✐s ♦❞❞✱ t❤❡♥ g = c ❞✐✈✐❞❡s (φ(δ2), b) = (φ(δ), b)✳ ❚❤❡r❡❢♦r❡ g = (φ(δ), b)✳

✭✐✐✮ ■❢ ❜ ✐s ❡✈❡♥ ❛♥❞ σ(δ) > 0✱ t❤❡♥ g|2(φ(δ), b)✳ ❚❤❡r❡❢♦r❡ g = (φ(δ), b) ♦r g =

2(φ(δ), b)✳

✭✐✐✐✮ ■♥ ❛❧❧ ❝❛s❡s✱ c ❞✐✈✐❞❡s 2φ(δ2) = 4φ(|δ|)❀ ❤❡♥❝❡ c|4(φ(|δ|), b)✳

✷✳✸ ❆ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ✐❞❡❛❧ ❝❧❛ss ❣r♦✉♣ ❛♥❞ t❤❡

✉♥✐ts ♦❢ F

▲❡t ♣ ❜❡ ❛♥ ♦❞❞ ♣r✐♠❡✳ ❉❡♥♦t❡ t❤❡ p✲❙②❧♦✇ s✉❜❣r♦✉♣ ♦❢ ❛ ❣r♦✉♣ H ❜② (H)p✳

Pr♦♣♦s✐t✐♦♥ ✷✳✾✳ ▲❡t δ ∈ C ❛♥❞ ❧❡t pn ❜❡ ❛♥ ❡①♣♦♥❡♥t ♦❢ (CF )p✳ ■❢ C ∈ (CF )p✱
Q ∈ P (C, pn)✱ t❤❡♥ λ = λQ =

∑

σ∈G
rσ(Q)σ−1 ❛♥♥✐❤✐❧❛t❡s C✱ ✇❤❡r❡ t❤❡ rσ ❛r❡ t❤❡

✐♥t❡❣❡rs ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✸✳



❈❤❛♣t❡r ✷✳ ❚❤❛✐♥❡✬s ❚❤❡♦r❡♠ ❢♦r ♦❞❞ ♣r✐♠❡s ✷✸

Pr♦♦❢✳ ❇② Pr♦♣♦s✐t✐♦♥ ✷✳✸✱ t❤❡r❡ ❡①✐sts ❛♥ ✐❞❡❛❧ ❝❧❛ssDQ s✉❝❤ t❤❛tDpn

Q

∏

σ∈G
σ−1(C)rσ =

1✳ ❙✐♥❝❡ ❛❧❧ ❝♦♥❥✉❣❛t❡s ♦❢ C ❜❡❧♦♥❣ t♦ (CF )p✱ ✇❡ ❤❛✈❡ t❤❛t Dpn

Q ∈ (CF )p✳ ❚❤❡♥

DQ ∈ (CF )p ❛♥❞ Dpn

Q = 1✳ ❚❤❡r❡❢♦r❡ Cλ = 1.

Pr♦♣♦s✐t✐♦♥ ✷✳✶✵✳ ▲❡t pn ❜❡ ❛♥ ❡①♣♦♥❡♥t ♦❢ (CF )p✳ ❙✉♣♣♦s❡ t❤❛t δ ∈ C ✐s s✉❝❤ t❤❛t

❢♦r ❛❧❧ σ ∈ G t❤❡r❡ ❡①✐sts ❛♥ ✐♥t❡❣❡r cσ✱ ♥♦♥✲❞✐✈✐s✐❜❧❡ ❜② p✱ s✉❝❤ t❤❛t

σ(δ) ≡ δcσ mod (UpnF ).

▲❡t C ∈ (CF )p ❜❡ s✉❝❤ t❤❛t P (C, pn) 6= ∅ ❛♥❞ ❞❡♥♦t❡
∑

σ∈G
cσσ

−1 ∈ Z[G] ❜② ω✳ ❚❤❡♥

(φ(δ), pn)ω ❛♥♥✐❤✐❧❛t❡s C✳

Pr♦♦❢✳ ▲❡t Q ∈ P (C, pn) ❛♥❞ ❧❡t q, s, rσ, σ ∈ G✱ ❜❡ ❛s ✐♥ Pr♦♣♦s✐t✐♦♥ ✷✳✾✳ ❚❤❡♥ λQ =∑

σ∈G
rσ(Q)σ−1 ❛♥♥✐❤✐❧❛t❡s C✳ ▲❡t d = d(Q) ❜❡ ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r s✉❝❤ t❤❛t δ ≡ sd ♠♦❞

Q ✭❘❡❝❛❧❧ t❤❛t OK

Q
≃ Z

qZ✮✳ ❇② ❤②♣♦t❤❡s✐s✱ ∃εσ ∈ UF s✉❝❤ t❤❛t σ(δ) = δcσεp
n

σ ✳ ▲❡t t

❜❡ ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r s✉❝❤ t❤❛t εσ ≡ st ♠♦❞ Q✳ ❚❤❡♥ srσ ≡ σ(δ) ≡ δcσεp
n

σ ≡ sdcσ+p
nt

♠♦❞ Q✳ ❍❡♥❝❡ srσ ≡ sdcσ+p
nt ♠♦❞ q✳

❙✉♣♣♦s❡ rσ < dcσ + pnt✳ ■❢ q ❞✐✈✐❞❡s srσ(1 − sdcσ+pnt−rσ)✱ t❤❡♥ sdcσ+p
nt−rσ ≡ 1

♠♦❞ q✳ ❙✐♥❝❡ ♦r❞ ✭s ♠♦❞ q✮❂q✲✶✱ ✇❡ ❤❛✈❡ t❤❛t dcσ + pnt ≡ rσ ♠♦❞ q − 1 ❛♥❞

❛❧s♦ ♠♦❞ pn✱ ❜❡❝❛✉s❡ pn|q − 1✳ ❚❤❡♥ Cdω = Cλ = 1✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t ♦r❞CF Cω|g0✱
✇❤❡r❡ g0 ✐s t❤❡ ❣r❡❛t❡st ❝♦♠♠♦♥ ❞✐✈✐s♦r ♦❢ pn ❛♥❞ ❛❧❧ t❤❡ d(Q),Q ∈ P (C, pn)✱ s♦
g0ω ❛♥♥✐❤✐❧❛t❡s C✳

●✐✈❡♥ σ ∈ G✱ ✇❡ ❤❛✈❡ t❤❛t rσ = mpn+dcσ✳ ■❢ (p, cσ) = 1✱ t❤❡♥ ♦r❞p(rσ)❂♠✐♥(n, ♦r❞p(d))✱

❤❡♥❝❡ g0 = g(δ, C, pn, σ)✳ ❇② ❚❤❡♦r❡♠ ✷✳✽✱ g0 = (φ(δ), pn) ✇❤❡♥ p ✐s ♦❞❞✳

▲❡♠♠❛ ✷✳✶✶✳ ∃ε ∈ UF s✉❝❤ t❤❛t [UF : {ελ, λ ∈ Z[G]}] <∞✳

Pr♦♦❢✳ ■t ✐s ❡♥♦✉❣❤ t♦ s❤♦✇ t❤❛t

❞❡t[❧♥|σiσj(ε)|]1≤i,j≤r 6= 0,

❢♦r s♦♠❡ ε ∈ UF ✱ ✇❤❡r❡ G = {σ0 =✐❞, σ1, · · · , σr}, r = #G − 1✳ ❈♦♥s✐❞❡r t❤❡

♣♦❧②♥♦♠✐❛❧

f(X1, · · · , Xr) = ❞❡t[Xp(i,j)]1≤i,j≤r,

✇❤❡r❡ t❤❡ ✐♥t❡❣❡rs p(i, j), 0 ≤ p(i, j) ≤ r✱ ❛r❡ ❞❡✜♥❡❞ ❜② σiσj = σp(i,j) ❛♥❞ X0 =

−X1 − · · · − Xr. ▲❡t ε1, · · · , εr ❜❡ ❛ ❢✉♥❞❛♠❡♥t❛❧ s②st❡♠ ♦❢ ✉♥✐ts ♦❢ F ✳ ■❢ ✇❡ ❤❛❞

f(❧♥|σ1(ε)|, · · · , ❧♥|σr(ε)|) = 0 ❢♦r ❛❧❧ ε = εy11 · · · εyrr ✱ ✇✐t❤ yi ∈ Z✱ t❤❡♥ t❤❡ ♣♦❧②♥♦♠✐❛❧

g(Y1, · · · , Yr) = f

(
r∑

j=1

❧♥|σ1(εj)|.Yj, · · · ,
r∑

j=1

❧♥|σr(εj)|.Yj
)



❈❤❛♣t❡r ✷✳ ❚❤❛✐♥❡✬s ❚❤❡♦r❡♠ ❢♦r ♦❞❞ ♣r✐♠❡s ✷✹

✇♦✉❧❞ ❜❡ ✐❞❡♥t✐❝❛❧❧② ③❡r♦ ✭s✐♥❝❡ g(Zr) = {0} ❛♥❞ ❛ ♥♦♥③❡r♦ ♣♦❧②♥♦♠✐❛❧ ❤❛s ❛ ✜♥✐t❡

♥✉♠❜❡r ♦❢ ③❡r♦s✮✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❧❡t [aij]1≤i,j≤r ❜❡ t❤❡ ✐♥✈❡rs❡ ♠❛tr✐① ♦❢ [❧♥|σi(εj)|]1≤i,j≤r✳ ❉❡✲
✜♥❡ Zi =

∑r
j=1 aij✳ ❲❡ ❤❛✈❡ t❤❛t

∑r
j=1 ❧♥|σi(εj)|.Zj =

∑r
j=1 ❧♥|σi(εj)|.

∑r
k=1 ajk =

∑r
k=1

∑r
j=1 ❧♥|σi(εj)|.ajk =

∑r
k=1 Iik = 1✳ ❚❤❡♥ g(Z1, · · · , Zr) = f(1, · · · , 1) =

±#G#G−2 6= 0✳ ❆ ❝♦♥tr❛❞✐❝t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✷✳✶✷✳ ❙✉♣♣♦s❡ t❤❛t p ∤ [F : Q]✳ ▲❡t pk ❜❡ ❛♥ ❡①♣♦♥❡♥t ♦❢ (W )p✱

χ : G → Z×
p ❛ ♥♦♥✲tr✐✈✐❛❧ ❉✐r✐❝❤❧❡t ❝❤❛r❛❝t❡r✱ eχ =

1

#G

∑

σ∈G
χ(σ)σ−1 ∈ Zp[G] t❤❡

❝♦rr❡s♣♦♥❞✐♥❣ ✐❞❡♠♣♦t❡♥t ❛♥❞ pa t❤❡ ❡①❛❝t ❡①♣♦♥❡♥t ♦❢ t❤❡ χ✲❝♦♠♣♦♥❡♥t eχ(W )p ♦❢

(W )p✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts δ ∈ C s✉❝❤ t❤❛t pa+1 ∤ φ(δ) ❛♥❞ s✉❝❤ t❤❛t

σ(δ) ≡ δχ(σ) mod UpkF , ∀σ ∈ G.

❘❡♠❛r❦✿ ❘❛✐s✐♥❣ ❛ ♥✉♠❜❡r t♦ ❛ p✲❛❞✐❝ ❡①♣♦♥❡♥t ♠❡❛♥s✱ ✇❤❡♥ ✇❡ ❛r❡ ✇♦r❦✐♥❣

♠♦❞✉❧♦ pkt❤ ♣♦✇❡r✱ ✇❡ s❤♦✉❧❞ t❛❦❡ ❛♥ ✐♥t❡❣❡r ❝♦♥❣r✉❡♥t t♦ t❤❡ ❡①♣♦♥❡♥t ♠♦❞ pk✳

Pr♦♦❢✳ ❚❤❡ ❛✣r♠❛t✐♦♥ ✐s tr✐✈✐❛❧ ✐❢ k = 0❀ ❛ss✉♠❡ k ≥ 1✳ ❙✐♥❝❡ (W )p ≃ UF/CUp
k

F ✱

✇❡ ❤❛✈❡

eχ(W )p ≃ eχ(UF/CUp
k

F ) ≃ eχ(UF/Up
k

F )

eχ(Up
k

F C/Up
k

F )
;

s♦ t❤❡ ❡❧❡♠❡♥ts η ∈ UF s✉❝❤ t❤❛t ηC ∈ eχ(W )p ❛r❡ t❤❡ s❛♠❡ ❛s t❤❡ ❡❧❡♠❡♥ts η ∈ UF
s✉❝❤ t❤❛t ηUpkF ∈ eχ(eχ(UF/Up

k

F ))✳ ❚❤❡r❡❢♦r❡✱ ❢♦r s✉❝❤ η✱ ✇❡ ❤❛✈❡ ηp
ac ∈ C✱ ❢♦r s♦♠❡

c ♣r✐♠❡ t♦ p✱ ❛♥❞

σ(η) ≡ ηχ(σ) ♠♦❞ UpkF .

❲❡ ❛✣r♠ t❤❛t t❤❡r❡ ❡①✐sts s♦♠❡ η ❛s ❛❜♦✈❡ s✉❝❤ t❤❛t η /∈ UpkF ✳ ■♥ ❢❛❝t✱ ♦t❤❡r✇✐s❡

✇❡ ✇♦✉❧❞ ❤❛✈❡

eχ(UF/Up
k

F ) ⊆ UpF/Up
k

F ⊆ (UF/Up
k

F )p,

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t

eχ(UF/Up
k

F ) ⊆ eχ(UF/Up
k

F )p ⊆ · · · ⊆ eχ(UF/Up
k

F )p
k

= 1.

❚❤❛t ✐s✱ eχ(UF/Up
k

F ) = 1✳ ❚❤❡♥✱ s✐♥❝❡ ❢♦r j ≥ k

eχ(UF/Up
k

F ) ≃ eχ

(
UF/Up

j

F

(UF/Up
j

F )pk

)
≃ eχ(UF/Up

j

F )

eχ(UF/Up
j

F )pk
,

✇❡ ♠✉st ❤❛✈❡ t❤❛t eχ(UF/Up
j

F ) = 1 ❢♦r ❛❧❧ j ≥ 1✳ ▲❡t ÛF = lim←− UF/U
pj

F ✳ ❋♦r t❤❡

❛❜♦✈❡ ❡q✉❛❧✐t②✱ eχ(ÛF ) = 1✳



❈❤❛♣t❡r ✷✳ ❚❤❛✐♥❡✬s ❚❤❡♦r❡♠ ❢♦r ♦❞❞ ♣r✐♠❡s ✷✺

❇② ▲❡♠♠❛ ✷✳✶✶✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐t ε ∈ UF s✉❝❤ t❤❛t t❤❡ ❣r♦✉♣ {ελ : λ ∈ Zp[G]}
♦❢ ÛF ❤❛s ✜♥✐t❡ ✐♥❞❡① ✐♥ t❤✐s ❣r♦✉♣✳ ❋♦r s✉❝❤ ε✱ ❝♦♥s✐❞❡r t❤❡ ❢✉♥❝t✐♦♥ λ 7→ ελ ❢r♦♠

Zp[G] t♦ ÛF ✳ ❋r♦♠ ✇❤❛t ✇❡ ❤❛✈❡ s❤♦✇✱ ✐ts ❦❡r♥❡❧ ✐s t❤❡ ✐❞❡❛❧ ♦❢ Zp[G] ❣❡♥❡r❛t❡❞ ❜②

eχ0(χ0 t❤❡ tr✐✈✐❛❧ ❝❤❛r❛❝t❡r✮✳ ❙✐♥❝❡ t❤✐s ❦❡r♥❡❧ ❝♦♥t❛✐♥s eχ✱ ✇❡ ♠✉st ❤❛✈❡ χ = χ0✱ ❛

❝♦♥tr❛❞✐❝t✐♦♥✳

❚❤❡r❡❢♦r❡ t❤❡r❡ ❡①✐sts s♦♠❡ η ∈ UF ❛s ❝❧❛✐♠❡❞✳ ▲❡t c ❜❡ ♣r✐♠❡ t♦ p✱ s✉❝❤ t❤❛t

δ = ηp
ac ∈ C❀ t❤❡♥ δ s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥✳ ◆♦t❡ t❤❛t pa+1 ∤ φ(δ)

s✐♥❝❡ p ∤ φ(η).

❚❤❡♦r❡♠ ✷✳✶✸✳ ▲❡t p ❜❡ ❛ ♣r✐♠❡ s✉❝❤ t❤❛t p ∤ [K : Q], χ : G → Z×
p ❛ ♥♦♥✲tr✐✈✐❛❧

❉✐r✐❝❤❧❡t ❝❤❛r❛❝t❡r✱ eχ ∈ Z[G] t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐❞❡♠♣♦t❡♥t✳ ■❢ pa ✐s t❤❡ ❡①❛❝t

❡①♣♦♥❡♥t ♦❢ eχ(W )p✱ t❤❡♥ p
a ❛♥♥✐❤✐❧❛t❡s eχ(CF )p✳

Pr♦♦❢✳ ▲❡t pn ❜❡ ❛♥ ❡①♣♦♥❡♥t ♦❢ ❜♦t❤ (W )p ❛♥❞ (CF )p✳ ❋♦r ❡❛❝❤ σ ∈ G✱ ❧❡t cσ

❜❡ ❛♥ ✐♥t❡❣❡r s✉❝❤ t❤❛t cσ ≡ χ(σ) ♠♦❞ pn✳ ❚❤❡♥
∑

σ∈G
cσσ

−1 ≡ (#G)eχ ♠♦❞pn✳❇②

Pr♦♣♦s✐t✐♦♥ ✷✳✶✷✱ ∃δ ∈ C s✉❝❤ t❤❛t pa+1 ∤ φ(δ) ❛♥❞ s✉❝❤ t❤❛t σ(δ) ≡ δχ(σ) ≡ δcσ♠♦❞

UpnK , ∀σ ∈ G✳
▲❡t C ∈ (CF )p✳ ❇② Pr♦♣♦s✐t✐♦♥ ✷✳✺✭❜✮✱ P (C, b) 6= ∅✳ ❇② Pr♦♣♦s✐t✐♦♥ ✷✳✶✵✱

(φ(δ), pn)
∑

σ∈G
cσσ

−1 ❛♥♥✐❤✐❧❛t❡s C✳ ■❢ pa+1 ∤ φ(δ)✱ t❤❡♥ (φ(δ), pn) | pa✱ t❤❡♥ pa
∑

σ∈G
cσσ

−1

❛♥♥✐❤✐❧❛t❡s C✳ ❙✐♥❝❡ p ∤ #G✱ ✇❡ ❤❛✈❡ t❤❛t t❤❡r❡ ❡①✐sts d ∈ Z s✉❝❤ t❤❛t d#G ≡ 1♠♦❞

pn✳ ❚❤❡♥ pad
∑

σ∈G
cσσ

−1 ≡ paeχ♠♦❞ pn✳ ❚❤❡r❡❢♦r❡ pa ❛♥♥✐❤✐❧❛t❡s eχ(CF )p✳

❈♦r♦❧❧❛r② ✷✳✶✹✳ ■❢ F ⊆ Q(ζp) ∩ R✱ t❤❡♥ ❡✈❡r② ❛♥♥✐❤✐❧❛t♦r ✭✐♥ Z[G]✮ ♦❢ (W )p ❛❧s♦

❛♥♥✐❤✐❧❛t❡s (CF )p✳

Pr♦♦❢✳ ▲❡t
∑

σ∈G
bσσ ∈ Z[G] ❜❡ ❛♥ ❛♥♥✐❤✐❧❛t♦r ♦❢ (W )p✳ ▲❡t χ ❜❡ ❛ ♥♦♥✲tr✐✈✐❛❧ p✲❛❞✐❝✲

✈❛❧✉❡❞ ❉✐r✐❝❤❧❡t ❝❤❛r❛❝t❡r ♦❢ G✳ ❙✐♥❝❡ (
∑

σ∈G
bσσ)eχ =

∑

σ∈G
bσχ(σ)eχ✱ ✇❡ ❤❛✈❡ t❤❛t

∑

σ∈G
bσχ(σ) ❛♥♥✐❤✐❧❛t❡s eχ(W )p✳ ❚❤❡♥ pa(χ) |

∑

σ∈G
bσχ(σ)✱ ✇❤❡r❡ p

a(χ) ✐s t❤❡ ❡①❛❝t

❡①♣♦♥❡♥t ♦❢ eχ(W )p✳ ❇② ❚❤❡♦r❡♠ ✷✳✶✸✱ pa(χ) ❛♥♥✐❤✐❧❛t❡s eχ(CF )p✱ s♦ ❡✈❡r② ♠✉❧t✐♣❧❡

♦❢ ✐t ❞♦❡s t❤❡ s❛♠❡✳

❙✐♥❝❡ F ⊆ Q(ζp)✱ ✇❡ ❤❛✈❡ t❤❛t
∑

χ eχ = 1✱ ✇❤❡r❡ χ r✉♥s ♦✈❡r ❛❧❧ p✲❛❞✐❝✲✈❛❧✉❡❞

❉✐r✐❝❤❧❡t ❝❤❛r❛❝t❡rs ♦❢ G✳ ❚❤❡♥
∑

σ∈G
bσσ =

∑

σ∈G
bσσ

∑

χ

eχ =
∑

χ

∑

σ∈G
bσχ(σ)eχ✳ ❚❤❡r❡✲

❢♦r❡
∑

σ∈G
bσσ ❛♥♥✐❤✐❧❛t❡s (CF )p✳



❈❤❛♣t❡r ✷✳ ❚❤❛✐♥❡✬s ❚❤❡♦r❡♠ ❢♦r ♦❞❞ ♣r✐♠❡s ✷✻

✷✳✹ ❆♥♥✐❤✐❧❛t♦rs ♦❢ ✐❞❡❛❧ ❝❧❛ss❡s ♦❢ ♣r✐♠❡ ♦r❞❡r t♦

[F : Q]

■♥ ♦r❞❡r t♦ s✐♠♣❧✐❢② ♥♦t❛t✐♦♥✱ ✇❡ ✐❞❡♥t✐❢② ❡❧❡♠❡♥ts ♦❢ ❛ ❣✐✈❡♥ ❛❜❡❧✐❛♥ ❣r♦✉♣ ✇✐t❤ ✐ts

❝❧❛ss ♠♦❞✉❧♦ ❛ s✉❜❣r♦✉♣✳

Pr♦♣♦s✐t✐♦♥ ✷✳✶✺✳ ▲❡t ρ ❜❡ ❛♥② ✐rr❡❞✉❝✐❜❧❡ ❝❤❛r❛❝t❡r ♦❢ ∆ ✇✐t❤ ✈❛❧✉❡s ✐♥ Fp ❛♥❞

❧❡t eρ ❜❡ t❤❡ ✐❞❡♠♣♦t❡♥t ♦❢ Z[∆] ❛ss♦❝✐❛t❡❞ t♦ ρ✱ ✐✳ ❡✳

eρ = (#G)−1
∑

g∈∆
ρ(1)ρ(g−1)g.

❚❤❡♥ paeρ ❛♥♥✐❤✐❧❛t❡s (CF )p✱ ✇❤❡r❡ pa ✐s t❤❡ ❡①❛❝t ❡①♣♦♥❡♥t ♦❢ eρ(W )p✳

Pr♦♦❢✳ ▲❡t pn ❜❡ ❛♥ ❡①♣♦♥❡♥t ♦❢ ❜♦t❤ (CF )p ❛♥❞ (W )p✳ ▲❡t C ∈ (CF )p✳ ❇② Pr♦♣♦s✐✲

t✐♦♥ ✷✳✺✭❇✮✱ ✇❡ ❦♥♦✇ t❤❛t P (C, pn) ✐s ♥♦♥✲❡♠♣t②✳

❋♦r ❡❛❝❤ Q ∈ P (C, pn) ❝❤♦♦s❡ ❛ ♣r✐♠✐t✐✈❡ r♦♦t s ♠♦❞✉❧♦ q ✭t❤❡ r❛t✐♦♥❛❧ ♣r✐♠❡

❜❡❧♦✇ Q✮ ❛♥❞ ❞❡✜♥❡ ❛ ❢✉♥❝t✐♦♥

ϕQ :
C

C ∩ UpnF
−→ Z

pnZ
[G]

δ 7−→
∑

σ∈G
rσσ

−1

✇❤❡r❡ t❤❡ rσ ❛r❡ ✐♥t❡❣❡rs s✉❝❤ t❤❛t srσ ≡ σ(δ) ♠♦❞ Q✳ ❚❤❡ ϕQ ❛r❡ ✇❡❧❧✲❞❡✜♥❡❞

❤♦♠♦♠♦r♣❤✐s♠s ♦❢ Zp[G]✲♠♦❞✉❧❡s✳ ❇② Pr♦♣♦s✐t✐♦♥ ✷✳✾✱ ✇❡ ❤❛✈❡ t❤❛t CϕQ(δ) = 1 ❢♦r

❛❧❧ δ ∈ C

C∩Upn

F

✳

❙✐♥❝❡ p ∤ #G✱ ✇❡ ♠❛② ❞❡❝♦♠♣♦s❡ ✭✈✐❛ ▼❛s❝❤❦❡✬s ❚❤❡♦r❡♠✮

Fp[G] =
⊕

ρ

eρFp[G],

❲❤❡r❡ ρ r✉♥s t❤r♦✉❣❤ t❤❡ ✐rr❡❞✉❝✐❜❧❡ ✭♦✈❡r Fp✮ ❝❤❛r❛❝t❡rs ♦❢ G ✇✐t❤ ✈❛❧✉❡s ✐♥

Fp✳❚❤❡r❡ ✐s ❛ ❝♦rr❡s♣♦♥❞✐♥❣ ❞❡❝♦♠♣♦s✐t✐♦♥ ✭✈✐❛ ❚❤❡♦r❡♠ ✵✳✶✸✮

Zp[G] =
⊕

ρ

eρZp[G],

▲❡t ρ ❜❡ ❛♥② ♥♦♥✲tr✐✈✐❛❧ ✐rr❡❞✉❝✐❜❧❡ ❝❤❛r❛❝t❡r ♦❢ G ✇✐t❤ ✈❛❧✉❡s ✐♥ Fp❀ s✐♥❝❡ t❤❡ ϕQ

❛r❡ ❤♦♠♦♠♦r♣❤✐s♠s ♦❢ Zp[G]✲♠♦❞✉❧❡s✱ ✇❡ ❤❛✈❡ t❤❡ r❡str✐❝t✐♦♥

ϕρQ : eρ
C

C ∩ UpnF
−→ eρ

Z
pnZ

[G].



❈❤❛♣t❡r ✷✳ ❚❤❛✐♥❡✬s ❚❤❡♦r❡♠ ❢♦r ♦❞❞ ♣r✐♠❡s ✷✼

▲❡t pa = paρ ❜❡ t❤❡ ❡①❛❝t ❡①♣♦♥❡♥t ♦❢ eρ(W )p✳ ❇② t❤❡ s❛♠❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥

✷✳✶✷✱ t❤❡r❡ ❡①✐sts δ ∈ eρ
C

C∩Upn

F

s✉❝❤ t❤❛t pa+1 ∤ φ(|δ|)✳ ❋♦r s✉❝❤ δ✱ ✐t ❢♦❧❧♦✇s ❢r♦♠

❚❤❡♦r❡♠ ✷✳✽ t❤❛t g(δ, C, pn, ✐❞✮= (φ(δ), b) ❞✐✈✐❞❡s pa✳ ❍❡♥❝❡✱ t❤❡r❡ ❡①✐sts Q ∈
P (C, pn) s✉❝❤ t❤❛t ϕρQ(δ) 6≡ 0 ♠♦❞ pa+1✳

❋♦r Q ❛s ❛❜♦✈❡ ❧❡t a0 ❜❡ ♠✐♥✐♠❛❧ s✉❝❤ t❤❛t ϕρQ(δ) 6≡ 0 ♠♦❞ pa0+1✱ s♦ t❤❛t a0 ≤ a✳

❚❤❡♥ p−a0ϕρQ(δ) ✐s ♥♦♥✲③❡r♦ ✐♥ eρFp[G]✳ ❙✐♥❝❡ t❤✐s ✐s ✐rr❡❞✉❝✐❜❧❡ ✭❬❲❛s❪ Pr♦♣♦s✐t✐♦♥

✶✺✳✺✮✱ ✇❡ ❤❛✈❡ t❤❛t

p−a0ϕρQ(δ)Fp[G] = eρFp[G].

◆♦✇✱ Z
pnZ ✐s ❛ ❧♦❝❛❧ r✐♥❣ ✇✐t❤ ♠❛①✐♠❛❧ ✐❞❡❛❧ pZ

pnZ ❛♥❞ r❡s✐❞✉❡ ✜❡❧❞ Fp✳ ❚❤❡ Z
pnZ ✲

♠♦❞✉❧❡ eρ
Z
pnZ [G] ❤❛s t❤❡ ❡❧❡♠❡♥ts p−a0ϕρQ(δ)σ, σ ∈ G, ✇❤♦s❡ ✐♠❛❣❡s ✐♥ eρFp[G]

❢♦r♠✱ ❜② t❤❡ ❛❜♦✈❡ ❡q✉❛❧✐t②✱ ❛ ❜❛s✐s ♦❢ t❤✐s Fp✲✈❡❝t♦r s♣❛❝❡✳ ❇② ❛♥ ❛♣♣❧✐❝❛t✐♦♥

♦❢ ◆❛❦❛②❛♠❛✬s ▲❡♠♠❛ ✭s❡❡ ❬❆▼❪✱ Pr♦♣♦s✐t✐♦♥ ✷✳✽✮ ✇❡ ❤❛✈❡ t❤❛t t❤❡s❡ ❡❧❡♠❡♥ts

❣❡♥❡r❛t❡ eρ
Z
pnZ [G]❀ t❤❛t ✐s

p−a0ϕρQ(δ)
Z
pnZ

[G] = eρ
Z
pnZ

[G].

❚❤✐s ✐♠♣❧✐❡s t❤❛t

paeρ
Z
pnZ

[G] ⊆ pa0eρ
Z
pnZ

[G] ⊆ ✐♠❛❣❡(ϕρQ) = {✐❞}.

❚❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡ t❤❛t paeρ ❛♥♥✐❤✐❧❛t❡s (CF )p✳

❚❤❡♦r❡♠ ✷✳✶✻✳ ✭❚❤❛✐♥❡✮ ■❢ p ✐s ❛♥ ♦❞❞ ♣r✐♠❡ ❛♥❞ p ∤ [F : Q]✱ t❤❡♥

❆♥♥Z[G]((W )p) ⊆ ❆♥♥Z[G]((CF )p).

Pr♦♦❢✳ ▲❡t θ ∈ Zp[G] ❜❡ ❛♥ ❛♥♥✐❤✐❧❛t♦r ♦❢ (W )p❀ t❤❡♥ ❢♦r ❛♥② ❝❤❛r❛❝t❡r ρ✱ ✇❡ ❤❛✈❡

t❤❛t θeρ ❛♥♥✐❤✐❧❛t❡s eρ(W )p✳ ▲❡t p
b ❜❡ t❤❡ ♠❛①✐♠❛❧ ♣♦✇❡r ♦❢ p ❞✐✈✐❞✐♥❣ θeρ✳ ❆s ✐♥

t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✶✺✱ ✇❡ ✜♥❞ t❤❛t

θeρ
Z
pnZ

[G] = pbeρ
Z
pnZ

[G].

■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡r❡ ❡①✐sts ϑ s✉❝❤ t❤❛t θeρϑ = pbeρ✳ ❚❤❡r❡❢♦r❡ p
b ❛♥♥✐❤✐❧❛t❡s eρ(W )p✱

s♦ t❤❛t b ≥ aρ✳ ❚❤✐s ♣r♦✈❡s t❤❛t p
aρ |θeρ❀ ❤❡♥❝❡ θeρ ❛♥♥✐❤✐❧❛t❡s (CF )p✳ ❋✐♥❛❧❧②✱ s✐♥❝❡

θ ✐s t❤❡ s✉♠✱ ♦✈❡r t❤❡ ✐rr❡❞✉❝✐❜❧❡ ρ✱ ♦❢ θeρ ✇❡ ❤❛✈❡ t❤❛t θ ❛♥♥✐❤✐❧❛t❡s (CF )p✳

❘❡♠❛r❦✿ ❚❤❡ st❛t❡♠❡♥t ♦❢ t❤❡ ❛❜♦✈❡ ❚❤❡♦r❡♠ ✐s ❛ ❝♦♥s❡q✉❡♥t ♦❢ ❛ ❝♦♥❥❡❝t✉r❡ ♦❢

●✳ ●r❛s❬●r❛❪✱ st❛t✐♥❣ t❤❛t (W )p ❛♥❞ (CF )p ❤❛✈❡ ✐s♦♠♦r♣❤✐❝ ❝♦♠♣♦s✐t✐♦♥ s❡r✐❡s ❛s

Zp[G]✲♠♦❞✉❧❡s✳ ❚❤✐s ❝♦♥❥❡❝t✉r❡ ✇❛s s❤♦✇♥ ❜② ❘✳ ●r❡❡♥❜❡r❣❬●r❡❪ t♦ ❢♦❧❧♦✇ ❢r♦♠

t❤❡ ▼❛✐♥ ❈♦♥❥❡❝t✉r❡ ♦❢ ■✇❛s❛✇❛ ❚❤❡♦r②✱ ✇❤✐❝❤ ✇❛s ♣r♦✈❡❞✱ ❢♦r ♦❞❞ ♣r✐♠❡s✱ ❜② ❇✳

▼❛③✉r ❛♥❞ ❆✳ ❲✐❧❡s❬▼❲❪✳



❈❤❛♣t❡r ✸

❚❤❡ ❝❛s❡ p = 2

■t ✐s ♥♦t ♣♦ss✐❜❧❡ t♦ ♣r♦✈❡ ❚❤❛✐♥❡✬s ❚❤❡♦r❡♠ ❢♦r p = 2 ❜② ❛ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ t❤❡

♠❡t❤♦❞ ♦❢ ❝❤❛♣t❡r 2✳ ❚❤❡ ♣r♦❜❧❡♠ ❝♦♥s✐sts ✐♥ t❤❡ ❢❛❝t t❤❛t ❛ ❢✉♥❞❛♠❡♥t❛❧ ✉♥✐t ♦❢ F

❝❛♥ ❜❡ ❛ sq✉❛r❡ ✐♥ t❤❡ 2✲❍✐❧❜❡rt ❝❧❛ss ✜❡❧❞ ♦❢ F ✳ ❋♦r ❡①❛♠♣❧❡✱ ♦♥❡ ♦❢ t❤❡ t✇♦ ❛❜❡❧✐❛♥

❝✉❜✐❝ ✜❡❧❞s r❛♠✐✜❡❞ ♦♥❧② ❛t 19 ❛♥❞ 37 ❤❛s ❝❧❛ss ♥✉♠❜❡r 12 ❛♥❞ ✐ts 2✲❍✐❧❜❡rt ❝❧❛ss

✜❡❧❞ ✐s ♦❜t❛✐♥❡❞ ❜② ❛❞❥♦✐♥✐♥❣ t❤❡ sq✉❛r❡ r♦♦ts ♦❢ ❜♦t❤ ✭t♦t❛❧❧② ♣♦s✐t✐✈❡✮ ❢✉♥❞❛♠❡♥t❛❧

✉♥✐ts✳

✸✳✶ ❘❡❞✉❝t✐♦♥ t♦ ❝②❝❧✐❝ ✜❡❧❞s

▲❡t F ❜❡ ❛ r❡❛❧ ❛❜❡❧✐❛♥ ♥✉♠❜❡r ✜❡❧❞ ♦❢ ♦❞❞ ❞❡❣r❡❡ d = [F : Q] ❛♥❞ ❧❡tG =●❛❧(F/Q)

❜❡ ✐ts ●❛❧♦✐s ❣r♦✉♣✳ ▲❡t ✉s ❝❤♦♦s❡ ❛♥❞ ✜① ❛ ❝❤❛r❛❝t❡r χ : G→ Z2[ζd]✳ ▲❡t

X(χ) = {τ ◦ χ|τ ∈ ●❛❧(Q2(ζd)/Q2}

❜❡ t❤❡ ●❛❧♦✐s ♦r❜✐t ♦❢ χ ❛♥❞ ❧❡t

eχ =
1

d

∑

ψ∈X(χ)

∑

σ∈G
ψ(σ)σ−1 ∈ Z2[G]

❜❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐❞❡♠♣♦t❡♥t✳

▲❡♠♠❛ ✸✳✶✳ ▲❡t θ ∈ eχZ2[G] s❛t✐s❢② θ /∈ 2eχZ2[G]✳ ❚❤❡♥ t❤❡r❡ ✐s ϑ ∈ eχZ2[G] s✉❝❤

t❤❛t θϑ = eχ✳

Pr♦♦❢✳ ❙✐♥❝❡ e2χ = eχ✱ ✇❡ ❤❛✈❡ θ = eχθ ❛♥❞ s♦ θ /∈ 2Z2[G]✳ ❍❡♥❝❡ t❤❡ r❡❞✉❝t✐♦♥

θ ∈ eχF2[G] ♦❢ θ ✐s ♥♦♥③❡r♦✳ ❚❤❡♥ σθ, σ ∈ G, ❣❡♥❡r❛t❡ eχF2[G] ♦✈❡r Z2✳ ❇②

❛♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ◆❛❦❛②❛♠❛✬s ▲❡♠♠❛ ✭s❡❡ ❬❆▼❪ Pr♦♣♦s✐t✐♦♥ ✷✳✽✮✱ ✇❡ ❤❛✈❡ t❤❛t

σθ, σ ∈ G, ❣❡♥❡r❛t❡ eχZ2[G] ♦✈❡r Z2✱ s♦ t❤❡r❡ ✐s α ∈ Z2[G] s✉❝❤ t❤❛t αθ = eχ✳ ❚❤❡♥

ϑ = eχα s❛t✐s✜❡s t❤❡ st❛t❡❞ ♣r♦♣❡rt✐❡s✳

✷✽



❈❤❛♣t❡r ✸✳ ❚❤❡ ❝❛s❡ p = 2 ✷✾

❙✐♥❝❡ eχ ❢♦r♠ ❛ ❝♦♠♣❧❡t❡ s②st❡♠ ♦❢ ♦rt❤♦❣♦♥❛❧ ✐❞❡♠♣♦t❡♥ts✱ ✐t ✐s ❡♥♦✉❣❤ t♦ s❤♦✇

❢♦r ❡❛❝❤ ❝❤❛r❛❝t❡r χ t❤❛t

❆♥♥Z2[G](eχ(UF/C)2) ⊆ ❆♥♥Z2[G](eχ(CF )2) ✭✸✳✶✮

❍❛✈✐♥❣ ✜①❡❞ t❤❡ ❝❤❛r❛❝t❡r χ✱ ❧❡t Fχ ❜❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝②❝❧✐❝ s✉❜✜❡❧❞ ♦❢ F ✱ ✐✳❡✳

●❛❧(F/Fχ) = ❦❡r χ✳ ▲❡t CFχ
❜❡ t❤❡ ❣r♦✉♣ ♦❢ ❝✐r❝✉❧❛r ✉♥✐ts ♦❢ Fχ✳ ❚❤❡♥ ✇❡ ❤❛✈❡

▲❡♠♠❛ ✸✳✷✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ Z[G]✲♠♦❞✉❧❡s ❛r❡ ✐s♦♠♦r♣❤✐❝

eχ(UF/C)2) ∼= eχ(UFχ
/CFχ

)2), eχ(CF )2 ∼= eχ(CFχ
)2

▲❡♠♠❛ ✸✳✷ ❣✐✈❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉✐✈❛❧❡♥t ❢♦r♠ ♦❢ ✭✸✳✶✮✱

❆♥♥Z2[G](eχ(UFχ
/CFχ

)2) ⊆ ❆♥♥Z2[G](eχ(CFχ
)2), ✭✸✳✷✮

■❢ χ ✐s t❤❡ tr✐✈✐❛❧ ❝❤❛r❛❝t❡r✱ t❤❡♥ ✭✸✳✷✮ ✐s ♦❜✈✐♦✉s s✐♥❝❡ CQ ✐s tr✐✈✐❛❧✳ ❍❡♥❝❡ ✇❡ ♥❡❡❞

t♦ ♣r♦✈❡ ✭✸✳✷✮ ❢♦r ❛♥② ♥♦♥tr✐✈✐❛❧ ❝❤❛r❛❝t❡r χ ♦♥ G✳ ❚❤✐s ♠❡❛♥s t♦ ♣r♦✈❡ ✭✸✳✶✮ ❥✉st

✐♥ t❤❡ s♣❡❝✐❛❧ ❝❛s❡ F = Fχ 6= Q ❜❡✐♥❣ ❝②❝❧✐❝ ❛♥❞ χ ❜❡✐♥❣ ❛♥② ✐♥❥❡❝t✐✈❡ ❝❤❛r❛❝t❡r ♦♥

G✳

✸✳✷ ❈✐r❝✉❧❛r ♥✉♠❜❡rs ♦❢ ❛♥ ❛❜❡❧✐❛♥ ✜❡❧❞

❋♦r ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r m ❧❡t

ηF,m = NQ(ζm)/F∩Q(ζm)(1− ζm).

❲❡ ❞❡✜♥❡ t❤❡ ❣r♦✉♣ D ♦❢ ❝✐r❝✉❧❛r ♥✉♠❜❡r ♦❢ F ❛s t❤❡ Z[G]✲s✉❜♠♦❞✉❧❡ ♦❢ t❤❡ ♠✉❧✲

t✐♣❧✐❝❛t✐✈❡ ❣r♦✉♣ F× ❣❡♥❡r❛t❡❞ ❜② −1 ❛♥❞ ❜② ❛❧❧ ηF,m✱ ✇❤❡r❡ m > 1 ❞✐✈✐❞❡s t❤❡

❝♦♥❞✉❝t♦r ♦❢ F ✳ ❚❤❡♥ t❤❡ ❣r♦✉♣ C ♦❢ ❝②❝❧♦t♦♠✐❝ ✉♥✐ts ♦❢ F ❝❛♥ ❜❡ s❤♦✇ t♦ ❜❡ ❡q✉❛❧

t♦ D∩UF ✭s❡❡ ❬▲❡t❪✮✳ ❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣❧✐❝✐t s❡t ♦❢ ❣❡♥❡r❛t♦rs ♦❢ C✿ ✐t ✐s t❤❡

Z[G]✲s✉❜♠♦❞✉❧❡ ♦❢ UF ❣❡♥❡r❛t❡❞ ❜② −1✱ ❜② ❛❧❧ ηF,m✱ ✇❤❡r❡ m|❝♦♥❞F ❛♥❞ m ✐s ♥♦t

❛ ♣r✐♠❡ ♣♦✇❡r✱ ❛♥❞ ❜② ❛❧❧ η1−σF,m ✱ ✇❤❡r❡ ❛ ♣r✐♠❡ ♣♦✇❡r m|❝♦♥❞F ❛♥❞ σ ∈ G✳

✸✳✸ ❈②❝❧✐❝ ✜❡❧❞s

▲❡t F ❜❡ ❛ ❝②❝❧✐❝ ♥✉♠❜❡r ✜❡❧❞ ♦❢ ♦❞❞ ❞❡❣r❡❡ d > 1✳ ❲❡ ✜① ❛ ❣❡♥❡r❛t♦r ν ∈ G
❛♥❞ ❛♥ ✐♥❥❡❝t✐✈❡ ❝❤❛r❛❝t❡r χ : G → Z2[ζd]✳ ▲❡t m❂❝♦♥❞ F ❛♥❞ ❧❡t ✉s ✜① ❛ ♣♦s✐t✐✈❡

✐♥t❡❣❡r n ❧❛r❣❡ ❡♥♦✉❣❤ t♦ s❛t✐s❢② 2n ∤ #CF ❛♥❞ 2n ∤ 4#UF/C✳
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▲❡♠♠❛ ✸✳✸✳ ❚❤❡ Z2[G]✲♠♦❞✉❧❡ eχ(CU2n

F /U2n

F ) ✐s ❝②❝❧✐❝✳ ■❢ m ✐s ♥♦t ❛ ♣r✐♠❡ ♣♦✇❡r✱

t❤❡♥ t❤✐s ♠♦❞✉❧❡ ✐s ❣❡♥❡r❛t❡❞ ❜② t❤❡ ✐♠❛❣❡ ♦❢ ηF,m✱ ✇❤✐❧❡ ✐❢ m ✐s ❛ ♣r✐♠❡ ♣♦✇❡r✱ t❤❡♥

✐t ✐s ❣❡♥❡r❛t❡❞ ❜② t❤❡ ✐♠❛❣❡ ♦❢ η1−νF,m✳

❈♦r♦❧❧❛r② ✸✳✹✳ ❚❤❡ Z2[G]✲♠♦❞✉❧❡ eχ(CU2n

F /U2n

F ) ✐s ❣❡♥❡r❛t❡❞ ❜② t❤❡ ✐♠❛❣❡ ♦❢ ηeF,m✱

✇❤❡r❡ e =
∑

σ∈G(1− σ)✳

Pr♦♦❢✳ ■❢ m ✐s ♥♦t ❛ ♣r✐♠❡ ♣♦✇❡r✱ t❤❡♥ NF/Q(ηF,m) = 1 ❛♥❞ s♦ ηeF.m = ηdF,m✳ ❙✐♥❝❡ d

✐s ♦❞❞✱ t❤❡ ✐♠❛❣❡ ♦❢ ηdF,m ❣❡♥❡r❛t❡s t❤❡ ✐♠❛❣❡ ♦❢ ηF,m ✐♥ t❤❡ ♠♦❞✉❧❡✳

■❢m ✐s ❛ ♣♦✇❡r ♦❢ ❛ ♣r✐♠❡ p✱ t❤❡♥ NF/Q(ηF,m) = p ❛♥❞ s♦ ηeF.m = ηdF,mp
−1✱ ✇❤✐❝❤ ✐s

❛ ✉♥✐t ❜❡❝❛✉s❡ e ❜❡❧♦♥❣s t♦ t❤❡ ❛✉❣♠❡♥t❛t✐♦♥ ✐❞❡❛❧ ♦❢ Z[G]✳ ❙✐♥❝❡ (ηeF.m)
1−ν = η

d(1−ν)
F,m

❛♥❞ d ✐s ♦❞❞✱ ✇❡ ❣❡t t❤❡ st❛t❡♠❡♥t✳

✸✳✹ ❆♥ ❛✉①✐❧✐❛r② ✜❡❧❞

▲❡t ✉s ✜① ❛ ♣r✐♠❡ ♥✉♠❜❡r q ≡ 1 ♠♦❞ 2n s✉❝❤ t❤❛t q s♣❧✐ts ❝♦♠♣❧❡t❡❧② ✐♥ F ✳

❙✐♥❝❡ q ✐s ✉♥r❛♠✐✜❡❞ ✐♥ F/Q ❛♥❞ t♦t❛❧❧② r❛♠✐✜❡❞ ✐♥ Q(ζq+ζ
−1
q )/Q✱ t❤❡ ✜❡❧❞s F ❛♥❞

Q(ζq + ζ−1
q ) ❛r❡ ❧✐♥❡❛r❧② ❞✐s❥♦✐♥t✳ ❇② ●❛❧♦✐s ❚❤❡♦r②✱

●❛❧(F (ζq + ζ−1
q )/Q(ζq + ζ−1

q )) ∼= ●❛❧(F/Q)

❛♥❞ e =
∑

σ∈G(1 − σ) ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ ♥♦♥③❡r♦ ♥✉♠❜❡rs ✐♥ F (ζq + ζ−1
q )✳ ▲❡t

δ = NQ(ζmq)/F (ζq+ζ
−1
q )(ζq − ζm)✳

❙✐♥❝❡ q ❞♦❡s ♥♦t ❞✐✈✐❞❡ m✱ t❤✐s ✐s ❛ ❝②❝❧♦t♦♠✐❝ ✉♥✐t ✐♥ F (ζq+ζ
−1
q )✳ ▲❡t ✉s ❞❡♥♦t❡

L = Q(ζm + ζ−1
m , ζq + ζ−1

q )✳ ❆ ❝♦♠♣✉t❛t✐♦♥ ❣✐✈❡s

NQ(ζmq)/L(ζq − ζm) = β2,

✇❤❡r❡ β = ζm(ζ
−1
m − ζq)(ζ−1

m − ζ−1
q )✳ ❙✐♥❝❡ β ✐s r❡❛❧ ❛♥❞ ✜①❡❞ ❜② t❤❡ ❛✉t♦♠♦r♣❤✐s♠

♦❢ Q(ζmq) ❞❡t❡r♠✐♥❡❞ ❜② ζm 7→ ζm, ζq 7→ ζ−1
q , ✇❡ ❤❛✈❡ β ∈ L✳ ❍❡♥❝❡ δ = κ2✱ ✇❤❡r❡

κ = NL/F (ζq+ζ
−1
q )(β).
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Q

F Q(ζq + ζ−1
q )

F (ζq + ζ−1
q )

F (ζq)L

Q(ζm + ζ−1
m )

Q(ζmq)

Q(ζm)

❚❤❡ ♥♦r♠ r❡❧❛t✐♦♥s s❛t✐s✜❡❞ ❜② ❝②❝❧♦t♦♠✐❝ ✉♥✐ts ❣✐✈❡

NF (ζq+ζ
−1
q )/F (δ) = NQ(ζmq)/F (ζq − ζm) = NQ(ζmq)/F (1− ζ−1

q ζm) = 1

❜❡❝❛✉s❡ F ✐s r❡❛❧ ❛♥❞ q s♣❧✐ts ❝♦♠♣❧❡t❡❧② ✐♥ F ✳ ❍❡♥❝❡ NF (ζq+ζ
−1
q )/F (κ) = ±1 ❛♥❞

NF (ζq+ζ
−1
q )/F (κ

e) = 1. ✭✸✳✸✮

▲❡t B ❜❡ ❛ ♣r✐♠❡ ✐❞❡❛❧ ♦❢ F (ζq + ζ−1
q ) ❛❜♦✈❡ q ❛♥❞ Q ❜❡ t❤❡ ♣r✐♠❡ ✐❞❡❛❧ ♦❢

F ❜❡❧♦✇ B✳ ❍❡♥❝❡
∏

σ∈GBσ ✐s t❤❡ ♣r✐♥❝✐♣❛❧ ✐❞❡❛❧ ♦❢ F (ζq + ζ−1
q ) ❣❡♥❡r❛t❡❞ ❜②

(1− ζq)(1− ζ−1
q )✳ ❙✐♥❝❡

δ ≡ NQ(ζmq)/F (ζq+ζ
−1
q )(1− ζm) = NQ(ζm)/F (1− ζm)2 ♠♦❞ (1− ζq)(1− ζ−1

q ),

✇❡ ❤❛✈❡

κ2 = δ ≡ η2F,m mod
∏

σ∈G
Bσ. ✭✸✳✹✮

▲❡t ✉s ✜① ❛ ❣❡♥❡r❛t♦r τ ♦❢ ●❛❧✭F (ζq + ζ−1
q )/F ✮✳ ❇② ❍✐❧❜❡rt✬s ❚❤❡♦r❡♠ ✾✵ ❛♥❞

✭✸✳✸✮✱ t❤❡r❡ ❡①✐sts ❛ ♥♦♥③❡r♦ α ∈ F (ζq+ζ−1
q ) s✉❝❤ t❤❛t ατ−1 = κe✳ ❙✐♥❝❡ κe ✐s ❛ ✉♥✐t✱

t❤❡ ♣r✐♥❝✐♣❛❧ ✐❞❡❛❧ (α) ✐s ✜①❡❞ ❜② τ ❛♥❞ s♦ t❤❡r❡ ✐s ❛♥ ✐❞❡❛❧ I ♦❢ F ❝♦♣r✐♠❡ ✇✐t❤ t❤❡

❝♦♥❥✉❣❛t❡s ♦❢ Q✱ ✇❤♦s❡ ❧✐❢t (I) t♦ F (ζq + ζ−1
q ) s❛t✐s✜❡s

(α) = (I)
∏

σ∈G
(Bσ−1

)rσ

❢♦r s✉✐t❛❜❧❡ rσ ∈ Z✱ ❜❡❝❛✉s❡ F (ζq+ζ−1
q )/F ✐s ✉♥r❛♠✐✜❡❞ ♦✉ts✐❞❡ ♦❢ t❤❡ ♣r✐♠❡s ❛❜♦✈❡

q✳ ❚❛❦✐♥❣ ♥♦r♠s ❣✐✈❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛❧✐t② ♦❢ ✐❞❡❛❧s ♦❢ F

(NF (ζq+ζ
−1
q )/F (α)) = I

(q−1)
2

∏

σ∈G
(Qσ−1

)rσ . ✭✸✳✺✮
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❙✐♥❝❡ 2n−1| q−1
2

❛♥❞ 2n > #(CF )2✱ ✇❡ ❤❛✈❡ t❤❛t t❤❡ ✐♠❛❣❡ ♦❢
∏

σ∈G(Q
σ−1

)rσ ✐♥

CF/(CF )2n−1 ∼= (CF )2 ✐s tr✐✈✐❛❧✳

❚❤❡ ✜①❡❞ ❣❡♥❡r❛t♦r τ ♦❢ ●❛❧✭F (ζq + ζ−1
q )/F ✮ ❣✐✈❡s ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r s s✉❝❤ t❤❛t

(ζq + ζ−1
q )τ = ζsq + ζ−sq ✳

❋♦r ❛♥② σ ∈ G✱ t❤❡ q✉♦t✐❡♥t
α

((1− ζq)(1− ζ−1
q ))rσ

✐s ❝♦♣r✐♠❡ ✇✐t❤ Bσ−1
✳ ❙✐♥❝❡

t❤❡ ❡①t❡♥s✐♦♥ F (ζq + ζ−1
q )/F ✐s t♦t❛❧❧② r❛♠✐✜❡❞ ❛t ♣r✐♠❡s ❛❜♦✈❡ q✱ t❤❡ ❛❝t✐♦♥ ♦❢ τ ✐s

tr✐✈✐❛❧ ♠♦❞✉❧♦ Bσ−1
✱ s♦

α

((1− ζq)(1− ζ−1
q ))rσ

≡ ατ

((1− ζq)(1− ζ−1
q ))rστ

=
ακe

((1− ζsq )(1− ζ−sq ))rσ

≡ ακe

((1− ζq)(1− ζq))rσ
s−2rσ mod Bσ−1

.

❈❛♥❝❡❧❧✐♥❣ ❜②
α

((1− ζq)(1− ζ−1
q ))rσ

❣✐✈❡s s2rσ ≡ κe ♠♦❞ Bσ−1
✱ ❛♥❞ ❜② ✭✸✳✹✮ ✇❡ ❣❡t

s4rσ ≡ κ2e ≡ η2eF,m mod Bσ−1

,

✇❤✐❝❤ ♠❡❛♥s

s4rσ ≡ η2eF,m mod Qσ−1

✭✸✳✻✮

❛s ❜♦t❤ s✐❞❡s ❜❡❧♦♥❣ t♦ F ✳

✸✳✺ ❆♥♥✐❤✐❧❛t✐♥❣ t❤❡ ✐❞❡❛❧ ❝❧❛ss ❣r♦✉♣

▲❡t ✉s ❝❤♦♦s❡ ❛ ❝❧❛ss ✐♥ eχ(UF/CU2n

F ) ♦❢ ♠❛①✐♠❛❧ ♦r❞❡r 2a ❛♥❞ ❧❡t ✉s t❛❦❡ ❛♥②

ε ∈ UF ❜❡❧♦♥❣✐♥❣ t♦ t❤✐s ❝❧❛ss✳ ▲❡t ✉s ✜① eχ ∈ Z[G] s✉❝❤ t❤❛t eχ − eχ ∈ 2nZ2[G]✳ ■❢

a > 0✱ t❤❡♥ ♥❡✐t❤❡r εeχ ♥♦r −εeχ ✐s ❛ sq✉❛r❡ ✐♥ F ✳ ❙✐♥❝❡

2a ≤ #eχ(UF/CU2n

F ) ≤ #(UF/C)2 < 2n−2,

✇❡ ❤❛✈❡ n ≥ a+ 3✳

❇② ❈♦r♦❧❧❛r② ✸✳✹✱ t❤❡r❡ ❛r❡ ρ ∈ Z[G] ❛♥❞ ε1 ∈ UF s✉❝❤ t❤❛t

ε2
aeχ = η

eeχρ
F,m ε

2n

1

❙✐♥❝❡ ±εeχ1 ✐s ♥♦t ❛ sq✉❛r❡ ✐♥ UF ❛♥❞ n ✐s ❧❛r❣❡ ❡♥♦✉❣❤✱ ✇❡ ❣❡t t❤❛t ♥❡✐t❤❡r ηeeχρ

♥♦r −ηeeχρ ✐s ❛ 2a+1t❤ ♣♦✇❡r ✐♥ UF ✳
▲❡t ✉s ❝❤♦♦s❡ ❛♥❞ ✜① C ∈ eχ(CF )2✳ ❇② Pr♦♣♦s✐t✐♦♥ ✷✳✻✱ t❤❡r❡ ❛r❡ ✐♥✜♥✐t❡❧② ♠❛♥②

♣r✐♠❡s ✐❞❡❛❧s Q ∈ C ♦❢ ❛❜s♦❧✉t❡ ❞❡❣r❡❡ ✶✱ ❧②✐♥❣ ♦✈❡r ♣r✐♠❡s ✐❞❡❛❧s q ≡ 1 ♠♦❞ 2n

s✉❝❤ t❤❛t η
eeχρ
F,m ✐s ♥♦t ❛ 2a+2t❤ ♣♦✇❡r ♠♦❞✉❧♦ Q✳ ❋♦r t❤✐s q ❛♥❞ Q ✇❡ ❝❛♥ ✉s❡ t❤❡

r❡s✉❧ts ♦❢ s❡❝t✐♦♥ ✸✳✹✳
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❙✐♥❝❡ −1 ✐s ♥♦t ❛ 2n−1t❤ ♣♦✇❡r ♠♦❞✉❧♦ Q✱ ✇❡ ❤❛✈❡ t❤❛t η2eF,m ✐s ♥♦t ❛ 2a+3t❤

♣♦✇❡r ♠♦❞✉❧♦ Q ❛♥❞ ✭✸✳✻✮ ❢♦r σ ❣✐✈❡s t❤❛t s4r1 ✐s ♥♦t ❛ 2a+3t❤ ♣♦✇❡r ♠♦❞✉❧♦ Q✳

❍❡♥❝❡ 2a+3 ∤ 4r1✱ ✇❤✐❝❤ ♠❡❛♥s 2a+1 ∤ r1✳

▲❡t ✉s ❝♦♥❝❡♥tr❛t❡ ♦♥ π =
∑

σ∈G rσσ
−1 ∈ Z[G]✳ ▲❡t

b = max{j ∈ Z|2−jπ ∈ Z[G]} ≥ 0.

❆s 2a+1 ∤ r1✱ ✇❡ ❤❛✈❡ b ≤ a✳ ▲❡♠♠❛ ✸✳✶ ❢♦r θ = 2−bπ ❣✐✈❡s ϑ ∈ Z2[G] s✉❝❤ t❤❛t

θϑ = eχ✱ s♦ πϑ = 2beχ✳ ❙✐♥❝❡ ✇❡ ❤❛✈❡ ♦❜t❛✐♥❡❞ ✐♥ ✭✸✳✺✮ t❤❛t t❤❡ ✐♠❛❣❡ ♦❢ Qπ ✐♥

(CF )2 ✐s tr✐✈✐❛❧✱ ✇❡ ❤❛✈❡ t❤❛t

C2beχ = Cπϑ = 1 ✭✸✳✼✮

✐♥ (CF )2✳
▲❡t β ∈ Z2[G] ❜❡ ❛♥② ❛♥♥✐❤✐❧❛t♦r ♦❢ eχ(UF/C)2✳ ❙✐♥❝❡ 2n ∤ 4#UF/C✱ ✇❡ ❤❛✈❡

t❤❛t eχ(UF/C)2 ∼= eχ(UF/CU2n

F )✱ s♦ β ✐s ❛♥ ❛♥♥✐❤✐❧❛t♦r ♦❢ eχ(UF/CU2n

F )✳ ▲❡t

c = max{j ∈ Z|2−jeχβ ∈ Z2[G]} ≥ 0.

▲❡♠♠❛ ✸✳✶ ❢♦r θ = 2−ceχβ ❣✐✈❡s Θ ∈ Z2[G] s✉❝❤ t❤❛t θΘ = eχ✱ ❛♥❞ s♦ ✇❡ ❤❛✈❡

eχβΘ = 2ceχ✳ ❚❤❡♥ 2c ✐s ❛♥ ❛♥♥✐❤✐❧❛t♦r ♦❢ eχ(UF/CU2n

F )✳ ❙✐♥❝❡ 2c ❛♥♥✐❤✐❧❛t❡s ❛❧s♦

t❤❡ ❝❧❛ss ♦❢ ε✱ ✇❤✐❝❤ ✐s ♦❢ ♦r❞❡r 2a ✐♥ eχ(UF/CU2n

F )✱ ✇❡ ❤❛✈❡ c ≥ a✱ s♦ c ≥ b✳ ❚❤❡♥

✭✸✳✼✮ ❣✐✈❡s CβΘ = C2ceχ = 1 ✐♥ (CF )2✱ ✇❤✐❝❤ ✐♠♣❧✐❡s Cβ = Cβeχ = CβΘθ = 1 ✐♥ (CF )2✳
❚❤✐s ♣r♦✈❡s ❚❤❡♦r❡♠ ✷✳✶✻ ❢♦r p = 2✳



❈❤❛♣t❡r ✹

❆♥ ❛♣♣❧✐❝❛t✐♦♥✿ ❈❛t❛❧❛♥✬s ❈♦♥❥❡❝t✉r❡

✹✳✶ ❆♥ ♦✉t❧✐♥❡ ♦❢ t❤❡ ♣r♦♦❢

❈❛t❛❧❛♥✬s ❝♦♥❥❡❝t✉r❡ ♣r❡❞✐❝ts t❤❛t ✽ ❛♥❞ ✾ ❛r❡ t❤❡ ♦♥❧② ❝♦♥s❡❝✉t✐✈❡ ♣❡r❢❡❝t ♣♦✇❡rs✱

✐✳ ❡✳ t❤❛t t❤❡r❡ ❛r❡ ♥♦ s♦❧✉t✐♦♥s ♦❢ t❤❡ ❞✐♦♣❤❛♥t✐♥❡ ❡q✉❛t✐♦♥

xp − yq = 1 (x > 0, y > 0, p, q ❞✐✛❡r❡♥t ♣r✐♠❡s)

♦t❤❡r t❤❡♥ xp = 32, yq = 23.

❚❤❡ ❝❛s❡ ♦❢ q = 2 ✇❛s s♦❧✈❡❞ ✐♥ ✶✽✺✵ ❜② ❱✳❆✳ ▲❡❜❡s❣✉❡ ❬▲❡❜❪✳ ❋♦r p = 2✱ ❈❤❛♦

❑♦ ❬❑♦❪ ❣❛✈❡ ❛ ♣r♦♦❢ ✐♥ ✶✾✻✹✳ ❙♦ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r p ❛♥❞ q ♦❞❞ ♣r✐♠❡s✳

❘❡✇r✐t❡ t❤❡ ❞✐♦♣❤❛♥t✐♥❡ ❡q✉❛t✐♦♥ ❛s

(x− 1)
xp − 1

x− 1
= yq.

❇② ❝♦♥s✐❞❡r✐♥❣ t❤❡ ✐❞❡♥t✐t② xp = ((x−1)+1)p✱ ✇❡ ✜♥❞ t❤❛t t❤❡r❡ ❛r❡ t✇♦ ♣♦ss✐❜✐❧✐t✐❡s

❢♦r t❤❡ ❣❝❞ ♦❢ t❤❡ t✇♦ ❢❛❝t♦rs ♦♥ t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡✿ ✐t ✐s ❡✐t❤❡r ✶ ♦r p✳ ❚❤✐s ❧❡❛❞s t♦

❝❛s❡ ■ ❛♥❞ ❝❛s❡ ■■ ♦❢ t❤❡ ♣r♦❜❧❡♠✱ r❡s♣❡❝t✐✈❡❧②✳

■♥ ❝❛s❡ ■✱ ✇❤❡♥ t❤❡ ❣❝❞ ❡q✉❛❧s ✶✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❡q✉❛t✐♦♥s

x− 1 = aq,
xp − 1

x− 1
= bq, y = ab

✇❤❡r❡ a ❛♥❞ b ❛r❡ ❝♦♣r✐♠❡ ❛♥❞ ♥♦t ❞✐✈✐s✐❜❧❡ ❜② p✳ ■♥ ✶✾✻✵✱ ❏✳❲✳❙✳ ❈❛ss❡❧s ❬❈❛s❪

s❤♦✇❡❞ t❤❛t t❤❡s❡ ❡q✉❛t✐♦♥s ②✐❡❧❞ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

❚❤✐s ♠❡❛♥s t❤❛t ✇❡ ❛r❡ ❧❡❢t ✇✐t❤ ❝❛s❡ ■■✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ♦♥❡ ♦❢ t❤❡ t✇♦ ♥✉♠❜❡rs

x−1 ❛♥❞
xp − 1

x− 1
❝♦♥t❛✐♥s p ❥✉st ✐♥ t❤❡ ✜rst ♣♦✇❡r✳ ❇✉t t❤✐s ♥✉♠❜❡r ❝❛♥♥♦t ❜❡ x−1✱

s✐♥❝❡ ✐♥ t❤❛t ❝❛s❡ xp− 1 ✇♦✉❧❞ ♦♥❧② ❜❡ ❞✐✈✐s✐❜❧❡ ❜② p2✳ ❚❤❡♥ ✇❡ ❤❛✈❡ t❤❡ ❡q✉❛t✐♦♥s

x− 1 = pq−1aq,
xp − 1

x− 1
= pbq, y = pab, ✭✹✳✶✮

✸✹



❈❤❛♣t❡r ✹✳ ❆♥ ❛♣♣❧✐❝❛t✐♦♥✿ ❈❛t❛❧❛♥✬s ❈♦♥❥❡❝t✉r❡ ✸✺

✇❤❡r❡ ❛❣❛✐♥ a ❛♥❞ b ❛r❡ ❝♦♣r✐♠❡ ❛♥❞ p ❞♦❡s ♥♦t ❞✐✈✐❞❡ b ✭❜✉t p ♠❛② ❞✐✈✐❞❡ a✮✳

❆♥❛❧♦❣♦✉s ❡q✉❛t✐♦♥s ❢♦❧❧♦✇ ❢r♦♠ t❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ♦❢ xp ✐♥t♦ t❤❡ ♣r♦❞✉❝t ♦❢ y + 1

❛♥❞
yq + 1

y + 1
✳ ■♥ ♣❛rt✐❝✉❧❛r✱ y ✐s ❞✐✈✐s✐❜❧❡ ❜② p ❛♥❞ x ✐s ❞✐✈✐s✐❜❧❡ ❜② q✳

❈♦♠❜✐♥✐♥❣ ❡q✉❛t✐♦♥ (4.1) ✇✐t❤ t❤❡ ♦❜s❡r✈❛t✐♦♥

p =

p−1∏

k=1

(1− ζkp ),

✇❡ ♦❜t❛✐♥ t❤❡ ❡q✉❛t✐♦♥
p−1∏

k=1

x− ζkp
1− ζkp

= bq.

❲r✐t❡ x−ζkp = (x−1)+(1−ζkp ) ❛♥❞ ♥♦t✐❝❡ t❤❛t x−1 ✇❛s ❢♦✉♥❞ t♦ ❜❡ ❞✐✈✐s✐❜❧❡ ❜② p✳

■t ❢♦❧❧♦✇s t❤❛t t❤❡ q✉♦t✐❡♥ts
x− ζkp
1− ζkp

❛r❡ ✐♥ Z[ζp]✳ ❚❤❡ ♣r✐♥❝✐♣❛❧ ✐❞❡❛❧s
〈x− ζkp
1− ζkp

〉
❛r❡

♣❛✐r✇✐s❡ ❝♦♣r✐♠❡✳ ❍❡♥❝❡ ❡❛❝❤ ♦❢ t❤❡♠ ✐s ❛ q✲t❤ ♣♦✇❡r ♦❢ s♦♠❡ ✐❞❡❛❧✳ ■♥ ♣❛rt✐❝✉❧❛r✱

〈
x− ζp
1− ζp

〉
= Jq,

✇❤❡r❡ J ✐s ❛ ♥♦♥③❡r♦ ✐❞❡❛❧ ♦❢ Z[ζp]✳ ❚❤❡ s❛♠❡ ✐s tr✉❡ ❢♦r t❤❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡

✐❞❡❛❧✱ ❛♥❞ ♠✉❧t✐♣❧②✐♥❣ t❤❡s❡ ✐❞❡❛❧s ✇❡ ❣❡t

〈
(x− ζp)(x− ζ−1

p )

(1− ζp)(1− ζ−1
p )

〉
= (JJ)q ✭✹✳✷✮

❛♥ ❡q✉❛t✐♦♥ ❜❡t✇❡❡♥ r❡❛❧ ✐❞❡❛❧s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ✐❞❡❛❧ ❝❧❛ss ♦❢ JJ ❤❛s ♦r❞❡r q ♦r

✶ ✐♥ CF ✱ ✇❤❡r❡ F = Q(ζp) ∩ R✳ ❚❤❡♥ JJ ∈ (UF )q✳
■♥ ♦r❞❡r t♦ ✉s❡ ❚❤❛✐♥❡✬s t❤❡♦r❡♠ ✇❡ ♥❡❡❞ t♦ ❡♥❧❛r❣❡ t❤❡ ❣r♦✉♣ ♦❢ ❝②❝❧♦t♦♠✐❝

✉♥✐ts ❞❡✜♥❡❞ ✐♥ ❝❤❛♣t❡r ✷✳ ❈♦♥s✐❞❡r t❤❡ ✉♥✐ts

sin(lπ/p)

sin(π/p)
=

ζ
l/2
p − ζ−l/2p

ζ
1/2
p − ζ−1/2

p

(l = 2, · · · ,m), ✇❤❡r❡ m =
p− 1

2
.

❚♦❣❡t❤❡r ✇✐t❤ −1 t❤❡s❡ ✉♥✐ts ❣❡♥❡r❛t❡ ❛ s✉❜❣r♦✉♣ ♦❢ UF ♦❢ ✜♥✐t❡ ✐♥❞❡①✳ ❉❡♥♦t❡ ✐t

❜② ❯✳ ❲❡ ❤❛✈❡ t❤❛t [U : C] = 2m−1 ✭❝❢✳ ❬▲❡t❪✮✳ ❚❤✐s ❞✐✛❡r❡♥❝❡ ❞♦❡s ♥♦t ♠❛tt❡r ❤❡r❡

✭s✐♥❝❡ q ✐s ♦❞❞✮ ❛♥❞ ✇✐❧❧ ❜❡ ✐❣♥♦r❡❞ ✐♥ t❤❡ s❡q✉❡❧✳

▲❡t G❂●❛❧(F/Q) = {σ1, · · · , σm} ❛♥❞ ❝♦♥s✐❞❡r θ ∈ Z[G] ❛♥♥✐❤✐❧❛t♦r ♦❢ UF/C✱ s♦
t❤❛t U θF ⊆ C✳ ❚❤❡♥ ❚❤❛✐♥❡✬s t❤❡♦r❡♠ ✐♠♣❧✐❡s ✭❛s ✇✐❧❧ ❜❡ s❤♦✇♥ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✮

t❤❛t θ ❛♥♥✐❤✐❧❛t❡s (CF )q✳ ❇② ✭✹✳✷✮✱ ✐t ❢♦❧❧♦✇s t❤❛t

(
(x− ζp)(x− ζ−1

p )

(1− ζp)(1− ζ−1
p )

)θ
= εγq ✭✹✳✸✮



❈❤❛♣t❡r ✹✳ ❆♥ ❛♣♣❧✐❝❛t✐♦♥✿ ❈❛t❛❧❛♥✬s ❈♦♥❥❡❝t✉r❡ ✸✻

✇❤❡r❡ ε ∈ UF ❛♥❞ γ ∈ F×✳ ❙✐♥❝❡ γ ✐s ✉♥❦♥♦✇♥ ❛♥②✇❛②✱ ✐t ✐s s✉✣❝✐❡♥t t♦ ❝♦♥s✐❞❡r ε✱

❛♥❞ t❤❡ ✉♥✐ts r❡❧❛t❡❞ t♦ ✐t✱ ✉♣ t♦ ❛ ❢❛❝t♦r ✇❤✐❝❤ ✐s ❛ qt❤ ♣♦✇❡r ✐♥ F×✳ ❙✐♥❝❡ εθ ∈ C✱
t❤❡ ✉♥✐t ε ✐♥ ✭✹✳✸✮ ❝❛♥ ✐ts❡❧❢ ❜❡ ❛ss✉♠❡❞ t♦ ❜❡ ✐♥ C ✭❲❡ ✇✐❧❧ ♣r♦✈❡ t❤✐s st❡♣ ✐♥ t❤❡

♥❡①t s❡❝t✐♦♥✮✳

❆ tr✐✈✐❛❧ ❜✉t ✐♠♣♦rt❛♥t ❝❤♦✐❝❡ ❢♦r θ ❛❜♦✈❡ ✐s t❤❡ ♥♦r♠ ♠❛♣ N =
∑

c σc ♦r ❛♥

✐♥t❡❣r❛❧ ♠✉❧t✐♣❧❡ ♦❢ ✐t✳ ■♥❞❡❡❞✱ t❤❡ ♥♦r♠ ♦❢ ❛♥② ✉♥✐t ✐s ±1✳ ❋♦r ❛ s✉✐t❛❜❧❡ r ∈ Z✱ ✇❡

❤❛✈❡ ((1− ζp)(1− ζ−1
p ))θ−rN ∈ U ✱ ❛♥❞ ✭✹✳✸✮ t❤❡♥ ✐♠♣❧✐❡s t❤❛t

((x− ζp)(x− ζ−1
p ))θ−rN ∈ η(F×)q, η ∈ C, ✭✹✳✹✮

❙✐♥❝❡ x ≡ 0♠♦❞ q2✱ ✇❡ ✜♥❞ t❤❛t η ≡ 1♠♦❞ q2 ✭η ✉♣ t♦ ❛ qt❤ ♣♦✇❡r✮✳ ❚❤❡ ❝②❝❧♦t♦♠✐❝

✉♥✐ts s❛t✐s❢②✐♥❣ t❤✐s ❝♦♥❞✐t✐♦♥ ❛r❡ ❝❛❧❧❡❞ q✲♣r✐♠❛r②✱ t❤❡② ❝♦♥st✐t✉t❡ ❛ s✉❜❣r♦✉♣ ♦❢ C

❞❡♥♦t❡❞ ❜② Cq✳

▲❡t ϑ ∈ Z[G] ❜❡ ❛ ❛♥♥✐❤✐❧❛t♦r ♦❢ Cq✳ ■t ❢♦❧❧♦✇s ❢r♦♠ ✭✹✳✹✮ t❤❛t

((x− ζp)(x− ζ−1
p ))θϑ−rN ∈ (F×)q ✭✹✳✺✮

◆♦✇ ✇❡ ❝♦♥s✐❞❡r P✳ ▼✐❤❛✐❧❡s❝✉✬s ❬▼✐❤❪ ❦❡② t❤❡♦r❡♠ ✐♥ ❤✐s ♣r♦♦❢ ♦❢ ❝❛s❡ ■■✱

❚❤❡♦r❡♠ ✹✳✶✳ ❆ss✉♠❡ t❤❛t θ =
∑m

c=1 ncσc ∈ Z[G] ❛♥❞ ((x−ζp)(x−ζ−1
p ))θ ∈ (F×)q✳

■❢
∑m

c=1 nc ≡ 0 mod q✱ t❤❡♥ ❡❛❝❤ nc ✐s ❞✐✈✐s✐❜❧❡ ❜② q✳

❇② ❚❤❡♦r❡♠ ✹✳✶✱ θϑ− rN = qω✱ ✇❤❡r❡ ω ∈ Z[G]✳

❚✉r♥✐♥❣ ♥♦✇ t♦ t❤❡ ❣r♦✉♣ UF ✇❡ ✜♥❞ t❤❛t ❡✈❡r② ✉♥✐t ε ∈ UF s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥

εθϑ = εrN+qω = εrN = 1.

❘❡❝❛❧❧✐♥❣ t❤❛t εθ ∈ C✱ t❤✐s s✉❣❣❡sts t❤❛t ϑ ✐♥ ❢❛❝t ❛♥♥✐❤✐❧❛t❡s ♠♦r❡ ♦❢ C t❤❛♥ Cq✱ ✐♥

t❤✐s ✇❛② ❢♦r❝✐♥❣ Cq t♦ ❜❡ ❡q✉❛❧ t♦ C✭❲❡ ✇✐❧❧ ♣r♦✈❡ ✐t ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✮✳ ❚❤✉s ✇❡

❤❛✈❡ t❤❛t ❛❧❧ ❝②❝❧♦t♦♠✐❝ ✉♥✐ts s❤♦✉❧❞ ❜❡ q✲♣r✐♠❛r②✳ ❲❡ ✇✐❧❧ s❡❡ ✐♥ t❤❡ ❧❛st s❡❝t✐♦♥

t❤❛t ✐t ✐s ✐♠♣♦ss✐❜❧❡✳

✹✳✷ ❆♥♥✐❤✐❧❛t♦rs

❆s st❛t❡❞ ✐♥ t❤❡ ✜rst s❡❝t✐♦♥✱ ✐t ✐s s✉✣❝✐❡♥t t♦ r❡♣❧❛❝❡ ❛ ✉♥✐t ε ∈ UF ❜② ✐ts ❝♦s❡t

εU qF ✐♥ t❤❡ ❣r♦✉♣ UF/U qF ✳ ❲❤❡♥ ❛ ♠❛♣ θ =
∑

c ncσc ∈ Z[G] ♦♣❡r❛t❡s ♦♥ t❤❡ ❧❛tt❡r

❣r♦✉♣✱ ✐t ✐s ♥♦t t❤❡ ❝♦❡✣❝✐❡♥ts nc t❤❛t ♠❛tt❡r ❜✉t ❥✉st t❤❡✐r r❡s✐❞✉❡s ♠♦❞✉❧♦ q✳

❚❤✉s θ =
∑

c ncσc ∈ Fq[G] ❛♥❞ t❤❡ ❣r♦✉♣ UF/U qF ❜❡❝♦♠❡s ❛ ❝②❝❧✐❝ ♠♦❞✉❧❡ ♦✈❡r t❤❡

r✐♥❣ R = Fq[G]✳



❈❤❛♣t❡r ✹✳ ❆♥ ❛♣♣❧✐❝❛t✐♦♥✿ ❈❛t❛❧❛♥✬s ❈♦♥❥❡❝t✉r❡ ✸✼

❉❡✜♥❡

A1 = ❆♥♥(UF/CU qF ), A2 = ❆♥♥(CU qF/CqU qF ), A3 = ❆♥♥(CqU qF/U qF ).

❚❤❡s❡ ❛r❡ ✐❞❡❛❧s ♦❢ R ❛♥♥✐❤✐❧❛t✐♥❣ ❝②❝❧✐❝ R✲♠♦❞✉❧❡s✳

❊✈❡r② ❝②❝❧✐❝ R✲♠♦❞✉❧❡ M ✐s ✭♥♦♥✲❝❛♥♦♥✐❝❛❧❧②✮ ✐s♦♠♦r♣❤✐❝ t♦ R/❆♥♥(M)✳ ❚❤✐s

✐s♦♠♦r♣❤✐s♠ ♣❧✉s s♦♠❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ✐❞❡❛❧s ♦❢ R ❡♥❛❜❧❡s ♦♥❡ t♦ ❝♦♥❝❧✉❞❡

t❤❛t t❤❡ ✐❞❡❛❧s A1, A2, A3 ❛r❡ ♣❛✐r✇✐s❡ ❝♦♣r✐♠❡ ❛♥❞

A1A2A3 = ❆♥♥(UF/U qF ) = RN,

t❤❡ ♣r✐♥❝✐♣❛❧ ✐❞❡❛❧ ❣❡♥❡r❛t❡❞ ❜② t❤❡ ♥♦r♠✳ ❍❡r❡ t❤❡ s❡❝♦♥❞ ❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢r♦♠

t❤❡ ❝②❝❧✐❝✐t② ♦❢ UF/U qF ✳
❊✈❡r② ✐❞❡❛❧ I ♦❢ R ✐s ✐❞❡♠♣♦t❡♥t✱ t❤✉s ❛♥ ❡❧❡♠❡♥t ♦❢ I ❝❛♥ ❛❧✇❛②s ❜❡ ✇r✐tt❡♥

❛s ❛ ♣r♦❞✉❝t ♦❢ ❛♥② ♥✉♠❜❡r ♦❢ ❡❧❡♠❡♥ts ♦❢ I✳ ❚❤✐s ✐s ❛ ❝♦♥✈❡♥✐❡♥t ♣r♦♣❡rt② ♦❢

❛♥♥✐❤✐❧❛t♦rs✳

▲❡t ✉s s❤♦✇ t❤❛t ❡✈❡r② θ ∈ A1 ❛♥♥✐❤✐❧❛t❡s (CF )q✳ ❲r✐t❡ θ = θ1 · · · θz✱ ✇❤❡r❡
θj ∈ A1 ❛♥❞ z = ♦r❞q#(UF/C)q✳ ❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ A1✱ ✇❡ ❤❛✈❡ U θjF ⊆ CU qF ❛♥❞

s♦ U θF ⊆ CU qzF ✳ ◆♦✇ ❧❡t εC ∈ (UF/C)q✳ ❚❤❡♥ εθ = ηεq
z

1 ✇✐t❤ η ∈ C, ε1 ∈ UF , ε1C ∈
(UF/C)q✳ ■t ❢♦❧❧♦✇s t❤❛t εθC = (ε1C)

qz = C✳ ❈♦♥s❡q✉❡♥t❧②✱ θ ❛♥♥✐❤✐❧❛t❡s t❤❡ ❣r♦✉♣

(UF/C)q✱ ❛♥❞ t❤❡ ❛ss❡rt✐♦♥ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❚❤❛✐♥❡✬s t❤❡♦r❡♠✳

▲♦♦❦ ❛t t❤❡ ❡q✉❛t✐♦♥ (4.3) ❢♦r θ ∈ A1✳ ❲r✐t❡ θ = θ1θ2 ✇✐t❤ θ1, θ2 ✐♥ A1✳ ❚❤❡♥

t❤❡ s❡❝♦♥❞ ❤❛♥❞ s✐❞❡ ♦❢ (4.3) ❛ss✉♠❡s t❤❡ ❢♦r♠

(ε1γ
q
1)
θ2 = εθ21 (γθ21 )q = ε2γ

q
2 ,

✇❤❡r❡ ε1 ∈ UF , ε2 ∈ C✱ ❛♥❞ γ1, γ2 ∈ F×✳ ❍❡♥❝❡ t❤❡ ✉♥✐t ε ✐♥ (4.3) ❝❛♥ ❜❡ ❝❤♦s❡♥

❢r♦♠ C ❛s ❝❧❛✐♠❡❞✳

❖♥❝❡ t❤❡ r❡❛s♦♥✐♥❣ ♦✉t❧✐♥❡❞ ✐♥ t❤❡ ✜rst s❡❝t✐♦♥ ✐s ❝❛rr✐❡❞ t❤r♦✉❣❤ ✐♥ ❛ ♣r❡❝✐s❡

❢♦r♠✱ t❤❡ r❡❧❛t✐♦♥ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ (4.5) s❛②s t❤❛t

((x− ζ)(x− ζ−1))θ1θ3−rN ∈ (F×)q

❢♦r ❛♥② θ1 ∈ A1 ❛♥❞ θ3 ∈ A3✱ ✇❤❡r❡ r ∈ Fq ✐s s♦ ❝❤♦s❡♥ t❤❛t t❤❡ ♠❛♣ θ1θ3 −
rN =

∑
c ncσc s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥

∑
c nc = 0✳ ❚❤❡♦r❡♠ ✹✳✶ t❤❡♥ t❡❧❧s ✉s t❤❛t

θ1θ3 − rN = 0✳ ❈♦♥s❡q✉❡♥t❧②✱ A1A3 ⊆ RN ✳ ◆♦t✐♥❣ t❤❛t RN = A1A2A3 ❛♥❞

A1, A2, A3 ❛r❡ ♣❛✐r✇✐s❡ ❝♦♣r✐♠❡✱ ✇❡ ❞❡❞✉❝❡ t❤❛t A2 = 〈1〉✳ ❚❤❡♥ C = Cq.

✹✳✸ ❆ ❝♦♥tr❛❞✐❝t✐♦♥

❚❤❡ ❡q✉❛❧✐t② C = Cq ♠❡❛♥s t❤❛t ❡✈❡r② ❝②❝❧♦t♦♠✐❝ ✉♥✐t ✐♥ F ✱ ✇❤❡♥ r❡❣❛r❞❡❞

♠♦❞✉❧♦ q2✱ ✐s t❤❡ qt❤ ♣♦✇❡r ♦❢ s♦♠❡ ♥♦♥③❡r♦ ✐♥t❡❣❡r ♦❢ F ✳



❈❤❛♣t❡r ✹✳ ❆♥ ❛♣♣❧✐❝❛t✐♦♥✿ ❈❛t❛❧❛♥✬s ❈♦♥❥❡❝t✉r❡ ✸✽

❲❡ ✇✐❧❧ ♥❡❡❞ t❤❡ ♥♦t✐♦♥ ♦❢ ❝②❝❧♦t♦♠✐❝ ✉♥✐ts ✐♥ t❤❡ ✇❤♦❧❡ ✜❡❧❞ Q(ζp)✳ ■♥ t❤✐s

✜❡❧❞✱ t❤❡s❡ ✉♥✐ts ♠❛❦❡ ✉♣ ❛ s✉❜❣r♦✉♣ C0 ♦❢ Z[ζp]× ❣❡♥❡r❛t❡❞ ❜② C ❛♥❞ ζp✳ ❙✐♥❝❡

ζp = ζdqp ✱ ✇❤❡r❡ d ✐s t❤❡ ✐♥✈❡rs❡ ♠♦❞✉❧♦ p ♦❢ q✱ ✇❡ ♥♦✇ ❤❛✈❡ t❤❛t ❛❧❧ ✉♥✐ts ✐♥ C0 ❛r❡

qt❤ ♣♦✇❡rs ♠♦❞✉❧♦ q2✳

■♥ ♣❛rt✐❝✉❧❛r✱ s♦ ✐s t❤❡ ✉♥✐t 1 + ζqp =
1− ζ2qp
1− ζqp

✳ ❚❤✐s ❣✐✈❡s ✉s ❛ ❝♦♥❣r✉❡♥❝❡ ♦❢

t❤❡ ❢♦r♠ 1 + ζqp ≡ ηq ♠♦❞ q2✳ ❆ ✇❡❧❧✲❦♥♦✇ ♣r♦♣❡rt② ♦❢ ❜✐♥♦♠✐❛❧ ❝♦❡✣❝✐❡♥ts t❤❡♥

✐♠♣❧✐❡s t❤❛t (1 + ζp)
q ≡ ηq ♠♦❞ q✳ ❇② ♠❡❛♥s ♦❢ t❤❡ ❘✉❧❡ ♦❢ ▲✐❢t✐♥❣ t❤❡ ❊①♣♦♥❡♥t

✇❡ t❤❡r❡❢♦r❡ ♦❜t❛✐♥

(1 + ζp)
q ≡ 1 + ζqp ♠♦❞ q2.

❍❡♥❝❡ t❤❡ ♣♦❧②♥♦♠✐❛❧

f(T ) =
1

q
((1 + T )q − 1− T q) ∈ Z[T ]

❤❛s ζp ❛s ❛ ③❡r♦ ♠♦❞✉❧♦ q✱ ❛♥❞ ❛❧s♦ ✐ts ❝♦♥❥✉❣❛t❡s ζkp , k = 1, · · · , p−1. ❈♦♥s✐❞❡r f(T )
❛s ❛ ♣♦❧②♥♦♠✐❛❧ ♦✈❡r t❤❡ ✜❡❧❞ Z[ζp]/Q✱ ✇❤❡r❡ Q ✐s ❛ ♣r✐♠❡ ✐❞❡❛❧ ❢❛❝t♦r ♦❢ < q >✳

❙✐♥❝❡ t❤✐s ♣♦❧②♥♦♠✐❛❧ ❤❛s p− 1 ❞✐st✐♥❝t ③❡r♦s✱ ✐ts ❞❡❣r❡❡ q− 1 ✐s ❛t ❧❡❛st p− 1✳ ❚❤❡

♣r✐♠❡s p ❛♥❞ q ❛r❡ ❛ss✉♠❡❞ ❞✐✛❡r❡♥t✱ s♦ t❤❛t ✇❡ ♠✉st ❤❛✈❡ q > p✳ ❇✉t p ❛♥❞ q ❝❛♥

❜❡ ✐♥t❡r❝❤❛♥❣❡❞✱ s♦ t❤❡ ❛❜♦✈❡ ✐♥❡q✉❛❧✐t② ❝❛♥♥♦t ❜❡ tr✉❡✳

❋♦r ♠♦r❡ ❞❡t❛✐❧s✱ s❡❡ ❬▼❡t❪ ♦r ❬❙❝❤❪✳



❇✐❜❧✐♦❣r❛♣❤②

❬❆▼❪ ▼✳ ❋✳ ❆t✐②❛❤ ❛♥❞ ■✳ ●✳ ▼❛❝❞♦♥❛❧❞✱ ■♥tr♦❞✉❝t✐♦♥ t♦ ❈♦♠♠✉t❛t✐✈❡ ❆❧❣❡❜r❛✱

✇❡st✈✐❡✇ ♣r❡ss ✭✷✵✶✻✮✳

❬❈❛s❪ ❏✳❲✳❙✳ ❈❛ss❡❧s✱ ❖♥ t❤❡ ❡q✉❛t✐♦♥ ax− by = 1✱ ■■✱ Pr♦❝✳ ❈❛♠❜r✐❞❣❡ P❤✐❧♦s✳ ❙♦❝✳

✺✻ ✭✶✾✻✵✮✱ ✾✼✲✶✵✸✳

❬❈❤✐❪ ◆✳ ❈❤✐❧❞r❡ss✱ ❈❧❛ss ❋✐❡❧❞ ❚❤❡♦r②✱ ❯♥✐✈❡rs✐t❡①t✱ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ◆❡✇ ❨♦r❦

✭✷✵✵✾✮✳

❬❈❘❪ ❈✳ ❈✉rt✐s ❛♥❞ ■✳ ❘❡✐♥❡r✱ ▼❡t❤♦❞s ♦❢ r❡♣r❡s❡♥t❛t✐♦♥ t❤❡♦r②✱ ✈♦❧✉♠❡ ✶✱ ❏♦❤♥

❲✐❧❡② ❛♥❞ ❙♦♥s✱ ■♥❝✳✱ ◆❡✇ ❨♦r❦ ✭✶✾✽✶✮✳

❬●r❛❪ ●✳ ●r❛s✱ ❈❧❛ss❡s ❞✬✐❞❡❛✉① ❞❡s ❝♦r♣s ❛❜❡❧✐❡♥s ❡t ♥♦♠❜r❡s ❞❡ ❇❡r♥♦✉❧❧✐ ❣❡♥❡r✲
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