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Resumo

Motivados pela crescente importancia que as varifolds tém assumido na analise geométrica,
nesta tese de mestrado estudamos os detalhes da prova agora classica do teorema de regu-
laridade de Allard. Seguiremos de perto a abordagem deste tépico desenvolvido nas notas
de Camillo De Lellis [Lell12]. Por esta razdo uma versao mais fraca do Teorema 8.1 de
[All72], que concerne as varifolds com curvatura media generalizada é demonstrada. Isto
permite de obter demonstraces simplificadas apesar de manter incluidas todas as técnicas

e as dificuldades do caso geral.

Palavras chaves: Varifolds, Curvatura média geralizada, Teorema interior de Allard, Teoria

Geométrica da Medida.



Abstract

Motivated by the fast growing importance that varifolds are assuming in geometric anal-
ysis, in this master thesis we study the details of the proof of the by now classical Allard’s
regularity theory for integral varifolds. We follow very closely the approach to this topic
developed in the notes of Camillo De Lellis [Lell2]. For this reason a weaker version of
Theorem 8.1 of [All72], which concerns varifolds with bounded generalized mean curvature
is proved. This allows simplified proofs even if all the principal technics and difficulties

of the general case appears already here.

Key words: Varifolds, First variation of a Varifold, Generalized mean curvature, Allard’s

interior regularity Theorem, Geometric Measure Theory.
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Introduction

In the 1920, Besicovitch studied linearly measurable sets in the plane, that is sets with
locally finite lenght. This marks the beginning of the study of the geometry of measures
and the associated field known as Geometric Measure Theory. When considering geomet-
ric variational problem like the Plateau’s problem or the isoperimetric problem, in general
we minimize some geometric functional like the area functional over an admissible family
of hypersurfaces subjected to various topological and/or analytical family of conditions,
as, fixed volume, fixed boundary, etc. Even if the family of admissible hypersurfaces could
be chosen as nice (smooth) as possible, it could happens that a minimizing sequence could
converge to an object which lives outside the world of smooth objects, allowing for the
raising of singularities. These new objects could be interpreted as the real mathematical
model for the physical problem of Plateau or of interfaces. The advantage of using vari-
folds or other objects of the Geometric Measure Theory, like finite perimeter sets, is related
to compactness an regularity properties which guarantee existence and regularity results
once impossible to obtain. Furthermore those results make abstraction of the complete
list of singularities that we have to include in the definition of an object which models
our physical soap-film like hypersurfaces. Of course it is useful to know all possibles types
of singularities that could appear, but the current state of the art still does not permits
to achieve this goal. However varifolds offer geometrically significant solutions to a wide
number of variational problems without having to know what all the possible singulari-
ties can be. In this thesis we are concerned with the proof of Theorem 8.1 of [All72], but
actually we will give just a proof of a weaker result following the treatment of the proof
of Theorem 3.2 of [LLel12]. One of the big differences between the result treated here and
[All72] is that we restrict the theory to varifolds with bounded generalized mean curva-
ture, whereas a suitable integrability assumption is usually sufficient. A second drawback

is that hypothesis (H2) in Allards interior e-regularity Theorem 4.1 is redundant. Still,



the statement given here suffices to draw the two major conclusions of Allards theory.
A third disadvantage is that a few estimates coming into the proof of Theorem 4.1 are
stated in a fairly suboptimal form. This work could be intended as a preparatory text to

the reading and understanding of the more complete and sophisticated sources [Sim&3]

and [All72].



Chapter 1

Measures and outer measures

Definition 1.1. Let P(X) be the set of all subsets of an arbitrary set X. An outer

measure | on X is a set function on X with values in [0, 00|, i.e.,
p:P(X) = [0, 00],
such that the following properties are satisfied
1. p(0) =0,
2. if E C U, ey En, then u(E) <Y o 1(Ey).
Definition 1.2 (o-algebra). Given a family F C P(X) such that
1. D e F,
2. if E € F then X\ FE € F,

3. if {Exren 15 a sequence of elements of F, then the countable union | J oy Ex belongs

to F.
The family F s said a o-algebra.

Definition 1.3 (0 — aditivity). Given a family F of subsets of X, closed with respect to

countable unions, we say that a set function p on X is o-additive on F, provided that

" (OneNEn) = ulEn),

neN

for every disjoint sequence {E,}nen C F.



Definition 1.4. The pair (X, F), where X is a set and F a 0 — algebra on X, is said a
measure space. Let (X, F) be a measure space, we say that a function p : F — [0, 400],

is a (abstract) measure, if p is an outer measure and satisfy the o-additivity property on

F.

There exist various examples of (concrete) measures, but among them we will consider
two that are of particular interest in the calculus of variations and geometric measure

theory.

Example 1.1 (Lebesgue Measure). Let E C R", the n-dimensional Lebesgue mea-

sure of E is defined as
£(E) = inf Y r(@)"

where F is a countable covering of E by cubes with sides parallel to the coordinates axis,
and r(Q) denote the length of a side of Q.

L™ is an outer measure (by construction). Moreover it is translation-invariant, that is
L'z + E)=L"(F),

and satisfy the scaling law

LYAE) = ALP, WA > 0.
If B={x € R": |z| < 1} is the Euclidean unit ball of R", we set w, = L"(B).

Example 1.2 (Hausdorff Measure). Given n,k € N, 6 > 0, the k-dimensional Haus-
dorff measure of step 0, of E C R" is defined as

Hy(E) = inf Y w <%(F)>k (1.1)

fer

where F 1s a countable covering of E by sets F C R™ such that diam(F') < 4.
The k-dimensional Hausdorff measure of E is
HY(E) := supHi = lim HE(E). (1.2)
6>0 640
H§ is an outer measure, hence H* is an outer measure too. H* is translation-invariant,
and satisfy a scaling law. The Hausdorff measure is a quite suitable generalization of the

notion of area on a k-dimensional parametrized surface.



The following are basic results in measure theory and the only purpose is to illustrate
the properties of Hausdorff and Lebesgue’s measures, the proof of those can be found in

any good textbook on measure theory as for example [Fed14] or [Magl2].

Theorem 1.1 (Caratheodory’s theorem). If pu is an outer measure on R™ and define

M(p) as the family of those E C R™ such that
W(F) = W(ENF) + u(F\ E) YF CR"
then M(u) is a o — algebra, and p is a measure on M(u).

Remark 1.1. When we define a measure p' starting from an outer measure p we always
consider 1’ defined as the restriction of p on M(u), so i’ is always a complete measure.

This is what we do with the Hausdorff measure H*.

1.1 Measure and Integration

Definition 1.5. A function v : E C R" — [—o00, +00] is said p-mesurable on R" if
w(R™\ E) =0, and if for allt € R

{u>ty={re€FE: ulx)>t}

belongs to M(u). A function u is a p-simple function on R", if is u-mesurable and

the 1mage of u is countable.

Definition 1.6. Given a non-negative, p-simple function u, the integral of u with

respect to y is defined in [0, 00| as the series
[ = tutu =1,
" teu(Rm)
with the convention that 0 - oo = 0.

When u is a p-simple function, and either

/u‘du, or, / utdu,

15 finite, we say that u is p-integrable simple function, and set

/ud,u:/ u+d,u—/ u”dpy.

7



Letu: E C R" — [—o00,+00] be a function such that u(R™\ E) = 0; we define the upper

and lower integrals with respect to | as

/udu:ing{/ vdu:vZu,u—a.e.on]R"},
n vE n
/ ud,u:sup{/ vd,u:vgu,u—a.e.onR"},
*R” vES R”

where § 1s the family of p-integrable simple functions of R™.

/udu:/ udjs,

we say that u is a p-integrable function, and this common value is called the integral

/ udj.

Theorem 1.2 (Monotone Convergence Theorem). Let {u, }nen be a sequence of p-mesurable

If u is p-mesurable and

of u with respect to i, denoted by

functions u, : R™ — [0, 00] such that u, < upy1, p-a.e. on R™, then

lim und,u:/ SUp Uy djs.
R™ R

n—oo n neN

If, instead, u, > U1 and uy € L'(R™; ), then

lim Updp = / inf w,du.
n—00 Rn Rn neN

Theorem 1.3 (Fatou’s Lemma). Let {u,}nen be a sequence of p-mesurable functions

Uy, : R" — [0, 00|, then

/ lim inf u,dp < liminf/ UpdL.
R n

n M—00 n—00

Theorem 1.4 (Dominated Convergence Theorem). Let {u,}nen be a sequence of pu-
mesurable functions, such that converges pointwise to some limit function u, p-a.e. on

R" and if exist v € L' (R™; ) such that
lun| <v  p—ae. on R",

then
/ udp = lim Updpt.

n—00 fpn



Theorem 1.5 (Egoroft’s Theorem). Let {u, }nen be a sequence of pi-mesurable functions,
such that converges pointwise to some limit function u, p-a.e. on R"™, then for everye > 0

and for every E' € M(u) with u(E) < oo, there exists ' € M(u) such that
pw(E\ F) <eand u, — u uniformly on F.

Definition 1.7 (Product Measure). Let p be an outer measure on R"™, and let v be an

outer measure on R™, an outer measure
pxv:PR" xR™) — [0, o0,

1s defined at G C R™ x R™ by setting

where F is a covering of G by sets of the form E x F, where E € M(u) and F € M(v);
i X v is called the product measure.

To every x € R™ there corresponds a vertical section G, C R™ x R™
G, ={y e R": (z,y) € G}.

Theorem 1.6 (Fubini’s Theorem). Let p be an outer measure on R, and let v be an

outer measure on R™
1. If E € M(p) and F € M(v), then E x F € M(u X v) and
puXv(ExF)=uE)(F)
2. For every G C R" x R™, there exists H € M(u X v) such that
GCH, and p x v(G) = pu x v(H).
3. If G C R™xR™ is o-finite with respect to ux v, then G, € M(v) for p-a.e. x € R".
Moreover
r € R" — v(G,) is i — mesurable on R",
px () = [ v(G)dula).
4. Ifue LY(R" x R™; X v) then

reR"— [ u(z,y)dv(y) € L'(R"; p),
]Rm,

/ ud(u x v) = / dp(x) / ul, y)av(y).



1.2 Borel and Regular Measures

Definition 1.8. Let p be a measure on R™, we say that i is a Borel measure on R", if
M(p) = B(R™), where B(R"™) is the o-algebra generated by the open sets of R", i.e., the

smallest o-algebra containing the topology of R™.

Theorem 1.7 (Caratheodory’s Criterium). If u is an outer measure on R™, then p is a

Borel measure on R™ if and only if
/,L(El U EQ) = ,U(El) + N(E2)7
for every Ey, Es C R"™, such that dist(Ey, Es) > 0.

Example 1.3. The first example of a Borel measure, is the Lebesques’s measure restricted
to B(R™). to prove this is a Borel measure, we will use Theorem 1.7, so it is enough to

prove

L"(Ey U Ey) > L"(Ey) + L™ (Ey),

for every Ey, E5 C R™ such that dist(Ey, E3) > 0. Let F be a countable family of disjoint

cubes with sides parallel to the axis such that

EUEC ]

QEF

Since L™ is additive on finite disjoint cubes, up to further divisions of each @@ € F into

finite sub-cubes, we may assume diam(Q) < d = dist(Ey, Ey) for every Q € F. Set
E:{QEFZQmEj%(Dh

then FiNFy =0 and E; C ﬂQefj Q, 7 =1,2, so that

D@ = Y@+ )y (@
QeF QEF QEeF2
> L"(Ey) + L (Es).
Finally, by the arbitrariness of F, we conclude

LB U Ey) > L(E)) + L£7(Bs).

Thus by Theorem 1.7 L™ is a Borel measure.

10



Example 1.4. Let Fy, E; C R"™ be such that dist(Ey, Es) = d > 0, choose 0 < § < d/4,
and let F a family of disjoint subsets of R" such that diam(F') < 0 for all F € F. Set

F,={FeF:FNE}#0 j=12,

then F1 N Fy =0 and E; C ﬂQefj Q, 7=1,2, so that

o (S () (i)

FeF FeF FeFs

> M5 (Er) + Hg(E).
Taking the supremum over all coverings F, we find
Hs(B1 U Ey) > Hi(Er) + Hg(Es),
provided 0 < 40 < d. Letting 6 — 0 we get
HY(E1 U Ey) > HH(Ey) + HE(E).
Hence, by Theorem 1.7, H* is a Borel measure.

Definition 1.9. A Borel measure p is said regular, if for every F' C R"™ there exists a

Borel set E such that F' C E, satistying

Example 1.5. Let us prove that H* is reqular. Let m € N and let E C R"™. Since
, diam(F)\"
Hl/m( ) H}.fwk Z ( 9 ) )
FeF
where F is a covering of E such that for every F' € F, diam(F) < § = %, there exist a
covering F,, of closed sets such that

diam(F k 1
o 3 (M) <0+

FeFm

Set

= UF

meN FeF,
Notice that G is a Borel set, E C G and

dzam 1

m
feEFm

11



Then, making m — oo we get

HMNG) < HH(E),

by monotonicity of HF we get
HN(E) < HH(G),

Then H* is a reqular measure on R".

1.3 Approximation Theorems for Borel Measures

Theorem 1.8 (Inner approximation by compact sets). If p is a Borel measure on R™,
E € B(R"™) with u(E) < oo, then for every e > 0 there exists K C E compact set such
that p(E \ K) < e, in particular

w(E) =sup{u(K) : K C E compact}.
Definition 1.10. An outer measure p on R™ is locally finite if
u(K) < oo, VK CR" compact.

Theorem 1.9 (Outer Approximation by Open Sets). If p is a locally finite measure on
R"™ and E € B(R"), then

u(E) =inf{u(A) : E C A, A open}
=sup{u(K) : K C E, K compact}.

1.4 Radon Measures. Restriction, Support and Push-
forward

Definition 1.11. An outer measure ju is a Radon measure in R", if it is a locally

finite, Borel reqular measure on R™.

By the previous theorem if i is a Radon measure then

p(E) =inf{u(A) : E C A, A open set}

=sup{u(K): K C E, K compact set},

12



for every E € B(R™). Thus by Borel regularity a Radon measure p is characterized on

M () by its behaviour on compact (or on open) sets.

Example 1.6. Since L is trivially locally finite, and by the previous comments it is a
Borel reqular measure, then L is a Radon measure. On the other hand if 0 < k < n, H*

1s not locally finite because
H"(A) = 0o, VA, open set.

To prove this let us introduce the notion of Hausdorff dimension of a set, to do this
it is needed a generalization of our classical Hausdorff measure. Given s € [0,00), the
s-dimensional Hausdorff measures Hj and H* are defined by simply replacing k

with s in (1.1) and (1.2) and replacing the normalization constant wy by,

s/2
i > 9

T T(ts2y TFT

where T :]0, 00[— [1,00] is the Euler Gamma function
['(s) = /OOO tle7tdt, s> 0.
Then we define the Hausdorff dimension of E as
dimy(F) := inf{s € [0, co[: H*(E) = 0}.

Now, it is easy to check that if E € R", then dim(F) € [0,n], so let us prove that, if
H3(E) < oo, for some s € [0,n], then H'(E) = 0 for every t > s. Indeed, if F is a
countable covering of E by sets of diameter less than &, then

HUE) <wi Y. (w)t < (g)t_s %w; (W)

FeF
That is HE(E) < C(t,8)0"*H*(E). Letting 6 | 0 we have that H'(E) = 0. By definition
of Hausdorff dimension, we have that, if A € R™ is an open set H"(A) > 0 and k < n
then HF(A) = +o0o. However, if E € B(R™) with u(E) < oo, then H*_E is a Radon

measure in R™, as we can see in the next theorem.

Definition 1.12. Given an outer measure p on R", and E € R", the restriction of
to F is defined as
u E(F)=pn(ENF), FCR"

We have M(u) C M(uE).

13



Proposition 1.1 (Restriction of Borel Regular Measures). If i is a Borel reqular measure
on R", and E € M(u) is such that u E is locally finite, then u E is a Radon measure

on R™.

Definition 1.13. An outer measure pn on R™ is concentrated on E C R" if u(R"\ E) =
0. The intersection of the closed sets E such that u is concentrated on E is denoted Spt()
and called the support of n. In particular

R™\ Spt(p) = {z € R" : u(B(x,r)) =0 for some r > 0}.

Definition 1.14. Given a funcion f : R® — R™ and an outer measure p on R", the

push-forward of p trough f is the outer measure fypu on R™ defined by the formula

fa(E) = u(f~Y(E)), ECR"™

Proposition 1.2 (Push-forward of a Radon Measure). If u is a Radon measure on R™,
and f : R" — R™ is a continuous proper function, then fyu is a Radon measure on R",

Spt(fyn) = f(Spt(p)), and for every Borel mesurable function u : R™ — [0, 00| it holds

[ it = [ o i

1.5 Radon Measures and Continuous Functions

Theorem 1.10 (Lusin’s Theorem). If p is a borel measure on R*, u : R* — R is a
continuous function , and E € B(R™) with u(E) < oo, then for every € > 0 there exists a

compact set K C E, such that u is continuous on K and
wE\ K) <e.

Definition 1.15. Let L : CO(R™;R™) — R be a linear functional, we define the total

variation of L as the set function
L] : P(R") = [0, 00],
such that, for any A C R™ open set
|LI(A) = sup{{L, ¢) : ¢ € C(AR™), |¢| <1},
and for any arbitrary E C R"
|L|(E) :=inf{|L|(A) : E C A, A open set}.

14



Theorem 1.11 (Riez Representation Theorem). If L : C?(R™;R™) — R is a bounded
linear functional, then its total variation |L| is a positive Radon measure on R"™ and there

exists a |L|-mesurable function g : R™ — R™, with |g| = 1, |L|-a.e. on R"™ and
L) = [ (pgddLl, Ve CHR"R™),
that is, L = g|L|. Moreover, for every open set A C R™ we have
) =sun{ [ Goa)dlel s o € CHAR™, ol <1,
and for each arbitrary subset E C R™ the following formula holds

|L|(E) := inf{|L|(A) : E C A and A is open}.

1.6 Weak* convergence of Radon measures

Remark 1.2. If L is a monotone linear functional on C?(R"), i.e., L(p1) < L(yp2)
whenever p; < o, then L is bounded on C°(R"), and by Theorem 1.11 it holds

(L, p) =/ wgd|L|,

where g : R™ — R is |L|-mesurable, with |g| =1 |L|-a.e. on R™, and

Lo = [ wdLl voe o)

Note also that if two Radon measures pi1, jto on R™ coincides as linear functionals, that is

/ sodm:/ edps, Ve € COR™),

then we have iy = ps, so Radon measures can be unambiguously identified with monotone

linear functionals on C°(R").

Remark 1.3. Let B,(R"™) denote the family of bounded Borel sets of R™ and B(E) the
family of bounded sets contained in E C R™. If L is a bounded linear functional on

COY(R™; R™), then L induces a R™-valued set function

v:B,(R") — R™

Ew—v(E):= / gd|L|,
E

15



that enjoys the o-additivity property
v (U En> = ZV(En),
neN neN
on every disjoint sequence {Ey }nen C B(K) for some K compact set in R™.
Thus bounded linear functionals on CO(R"™; R™) naturally induces a R™-valued set function

on R"™ that are o-additive on bounded Borel sets.

Definition 1.16. Taking into account Remark 1.2 and the Remark 1.3, we define a
R™-valued measure Radon measure on R"™ as the bounded linear functionals on
CO(R™; R™), when m = 1 we speak of signed Radon measures on R™, we shall al-
ways adopt the Greek symbols v, etc. in place of L to denote the vector valued Radon

measures and also set
(1, ) :=/ @ - du,

to denote the value of the R™-valued Radon measure pn on R™ at p € CO(R™; R™).

Definition 1.17. Let {p, }nen and p Radon measures with values in R™. We say that p,

weak* (pronounced weak star) converge to u, and we write ji, = p, if
/ pdp = lim [ odp,, Ve e CJ(R"R™).
n n—00 Jpn

The following Theorem, is an important property of weak™ convergence of Radon
measures, and will be used along the text repeatedly, the full proof of that can be found

in [Mag12] Proposition 4.26.

Proposition 1.3. If {i, tnen and p are Radon measures on R™, then the following are

equivalents

*

1. py — p.
2. If K is a compact set and A is an open set, then

p(K) > limsup p,, (K),

n—oo

u(A) < liminf u,(A).

n—oo

3. If E is a bounded Borel set with (OF) = 0, then

p(E) = lim i, (E).

n—oo

16



Moreover if j, = u the for every x € Sptu there exists {Zn}neny CR™ with

lim z, =z, z, € Sptu,, Yn € N.

n—o0

An important result about weak-x convergence of Radon measures is the following
compactness criteria, and again the best general reference here is Proposition 4.33 of

[Mag12].

Theorem 1.12 (Compactness Criteria for Radon Measures). If {i, tnen is a sequence of
Radon measures on R™ such that, for all compact set K in R"

sup /i, (K) < o0,

neN
then there exists a Radon measure p on R™ and a sequence n(k) — oo, as k — oo such

that

*

Hn(k) — M-

1.7 Besicovitch’s Covering Theorem

We discuss here Besicovitch’s covering theorem, one of the most frequently used technical
tool in geometric measure theory. We omit the proof that could be found in [Magl2],

compare Theorem 5.1 therein.

Theorem 1.13 (Besicovitch’s Covering Theorem). If n > 1 then there ezists a positive
constant £(n) with the following property. If F is a family os closed non-degenerated balls
of R™, and either the set C' of centers of the balls in F is bounded or

sup diam(B) < oo,
BeF

then there exists Fi, ..., Femy (possibly empty) subfamilies of F such that
1. Fach family F; is disjoint and at most countable,

2. CC Ufgi) UEG]-‘Z-'

Corollary 1.1. If u is an outer measure on R™ and F and C are as in Theorem 1.13,

then there exists a countably disjoint subfamily F' of F with



If, moreover, p is a Borel measure and C' is p-measurable, then

ne) <gmp|cn B

BeF!
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Chapter 2

Rectifiable Sets and Geometric

Measure Theory

The main purpose of this chapter is to introduce the notation and main theorems of Geo-
metric Measure Theory, required to understand the proof of Allard’s Regularity Theorem

8.1 [AlIT2).

2.1 Lebesgue-Besicovitch Differentiation Theorem

The first of a series of results is the Lebesgue-Besicovitch Theorem which asserts that
given p and ¥ Radon measures on R", under suitable assumptions, we can decompose v

in "terms” of p. With this aim in mind, let us begin with some definitions.

Definition 2.1. Let pu, v Radon measures on R™, we say that v is absolutely continu-
ous with respect to y, and we write v < p, if for every E € B(R"), u(E) = 0, implies
v(E) =0. We say that pu and v are mutually singular, and we write p L v, if for any
giwen Borel set E € R™, it holds

w(R"\ E) =v(E)=0.

Definition 2.2 (Upper and lower p densities). Let p and v be Radon measures on R™,

the upper n density and the lower p density of v are functions

+,, .
Dv:sptp — [0, 00],

D, v sptp — [0, 00],
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defined respectively as

, B(z,7))
Dty(z) := limsup V(_—’, x € spti,
a ri0 - p(B(z,r))
B
D v(z) := liminf 1/(_($,7”))7 T € sptu.
g 0 p(B(z, )

If the two limits exists and are finite, then we denote by D,v(x) their common value and

call it the p-density on v at x. Thus we have defined a function
Dyv:{x € sptp: D,jv = D;iv} — [0,00].

We have thus defined a special function on sptu, but as we already noticed, we are

interested in Borel functions, and this make the object of the next proposition.

Proposition 2.1. Let p be a Radon measure on R™, let r > 0, let us define u(x) =

w(B(z,7)). Then u is an upper semicontinuous function.

Proof. Let {z,}nen be a sequence of points in R™ such that x,, — x¢ for some zy € R,

and define
M = (T, )by

where 7, (y) = y — x,, clearly u,, is a Radon measure, then applying Theorem 1.4 and

Theorem 1.11 we obtain for every ¢ € C(R")

lim iz, () = lim (7, )gh1()

n—oo

=lim [ ¢ d(7,)p

n—0oo [pn
=/ © 0 Ty, dp(y)
= lim [ o(y—z,)du(y)

n—00 Jpn

— /R Tim_p(y — @n)dp(y)
= /n @y — z0)dp(y)
— / © 0 Ty dp(y)

= [ ¢+ dr)uty),
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hence jt,, = ptz,. Now by Proposition 1.3 and the fact that B(0,7) is compact for all

r > 0 we get easily

lim sup fi, (B(0,7)) < pige (B(0, 7))

n—oo

limsup p(7, ' (B(0,7))) < u(r,.'(B(0,7)))

n—oo

lim sup pu(B(zn, 7)) < pu(B(wo, 7))

n—oo

lim sup u(x,) < u(xg),
n—oo

proving that w is upper semicontinuous. ]

Remark 2.1. If we define v(z) := p(B(x,r)) we can prove that v is a lower semicontin-

uwous function, and the proof goes along the same lines.

Remark 2.2. By Proposition 2.1, D:V and D v are Borel functions, which can be ex-
tended to the whole R"™ and so to D,v. Now, since there exist many countably r > 0 such
that either p(0B(x,r)) =0 or v(0B(z,r)) = 0 (the full proof of this fact can be found in
[Mag12] prop 2.16), if D,v is defined at z, then

B
DuV(ﬂ?)il?}E)lu(E(m,r))’ Vx € sptu.

Theorem 2.1 (Lebesgue-Besicovitch differentiation Theorem). If u and v are Radon
measures on R™, then D,v is defined p-a.e. on R", D,v € L}, (R", 1), and, in fact D,v

1s a Borel measure on R™. Furthermore
v=(Duw)u+v,, on M), (2.1)
where the Radon measure v, is concentrated on the Borel set
Y =R"\ {z € sptp: Djv(z) < oo}
= (R™\ sptp) U{zx € sptp : Div(x) = oo},
in particular; v, L p.

Proof. The proof will be divided into four steps
Step one: First we show that we can reduce (2.1) on B(R"). Clearly (D,v)u is a measure
on M (), so that, by intersecting balls with increasing radii, we see that it suffice to prove

(2.1) on bounded p-mesurable sets.
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Now, if E € M () is bounded, then by Borel regularity of p, there exists F' € B,(R™) with
E C F and pu(E) = p(F); moreover, (v — v;) is a Radon measure on R", again by Borel
regularity there exists a bounded Borel set G with £ C G and (v —v})(E) = (v —v;)(G);
combining those facts with the validity of (2.1) on F' and G, we thus conclude that

>/Duydu
= [ D,vdu
= (v~ V)(F)
Z (V - VZ)(E>7

ie., (v—vi)(E) = [, Duvdp.

“w

Step two:
We show that, if ¢ €]0,4+00] and E € B,(R") then

if EC{D,v <t}, then v(E) <tu(E), (2.2)

if EC{D;v >t}, then v(E) > tu(E).

It suffices to prove (2.2). Fix € > 0 and let A be an open bounded set such that £ C A
and pu(A) < e+ u(E), as £ C {D,v <t} the family

F={B(z,r):x € E, B(x,r) CA, v(B(z,r)) < (t+e)u(B(z,1))},

satisfies the assumption of Corollary 1.1. Hence there exists a countably disjoint subfamily

{E("L‘na rn)}neN C f such that
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and

v(E) = v(B(wn,r0))

neN

<(t+e)Y B, )

< (t+e)u(A)

< (t+e)(u(E)+e¢).

Step three:
We prove that D, v exists and is finite for p-a.e. x € R". It is enough to prove that the

two sets

Z ={Dfv=0oc}, Zy,={D,v<q<p<Div}pqeQ,

have p-measure zero. Indeed, Z C {Dfv > t} for every t € (0,00), and thus, by step two

V(ZQBR) < V(BR).

1(Z N Bg) < s

Since v(Bp) is finite, by letting ¢ — oo and R — oo, we find p(Z) = 0.
Now again by the step two , we have that for all R > 0

V(Zp,q N BR) < QN(Zp,q N BR) < %V(Zp,q N BR)-

Since ¢/p < 1, we have u(Z,, N Br) = 0, and thus u(Z,,) = 0.
Step four:

Let us set v = v + vy, where
n=vL(R"\Y), rp=wY, Y =(R"\Sptp)U{D;v=oc}.
By step three pu(Y) = 0, thus v L pu. We are left to prove that
v(EN{D}v < oo}) = / D, vdp,
E
for all £ € B,(R™). By step two
v({D, =0} NBg) <v({D, <e}N Bg)
< eu(Br),

therefore v ({D; = O}) = 0. As D,v exists and is finite py-a.e. on spty, we are thus

reduced to prove

YW N E) = / Doy, (2.3)
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for all Borel set E, where
W ={z € sptp: D,v exists, 0 < D,v < oo}.
To prove (2.3), fix t € (1,00) and let
Ey:=En{weW :t* < Dy(w) <t} VkeZ

As {Ej}ren is a sequence of disjoint Borel sets, with £ENW = |,y £k, we find

D,vdy = D, vdy = D, vdy,
Jypwn= [ P =3 |

kez Y Er
V(ENW) =Y v(E).
kEZ

By step two, we have v(E}) < t**1u(Ey), and thus

v(ENW) <Y v(E)

keZ

< T u(Ey)

kEZ

=ty thu(Ey)

keZ

StZ/ D,vdpu
Ex

kEZ

<t D, vdpu.
ENW

Again by step two, we have v(E},) > t*u(Ey), and so

V(ENW) > v(E)

kEZ

>t u(By)

keZ

1

kEZ

- D,vdu
kez Y Er

> - D,vdp.
t Jenw

Letting ¢ — 17, in the preceding inequality we have
v(ENW) = D, vdpu.

Enw
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The following Corollary is the natural extension of Theorem 2.1 to vector-valued Radon

measures, and the proof is an easy exercise of decomposition of measures.

Corollary 2.1. If v is an R™-valued Radon measure on R™, and p is a Radon measure

on R", then for p-a.e. x € R™ there exists the limat

which defines a Borel vector field D,v(x) € Li, (R, u, R™), with the property that

loc
v = (D)t vl on M)
where v, L p.

To end this section we show an important and direct consequence of Theorem 2.1,

known as Lebesgue’s points Theorem.

Theorem 2.2 (Lebesgue points). If u is a Radon measure on R", p € [1,00[ and u €
Ll

loc

(R™, u), then for p-a.e. xz € R™

1

i s / o) ) Paty) =0

In this case, we say that x is a Lebesgue point of u with respect to .

Proof. First we claim that for p-a.e z € R”

1

1}&)1 B /B(M) udp = u(x). (2.4)

First we observe that the signed measure v = up is clearly absolutely continuous with

respect to u, and thus, by Theorem 2.1, for py-a.e. x € R™ the limit
B 1
D,v(z) = lim v(B(z,r) = lim —/ udju,
B(z,r)

exists, and for every Borel set F

/udu =v(F)= / D,vdy,
E E

in particular, v = D,v, p-a.e. on R", so (2.4) is proved.
Now let Q = {qx}ren. For every k € N there exists a p-null set Ej such that

).
lim ——— u— qilPdp = |u(x) — qil?, Ve e R"\ Eg.
{0 ,LL(B(SL',T’)) B(z,r) ’ ‘ ‘ ( ) ‘ \
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If £ = U,en Bk, then p(E) =0 and for al z € R"\ F and k € N

[ o= apdu= ([ o) -t o - )
B(z,r) B(z,r)
<27 (luto) = aluBler) + [ o)
B(z,r)

then, dividing by pu(B(z,r)) and taking limits we have

1

lim—/ u(z) — ulPdp < 207 Hu(x) — qil?,
70 /,L(B(l’,’l")) B(z,r) ’ ) ’ ’ )

for all £ € N. So taking a subsequence of {g }ren, such that g, — u(z), we conclude the

proof. ]

2.2 Area Formula

The purpose of this section is to prove an important result about Lipschitz injective
functions, which roughly speaking, relates the Hausdorff measure of the image of a mea-
surable set with the Jacobian of a function f, which by Rademacher’s Theorem exists
L"a.e. © € R" (The full proof of the Rademacher’s Theorem can be found in [Magl2]
Theorem 7.8, or [EG15] Theorem 3.1.2).

Before continuing, let us establish a few important facts about linear transformations and

define the Jacobian of a function f.

Definition 2.3. Let f : R" — R™, 1 < n < m. We define the Jacobian of f as the
Borel bounded function Jf : R" — [0, 00], by

Vdet (Vf(z)*V f), if f is differentiable at x;
Jf(x) =

0, if f is not differentiable at x.
Notice that {x € R" : Jf(x) < oo} coincides with the set of points x € R"™ at which
f is differentiable, then by the Rademacher’s Theorem, {Jf(x) < oo} has full Lebesque

measure on R™.

As already noticed, we will use a lot of terminology from linear algebra, then before
to continue let us establish a few facts about linear functions, 7' : R — R™, with n < m.
In first, it is useful to identify the vector space of all R-linear maps from R" to R™,

Homg(R™, R™), with R™ @ R™. This identification is done via the isomorphism of vector
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spaces that depends on the choice of a fixed orthonormal basis W := (v;)1<i<n of R",
completed to an orthonormal basis of V := (v;)1<;<m of R™, that associates to the matrix
A;; = [0;5], the element v; ® v;. In this way every element T = a;;A;; € Homg(R",R™)
is identified with an element 7' = a;;v; ® v;. In general, given v € R" and w € R™,

wRv:x— (v, T)w.

Definition 2.4. Let T € R™ @ R", T is said orthonormal, and we write T € O(n,m),
if (Tu, Tv) = (u,v) for all u,v € R, it is easy to check that, if T € O(n,m), then
kerT'= {0} and

|T|| := sup{|Tu|: |u| =1} = Lip(T) =1, VT € O(n,m).

If T € O(n,m), where Lip(T') denotes the Lipschitz constant of T, then T*T = idgn, where
T* denotes the adjoint of T. If T* € O*(n,m) :={T* : T € O(n,m)} we say that T* is
an orthogonal projection. If T* is an orthogonal projection we have ker T* = T(R™)+

and

IT*|| = Lip(T*) = 1, VT* € O*(n,m),

moreover

|T*u — T*v| = |lu —v|, Vu,v e T(R").

Let Sym(n) :={T e R*@R" : T* =T}, if T € Sym(n) we say that T is symmetric,
and by the spectral theorem, if T € Sym(n) then there exists an orthonormal basis {v}?,

of R™ of eigenvalues of T', such that
T = Z )\ivi X (IR
i=1
where \; = (v;, Tv;).

The next proposition asserts that given 7' € R™ ® R™ we can decompose it in the

following way.

Proposition 2.2 (Polar decomposition). Given T € R™ @ R", then there exist P €
O(n,m) and S € Sym(n) such that

Proof. Since T*T € Sym(n), we have
(T*Tv,v) = (Tv, Tv) = ||Tv||* >0, Yve&R" (2.5)
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By spectral theorem, there exist {\;}; non zero real numbers and {v;}!" ; an orthogonal
basis of R" such that
T*T = Z Aﬂ)i (24 Vs,
i=1
and \; > 0, for 2 = 1,...n, then if we set

VI T =Y /A @ v,
=1

I:={i: X\ >0}, and define

then, by construction, {w;};cs is an orthonormal set of vector of R™, then completing to
a basis {w;}™, of R™ and defining P € O(n, m) by
Pv; = w;,
we get the desired polar decomposition
T = PVT*T, (2.6)

as it is easy to check evaluating (2.6) on the basis {v;}?_;, and remembering that by (2.5)
A; = 0, implies Tv; = 0. O

Before continuing with the discussion of the Area formula, let us prove an important
lemma, which guarantees under suitable assumption the measurability of the image of a

Lebesgue measurable set by a Lipschitz function.

Lemma 2.1. If E is L"-measurable set in R™ and f : R* - R™ (1 < n < m) isa

Lipschitz function, then f(E) is H™-measurable in R™

Proof. We can assume that E' is bounded, so L"(F) < co. As F is L"-measurable, there
exists a sequence { K} }ren of compact sets, such that K, C F and L"(E \ K,) — 0 as
h — 0, since f(K}) is compact, the set (J, oy f(K}3) is a Borel set. The H"-measurability
of f(E) follows, since

H (f(E) VU f<Kh)> < (f(E\ U m))

heN heN
< Lip(fy'c” (E\ U Kh>
heN
= 0.
which allow us to write f(E) like the union of a Borel set and a set of measure 0. O
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Now we introduce the area formula which plays a central role in all the entire theory.

Theorem 2.3 (Area formula for linear maps). If T' € R"®@R" (1 < n < m), then for all
E € R”, it is true that
HY(T(E)) = JT(L"(E)).

Proof. We shall prove the theorem by showing that

HYNT(E)) = %mw), VE C R", (2.7)
JT — %, (2.8)
where B is the unit ball. For brevity’s sake, set
_ H(1(B))
L(B)

We start proving (2.7). First consider the case k£ = 0, then by definition of k£ and linearity
HY(T(B,)) =0, V¥r>0,
hence
H*(T(R")) = 0,
thus H™*(T'(E)) = 0 for all £ € R", and
H"(T(E)) =rL"(E) VE R
Now, let kK > 0, so that T is injective and define an outer measure v on R" as
v(E)=H"(T(E)), ECR"
By the previous Lemma and Proposition 1.1, H" (T (R"™)) is a Radon measure on R"™.
Since T" maps compact sets into compact sets, and
v=(T7);(H"(T(R"))),
then v is a Radon measure on R", and by linearity of 7" and the definition of s
v(B(z,r)) = H(T(B(z,1)))
=H"(Tx+rT(B))
= H"(rT'(B))
= H(T(B))
=r"L"(B)k VzeR" r >0,
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hence v < L™, with Dznv = K, on R, then by (2.1) we have
v=~rL"  —on M(L").

We deduce finally that v = x£" on P(R").
Now, we prove (2.8). Let T'= PS, the polar decomposition of 7', then

L'(E) < H'(P(E)) < L(E),

that is L"(E) = H"(E), in particular, if ) C R™ and we set E' = S(Q) then

__H(T(Q)
£1(Q)
_ H(PS(Q)) £7(E)
£(E) £(Q)
_ L(S(Q)
Q)

If S =", \v; ®v;, then the cube
Q={z eR": |(z,v;)| <1/2},
with unit side lengths and faces perpendicular to v;, is mapped by S into
S(Q) :=A{z e R": [{z,v;)| < [Nil/2},
a parallel cube, possibly degenerated, with sides length given by |\;|, hence
£(S(@) = [ 1Al = [ det S| = |det S1£7(Q).

i=1
and k = | det S|. Finally we note that T* = S*P*, P*P = idgn, and

S*S = i A ® v,

i=1
then

= /det(S*S)

n 1/2
(1)
i=1

n

| Ail
1

~

= |det S|

= K.
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The following result is a suitable formulation of Sard’s Lemma for Lipschitz functions

instead that for the classical C! functions.

Theorem 2.4. If f : R" — R™, with 1 < n <m, is a Lipschitz function, then

where E ={x € R": Jf(z) = 0}.

Before continuing, and for notational convenience, let us denote B¥ = {z € R* : |2| <
r}, the ball of radius r centred at the origin of R¥. If I C R™, set I.(F) = {z € R™ :
dist(z,F) < €}, for the e-neighbourhood of F in R™. Let D, = {(z,y) € RF x R™~* .

|z| < s,y =0} be the k-dimensional disk in R™ of radius s > 0.

Proof. The prof of this Theorem 2.4 will be divided into three steps.
Step one:

We claim that, if 1 < n < m, then
Ho (I5(Ds)) < C(n,s)d, Vo €]0,1].
Indeed, if we set
K :={(2,9): |2| < s, |yl <} = BE, x By* ",

then there exists a finite covering F of I5(D;) such that each F' € F is a translation of
K, and the cardinality of F is bounded from above by C'd~!, for some C' > 0. Moreover,
if ' € F then

diam(F)? = diam/(K)?
= diam(BY,)* + diam(B}* %)
= 46%s% 4 6°

=46%(1 + s?),
since 0 €]0, 1] and n — k > 1, we conclude that

H (I(D.) < wnz <dia;nF>n

FeF

< C(n)(1 + s*)"/2nk

HE (I5(Ds)) < C(n,s)d. (2.9)
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Step two:
If x € E, so that Jf(x) =0, then L, = V f(x)(R") is a linear subspace of R™, with

k=dim(L,) <n—1<m.

If £ > 1 then Vf(x)(B)) is contained into a k-dimensional disk of radius Lip(f) in R™
for all » > 0, i.e.

Vf(x)(B)) C Bl N Ly, Vr>0.

Hence by (2.9), for all € €]0,1[ and r > 0 we find

HE L (V () (B])) < Hoo(Ler(Big), N La))
<" H o (L(BLipp) N L))

< C(n, Lip(f))r"e.
If k=0, then Vf(z)(R") = {0}, and for all £ €]0, 1] and r > 0

HooLr(V f(2)(B))) = H"(B%)
< w,r'e”

< w,r"e.

Steep three:
If v € E, and ¢ €]0, 1], then as f is differentiable on F, there exists r(e,x) €]0, 1[ such
that

[f (@ +v) = fz) = Vf(z)v] <elul,

whenever |v| < r(e,z). In particular, for all » < r(e, z) we have that
F(B(@,7)) C f(2) + L(V f(2)(BY)).
Since J f(x) = 0, by the step two we find that r < (e, z) implies
H(F(BL)) < Clon, Lip(f))er™ 2.10)
Given the family of open balls

F=A{B"(x,r):x € ENBE, 0<r<r(ex)},
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has the bounded set E N B} as the set of its centers; let {E}finl) the subfamily of F
given by Theorem 1.13. Since £ N Br C Ufg) F;, with F; countably and disjoint, by the
inequality (2.10), easily follows

H*(f(B"(z,7)NE) <Z Z H(f(B"(z,T)))

=1 B"(z r)eF;

<C€Z Z

i=1 Bn(z,r)eF;
é(n

o DI

=1 B"(z,r)eF;

5("

S S )
1=1 B™(z,r)eF;

Ce £(n)

= Zﬁ” L(ENB,)),
=1

Tl

n

where in the last inequality we have use the fact that r(e, ) €]0,1[, and C' = C(n, Lip(f)),
for € | 0 we find
Hoo(f(EN Bg)) = 0.

Hence

H"(f(EN Bg)) =0,

and letting R — oo, we finally get

]

The following theorem is an important result concerning Lipschitz immersions, which
we apply in the proof of the area formula, and will also play an important role in the
theory of rectifiable sets, which is the keystone of this dissertation.

The main idea, due to Federer, is to reformulate the classical approximation by linear

functions of C! functions, to Lipschitz functions.

Notice that by Proposition 2.2, if Jf(z) > 0 then there exists S, € Sym(n) and
P, € O(n,m) such that Vf(z) = P,S,.
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Theorem 2.5 (Lipschitz linearization). Let f : R" — R™ (1 < n < m) be a Lipschitz
function, and

F={zeR":0< Jf(z) < oo},

then there exists a partition of F into Borel sets {Fy, }nen such that f is injective on each
F,. Moreover for all t > 1, such a partition can be formed with the property that, for all
n € N there exists an invertible linear function S, € GL(n) such that f |g, oS, is almost

an isometry of R™ into R™. Precisely, for all x,y € F,, and v € R™ we have

= Spr — Spyl < [f(2) = F(y)] < t]Shz — Sayl, (2.11)
t7S,0] < |V f(x)] < ¢S], (2.12)
t " JS, < Jf(x) < t"JS,. (2.13)

Proof. 1t is suffices to show that F' can be covered by sets F;, having the desired properties;
indeed, once this has been done, we can replace each F,, with F,, = F,, \ UZ;; F}., in order
to define the desired partition of F.

Recall that if T,S € GL(n) and ||T'— S|| < ¢, then

17 = SIIIS~H < [IS~H]]e
|78 —iden|| < 8|IS7"]]
TS| < 1+6[|S7Y. (2.14)
Similarly we prove that
[STH| < 1+6||T7H].

Now choose € > 0 so that t 7'+ <1 <t — ¢, and a dense set (in the operator norm) G

in GL(n). Correspondingly to every n € N and S € G, define

F(n,S),
as the set of those z € F' such that
(t+e)|Sv| < |Vf(z)| < (t —¢)|Sv|, VveR?, (2.15)
F@+v) = () = V@)l S elSel, Yo R Jo] < - (2.16)
Note that inequalities as in (2.15) imply
(4" IS < Jf(x) < (t—e)"JS, Ve | F®nS). (2.17)

neN
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Indeed , as S € GL(n), for every such x we have that
By, C Vf(z)(S™YB)) C B,_.,

and thus, as required, (7! + )" JS < Jf(x) < (t — )" JS. Another relevant property of
the sets F'(n,S) is that, if z,y € F(n,s) and |z — y| < 1/n, then

7) ~ 1) < V(@ — )| +l8 — Syl < 15w~ Sy, (2.18)

) = F@)] > [V F(z — y)] + 2|5z — Syl > 115z — Sy (2.19)
If now {z,};en, is a dense subset of F', and we relabel the sequence of sets

1
F(n,S)NB (wj,%) , S€eg njeN,

as {Fy}ren, then by (2.17), (2.18) and (2.19) we see that (2.11) and (2.13) hold true on
each Fj,.

We also observe that (2.12) holds trivially on each Fj, by (2.15).

So,we are left to prove that F' = (Jgcg F'(n,S). Let x € F and consider the polar

decomposition

Vf(zx) = P,S,.
As Jf(x) > 0, we have S, € GL(n), in particular by (2.14) we can find S € G with
1557 I <t—e, [S(Se) < (" +e)7
In that way we ensures that
Sel < (E—2)|S0l, (7 +2)|Sv] < [Swvl, e R,

that is (2.15), since |V f(x)v| = |P,Syv| = |Syv].
Concerning (2.16), the differentiability of f at x, implies the existence of a modulus of

continuity w, such that whenever |v] < n~!
Wy Wy _1
|[f(z +v) = fz) = Vf(z)o] < —=|v| < —=[[ST[[Sv].
Choosing n = n(z, S) so that w,(n™1)||S7!|| < ¢, proves (2.16). O

Finally we are ready to state and prove the area formula for injective Lipschitz maps.
We restrict to prove this version, but there is a version of the area formula for general
Lipschitz maps that are not necessarily injective; the reader can find it in Theorem 8.9 of

[Mag12].
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Theorem 2.6 (Area formula for injective Lipschitz functions). If f : R" - R™, 1 <n <

m, is an injective Lipschitz function and E C R™ is Lebesque measurable, then

H(F(E)) = [E Tf(x)dz, (2.20)
and H" (f(R™)) is a Radon measure on R™.

Proof. Because H"(f(E)) < Lip(f)"L"(E) for all E C R", then both sides of 2.20 are
zero if H"(E) = 0.
Therefore by Rademarcher’s theorem we can reduce to prove 2.20 on a set E over which

f is differentiable. Moreover by Theorem 2.4 we directly can assume
ECcF={zeR":0<Jf(z) <o}

We now fix ¢t > 1 and consider the partition {F}ren given by 2.5. we see F as the union

of disjoint sets Fy N E, k € N, so that by the global injectivity of f, we have that

fB)=|Jf(FnE), keN,

keN

where f(FpNE) is H"-measurable by Lemma 2.1. Therefore by Theorem 2.5 we find that

H(f(E)) =)  H'(f(F.NE))

keN

= > H S |5 oS )(S(Fi N B))

keN

< 3" Lip(f |r, 057" L (S(F, N E))

keN

<ty JSLM(S(Fr N E))

keN

<t Z /kaE Jf(z)dx

keN

_ g0 /E Jf(x)de, (2.21)

where we have also applied the fact that thanks to the upper bound in (2.11) the Lipschitz
norm of f |, 0S; " over Sy(F},) is controlled by . In a similar way, the lower bound in

(2.11) implies that the Lipschitz norm of Sy o (f |F,€)71 over f(F}) is controlled by t, so
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that by an analogous argument,

/EJf(x)dx =

<t"Y JSLM(ENF)
keN

=" _L"((Sko (f [n) )(f(FNE))

keN

<Y H'(F(ENE))

keN

= t""H"(f(EN F)). (2.22)

Z /kaE Jf(x)dx

keN

Letting ¢ | 1 on (2.21) and (2.23) we prove (2.20).
By (2.1) f(R™) is ‘H™-measurable, while (2.20) implies H"_(f(R")) to be locally finite,
then H™_(f(R™))is a Radon measure on R™. O

2.3 Rectifiable sets

We shall now introduce the notion of rectifiable set, which provides a generalization of
the notion of surface and it is, of course, of primary importance in the study of geomet-
ric variational problems; in particular rectifiable sets are the sets on which rectifiable

varifolds lives, so they are in some way the main subject of our study.

Definition 2.5. Let M C R", M is said a countably k-rectifiable set if there exists
many countably f; : R¥ — R™ Lipschitz functions and My C R* with H*(My) = 0 such
that

M C MyU (U J%(R’“)) . (2.23)

jEN
Remark 2.3. By Kirszbraun’s Theorem ([Mag12] Theorem 7.2) (2.23) is equivalent to
say
M = MyU (U fj(Aj)> ,
jEN
where H*(My) = 0 and f; : A; — R™ are countably many Lipschitz functions, and

A; C RF are countably many Borel sets.

Remark 2.4. The decomposition given in (2.23) is clearly not unique, and several prop-

erties can be imposed on the f;’s, by decreasing the sets A; while increasing the H*-null
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set My. Indeed if f; satisfies a global property on a set E; C A;, and LF(A; \ E;) =0,
then we can replace A; with E; in (2.23) and set M| = My U f;(A; \ E;), then we have

another representation for M; this is why we choose a "special” decomposition of M.

Definition 2.6. Given f : R¥ — R™ a Lipschitz function, and a bounded Borel set
E C R¥, we say that the pair (f, E) defines a regular Lipschitz image f(E) in R" if

1. f is injective and differentiable on E, with Jf(x) >0 for all z € E.
2. Fvery x € E is a point of density 1 for E.
3. Fvery x € E is a Lebesgue point of V f.

The following Theorem guarantees that always exist a "good decomposition” for a

countably k-rectifiable set.

Theorem 2.7 (Decomposition of k-rectifiable sets). If M is a countably k-rectifiable set
inR™, andt > 1, then there exists Borel sets My C R*, and A C R*, and many countably
Lipschitz maps f; : A; C RF — R™ such that

M = MU (U fj(Aj)> . HF (M) = 0.

jEN
And each pair (f;, A;) defines a regular Lipschitz image, with Lip(f;) <t, j € N, and
t7 o —yl < |f;(@) = fi()] <tz —yl,
t ol < [V fi(z)v| <tol,
th < Jfi(x) <t
for all z,y € A; and for all v € R*.

Proof. Since M is a countably k-rectifiable set, there exists Borel sets Ny C R*, and

E; C R*, and many countably Lipschitz maps g; : £; C RF — R™ such that

M = Ny U (U gj(Ej)) . HE (M) = 0.

JeN

Now, by Rademarcher’s theorem and Theorem 2.4
Ej - Gj U Bj
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where

Bj={xr € R": Jg; =0} U{x € R": f is not dif ferentiable},
and H*(B;) =0, and G; = {z € RF : 0 < Jg; < oo}, then arguing like 2.4, we have
M = My U (U gj(Gj)> ,
jeN

where My = Ny U <UJ€N gj(Bj)>, moreover by Theorem 2.5 each of g;’s is injective, and
Gj is a Borel set, therefore, every o € G is a point of density 1 in Gj.

Now by Theorem 2.2,

i;g |Jf(z) — Jf(z)|dz— 0, asr]O.

r B(z,r)
Then for all j € N (g;,G;) defines a regular Lipschitz image ¢g;(G;). Moreover (again by
Theorem 2.5), there exists {S;};en C GL(k) such that for every z,y € G; and v € R

S5z — Syl < lgj(x) — g;(y)] < t]Sjz — Sy,
t='Sjul < [Vg;(a)v| < t[Sjv].
Let us now define £; C R¥ and f; : E; — R" setting
E; = Si(Gy), fi=gj08;"
Then the f;’s are Lipschitz on E;, with
t™He =y < |fi(x) = f;()] < tle —yl,

for all z,y € E;. By Kirszbraun’s Theorem, we can extend f; : R* — R™ with Lip(f;) < t.
Since the g;’s was differentiable on G, we have f; is differentiable on E; with V f;(z) =
Vy;(Sjx) o Sj_l, so that

o] < V()] < tol,

for all z € E; and v € R*, in particular t =% < Jfi(x) < t* on E;.
Since the pair (f;, E;) defines a regular Lipschitz image f;(E;) = g;(G;) we have estab-
lished the Theorem. [
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Chapter 3

First Variation of a Varifold, Radial
Deformations and Monotonicity

Formula

Introduced by J. F. Almgren in [Alm65], the theory of varifolds culminated in the works
of Allard and in the big regularity paper of Almgren. In this text we are interested
in Allard’s Regularity Theorem which roughly speaking asserts that under suitable
assumptions a varifold is a C''® submanifold. The mean references for the material covered
in this thesis are [All72], [Sim&3], and [Lell2]. Our exposition follows closely that of
[Lell2].

3.1 Varifolds

In this section we will define the concept of k-dimensional varifold which is a substitute
for ordinary k-dimensional submanifolds in a n-dimensional space (0 < k < n) suitable

to tackle geometric variational problems.

Definition 3.1 (Abstract Varifold). Let ¥ be a m-dimensional submanifold of R™, V' is

said a k-dimensional Varifold, if V is a Radon measure over
Gr(X) = (2 x G(n,k))N{(z,5): S CTan(X,x)}.

To see the formal definition of Gi(3), and G(n, k) see the Appendiz A.
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Let
Vk(z)a

be the weakly topologized space of k-dimensional varifolds in X, i.e., Vi(32) is endowed
with the weak™ topology introduced in Definition 1.17. Whenever V. € Vi (X), we define

the weight of V', and write ||V||, as the Radon measure
IVII(A) ==V (G(Z)N{(z,S):x € A}), VACZE,
i.e., ||V|| = mV, where 7 is the canonical projection onto X.

As the reader has noticed, an abstract varifold can be a quite strange object, because
it is hard to work with Borel sets on G, (X) in an operative way (here operative way has to
be understate in a sense to be specified later in this section); but we also define the weight
of V which is a Radon measure on ¥ obtained from V' by ignoring the fiber variable. The
next theorem illustrates how to ”simplify” a varifold in an operative way. This result
is a direct application of a well known disintegration Theorem, which can be found
in [AFP00] Theorem 2.28. However our proof is an adaptation of it to the context of

varifolds.

Theorem 3.1 (Disintegration Theorem for Varifolds). Let V € Vi (X), 7 : Gi(¥) — X
the canonical projection onto 3. Then there exists a family of Radon measures {7y }zex

such that, the map x — 7, is ||V ||-measurable and the following relations are satisfied

V(B(z,0) x B)

7o(B) = lim VBT VB € B(G,(n, k)), (3.1)
o (Go(n, k) \ {S : S C Tan(Z, x)}) = 0,and m,(G4(n, k) = 1, (3.2)
f(z,-) € LNG(n, k), 7,), for ||[V|| —ae. x €, (3.3)
T - fx,8)dr,(S) € L%, ||V])),is ||V|| — measurable, (3.4)

Gz (n,k)

/Gk(z) f(x,9)dV(x,S) = /E (/Gx(mk)f(x,S)dm(S)) d||V|(x), (3.5)

for any f € LY(Gr(X),V). Moreover, if 7. is any other ||V||-measurable map satisfying
(3.4) and (3.5) for every bounded Borel function with compact support and such that
z— 7 (G(n, k) € LY, ||V]]), then 7w, = 7, for ||V||-a.e. z € X.

Proof. The idea of the proof is to construct the measures 7w, by application of the Theorem

1.11 to a family of linear functionals defined on C?(G(n, k)), and show the validity of the
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disintegration formula (3.5), then we will prove (3.2) and finally uniqueness.

Step 1:

First see that given any g € CY(G(n, k)) it is possible to construct a Radon measure ||V]|,
such that ||V||, < ||V]|. Indeed, let ||V||, = m(gV), i.e.

'me*i/ 9(S)dV (2, S), VB e B(E),
BxG(n,k)
then, for all B € B(X), and g € C?(G(n, k))

vawwzé“MMM$mmm$
< lgll-oV (B x G(n, b))
~ llglloV (=1(B))
— gllooms(V)(B)
— llglll IVII(B).
So |||, satisfy
V1L, < lglllIVl

then |[V[|, < ||V]], and by Theorem 2.1, there exists hy = Djjv |||Vl € Li,.(%,]|V]]) for

loc

||V]]-a.e. x € X, such that ||hy]|e < ||g]|cc and
VIl = Rl V]
Furthermore, by the construction of h,

Vllgrg = [IVIlg + [[VI]y
= hol[VI[ + hg |IV|

= (hg + h)lIV']].

Now since CY(G(n, k)) is separable, there exists D C C%(G(n, k)) a dense countable set,

moreover for each g € D there exists a ||V||-measurable set N, with ||V||(Ny) = 0, such
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that hy(x) exists for all x € ¥\ N,. Let N = 4, then by Theorem 2.1

gED

1 !
hyrg(T) = 17}1{)1W/B(N)XG(M)(Q+Q)(S)dv(l’,s)

1
= W vIeE, >>(/£@@qumg“”dvu“5*%

v f d@wvﬂo
B(z,r)xG(n,k)
1

— lim—/ g(S)dV (z, 8) +
0 ||V||<B([E,T’)) B(z,r)xG(n,k)
1
+olim— s / J(S)dV (z, S)
0 HVH(B(%,T)) B(z,r)xG(n,k)

= hy(x) +hy(z), Vz€X\N, g,9'€D.
Now, define the map

T,:D—>R

g+ Tu(g) = hy(),
for x € ¥\ NV, which is additive, and since
T2(9)l = hg(2)] < [1hglloc < [lglloc;

T, is continuous, therefore we can extend it to an additive, bounded R-valued operator
defined on the whole C%(G(n, k)). Then by Theorem 1.11 there exists 7, a Radon measure
such that

T(0) = [ gdn. Yge CAGR)
Gz (n,k)
and
Wm(G(na k)) = / dm, = Tm(XGx(n,k)) < ||XGa;(n1/€)||oo =1L
Gz (n,k)
Then for all B € B(X) and g € D

/ y5(@)g(S)dV (z, S) = ||V]|,(B)
Gr(2)

he(x)d[[V][(x)

</Ga(nk) S)dm(S )) dl[V||(x)
(

/GL iy ¢ <5>dm<5>> d||V]|(z).

I
M\m\m\
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By an approximation argument the same identity is true for ¢ € C%(G(n,k)) and g =
X4, with A open, so (3.5) holds for f(z,S) = xp(x)xa(S), moreover it still holds for
characteristic functions of any Borel set B C G,(X). In particular if B € B(X) is such
that V(B) = 0 then yp(x,-) € L'(G(k,n),n,) and

/ xs(z,S)dr,(S) =0, for||V]|—a.e xe€X.
Gz (k)

Thus (3.1), (3.3), (3.4) and (3.5) holds for f = xp where B is any set in B(G(X)), and
the general case follows from an argument of approximation by simple functions.
In order to prove (3.2), we recall that

V(G(E) = V() = m)(©) = V) = [ 1aiviji)
and by (3.5)
vies) = [ ([ » 1dn($)) dIVia) = [ 7(Gatn NIV o)
Since ||V|| is finite, comparing with the preceding equality, yields
o (Galn, ) = 1.

Step 3: Finally, let 7, be as in the statement of the theorem. For any g € D and any
B € B(Y) relatively compact we have

J, (/G,(n,k)9<5>d%<5>) d|[V|(2)

/ 9(S)dV (2, 5)
BXxGyz(n,k)

- ( / z(n,k>g(5)d”;(s)) a|[V|(),

and therefore there is a ||V||-negligible set N’ such that 7,(g) = 7, (g) for any g € D and
any z € E'\ N’. Since D is dense in C%(G(n,k)), 7, = «, for any z € E \ N’ and the

proof is complete. O
Corollary 3.1. Let V € Vi (X), with the same notation of the Theorem 3.1, the equality
V=IlVll®mn,

holds.

Now we are ready to introduce some important sub-families of Vi (X), which are

relevant for our work and motivates it.
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Definition 3.2. Whenever E is an H¥-measurable subset of ¥ which meets every compact

subset of X2 in a k-rectifiable subset of ¥, we let
v(E)(A) :=H* ({(z, Tan*(H*LE,2)) € A}), A C Gi(%), (3.6)

where Tan®(HFLE, x) .= N {Tan(S,z) : OF(HFL(E\ S),z) = 0} is the k-dimensional
approximate tangent space of the measure HFLE and

Tan(S,z) := |0, —I—oo[m Closure {ﬁ ryesSn B(m,e)} .

e>0

Remark 3.1. [t is clear that v(E) € Vi(2).

Definition 3.3 (Integer-Rectifiable Varifold). V € V(X) is said a rectifiable varifold
if there exists k; € R and H*-measurable sets By, Es, ... of ¥ which meets every compact

subset of U in a k-rectifiable subset of U such that
V=> kv(E). (3.7)
i=0

If the k; € N we say that V' is an integral varifold.
We define
RV (X) and IV (M),

as the space of k-dimensional rectifiable varifolds in > and k-dimensional inte-

gral varifolds in X, respectively.

Remark 3.2. Notice that if E C ¥ is a k-rectifiable set, by Theorem 3.1 and (3.6) we
have that ||v(E)|| = HFLE.

3.2 First Variation of a Varifold

Now we begin the study of the first variation of a varifold, which is a key notion in the
theory of varifolds. Roughly speaking, for every varifold in a smooth Rimannian manifold
> corresponds a vector valued distribution on . This first variation relates the initial
rate of change of the weight of a varifold under a deformation of ¥ into itself with the
initial velocity vector field of the deformation, which in turn gives a measure theoretic
notion of boundary of a varifold. To define our variation, it is needed to have a way to
map varifolds measure theoretically and compatible with the intuition of what a k-varifold

has to be, i.e., a generalized k-submanifold of >.
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Definition 3.4. Let X7 and X3 be smooth manifolds of dimension n and m respectively,
V e Vi(2)), and F : 7 — 35" a smooth map, we define the push-forward of V by
F', as the Borel reqular measure

RV,

on G(%3), characterized by

FV(B) = / JF(z) o S|V (x, S),
{(z,9):(F(z),DF(S))eB}

Before introducing our so expected first variation, let us first fix some notations.
Let G C X be an open set, ¢ > 0 and X € X(X) be a vector field, the one parameter

family of diffeomorphisms generated by X is

Q:(—c,e) x X=X

(t,z) — O(t,z) = Oy(x),

where ® is the unique solution of

and {x : &;(x) # x, t € (—¢,e)} has compact closure on G.

Definition 3.5 (Variational Formula). Whenever V- € Vi (X) and ||VI||(G) < oo, we

define the first variation of a varifoldV in G, as

d

5V (X) = =

12 (V)ING)) li=o0 -

Remark 3.3. By the definition of push-forward of varifolds, and a derivation under the

integral sign, we have

d
= 2 (126(V)II(G)) li=o

0
= a|J(I)t(x>OS| |t=0 dV(x,S)

_ / (J (%(1’)) os> .SV (z, 9).

Then we notice that the initial rate of change of ||®y||(G) depends linearly on %; .

SV (X)
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Motivated by the preceding computations, we introduce in the functional theoretic
language the first variation of a varifold. Later on we are going to prove the equality with

the variational formulation.

Definition 3.6 (First Variation of a Varifold). Suppose V' € V(X), define the linear

functional over the R vector space X (X)
SV X(Z) >R
X s 6V(X) = / (VX 05) - SdV(z, S),

and we define the first variation of V on X as 0V (X).
Given V. € Vi(X), |[oV|| is the total variation of oV, if ||0V|| is the largest Borel

reqular measure on ¥ satisfying
ISVII(G) = sup{dV (g) : g € X (%), spt(g) € G, |g] <1},

for every open set G. If 6V = 0 we say that V 1is stationary, if G C X is open, and
[|6VII(G) = 0 we say that V is stationary on G.

Remark 3.4. For cach S € G(n, k), let {e1,...ex} be an orthonormal base of S, then
SV (X) = / (VX 05)-SdV(z,S)
_ / 1(S* (VX 0 S))dV (z, S)
_ /(S*(VX o S)(e), e)dV (, S)
_ /<(vx 0 S)(e:), S(e))dV (x, )
_ / (V.. X, e:)dV (z, S)
_ / divsXdV (z,9),

where we have used in the preceding equalities the Finstein’s summation convention, and

the bracket (-,-) corresponds to the inner product due to a Riemannian metric.

Proposition 3.1. Let V € Vi(X), such that ||0V]|| is a Radon measure, X € X(X), then
there exist ||V'||-measurable functions H € R™ and n € S*~1, |[6V||-measurable functions,

and a measure ||0V||sing L ||V]| such that

V) == [ X HAW| + [ X 0d|Vlny
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Proof. Since ||0V|| is the total variation of the linear functional 6V, by Theorem 1.11 for
all X € X(X), there exists a vector valued, ||§V||-measurable function n, with |n| = 1,
||6V]|-a.e. and

WV(X) = /X-nd||5V||. (3.8)

Since ||0V]| is by hypothesis a Radon measure and ||V|| € V,(X), by Theorem 2.1 there

exists the ||V|[-measurable function h = Dy [|6V]|, and

o IV (Bar)
M) = M Bl

and there also exists a measure ||0V||sing L ||V|| such that
10V} = AIIVI] + 1[0V ]|sing-
Replacing in (3.8), we have

V0 = [ X nd@VID + [ X 06V
= [ X hd VIl + [ X ndl}5V g

Letting
—H := hn,

we have
WV (X) = —/X-HdHVH +/X-77dH(5VH5mg.

]

Definition 3.7 (Generalized Mean Curvature Vector). The vector field H as in Proposi-

tion 3.1 is called the generalized mean curvature vector of the varifold V.
Definition 3.8. Let V € Vi(X). If there exists H € L=(||V||) N X1(X) such that
SV(X) = — /H - Xd||V]|, VX € X} (%), (3.9)

we say that V' has bounded generalized mean curvature H. In particular by the

decomposition given by Theorem 3.1 we have that ||0V||sing = 0.

Now we have almost all the tools to start with our regularity theorem, before that let

us analyze the special case of integer-rectifiable varifolds.
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3.3 First Variation of Integer Rectifiable Varifolds

As mentioned before, we are interested in a succinct formula for the first variation of a
varifold, the Proposition 3.3 proves that in the integer-rectifiable case, the first variation

is well defined and has a useful representation.

Proposition 3.2. Let ®, : ¥ — X the family of diffeomorphisms as defined before, Let
E C X an HF*-rectifiable set, then

(Pr)V(E) = v(Pi(E)).

Moreover, if V € IV(Y)

(p)V =Y kiv(®(E)) = Z kHEL(y(E)),

i=1
and then

SV(X) = & <Z km’m(cpt(E))) im0
Proof. Let B € B(G(X)), then by definition
(Pu)v(E)(B) = v(E)(®~'(B))
=H"({z € E: (z,Tan*(H"_E,x)) € ®;'(B)}),
then, if (z, Tan®(HFLE, z)) € ®;71(B), (®¢(z), Tan*(H*Ld((E), ®,(x))) € B, so
H* ({x € E: (z,Tan*(H* E,2)) € ;' (B)}) =
=H" ({x € D(E) : (P1(z), Tan"*(H* L ®,(E), 4())) € B})
= v(®(E))(B),

thus
V(OH(E)) = (Py)V(E). (3.10)
The part that remains to prove is a direct consequence of the definitions and (3.10). [

Proposition 3.3. Let ¥ C R" and V € IV,(X). Then §V(X) is well defined, it holds

V(X)) =k / divr,r XdV, VYX € CHU,R"), (3.11)
i=0 Vi
where
k
div, X = (Ve X, e;),
i=1
with {eq,...,ex} being an orthonormal basis over w, and I" := spt||V||.

49



Proof. Let {E;}ien a sequence of sets such that for every i € N, E; meets every compact

subset of 3 in a k-rectifiable set and X C |J E;. Then given X € C}(U,R")
SV(X) = kH ' (Dy(E)).
Hence, by the area formula

”HkL(@t(Ei))—L(E)de—/E JO,(x)dH* (z). (3.12)

Without loss of generality we can assume FE; being k-rectifiable, then there exists many

countable C' embeddings F; : R* — R™ and compact sets K such that
1. F;(K;)NE(K)=0
2. Fj(K;) C E; for all j
3. {F;(K;)}ien covers H* a.e. E;

So, by 3.12, and appliying the area formula, again, we conclude

HE(Dy(E)) = / T, (2)dH* ()

E

= / JO,(x)dH*(z)
Fj(K;)

J

3 /K J(®0 F)(y)dH(y)
:Z/K |d(®oF) |, er A...d(PoF) |, ex | dy,

where {e;,...,e,} is an orthonormal basis of R.
Fix y € Kj, set x = F}(y), and recalling that {dF} |, e1,...,dF} |, ex} is a basis for T,
HF-a.e., we have that z € F;(K;), so if {v1,..., v} is an orthonormal basis for T,I" we

can deduce
| d(PoFj) |yer N---ANd(PoFj) |y ep |=| dPy |y vi A+ - ANdPy |y vk || dF |y ex A= ANdF |y eg | .
Setting h,(t) = d®; |, vi A~ AdDy |, vg |, we have

L(EZ.) " = /E eV ().

Recalling that &y = id we have that
1, . i 1
£ (@B = H(@(B)) = 1 [ (lt) = ha(0)V ()
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Since h,(t) = det\/ M, (t) where (M, (t));; = (dP; | v, dPy |, v;); differentiating (M,(t));;
with respect to t yields to

, B 9
(L0 = (O 0 00 o i )+ (0L v (X0 00) |1y ).

Since X (®;(x)) is a tangent vector, there exists C' a constant, independent of z, such that
| M(t) |< C. (3.13)
Hence, h, is differentiable and there exist § > 0 and C' such that
| he(t) — h(0)] < Ct, (3.14)
for all t € [—6,0], and « € U. Therefore

i ; (H(@(B) — W@l B) = [ W0V (). (3.15)

7

Finally

(M(0))i; = di5h5,(0)
= STrM(0)
= Z(VMXW),W
= diUTsz(l’).

The final result follows summing over every FEj. O]

The following proposition is a straightforward consequence of Riez’s Representation

Theorem and Radon-Nikodym’s theorem.

Proposition 3.4. If there exists a constant C' > 0 such that
aven e [ x| dvil (3.16)
then there exists a bounded Borel map H : U — R"™ such that

SV(X) = —/H-XdHVH.
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3.4 The Monotonicity Formula

The following result is a monotonicity formula, which ensures the monotone behaviour of
the density ratio of the weight of a varifold, modulo a correction factor depending on the
generalized mean curvature. This kind of results can be considered as a step zero for any
regularity theory, the proof of which is achieved via a calculation of the first variation of

a varifold by a radial deformation.

Theorem 3.2 (Monotonicity Formula). Let V' € IV (X) with bounded mean curvature
H and fir £ € U. Then for 0 < o < p < dist(&,0U) we have

o s

k

IVII(BAE)  IVII(BA(©) _ /B (@H u-o( —i) |||+

m(r)k p

vJ_ 2
+/ | ,f' d|V|l, (3.17)
By(\Bo(6) T

where r(z) =| x — ¢ |, V*r = Pppo (ﬁ), and m(r) = max{|z|,o}.

Proof. By a translation we can assume that £ = 0. Let v € C}(] — 1, 1[), such that v =1
in a neighbourhood of 0, and define the vector field X (z) =~ (‘ﬂ) x.

S

By Proposition 3.3 it is easily seen that

_ / X, (z) - HAV = / dive. X o(2)d||V]|(x). (3.18)

Putting 7 = T,V fixing {ej, ..., ex} an orthonormal basis of 7, and the natural comple-

tion {e1,..., €k, €xi1,.--,En} to an orthonormal basis of R™ leads to

divava(ZE) = €; Ver(s)
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k+1

Now, inserting in (3.18) and dividing by s"*' it follows

/”(m) fk;de<x>=An Slﬁﬂ('x')dV( .
+/R” skiﬂl <|xs|> (1_ | vty ‘)de(x)'

Integrating in s, between o and p

|55‘ k+1 dHVH( )= TkHV | | dl|[V]|(x)+
/ / s”‘ﬁ? =V ’>2dHVH(x)

Applying the Fubini’s Thorem at all the terms of the preceding equality we get

[ () Eawio - [ [ (S awie
/ /p e (W (1= 19 1) dv o).

P k(] x|, (1=l rd (1 (]
/U 5’”17(5)4_5’”27 s ds __/C, ds \s* ' s ds.

Applying the Fundamental Theorem of Calculus we get

(Lo (B amie - 5 [ (2D amie) -
v [C i (M) asaiie +

x
/n . x/ . (—> dsd||V|(z). (3.19)
Integrating by parts

Lowsee [F i (M) asaivie = [ e [M- [jz'v'('s))dsdnvnu

Notice that

g g
k(Y]
- [ o () as| divie).
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Replacing in (3.19)
(o (w3 (2)o) -
o e () - () [ () v

[ [ () asavio. e

Now testing (3.20) with a sequence of cut-off functlons {Vn}nen such that v, — xj—11]

from below, by the dominated convergence theorem

%HVH(BAO)) — VB (0) =

T 1 T O
’VLT\Q {ka]o 1 ('pl) — EXo] (%l) +/ ——7X]0.1] <| |) ds} d||V|(z)
/ H- x/ prap ) 1[( )dsdHVH ).

Pk || Pk 1 1
/a st A0l <?> = /m(r) s = [m(r)’c N ﬁ] Xl

the monotonicity formula (3.17) readily follows. O

Since

The following results are simple but very important consequences of the monotonicity

formula.
Corollary 3.2. The function

p = el =M V]| (B, (€)), (3.21)
18 momnotone increasing.

Proof. Without loss of generality we can assume £ = 0. Let f(p) = p~*||V||(B,(0)), then
fp) = flo) _ p~*IVII(B,(0)) — o *||V]I(B,(0))
p—o p—o '
By the monotonicity formula (3.17) of Theorem 3.2 it is easily checked that

B ) . 1 1 1.2
1p) = 1(o) _ (e ) v | Vv
p—0 p—0o|/)B,0 k m(r) o B,(0)\ B, (0) ||

Hence
f(p)—f(a)Z 1 H-x( 1k_ik>dv
p—o p—0oJp, k \m(r)* p
&k —k
__I\Hlloo/ mm(r) Py
ko Jb,0 p—o
|[H |o ok —p*
> _ B,(0)p———
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Since g : p — p~* is convex, setting p = o + ¢ we get

— flo 00 ok —(oc+e)F
f(p/)) 1) Wl ) 4 74
[ H]oo

= V(B,(0))(c +¢)g'(n)
—[|HloV (B,(0)) (0 + )o™ "1,

v

where 1 €], p|. Therefore

flo+e) = f(o)

(0 +¢)ktt
okt

2 —||Hllof(o +¢) (3.22)

If 95 is a standard non-negative mollifier, we can first take the convolution with ;s

integrating with respect to the variable o, in both sides of (3.22) yields
flo+¢)—[flo)
5

O—k+1

ht1
x5 > —||H|| (f(0+5)u *%) :

and only after letting € | 0. We obtain in this way

(f % 5)" > —[[Hlloo (f * 5) -

Hence, multiplying by ell#llr

10 (£ 5 4p5) + || H oo 17 ( 5 405) > 0,

or equivalently

dip (=0 (£ % 45)) > 0.

Finally taking the limit when 6 — 0 in the preceding inequality the result follows easily.
O

The following proposition is an interesting application of Theorem 3.2.

Proposition 3.5. Let V' € IV, (U), where U C R™ is open and with bounded mean
curvature. Then
(i) the limit
_|V][(By(2))
O(|IV]],2) = tip 115D (3.23)

Y
wrpk

exists at every x € U,

(i) O(||V||,x) is upper semicontinuous,
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(i) O(||V||,x) > 1, for all x € Spt||V||NU,
(iv)
IVII(By()) > wye 1l ph, (3.24)

for all x € spt(||V||) and for all p < dist(z,0U),
(v) HE(Spt VI \ U, Ei) = 0.
Proof. (i) The existence of the limit is guaranteed by the monotonicity of

p — e p=H|V[|(B,(x)).

(ii) Fix x € U and € > 0, Let 0 < 2p < dist(x,0U) such that

e IVINBAE) 171y 4 S W< (3.25)

r—kwy,
If § < pand |z —y| <6, then
WVIBW®) 1 s VB, )

wrpk Cplo wrpk

< hme||H||oo(p+5)||V||(B(ﬂ+5)(x))
) wrpk

= hmeHHHoo(lH‘(S)‘|V‘|(B(p+§)($)) <p+5)k

< <1+%)k eqmila)+3].

o(|V]|,y) =1
(V1] 4) = tim

where the last inequality is true because of (3.25). If § is small enough
O([VIl,y) < ©([VI],z) +e,
which proves the upper semicontinuity.

(iii) Since O(||V||,-) = k; ||V|]-a.e. the set {O(]||V]],-) > 1} has full measure. Thus
{O(||V||,+) > 1} must be dense in Spt(||V]|) and so, for every x € Spt(||V]|) NV

the inequality O(||V]|,z) > 1 follows from the upper semi continuity.
(iv) The remaining follows trivially from Theorem 3.2 and the corollary.

(v) Finally by the classical Density theorems O(||V]|,-) = 0 H*-a.e. On U \ E; for each

i € N. Hence the result follows from ().
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Chapter 4

Allard’s Interior Regularity theorem

In this chapter we introduce, and prove the Allard’s Interior Regularity Theorem
(Theorem 4.1), which roughly speaking asserts that under suitable conditions a Integer-
Rectifiable varifold V is a C1® submanifold of a certain ball. The proof of Theorem 4.1
is achieved by an Ezcess-Decay argument, joint with a suitable Lipschitz approximation
of the varifold V' € IV (X).

To do this is necessary to introduce the tilt excess and height excess of a varifold.

4.1 Excess and Allard’s Theorem

Definition 4.1 (Excess). Let V € IV (U) with U C R", B.(z) C U an open ball and
7 a k-dimensional plane. The tilt excess of V in B,.(x) with respect to m is the

nonnegative real number E(V, 7, x,r) € [0,400] defined as follows
B =t [ e alV) (4.1

The tilt excess of a rectifiable varifold measures the square local deviation of the

tangent planes of the support of the varifold to a fixed plane 7.

Definition 4.2. Let V € IV (U) with U C R", B,(z) C U an open ball and © a k-
dimensional plane. The L?-height-excess of V in B.(x) with respect to w is the

nonnegative real number Hexc(V, 7,z 1) € [0,4+00][ defined as follows
Hexe(V,m x,r) = r_k_z/ d(y — xo, 7)2d||V||(y). (4.2)
By (x)

The height excess of a rectifiable varifold gives a measure of the distance of the support

of the varifold to the fixed plane .
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Proposition 4.1 (Rescaling properties of the tilt excess). For every V € IV (X) holds
(i): E(pryV, 20, 7,7) = E(V, 20,7, 1).

Proposition 4.2 (Rescaling properties of the height excess). For every V € IV (X) holds
(i): Hewc(puryV, 20, m,7) = Hewe(V, 2o, 7, 1).

Theorem 4.1 (Allard’s e-regularity Theorem). For every k < n, k € N there exist
positive constants o, e, such that, if V€ IVy(X) and V is with bounded mean curvature

H in B,(xo) C R™ satisfying:
(H1) [VII(Be(wo)) < (@i +2)r, and ||H]lw < &.
(H2) There exists m € G(n, k) such that E(V,7,z,1) < €.
Then spt||V|| N By, (o) is a CH* submanifold (without boundary) in B, (o).

The remaining of the text is devoted to prove the Theorem 4.1, and to do this we

follow the scheme below:

e In Section 4.2 we prove an inequality for the excess which is a direct analogue of

the Caccioppoli’s inequality for solutions of elliptic partial differential equations.

e In Section 4.3 we show that, under the assumptions of Theorem 4.1, the varifold

can be well approximated by a Lipschitz graph.
e In Section 4.4 we use the previous sections to prove an excess-decay theorem.

e In Section 4.5 we use Theorem 4.4 and the Lipschitz approximation and a excess-
decay argument (which is the an instance of the well known De Giorgi-Nash-Moser

iteration scheme) to conclude the proof of Theorem 4.1

4.2 Tilt Excess Inequality

The first step to prove Theorem 4.4 is an analogue of the Caccioppoli’s inequality for

elliptic PDE’s.
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Theorem 4.2 (Tilt-Excess Inequality). Let k < n be a positive integer. Then there is a
constant C' > 0, such that the following inequality holds for every varifold V- € IV (%)
with bounded mean curvature H in B,(xo) C R", satisfying (H1), (H2) of Theorem 4.1,

and every k-plane m € G(n, k)

C ‘ ) 2k+1 )
E(\V, 7, x9,7/2) < — dist(y — xo, m)“dV (y) + |H|*dV. (4.3)
By (zo) Br(zo)

rk+2 rk—2

To get an intuition of what happens in Theorem 4.2, suppose that V' = > v(FE;) and
each E; is the graph of a function f with small Lipschitz constant the boundedness of H
translates in a suitable elliptic system of partial differential equations, then E(V, 7, zq,7/2)
approximates the Dirichlet Energy, in fact when 7 is the hyperplane R* x {0} C RF+!
E(V,R* x {0},0,r/2) = f—],: B(0r/2) |V f]* and the height excess in the right hand of

inequality (4.3) is compared with the L? norm of f. Then the inequality can be translated

into
1 (j 2k+1
= VP < : v/

0 P+ 5 |div(——=—=
™ JB, 2 (@0) ™52 B, (wo) ™2 /B, (@) VIFIVI?

which is the Caccioppoli’s inequality for elliptic partial differential equations, in the case

)W

in which the elliptic operator considered is the mean curvature operator of a graph. About
this point the reader can compare Theorem 4.4 of [GM12].

Before to start the proof of Theorem 4.2 we need a technical computation, which will be
useful all along the text. First of all we introduce some notation. Given a k-dimensional
plane 7 we denote P, and P respectively the orthonormal projection onto 7 and 7+,
similarly, for f € C1(R"), V. f and V2 f will denote, respectively P, o Vf and Pt o Vf.
Finally, if ® € C*(R", R¥), J,® will denote the absolute value of the Jacobian determinant
of ® |,.

Lemma 4.1. Consider two k-dimensional planes w, T in R™. Let X : R™ — R" be the
vector field X(x) := PX(x) and fix an orthonormal base {viy1,...,vn} of T, consider
the function f;(x) := (x,vj)gn. Then

1 , -

ST~ (P = divp X = '_Zk;l Vo fil?. (4.4)

Moreover there is a positive constant Cy, depending only on N and k such that

| JrPr — 1| < Go||T — . (4.5)

29



Proof. Let {&1,...,&} an orthonormal base of 7" and {eg1,...,e,} an orthonormal base

of T+. Notice that

= idpn — E v; @y, Pr=idgn — E e; X e,
j=k+1 j=k+1

with idg» denoting the identity map of R™. Thus

1 1
§H7T_TH2: §<P PT7P7T PT>RTL®]R"
1 n n n n
:§<_ Y vyt Y a®e,— > vyt Y, el®ez>
1 n n n n
:§< Z Vi QU — Z e; & €, Z Vi QU — Z ei®ei>
j=k+1 i=k+1 j=k+1 i=k+1 RPQR?
1 n n n n
:§<Zyj®yj’zyj®yj> —<Zl/j®uj,Zei®ei>
j=k+1 j=k+1 Rr@R™ j=k+1 i=k+1 RPQR™
1 n n

1 1
zi(n—k) 5 Z Z (Vj @ Vj, € @ €i)gagpn

j=k+1i=k+1

k
Z VJ,& Z ’va]|2

j=k+1 i=1 j=k+1
The last equality is due to the fact that in general V¢, f; = (V f;,&) and a simple calcu-
lation using the very definition of f;, gives also Dy, f; = (&, ;). So

k

Vefy=ProVfi= (& v)é

=1

and we conclude from this that the following equality holds

—IIW—TIIQ Z Vil (4.6)

j=k+1
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On the other hand

Il Il
1 51
VRS
oI
.
~. : —
e D
<
S
X =
—~ 782"
L =
s s
N— S~—
N—
N———

j=1 =k+1
kN of
— £ d l>
j;lz—k—i—l ( ’ aé-]
k 9 N
=y (@- T m)
j=1 J i=k+1
: B,
=3 (5 5%
7j=1
= diUTX

Next, recall that JrP, = v detM, where

Mij = Pn(&j) ’ Pw(fi)
=0 = (Pr (&) - &) = (& Pr (&) + (P (&) - P (&)
= 05 + Aij + Aji + Byj.

Observe that there exists a positive constant C' = C(n, k), such that

[P (&) = 1P (&) = Pr(&)l < NITH — 7|74 (4.7)

< [T =7t =T = ll,
where by || - || we denote the operator norm that as it is very well known it is equivalent
to the Hilbert-Schmidt norm || - ||, since we are dealing with finite dimensional normed

vector spaces. Thus taking the supremum over the set of unit vectors of T, in (4.7) and

again considering the equivalence of the norms we obtain

1Al < I — x| and ||B]| < [|T — =|[*.
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Moreover

Hence, the usual Taylor expansion of the determinant gives
detM =1—2TrA+ O(||T — «|[?)

=1 - 2divy X + O(||T — =||?).

Since Jp P, > 0, it is straightforward to check that |Jp Py — 1| < |JpPr — 1| JrPr + 1| =

|detM — 1|. As a consequence of this we get the following estimates
| Jr Py — 1] < |2divy X — O(||T — 7||?)]

< 2|divy X | + C||T — ||

Using (4.4) combined with the preceding estimates we finally are lead to show the existence

of a positive constant Cy = Cy(N, k), such that
| JrPr = 1| < Go||T — =%,
and (4.5) is proved. O

Now we are ready to prove Theorem 4.2.

Proof of the Tilt-Excess Inequality (4.3). Consider a smooth cut-off function ¢(¥) =: ¢, €

C>(B, (o)) (that for simplicity of notation, we will denote just with ¢ forgetting the

[

dependence on r) such that ( = 1 on B, /3(x), ¢ = 0 outside B, (x), and |V(| < % =
%, where C' can be chosen as a numerical constant not less than 2, for example C' = 3.
Let X(z) = PX(z), T' := spt||V||, we test the first variation of V € IV,(Z) with the
vector field (?X, this gives

SV(EX) = [dion,e@X)AVII) = - [HAEOVIE (49
Hence
[ Gaivnexavi) = [ ¢ XVl - [20Inecavl. @)
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By the previous lemma it is straightforward to verify that

. 2k
/( )CzdwTerdIIVII(y) > IT,0 —|Pdl[VII(y)  (4.11)
By (o

k
r B'r/?(xo)

= E(‘/v 7T,ZZ'(),T/2)-

2k+1

rk

On the other hand applying the Young’s inequality to the first term of the right hand side
of (4.10) we have
. 1 1
[caimexay < 5 [ cxpavi+g [ P @2
r{Z0
+ 2 (X Vv

Now to obtain L? estimates we need to estimate (|X - Vq,r(|, set T = T,T, recall that
X(x) = > 1 i1 (@, vi)vy, and use the notation of the previous lemma, to check the follow-
ing

k

=) (VC-E)(E - X>|

j:1

<<Z|V< &)l Z fill (v - &)

i=k+1

< C¢IVE|IX| Z Vo fil.

i=k+1

2¢|X - V(]

Applying the Young’s inequality again we have

cavelx| Y (wasl < “RC e wep g+ 1 [was

i=k+1 k+1

Applying again Lemma 4.1 we deduce
2| X - V¢ < C(N,E)CIVCPIXP + %@dmx. (4.13)
Inserting (4.13) in (4.12) we obtain
3 [ Cdienyxavi) < 5 [cixpavi+; [ v

e / CIVCPIX |V,

Since |V¢| < £, |¢| < C and | X (z)| = dist(z, ) we conclude

1 C 1
—/ QQdiUTy||V|| S —2/ dist(a:, 7T)2dHVH + —/ T2’H|2dHVH. (4.15)
2 BT‘/Q(CEO) r BT("EO) 2 Br(wo)
Combining all this with (4.11) leads to prove (4.3) and establish the proof of Theorem
4.2. [l
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4.3 The Lipschitz approximation

Theorem 4.3 (Lipschitz Approximation). For any positive integer k < N, there is a
constant C' with the following property. For anyl, B €)0, 1] there are \; > 0 (depending on
I, but not on B) and e, = er(l, 5) (depending on | and ) such that the following holds.
If Ve IVi(Y) and m € G(n, k) satisfy the assumptions of the Theorem 4.1 with € = ¢,

then there exists a Lipschitz map
f : (7T + .7?0) N Br/g(ﬂfo) — Xo + 7TJ',
such that:

(1): the Lipschitz constant of f is less than | and the graph of [ (denoted in the sequel
by Gr(f)) is contained in the Us, (m + x).

(i)): © =1 HF-a.e. on spt(||V]]) N B,s(xo), and spt(||V|]) N B, s(xo) C Us,(m + ).
(iii): Gr(f) D G := {z € TN B, js(xo)|E(V, 7, z,p) < A, Vp €]0,7/2[}.
(iv): The following estimate holds
HY[(D\ G)U(Gr(f)\ Q)] < CNTE(V, zo, m,7)r" 4+ O||H||oor™™
The proof of this theorem is based on the two next lemmas.

Lemma 4.2. Let V; be a sequence in IV, (B1(0)), B1(0) C RN such that each V; satisfies
the assumptions of Theorem 4.1 with €; = £(V;) | 0 for the same fized plane w, then

|Vi|| = HFLm in By(0).

Proof. Let p €]0,1] be fixed, and H; be the generalized mean curvature of V;, according

with the monotonicity formula we have

[ S iy - R Bli-m (-1 vl
R ||(——1)‘d||v;||
Y B
< e - 02 >+c<wk+ DI | (4.16)
< VB — s + 0 L

< (wk + 8(‘/1)) — e_HHiHoopwk + Cp,kéf(‘/i).
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The first inequality is trivial, the second is a consequence of (H1), the third is a straight-
forward application of (i) of Proposition 3.5, the forth is again an application of (H1).
Hence, if ¢ — 0, then the right hand side of the last inequality goes to zero provided (H1)
and (H2) are satisfied. As it is easy to check for every fixed p €]0, 1] we have

[PVl < [ 1P - Ph P+ [ 1P @RV
B1 B1 B

< O lm = T,L| Vil

B

+ CRVlEB) +C [ ot Pay
B1\Bs

IN

¢ [ lix-r v
By

Vtr
s o[ awis e,
Bi\B, T

< ¢ [ Ir-Tripdm
B

1
+ C @
T

Bl\BP

d||[Vi]| + Cp*(wi + £(Vi)). (4.17)
Letting ¢ — +o00 in (4.17) we conclude that

nm/wwmwmwm7 (4.18)
B1

i——+00

letting now p — 0, it follows

Ml/LH@WﬂMHZQ (4.19)
B1

i—+00
Now suppose that exists a Radon measure p such that a subsequence of {||V;||}ien converge

to p, and fix ¢ € Cy(By), by the definition of weak™ convergence and (4.19) we argue

lim [ [P (y)Pe(y)dl[Vil|(y)

1—00 Bl

IPi(y)I%(y)du(y)‘ =

B1

< lielle fim [ 1P @)PAVIIG) =0, (420)

This last assertion readily permits to see that spty C . On the other hand, for any

x € By and p < 1 — |z|, we have trivially

B (B [ Hillsor ||V 11( B
HBAE) i VBN VB ) o)
p i—0 P 1—0 p
Then, applying the monotonicity formula (3.21) we get
Hllr ||V B 1l ow =1 | V| ( By
liming & HV;H( o) fiming & [IVill(B1-ja((2)) (4.22)
i—0 p i—0 (1 — |x|)*
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Now by the hypothesis (H1) of Theorem 4.1
[IVill(Bi—ja () < [[Vil[(B1(0)) < (wi +(Vi)), (4.23)

which have as a consequence that

H(Bp(x)) Wk
P e

From the preceding equation, we argue immediately that

(4.24)

B
O**(p, z) = lim sup il p(f)) < Wk -,
pl0 WP (1 — =)

for all x € B,, and this joint with (3.23) guarantees the existence of a nonnegative Borel
map 6 such that
p=0H* .

Given X € C}(B(0)) be a fixed vector field, 7,7 € G(n, k), the following estimates

follows
k
| dive X — divpX| < ) [(Ve, X, &) — (Ve X, ) (4.25)
=1
k
< D 20V X loole: — &l (4.26)
=1
< 2k[[VX|w|m =T, (4.27)

since a simple direct, but cumbersome, computation shows that in general |e; — &;| <

||m = T|| for all 1 < i < k, if (e;),(€;) are orthonormal basis of 7 and T respectively.

Therefore
/ div, X0dH*| = lim ‘ / div. X d||Vi| (4.28)
T 71— 00
< liminf / diver, Xd||Vi| (4.29)
i—00 TV,
+ liminfC’(X)/HTD—7r||d||1/i|| (4.30)
71— 00
< timinf (1o X V(B2 (0) (431
+ liminf C(X)(|[Vi[|(B1(0))*E(V;,7,0,1)))2 (4.32)
1— 00
= 0. (4.33)
Now let z1,...,2k,y1,...,Yn—r be a system of coordinates such that = = {y = 0},
then by (4.28)
/ 0(2)div.Y (2)dz = 0, VY € C}(Bax(0, 1), RF). (4.34)
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A way to prove this fact is to take for instance a standard mollifier ¢s and test (4.34)
with the smooth vector fields Y * @5 to conclude, via the divergence theorem, that the
derivative of 0 x s vanishes on By_g; letting ¢ | 0, we then conclude that 6 is a constant
6o. On the other hand, since u(0B,) = 0, we have Oowip® = u(B,) = lim; o ||Vi]|(B,).

However, as already observed, by the monotonicity formula and (H1),

wpe WHllt g < ||V][(B,) < (wr + i)

VillBy) _

Thus 60 = hmlﬁoo P

Summarizing, any convergent subsequence of {||V;||}
converges weak* to H¥Lm. By the weak* compactness of closed bounded convex sets in

the space of measures, we conclude the proof. O

Lemma 4.3. Let k < N be positive integers. For any 6 €]0,1/2[ there is a positive

number g () such that. If V' satisfies the assumptions of Theorem 4.1 with € = ey then:
(i): spt(||V|]) N Byja(xo) C (6)r-neighborhood of 4+ .
(i): ||[V||(By(2)) < (wg +6)p", V& € B,y and p < /2.
The proof of this lemma is based on the blow up argument explained in Lemma 4.2.

Proof. Scaling an translating we can assume xo = 0 and r = 1. Arguing by contradiction,
suppose that the proposition is false, then there would be a positive constant § < 1/2, a
plane 7w and a sequence of varifolds V; € IV (%) satisfying the assumptions of the previous

lemma, and for each 7, one of the following alternatives holds:
1. There is a point z; € spt(p) N By/2(0) such that |P-(x;)| > 0

2. there is a point x; € By4(0) and a radius p; €]0,1/2[ such that ||V;||(B,,(z;)) >
(wi + 0)pf-

Remark 4.1. Observe here that the plane 7 is fixed and is the same for all V;. If we
take the negation of the statement of the theorem this ensures just the existence of a
sequence 1; and a sequence of planes w; such that the remaining it is true with n; in
place of €;. But it is also true that from the sequence m; we can extract a subsequence
that we call again (m;) that converges to a plane m € G(n,k), by the compactness of
G(n,k). Furthermore as it is easy to check, we have E(V;,xg,m,1) < E(V;, xo,m3,7) +
Sllm = m| PIVi[(Br(20)) < E(V;,zo, 75, 7) + 5] — m]|*(wi 4 mi)r*. So for i large enough
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we have E(V;,xo,m, 1) < (1 + %(wk + 77,-)7”“). Taking €; == n; (1 + %(wk + m)r’“) > 1,
we obtain the desired sequence of €; and V; satisfying the hypotheses of Lemma 4.2.

Since Lemma 4.2 guarantees that V; =~ H*_7 in B;(0), without loss of generality we can
assume that one of the two alternatives holds for every 1.

Suppose that 1 holds, we can also assume z; — z. Then x € B;/2(0) and |P*(z)| > 4.
Thus Bs(z) € Bi1(0) and Bs(z) N w = (. On the other hand, if i is large enough,
Bsa(;) C Bs(x). Since H*(0Bs(x) Nw) = 0, using (iv) of Proposition 3.5 we get

0= H*By(x) Nm) = lim [[Vill(Bs(x)) > limsup |Vil|(Byal)

1—00
k
: CH 8 0
> limsup e Hill2yy, <—>

v

6 k

which is manifestly a contradiction.

Now assume that 2 holds. By (iv) of Proposition 3.5
Vil |(Bija(2;)) > e WHill172(0y 4 5)27F,

Without loss of generality we can assume z; — x € By4(0). Fix r > 1/2, and notice that

for i large enough B,(z) D By ja(x;). Since H*(9B, Nw) = 0, then
HH(B, (@) (1) = Tim [VI|(B(2)) = lim [Vill(Bua(e) = (e + 02

Letting r | 1/2 we then conclude H*(By2(z) NT) > (wy, +6)27" which is a contradiction,

because H*(Bj o(x) N) can be at most w,y2~* which correspond to the case z € r. [
Lipschitz Approximation: Proof of Theorem 4.3. Without loss of generality we can as-
sume g = 0 and r = 1. To simplify the notation set E := E(V, 7,0, 1).

C1 First choose A < eg(d1) (given by Lemma 4.3) with §; := (kag—uzl‘

C2 Then choose e, < min{\,ey(d2)} (given by Lemma 4.3) with ds := min{\, (N —
k)~125}.

Observe here that as a consequence of the estimate (4.36) below and (iv) of Proposition

3.5, GG is not empty and have k-dimensional Hausdorff measure that goes to wy (%)k when
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er, — 0. This allow us to make the following construction. Suppose x € G and pick

y € G. Observe that |y — z| < 1/4. Therefore choose r > |x — y| so that
2r < min{1/2, 3|z — y|}.
Since 2r < 1/2, by the choice C2 of £, we have
IVII(Bar(2)) < (wi + A)(2r)",
and since x € G we also have E(V, 7, z,2r) < A. So applying Lemma 4.3 again
spt(||V]]) N Br(z) C Us,, ().
Since y € B,(z)
|PH(z) — PH(y)| < 6ir = 371(N — k)~ /?r
PH@) ~ PHW)| < gl — ] (1.35)

On the other hand we have that |Pt(x) — PX(y)| + |Pr(x) — Pr(y)| > |z — y|, then
subtracting (4.35), we have

1Pa(e) = Pe(y)] > gl — ol
which implies that P, : G — 7 is an injective map. So if we set D = P,(G) we can define
f:Dcrm—nt
v f(v) = Pr(2),

where z is such that P.(z) = v.

Since P, : G — m is injective, P! is well defined, and since P+ : G — 7t is already a
function, f is well defined, and Gr(f) = G.

Notice that by construction

1 flloo = sup f(z)] < (N — k)28,

and that

|[f(v) = f(w)] = |Pr (v, f(v) = Py (w, f(w))]

< SN =K, 7)) — (w, f(w)
< (N - k)_1/2l|P7r(Ua f(U)) - P?T(U7 f(l)))|
= (N = k)Y2ljv — w|
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Thus f : D — 7 has Lipschitz constant (N — k)/21. Now fixing a system of orthonormal
coordinates on 7t and let fi..., fy_r be the corresponding coordinate functions of f.
We can extend each f; to By/g N m preserving Lipschitz constant and L* norm. Thus the
resulting extended function (abusing of notation) f will have Lipschitz constant at most
[ and L* norm at most 5. Thus (7) is satisfied, and also (ii7) by construction.

Now consider any point x € Spt(V) N Bys(x) by Lemma 4.3 and our choice C2 we have

V(B () < (wp + N vr <1/2
VB (1, 1)

k

So letting r | 0 we have

@k(Vx)zlimM< 1+i <2.
’ 0 Wrp -

Since © € N for H*- a.e. and z € Spt(V), then © =1 H*-a.e. on Spt(V) N Bys(x).
Also notice that, by our choice of e, on C2, Spt(V)N By 5(0) is contained in a (N—k)~1/2p-
neighbourhood of . So (i) is satisfied.
Finally, for each € F := (spt||V|| \ G) N By5(0) choose a radius p, < 1/2 such that
E(V,m x,ps) > A
Then by Besicovich’s Theorem 1.13 we can find countably many pairwise disjoint balls
B,,(z;) such that

{B,,(x;)}i covers F and E(V,7,x;,p;) > A,

and
Hk(F) < 5k, Z Pi
5kwk
S 5kwk>\_1 Z E(‘/v T, Li, Pz)

< 5! Z/ TV — x| [2dV
i By, (xi)

< (JA—l/ IToV — =|[*dV
B1(0)

HYF) < CA\'E (4.36)
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To estimate F’ :=T"\ G we have

HE(F') < C(w87% — HF(D))

— — | JrvPrd
8k /;; TV H >

<C ﬁ_/ |JTVPW—1\dH’“—/d’H’“
8k G G
<w

0o [TV - —%'f@)
8 G

< C(CoE+ CA'E) + (w87 — V(By5(0)))
< %E + Cup8F(1 — e I1Hll=1/8)

HE(F') < %E+C||HHOO. (4.37)

The result follows from combining (4.36) and (4.37). O

4.4 Allard’s decay theorem

The aim of this chapter is to prove Theorem 4.4, the idea of the proof is divided in four
steeps, making use of all the tools developed until now. Before to start with the proof of

Theorem 4.4, we will establish two useful lemmas about harmonic functions.

Lemma 4.4. Let k € N\ {0}, for every p €]0,+o00[ there exists €pqr, > 0 such that, if
fe W (B.(2)), IV I3 5,2 < r® with B,(x) CR*, and
[0.5)] < 196l

for all ¢ € CL(B,(z)), then there exists u € H(B,(x)) where H(B,(x)) := {u : B.(z) —
R : Au = 0} satisfying the following properties

1. ||vu||g,B,.(x) <",
2 f = ully g, @) < pr***

Proof. We argue the lemma by contradiction. To this aim, suppose that there exists

p > 0 such that Ve > 0 there exist a function f. € W"(B,(x)), [[Vf|[3 5, < 7", and
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| [(Vo, V)| < er¥||[Vy||e, Y € CHB,(x)) such that there not exists u € H(B,(z)),
with [[Vaull3 5 o) < 7% and [[f —ull3 5 ) < epr®™™. Put Ly[y] := [V Vi), whenever
0, € WH(B,(z)). Taking a sequence £; — 0, we can find a sequence of functions
f; € WH(B,(x)), such that
lim sup |Ly;[]] = 0, (4.38)
J7H00 oeCH (B (), || Vgllo<1
but
/(u — f)? > prf? > 0. (4.39)
Observe now that the two preceding conditions remains invariant by adding a constant c;
to f;. In particular we can assume without loss of generality that | f; = 0. The Poincare’s
inequality then applies, which in turn allows us to conclude that ||f;||wr2(s,@) < 2r*.
We know that W12(B,(x)) is reflexive so we can extract a subsequence weakly conver-
gent to some v € Wh?(B,(z)), furthermore Rellich-Kondrakov’s theorem ensures that
this sequence is strongly convergent to the same v in L?(B,(z)). The weakly lower semi-

continuity of the Dirichlet energy guarantees that ||Vul[3 < r*.

Since f; —* u, implies
[V -Vu=1limj, o [Ve-Vf;, and the right hand side of the last equation is zero by
(4.38), u satisfies [ V- Vu = 0 that is a weak formulation of the equation Au = 0, which
by classical elliptic regularity theory means that u is harmonic on B,.(z). To finish the

proof we just have to observe that f; — u in L*(B,(z)), which is in contradiction with

(4.39). O

Lemma 4.5. Let u € H(B,(xg)). Then there exists a constant C' = C(k) > 0 such that

_k_ r
sup [u(z) — u(zo) — Vuao) - 3| < Cptr= 57| Vullap,, Vp < =
T€EB,

(4.40)

\)

Proof. As it is known, by standard elliptic regularity theory, an harmonic function is
an analytic function and so, in particular is a C?(B,(z)) function. Thus by a classical
Taylor’s expansion argument we immediately get

sup |u(z) — u(zg) — Vu(xg) - z| < Cp*r~ 3 1||V2u||m5
zeB,

)s V,O < (4.41)

l\')l*i

7‘/2 Zo

Indeed Vu and V?u are also harmonic so by the mean value property, that is a special

property satisfied only by harmonic functions we get

Holde )
/ (x)dx < C’HV ull2.B
|Bl/2| r/2 :BO

[Viu(z)| = < CullVPullis, jpe) < +/2(a0)
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Taking the supremum with respect to z, in the preceding inequality we obtain

1V2ulloo,5, js(a0) < ClIV?u

2»Br/2 (‘TO) :

Now, from a straightforward application of Caccioppoli’s inequality (see for example The-

orem 4.1 of [GM12]) easily follows (4.40). O

Theorem 4.4. There ezist two positive mutually independent constants n €0, %[ and
ep > 0 which depends only on the dimension and on the geometry of the ambient space
X", such that whenever V€ IV(X) with bounded generalized mean curvature satisfies

for a given point xg € X and radius r > 0, the following three assumptions
(i): IVII(B(wo,7)) < (wi +ep)r",
(i1): there exists m € G(n, k) such that E := E(V,zo,7,7r) < g,

(ii): || H]|oor < E,

then there ezists @ € G(n, k) such that

E\V,xo,7,nr) < =E(V,zo,7,71). (4.42)

DN | —

The idea underlying the proof is to take the Lipschitz approximation f given by
Theorem 4.3 and to show that f could be approximated by an harmonic function u
applying Lemma 4.4. After taking as 7 the tangent plane to the graph of u in u(xy) we
show that thanks to the mean value property of harmonic functions we find an upper
bound for the L? height excess which inserted in the tilt excess inequality (4.3) gives
the desired decay estimate (4.42). We sometimes refer to Inequality (4.42) as the tilt
excess decay inequality (or estimate) to distinguish it from the tilt excess inequality (4.3).
The principal reason to be forced to use an harmonic approximation is that for harmonic
functions the mean value properties leading to (4.40) holds. This ensures the control of
the height of a function in a point by the L? norm of the function in a neighborhood,

which is in general, not possible for an arbitrary Lipschitz function

Proof. Without loss of generality, assume r = 1, 2o = 0 and E := E(V,7,0,1).

Lipschitz approximation:

Assume ¢y < e, given by Theorem 4.3 for some choice of [ and 3, and consider the
Lipschitz approximation

f:B(0,1/8) Nm — 7+,
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and A, again given by Theorem 4.3.

Now assume (Y1, ..., Yk, 21,-- -, 2n—k) an orthonormal system of coordinates in R" such
that # = {z = 0}, and denote f = (f1,..., fa—k), and {e1,...,e,—x} the canonical
orthonormal base of R"™* (i.e. for fixed j € {1,...,n —k}, ¢; = (0,...,0,1,0,...,0),
where 1 is in the j — th place), let ¢ € C}(B(0,1/16) N7), and consider the vector field

X(y,2) = p(y)e;.

Notice that spt(X) is not compact in B(0,1/8), by the mere definition of X. However
recall that ' B(0,1/8) C U, () (remember that we have denoted I' := spt(||V]|)), then
assume [ < 1/16, so we can multiply X ba a cut-off function in the z variables to make
it compactly supported in B(0, 1/18) without afecting its values on ' B(0,1/16). Since,
by Theorem 4.3 © =1 ||V]||-a.e. on I'N B(0, 1/8), testing the first variation formula with
the field X, we get by the estimates in Theorem 4.3 that

/ (Viorryes ) dHE (2)| < / <vm<f>so,ej>dﬂk<x>—5v<x>‘+|6v<x>|

Gr(f) Gr(f)

— / <VTIGT(]¢)QO, ej>d7-[k($) —/dz’szpX‘ + |0V (X)]
Gr(f)

+ oV (X)],
T

= / (Vr.arine, ej>de($)_/<szF90aej>
Gr(f)

since

| e epina = [ (Va5 AHA )
Gr(f) Gr(f)NTNB(0,1/16)

<VTzGr(f)30> €j>d7-[k<x)7
(Gr(f)\I')NB(0,1/16)

[ e cpant) - [ (Vr,r, ) dH" (z)
r TNGr(f)NB(0,1/16)

+

+ / (Vr,arip)p, e5)dH" (z),
(D\Gr(£))NB(0,1/16)

and by Theorem 4.3, we know that f is Lipschitz and by definition I' is rectifiable thus

Hk ({I e R™: <vTxGr(f)907ej> 7é <vaF907ej>}) - O’

and then

(Vi,aripes ej)dH" () = / (Vr,re, e;)dH (z).

/Gr( £)NCNB(0,1/16) Gr(f)NNB(0,1/16)
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This shows that

‘/c f) (VrrigyeseihdH (@) < (Vs €)dH" (x)

Gr(f)\I'NB(0,1/16)

+ (Vr,re, e;)dH"(x)| + [0V (X))

/F\Gr( £)NB(0,1/16)
< |V¢lloo [H¥(Gr(f)\ T N B(0,1/16))

+ H¥\ Gr(f) N B(0,1/16))] ’/HXdHVH’
< IVl ( B+ Cl L

Fllellel HILHEAT 1 B(0.1/16)

< Vil ( B+ Clltle ) + ClIT el
< IVl (B Clerl ).

by hypothesis (iii) we have ||H||,, < E, then

C
/ (Va.cni s e)dH ()| < IVl E. (4.43)
ar(f) A

Next, let {&1,...,&} be an orthonormal basis for m, and consider the first fundamental

form in T,Gr(f), i.e., the n X n matrix

n—k n—k

g = &+ Y0y fien, &+ Y Oy, fmm) = (03, 05),

=1 m=1

where v; := d®,(&;), and @ : y — (y, f(y)). Then, since & L e;
|9i5 = 0ij| = [{vi, vj) — bij]
= ‘@,@-) +) 0y filen, &)+ > 0y, fnlem &)
l m

+D 0 0,40, fmler em) — by
I m

= |0 + Zzgyiflayjfm<el7€m> — 0y
l m

< |DfJ*.

Thus, if [ < 1 then |¢g¥ —§%| < C|Df|?O(l), where g% are the entries of the inverse matrix
of G := [g;], i.e., G7' := [¢”]. This in turn implies, that

197 — 6,51 < C|Df)?,
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provided [ is less than a geometric constant ensuring that O(l) < 1 holds. Now let us

calculate the projection Pr, (s : R" = T,Gr(f),

Proip(w) =Y (w,v:)9” (y)v;,

,J
since
<€j7/Ul e]7£l+ Z fmem
= <€j7£l> + Z 8yzfm<€j7 €m)
m=1
= aylfja
and

<v907 Um> = <v907 gm + Z aymflel>

= (V,&m) +Z fien Vo)

= 3ymg0.

Therefore, if we fix the point z = (w, f(w))

(Pr.cr(n(Ve(w)), e;) = (Z(Vw(w»g“(w)vu ¢)
= Z(Vw(w),mg“(w)@za &)

- Zayzfj p(w)
= Zzayzfj Oy, p(w)
= Zaylfg (w) + O(|Df P (w)|Vip(w)))- (4.44)

Now applying the Area Formula we have

/ (Vi) 0n e5) dHE () = / (Procr(pyo(w), ) f(w)dw
Gr(f) B(0,1/16)

Setting Vo = (9,0, .. .,0,,¢), we have by (4.44)
/ s Prn () e w)dw < [ (Felw) T )
B(0,1/16

B(0,1/16)N7

+ C/ IDfIP|IVo(w)|Jf(w)dw. (4.45)
B(0,1/16)N
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On the other hand, by a simple Taylor expansion we get
Tf(w) — 1] < C|DSP, (4.46)

then combining (4.43), (4.45) and (4.46), and notice that spt(¢) C B(0,1/16) N«

_ _ o _
[ (@) Vitw)de| < SEIRe+ OVl [ DfP. (4a7)
B(0,1/16)Nx

B(0,1/16)Nw

On the other hand, notice

|7 — ToT|* > | Px(ej) — Pror(e))|?

> |Pr,r(e))|?
2

> 0, fi(w)g™ (w)vy (w)

> 10 fi(w)es? =2 [Df(w)lg" =117 = 23 [Df(w)] (6" (w))’

I#m
> |V fj(w)* = C|D f(w)]*.
Summing over j and using the fact that Lip(f) < [, we conclude
|lm = T,TI > [Df(w)]? = CUID f(w)]* = (1 = C) [ D f (w)*.
Then if [ is less than a geometric constant, i.e., [ < % we have
2||m — T[] > [DfI*.

Inserting this in (4.47) we have

_ c. _
[ (Vew), Vhiw)du| < SEIFelle + 200Vl [ llr - TEIPAVII(@)
B(0,1/16)Nn G

C _
< ZE ..
<3 IVl

Finally, since [ has been chosen smaller than a geometric constant, by Theorem 4.3 A =

A(l) (i.e. X depends only on [), then

/B(O i) <V<P(w),vfj(w)>dw' < CE|[Vy|lo Ve e CHB(0,1/16)N7).  (4.48)

Moreover

_ CI2 _
[ Fhlar< SR [ W0k < cE
B(0,1/16)Nx m(G)
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Harmonic Approximation:

Let ¥ (to be specified soon) and consider €pq,, given by Lemma 4.4. Choosing 9 = p,

define
?j = COE_l/ija

where ¢y has been chosen so that fB( |f;I* < 1. Then

0,1/16)Nm

/ (Vo(y),V, fj(y)>dy' = / (Ve(y), B~ 2ij(y»dy‘
B(0,1/16)NT B(0,1/16)Nr

/ cE™Y 2<V¢(y),7fj(y)>dy‘
B(0,1/16)Nx

< B V2(CE[[V¢l|)

< CE||Ve||w-
Assuming ey < (£garm,p/C)?, we can apply the Lemma 4.4, to conclude the existence of

an harmonic function

u;: B(0,1/16) N7 — R,

with [ |Va;* <1 and

Setting
1
Uj C—OE_l/Qﬂj,
we have
/ (fj — u;)* < CYE. (4.49)

B(0,1/16)NT
Notice, in particular, that if we define u := (uq, ..., u, ), we have

1Dul[Z2(5(01 /1600y < CE. (4.50)

Height excess estimates:

Denote by

L:B(0,1/16)Nm — 7+
y = Ly) = (Vu;(0), y)ej,

J
by xo = u(0), and by 7, the plane
7= {(y,L(y)) 1 y € B(0,1/16) N r}.
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We are interested in estimating

1 . _
o L distls =0 7P|V (),
zo,4n

for n €]0,1/2[.
We start by observing, that by the mean value property for harmonic functions
dist(x — xo,7) = |u(0)]
< Cllul|pr
< Olullz2
< Cllu = fllrz + Cllul 2
< COVPEV? 4 OB,

where in the last inequality we use the fact that by Theorem 4.3 ||f||s < /3, on the other
hand

1Py =PIl < C) [Vuy(0)]
J

B.3
< |Vullw
Holder
S C||VU||L2
(4£0) 0191/2E1/2
< Cq?l/zEl/Z —|—Cﬁ

Since
|1Pr = Prll > [Py (= o) = Pz (x = xo)| > | Py (2 — @o)| — | P (x — o),
then, for x € I' N B(0,1/16), we have

dist(z — 20, 7) = |PE(z — x0)]
< COVPEY? + OB + |PH(x — x0)]
< 0’191/2E1/2 + Cﬁ

Then, we conclude

/ dist(z — z0, 7)2d||V||(z) = / dist(x — z9, 7)2dH" ()
B(zo,4n)\Gr(f) (M\Gr(f))NB(z0,4n)

< C(WVP*EY? 4 B)*E. (4.51)
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Finally, observe, that, if z = (y, f(y)) € Gr(f), then
dist(x — o, 7) < [f(y) —u(0) — L(y)|.
Recalling that L(y) = (Du(0),y), from Lemma 4.5 we have
sup  [u(y) — u(0) — L(y)[* < Cu'|| DullZe(papan) < Cn'E-

yE€B(zo,4n)N7

Summarizing:
/ dist(x — x0,7)%d||V||(x) < CYE + Cn*HE. (4.52)
Gr(f)NB(wo,4n)

Then to conclude

1 / 1
— dist(z — x0,7)%d||V||(x) = —— (/ dist(z — x0,7)%d||V||(x)
142 J (e am) 742 \J Bao.tmp\Gr(s)

+ / dist(x — x0,7)2d||V||(m))
B(zo,4nm)NGr(f)

1
< = (C(W"’E'?)’E + CYE + #**'E)
U

1

= (CYE? + 2C9'*E"?8 + CB°E + CVE + Cf"™E)

1
S (CYE + CB°E + " ME + 2C9'/*E'/?3)

Ccv Cp? 5
= 771<;+2E + nk+2E +CTE.

Then

1
nk+2

Cv cp?
B(z0,4n) n n

Tilt decay inequality:

¢ Now, impose that ¥ and [ satisfies

coV?r < and cp< 454
2

N3

Then B(0,n) C B(zo,27), so

LT o1 e
v |7 = T.L|Pd||V]|(2) < 2 / |7 = TLL|[7d[|V][(2),
77k B(0,n) (277)k B(z0,27)

therefore

E(V,7,0,n) < 2°E(V, 7, z0,2n).
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Applying Theorem 4.2

C C
FEV A2 < oo [ distta—ao w0+ [ (rPav. (455)
n B(z0,4n) n B(zo,41)

then applying previous bound on first term, and the fact that ||H||. < E, we have

cy . OB

E +

E(V7 7?7 07 77) S nk+2 nk+2

E + Cn’E + n°E% (4.56)

Finally, notice that C' never depends on 7, 3,9 or €y, then we can choose
1
Cn* ==,
T3

and, 3, and ¢, such that
cv 1 cp? 1
gz sy il pm sy

which are compatibles with (4.54), then, replacing in (4.56) we have

1 1 1 1 1
EWV,7,00n)<-E+-E+ -E+ -E = -E.

4.5 Allards interior regularity theorem

In this section we finally prove Theorem 4.1, using all the tools developed until here. The
proof is divided into four steps, first we apply Theorem 4.4 to conclude a power law decay
for the excess due to the very nature of this, then we show that we can include spt||V||
into the graph of a Lipschitz function f, and prove the "absence of holes”. Finally we
prove a Morrey’s type estimate for the derivative of the Lipschitz function f, which by

classical arguments implies that f is actually a Y function.

Proof of Allard’s e-regularity theorem 4.1. Without loss of generality we can assume zy =
0 and r = 1.

Power-law decay of the excess: Let ¢ > 0 be as in Theorem 4.4 and choose € so

small that Lemma 4.3 can be applied with § = g, thus
1
IVI|(B(x,7)) < (wg +e0)r®, Vr < 3 Ve e T'NB(0,1/4).
Fix z € ' B(0,1/4), and define
4 ) 4
F(r):=E(r)+ $||H||Oo7’ =min E(V,7,z,7) + $||H||Oo’f‘.
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If F(r) < €, then either
[ H|loor < E(r) or E(r) < [[H]|er.
If ||H||o < E(r), by Theorem 4.4, for 0 <n < 1/2

. 4
Fr) = min BV, 7,2,07) + -7 [ Hlloe (1)
4

< _E(V7 T,.T,T) + %(TV)

4 r
< 3B0)+ 1l
= _F(T)a
and, if E(r) < [|H||r, again by Theorem 4.4

Flor) = E(pr) + %HHHOO(W)

1 4
< E0) + llHlleo (o)

1 4
< SllHlor + | Hlor

IN

Thus, we can conclude that, if F(r) < eg, then F(nr) < 3F(r). In particular F(nr) < eg,
for 0 < n < 1/2, and we can iterate again with nr in place of r.
Notice that
1 1 14 1 14
F-) < =EV,m,0,1)+=—||H||= < |(z+=— |
(3) < grBOm0D) + 5 Al < (54505 )

Thus, if € > 0 is sufficiently small, we can start from r» = 1/2, and iterate the argument

1 3\"
F(n 2)_0(4) e VYneN

to infer

82



Then, given any r < 1/2, let n = [log, (2r)|, we conclude

|log,, 2r|—1
3 n
<C <—> €

E(r) < C*%, (4.57)

where C' and o > 0 depends only of the dimension of the varifold and the ambient
Euclidian space.

Inclusion in a Lipschitz graph:

Fix z € B(0,1/4). Set my = m, and for n > 1 let 7, be a plane such that
1 1 1
2_n> = Hlan(V,T,.T, 2_n) = E(Q_n>

Recalling that by Theorem (3.24)

E(V, 7, 2,

IVII(B(z, 1)) > wpe Hll=rpk > C=rk - for any r < 1 — |2,

then by (4.57) we have

1
Ihm—mlHS———————/‘ (7 = T[] + 7na = TNV ()
ST IVIBE ) Joe i ! o
C C
< | = TLNIVII() | + = (s = Tl V][(y)
r B(LW) r
1
<C (E(an,x, 2n+1)1/2 + E(Vrmy, , 2n+1)1/2)
1 2c U 1 2c o
<C ((2—”> el + (%1) e/
1 2c
o — Tl < C (2—) o2, (458)
Now, summing over n from 0 to j — 1
7—1
[l =7l = 1Y 7w = T
n=0
j—1
< Z |7t — Tl
n+0

Jj—1 1 n
< c(g) e
n=0
|mj — | < Ce?,
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where C' is a dimensional constant.
Thus
1
E(V,x,mr)<Ce Yxrel' NB(0,1/4), and r < 5

Next, fix a constant [ < 1/2 and let A(l) and e, (\) the corresponding constants given
by Theorem 4.3, and assume ¢ < ¢, and also small that the set G of the same Theorem

contains in I' N B(0,1/4). We then conclude that there exists a Lipschitz function
f:B(0,1/4) N7 — 7+,

such that I' N B(0,1/4) C Gr(f) and Lip(f) <.
Absence of ”holes”:

Let B%(0,1) the k-ball, x € 9B*(0,1) and let

L£F(B*(0,1)\ B*(z,1)) = 29.

Assume that B(0,1/16)N7 ¢ D = P.(I'n B(0,1/4)) (D as defined in Theorem 4.3), and
let w € (B(0,1/16) N ). Define

r:= inf |w — z|.
zeD

It is clear that r < 1/16, because 0 € T, therefore any infimizing sequence {z, },en must

be contained in B(0,1/8) N 7. Then modulo a subsequence, we can suppose
zn — 2 € B(0,1/8) N,

and recalling that 0 € I" we conclude || f|| < I.

If [ is sufficiently small we conclude that x,, = (z,, f(z,)) € B(0,3/16) and thus z,, con-
verges to & = (2, f(z)) € B(0,3/16), where z € B(0,1/8) N .

Observe that I' N B(x,r) C Gr(f) because r,1/16. In particular, considering that

B¥(w,r)N D = (), using the area formula we can estimate
IVII(B(z,r)) = H*(B(z,r) NT)
= / Jf(u)du
Bk (z,r)\B*(w,r)
< (wi — 29)(1 4+ CP*)r*.
Now we choose [ such that
(wk — 219)(1 + CZQ)Tk = WEr — 9.
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On the other hand, by Theorem 3.2 and the hypothesis, we have
IVII(B(z, 7)) > wyrfellfller > wyrhee,

then choosing ¢ such that

wp — 0 < wyrFe s,

we reach a contradiction (in fact it is enough to have ¢ being smaller than klog(r)).
Morrey Estimate for D f
So far we have conclude that spt||V|| coincides with the graph of a Lipschitz function on
the intersection of (B(0,1/8) N ) x «+ and B(0,1/4).
Now, for every z € B(0,1/4) and every r < 1/16 let =,,, the k-dimensional plane such
that

EV 7. (2, f(2)) = mTin E(V,7,(z f(2),r) < Cer®,

Recalling that E(V,m, (z, f(2)),r) < C¢, we conclude
|| — .|| < CeV2.
If ¢ is sufficiently small, 7, , is the graph of a linear function
T.,:m— 7rL,

with
||Tz,rHHS < 1.
Consider two linear maps T,T : 7 — 7+, with ||T||xs, ||T||uzs < CI, the k-dimensional

planes 77, 77, given by the corresponding graphs and, Pr and Pz the orthogonal projection

onto 7 and 77 respectively. Observe that, if [ is smaller than a geometric constant
1 i
|Pr(v)| < §|v], for any v en.
Fix an orthonormal basis {ey, ..., e} for 7, then

T (e;) — T(es)| = |(ei + T(e)) — (es + T(es))]
= |Pr(e; + T(e;)) — Pr(e; — T(e;))]
< |Pr(e;) — Prles)| + [Pr(T(e:)) — Pr(T(e:))|

+|Pr(T(e:) = T(e:))l,
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since T'(e;) — T'(e;) € m*, then
— 1 _
[T (ei) = Tea)| < Cllrrrp]| + 51T (e:) = Tea)l,
SO
T (e:) = T(ea)| < Cllrr — 77l.

Finally, from the previous discussion, for r < 1/16,

/ Df(y) — T, Py < / DF(y) = T T F(5)dy
B(z,r/2)Nm

B(z,r/2)Nm
< Cr*E(V,m.y, (2, f(2)),2r)

< C?“k+2a.
Then, using the notation on C.1, we have

[ 1080 = Dhsonl dy=min [ Df) = TRy < ot a39)
B(z,r)Nm

B(z,r)NNm
Conclusion: The conclusion of this theorem is a simple application of the Campanato’s
criterion, wich can be found in [Mag12] Theorem 6.1, and Proposition 16.23 on [CDK11].
However, we give a sketch of this, as a direct consequence of our previous estimates.

In first, arguing as in the proof of (4.58), we conclude
1
|(Df)B(a:,2*k) — (Df)B(x,Q*k*1)| < 02%, vk > 5, (l’l’Ld,ZL’ c B(O, 1/32) n. (460)

Hence the sequence of continuous functions = + (D f)p(,o+) is a Cauchy sequence, with

the supremum norm, then there exists a continuous function g, such that

{(Df)B(m,ka)}keN — 9,

uniformly, and g = Df for all the Lebesgue points on B(x,1/32) N 7. Summing (4.60)

over different scales, we have

1
(Df)B@r) — (Df)B@p| < Clmax{r,p})*, Voe B(0,1/32)N7, and all r,p < I
(4.61)

Observe that, if r = |z —y| and z,y € B(0,1/64) N7 , applying the triangular inequality

|(Df)w,r - (Df)m7p|2 < Cr* |Df - (Df)B(:C,r)|2+

B(z,r)Nm

+ CT’k/ ‘Df — (Df)B(y,r)|2 < Or?e.
B(y,r)Nm
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Combining (4.60) and (4.61) and (4.5) we conclude the existence of a dimensional

constant such that
|(Df)Bz2-+) — (Df)pya-nl < C <max{2—1k, |z — y\})a ) (4.62)
Thus, fixing x and y and letting £ — oo we obtain
l9(z) — g(y)| < Cla —y|*.
Finally, mollifying f with a standard kernel ¢; to get f * ¢s5. Then we have
D(f *@s) = g* ¢s,

and therefore ||f * ©s||ct.e(B(0,1/60)nr) is bounded, and independently of 4. Letting d | 0
by [CDK11] Proposition 16.23, which shows that

feC(B(0,1/64) N ),

as we claimed. ]
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Appendix A

Grassmanian Manifold

In this section we will study the geometry of the set of all k-dimensional subspaces of
a Euclidean space. Let n, k be fixed integers, with n > 0 and 0 < k < n; we will
denote by G(n, k) the set of all k-dimensional vector subspaces of R" ; G(n, k) is called
the Grassmannian of k-dimensional subspaces of R".

Our goal is to describe a differentiable atlas for G(n,k), and the main idea is to view
the points of G(n, k) as graphs of linear maps defined on a fixed k-dimensional subspace
of R™ and taking values in another fixed (nk)-dimensional subspace of R™ , where these
two fixed subspaces are transversal. To this aim, we consider a direct sum decomposition
R™ = Wy & Wy , where dim(Wy) = k (and obviously dim(W;) = nk). For every linear
map 1" : Wy — Wy | the graph of T' given by:

Gr(T)={v+T():ve Wy}

is an element in G(n, k). Moreover, an element W € G(n, k) is of the form Gr(T) if and

only if it is transversal to Wy , i.e., iff it belongs to the set:
G%,l(n, k) ={W € G(n,k) : WnW; ={0}} C G(n, k).

In this situation, the linear map 7' is uniquely determined by W . We can therefore define
a bijection:

PWo, Wy - G?/Vl (77,, k) — LZ”(W0> Wl)a (Al)
by setting ow, w, (W) =1 when W = Gr(T).
More concretely, if 7y and m; denote respectively the projections onto Wy and Wi in the
decomposition R" = W, ® W, , then the linear map 7' = o, w, (W) is given by:
T = (m |w)o(m |w)-
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Observe that the condition that W be transversal to W is equivalent to the condition
that the restriction my |y be an isomorphism onto Wj.

We will now show that the collection of the charts w,w, , when (Wy, Wi) run over the
set of all direct sum decomposition of R” with dim(W;) = k, is a differentiable atlas for
G(n, k). To this aim, we need to study the transition functions between these charts. Let

us give the following definition.

Definition A.l. Given subspaces Wy, W) C R"™ and given a common complementary

subspace W1 C R™ of theirs, i.e., R = Wo@W;, = W @W, then we have an isomorphism:
n= n&/V;,Wé :Wo = W,

obtained by the restriction to Wy of the projection onto W relative to the decomposition
R" = Wi W, . We say that 17“;‘(,/; Wy is the isomorphism of Wy and Wy determined by the
common complementary subspace W7.

The inverse of nVV[[;; Wy 15 simply UVV[[% Wo-

Let us consider charts pw, w, and ow, w, in G(n, k), with k = dim(Wy) = dim(W{);
observe that they have the same domain. In this case it is easy to obtain the following

formula for the transition function:

90W6,W1 © @I}/lo,Wl = (Wi |W0 +T) © 77%;,[/{/07 (A2)

where 7] denotes the projection onto W relative to the decomposition R" = W) @ Wj.

Let us now consider decompositions R" = Wy, @ W{ = W, ® Wy , with dim(W,) = k, and
let us look at the transition function @y, w; o gpg[%’wl. First, we observe that its domain
consists of those linear maps T' € Lin(W,, W1) such that Gr(T) € GY 1,(n, k); it is easy to

see that this condition is equivalent to the invertibility of the map
Id + (71'6 |W1> e} T,

where 7, denotes the projection onto W, relative to the decomposition R,, = Wy @ W]

and Id is the identity map on Wy . We have the following formula for @y w, o 90171/1) Wy
- —1
pwgws © P (1) = 1yt 0 To (Id + (g |wy) 0 7)™ (A.3)

We have therefore proven the following proposition.
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Proposition A.1. The set of all charts pw,w, in G(n, k), where the pair (Wy, W) run
over the set of all direct sum decompositions of R™ with dim(Wy) = k, is a differentiable

atlas for G(n, k).

Proof. Since every subspace of R,, admits one complementary subspace, it follows that
the domains of the charts ¢w, w, cover G(n, k). The transition functions A.2 and A.3 are
differentiable maps defined in open subsets of the vector space Lin(Wy, W;). The general

case of compatibility between charts pw, w, and pwr w; follows from transitivity. n

Theorem A.1. The differentiable atlas in Proposition A.1 makes G(n,k) into a differ-

entiable manifold of dimension k(n — k).

Proof. 1t dim(Wy) = k and dim(W;) = n — k, then dim(Lin(Wy, W1)) = k(n — k). It
remains to prove that the topology defined by the atlas is Hausdorffand second countable.
The Hausdorff property follows from the fact that every pair of points of G(n, k) belongs to
the domain of a chart. The second countability property follows from the fact that, if we
consider the finite set of chart ¢, w,, where both W, and W, are generated by elements

of the canonical basis of R™, we obtain a finite differentiable atlas for G(n, k). O
Finally we introduce the Grassmannian bundle of a given manifold.

Definition A.2. Let X" a n-dimensional manifold, we define the k-Grassmannian

bundle of ¥ as the topological space

Gu(Z) = || Galn. k).

TEX

where G,(n, k) is the k-Grassmannian manifold of T3, which is isomorphic to R™.
Proposition A.2. G(X") as defined before, is a fiber bundle with fiber G.(n, k).

Proof. Let

m:G(X) = 2

(x,8) — x,

the canonical projection onto Y, which is a continuous function, and since 7 '(z) =

{z} x G,(n, k) =~ G.(n, k), which is a manifold.
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To prove the local trivialization, let € U an open neighbourhood in ¥, and define

Y U x Lin(Wy, W) — 7~ H(U)

(:L“, T) = (l‘, @I;/%),Wl (T))7

where Wy @ Wy = R™, dim(W,y) = k, dim(W;) = n—k, and oy, w, is a chart of G, (n, k).
Notice that the fact that 7, ¥ ~ R™ guarantees that ow, w, is a chart of G,(n, k) also.
Finally since Lin(Wy, W) ~ R¥"=%) we can define

) U x R0 =1,

as the corresponding identification. Then ¢ is clearly an isomorphism. O]
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Appendix B

Harmonic Functions

The purpose of this appendix is to introduce the harmonic functions, and some of their
main proprieties, illustrating some aspects of the classical model problem in the theory

of elliptic regularity: the Dirichlet problem for the Laplace operator.

Definition B.1. Given a function u € C?(2), where € is an open, connected and bounded

subset of R™, we say that u 1is:
e harmonic, if Au =0,
e subharmonic, if Au > 0,
e superharmonic, if Au <0,

where

1s the Laplacian operator.

We shall be concerned with the problem of the existence of harmonic functions with

prescribed boundary value, i.e., the solution of the following Dirichlet problem:
Au =0, in
u=g, on OS2

in C%(Q) N C°Q), for a given function g € C°(9Q). The problem of finding a harmonic
function with prescribed boundary value g € C°(99) is tied, but not equivalent, to the

following one: find a minimizer function to the functional

D) = / 1D (w)|Pdz,
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on the set

A={uecC*(Q)NC’Q):u=gon dN}.

The functional D is called the Dirichlet integral.
In fact, if such minimizer, call it u, exists, then the first variation of Dirichlet integral,

vanishes, i.e.

d
S(D(u+16)) oy = 0,

for all p € C?(Q), then by integrating by parts

d
— S (D(u+t0)) |y

1 d
d
= /dt<Vu+th0,Vu+thp) li—o d
:/<Vu,V<p)d:U
Q

= —/Augpdw Vi € CQ),
Q

0

—_

then Au = 0, i.e. minimizers of Dirichlet integral are harmonic functions.
Then we have proved that to minimize the Dirichlet integral is equivalent to find harmonic

functions with prescribed boundary value, then we can state the next principle.

Theorem B.1 (Dirichlet’s Principle). A minimizer u of the Dirichlet integral in Q0 with
prescribed boundary value g always exists, it is unique and it is a harmonic function;
moreover, solves the problem

Au =0, mn €
(B.1)

u=g, on 0S.
Conversely, any solution of B.1 is a minimizer of the Dirichlet integral in the class of

functions with boundary value g.

But this principle is not always true, because we faces two problems, first, a minimizer
of a functional always exists?, and second, since we know that if the minimizer is a
harmonic function, is possible to assert the converse? To answer the first question, we
exhibit an example where this is not true, to answer the second question the reader can

consult [GM12] 1.2.2.
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Example B.1. Consider the area functional defined on the unit ball B(0,1) C R?

Flu) = / ., VI

defined on
A={ue Lip(B(0,1)) : u=0 on 0B(0,1), u(0) =1}.

As F(u) > 7 for every u € A, the sequence of functions

L=nllzll,  for [lz]| € [0, 7]
un () =
0, for [zl € [.1]

shows that inf 4 F = w. On the other hand if F(u) = m for some u € A, then u is

constant, thus cannot belong to A.

Before to prove the solvability of the Dirichlet problem, we introduce some properties

of harmonic functions, the full proof of those can be found in [GM12] section 1.3.

Proposition B.1 (Weak maximum principle). If u € C?(2) N C°(Q) is subharmonic,
then
SUp = max u;

If w is superharmonic, then

inf v = min .
Q EY)

Proposition B.2 (Comparison principle). Let u,v € C?(Q) N C°(Q) be such that u is

subharmonic, v is superharmonic and u < v on 0L, then u <wv in Q.

Corollary B.1 (Maximum estimate). Let u and v be two harmonic functions in 2, then
—v| < — .
Sgp|u v| < r%%X]u V|

Corollary B.2 (Uniqueness). Two harmonic functions on Q that agree on 052 are equal.

Proposition B.3 (Mean value inequalities). Suppose that u € C?*() is subharmonic,
then for every ball B(z,r) & Q

1 n—1
U($) : anl(B(l.’ 7")) /(93(z,r) u<y)d% <y)
1
) S BB o O

If u is superharmonic, the reverse inequalities hold; consequently for u harmonic equalities

are true.
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Corollary B.3 (Strong maximum principle). If u € C2(Q2)NC°(Q) is subharmonic (resp.
superharmonic), then it cannot attain its maximum (resp. minimum) in Q unless it is

constant.

Lemma B.1 (Weyl). A function u € L}, () is harmonic if and only if

/ ulApdr =0, Vo e CX(Q).
Q
Proposition B.4. Given u € C°(Q), the following facts are equivalent:

1. For every ball B(z, R) S Q we have

1 el N,
) S ST g, O )

2. for every ball B(x, R)

1
) S B O

3. for every x € Q, Ry > 0, there exist R €]0, Ro[ such that B(z, R) & Q and

1
) S FBETY o O

4. for each h € C°(Q) harmonic in S Q whit u < h in OV, we have u < h in €Y;

5. For all p € C*(Q2) and ¢ >0

/Qu($)A<,0(:B)d:r > 0.
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Appendix C

Morrey and Campanato spaces

The aim of this appendix is to introduce the reader to certain sub-spaces of the well known
LP-spaces with a finer structure and which describe the scaling of the LP-norm in small
balls in terms of powers of the radii of these balls.

Before to begin let us introduce some notation, based on the definition of LP-spaces and

their norms.
Definition C.1. Let Q C R™ be an bounded, open set, p € [1,00[ and A > 0.

1. We denote by LP*(2,R™) the Morrey space of all functions f € LP(, R™) such

that

1
N7 = sup - |fIPdz,
_ A
20€Q,0<p<diam () Y B(z0)NQ

18 finite.

2. We denote by LP(2,R™) the Campanato space of all functions f € LP(Q, R™)
such that

1
[f]Lw(Q,Rm) = sup -~ |f = (f)B(xo,p)mQ|pd$,
20 €Q,0<p<diam () P B(z0)NQ

is finite, where

1
Mo _ / fdzx,
( )B( p)NQ En(B(;L‘O’ p) M Q) B(z0,rho)NQ

i.e. the average of f over B(xg, p) M.

The following remarks are direct consequences of the definitions above, and their proof

are left to the reader, or may also be found in [GM12] Chapter 5.
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Remark C.1. Endowed with the norm || - ||peaq,pmy the Morrey spaces LPA(Q,R™) are
Banach spaces for all p € [1,00[ and A > 0.

The Campanato spaces LP(Q,R™) are also Banach spaces,endowed with the norm

|- ||£p»A(Q,Rm) = [']LPvA(Q,IR{m) +1- ||LP(QJR’”)‘

Remark C.2. From the definition is it clear that both conditions only depend on the
behaviour of the functions f for small radii. Therefore, it is sufficient so check that the

supremum remains bounded for all p < py for some fized, positive py.

Remark C.3. For the Morrey spaces we have LP°(Q, R™) = LP(Q,R™) and LP"(Q, R™) =
L>®(Q,R™). Moreover, LP*(Q,R™) =~ {0} for A\ > n in view of Theorem 2.2.
We further have LPA(Q, R™) = LPAQ,R™) for the intermediate parameters X € [0, n/[.

Remark C.4. The Campanato space LY"($2, R™) has a special role and is usually known
as the bounded mean oscillation space. It is smaller than any Lebesque space LP(€),R™)

with p < 0o but still containing L™= (2, R™) as a strict subspace.

To end this appendix we enunciate the next useful theorem which we use in crucial
way in the last part of the proof of Theorem 4.1, and whose proof can be found in [GM12]
Theorem 5.5.

Theorem C.1. Let Q) be a bounded, open set in R™ which satisfies
L"(B(zo,p) N Q) > Ap™, Vao € Q, and Vp < diam(Q)

for some A > 0. Then we have LP"T(Q,R™) ~ C%*(Q,R™) for all a €]0,1].
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Appendix D
Caccioppoli’s inequality

As we mentioned before, the Theorem 4.3, is a version of the Caccioppili’s inequality,
which enables us to give a priori estimates of the L?-norm of the derivatives of a weak
solution u, of a linear elliptic of PDE’s system, in terms of the L*norm of u.

We start our discussion with the simpler case, the harmonic case.

Theorem D.1 (Caccioppoli’s inequality for harmonic functions). Let u € W12(Q) be a
weak solution of Au = 0, that is

/ DouDgpdr =0, YW, 2(9Q). (D.1)
Q
Then for each xq € 2, 0 < p < R < dist(xo,0S2) we have

/ | Dul?dz < %/ lu— A\2dz, VYA€ER
Blzo.p) (B = 0)* J Bao,R)\Blo.p)

for some universal constant c.

Proof. Define a cut-off function n € C°(€2) such that
e 0<n<1
e n=1on B(xg,p) and n =0 on B(xg, R) \ B(xo,p);
o |Dn| < 25

Choosing as test function ¢ := (u — \)n* we get

/ DuD g pdx = / D.uD.,, ((u — )\)772) dx
Q Q
= / D.,u (nzDau + 2nuD,n — 277)\Da77) dx
Q

:/|Du|2n2+/2nDau (u—A) Dyndzx,
Q Q
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then, replacing in in D.1

/ | Du|?n? + / 2nDyu (u — N\) Dondx = 0,
Q Q

therefore
/ | Dul?|n|* < / ([nl[Dul) (2]u — A[|Dn]) dz.
B(xzo,R) B(zo,R)

Now applying the Holder inequality, we have

1/2 1/2
[ ipuinf < ( / |77,2|Du,2dx) (4 [ - A|2|Dn|2d:c> .
B(zo,R) B(zo,R) B(zo,R)

Now dividing by
1/2
( / |n|2|DUI2dw> |
B(zo,R)

and squaring in both sides, we obtain

/ DuPln? < 4 / u — AP|DyPda,
B(zo,R) B(zo,R)

or equivalently

[ e <a(f e st o= APIDyds).
B(zo,R) B(zo,R) B(zo,R)\B(z0,p)

finally taking account the properties of 1, we have that

/ |Dul?dx < / | Dul|?|n|?dz,
B(zo,p) B(zo,R)
[ u=aPiDglas = o
B(zo,R)
4

lu — M\?|Dn)?dx < —/ lu — A2
/B(;co,R)\B(;to,p) (R B /))2 B(zo,R)\B(z0,p)

Then
c

| Dul*dx < —/ lu — Adz, VX €R.
/B;(J?(),p) (R - p)2 B(z0,R)\B(0,p)

]

The following result is the general case of the Caccioppoli’s inequality for elliptic

system of PDE’s

Theorem D.2 (Caccioppoli’s inequality for elliptic systems). Let u € WH2(Q, R™) be a
weak solution of

_Da<AijﬁD6uj) = fi— Do F}",
with f;, F* € L*(Q) and assume one of the following conditions holds:
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1. A%ﬁ € L>®(Q) and there exists A > 0 such that
ASPEEL > NEP?, VEeR™ x R™
This condition 1s known as the Legendre ellipticity condition.

2. A%ﬁ = constant and there exists A > 0 such that

ASPEatan'n’ > NEPIn?, Y€ € R™,Vn € R™

This condition 1s known as the Legendre-Hadamard condition.
3. A%ﬁ € C°(Q) satisfying the Legendre-Hadamard condition.

Then for any ball B(xg, R) C Q (R < Ry small enough under condition 3.) and0 < p < R,

the following Caccioppoli’s inequality holds:

1
/ |Dul?dz < ¢ <—2/ lu — &Pdx + RQ/ |f|Pdx +/ m%) :
Blo.p) (R = 0)* J Blao.R)\B(o.p) Blo.R) B(xo.R)

For all & € R™, where under conditions 1. or 2.
c=c(\AN), A:=supld|,

under condition 3., the constant c¢ also depends on the modulus of continuity of Af‘jﬁ and

Ry.

The proof of the Theorem D.2 under the assumption 1. is very similar to the case of
harmonic functions when f; = 0. In the other case we get the desired bounds applying the
Jensen inequality; under the assumptions 2. and 3. after applying the Garding’s inequality.

The details can be found in [GM12] 4.2.
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